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COORDINATING HIGH SCHOOL AND COLLEGE MATHEMATICS* 
W. D. REEVE, Teachers College, Columbia University 


1. Introduction. The problem of coordinating high school and college mathe- 
matics is one which both the high school and college teachers of that subject 
should cooperate in solving. Failure to coordinate these separate fields in the 
past has led to a great deal of confusion and genuine loss both for the pupils in- 
volved and also their teachers. 

In the first place, the high schools have not and still do not succeed in teach- 
ing their pupils as much as they are capable of learning if only they would wake 
up to their responsibilities in the matter. Two obvious reasons may be given for 
our present failure to teach more mathematics to those who are capable of 
learning it. They are both related to the same general problem of organization of 
content material. 


2. Organization of subject matter. Our traditional water-tight compartment 
method of teaching algebra, then plane geometry, then intermediate algebra, 
and so on, leads to a great deal of unnecessary repetition of subject matter 
throughout the secondary school period that results in the loss of a great deal of 
time and energy. We teach algebra in the ninth grade, then plane geometry in the 
tenth grade. By that time the pupils have forgotten the algebra they knew so 
that when intermediate algebra (which should be a half year course as such) is 
presented, usually in the eleventh grade, a large part of the time is spent, if not 
wasted, in re-teaching ninth grade algebra. As a result it often happens that the 
entire eleventh year is spent on algebra when with better organization at least 
the ordinary course in trigonometry might have been presented. Then, if the 
pupil goes on with mathematics, he may be taught college algebra where again 
a great deal of time is spent, if not lost, re-teaching elementary and intermediate 
algebra. And as is often the case with such practice, very little college algebra 
per seis presented. I recently looked through a college algebra text in which well 
over a hundred pages were devoted to elementary algebra. 

What is even worse so far as the pupils and even their teachers are concerned 
is for the pupils to have to take algebra, trigonometry or other really high school 
mathematics courses in the colleges and the universities for one reason or 
another and thus often miss analytic geometry and the calculus. 

One excellent way to avoid all of this loss is to organize a course in general 
mathematics extending all through the high school so that those who can take 
it will have had a chance to study all of the mathematics up to and including 
the fundamental ideas of the calculus before they leave the high school. The 
college teachers of mathematics could then go on from there and devote their 
time to reorganizing what should really be mathematics on the college level 
and in that way make it possible for those boys and girls whose life work de- 


* Presented to the Metropolitan New York Section of the Mathematical Association of Amer- 
ica at Cooper Union, New York City, on May 4, 1946. 
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pends upon a strong background of mathematics to secure the necessary train- 
ing without so much loss in time and energy. 

The idea that general mathematics is a course for dullards keeps bobbing up 
in educational circles. I would like to point out here that this idea is not only 
unjustifiable, it is absolutely untrue. This view is no doubt due to the fact that 
those who so consider general mathematics do not really know what it means 
and that they have had little if any real experience in organizing and administer- 
ing such a course. 

If algebra were made the core in the ninth grade, geometry (plane and solid) 
in the tenth, algebra and trigonometry and simple analytics in the eleventh, 
analytics and the calculus in the twelfth and the necessary arithmetic worked 
in the course all along the line, it is demonstrable that not only much time could 
be saved, but the pupils concerned would have a much better background for 
their future work in mathematics and related fields. 

The fact is that in a real important sense it takes a higher type of pupil to 
succeed in the advanced points of such a general course than an inferior one. 


3. Individual differences. Failure to take account of individual difference in 
ability among high school pupils to say nothing of differences in interest and 
experiences, has resulted in great educational loss. The most retarded pupil in 
the secondary school today is the gifted pupil, the one with a scholarly mind. 
The secondary school machine is all geared up to turn out a mediocre product. 
This is obviously also true in the colleges. New objectives and new standards 
are needed. As Olson [1] recently put it: 

“An even more fundamental reason for insisting upon standards of some kind 
in every type of education is the value of self-discipline. Whatever may be said 
of the unwisdom of disciplinary measures thrust on a person by someone else, 
there can be no doubt that success in any field is achieved only by those who are 
able to determine their course and then hold themselves to it. Whether we inter- 
pret education as life itself or merely as preparation for life, it must, in some 
way, furnish this same basic life situation. Much harm is being done in our 
schools and colleges by lowering standards to such a point that the students 
find no stimulus in their work. We talk bravely about challenging out students, 
yet we set our objectives so low that there is no challenge for most of them. The 
solution to this difficulty would be to group students according to their interests 
and abilities, and then set up appropriate standards which would challenge 
each group. Modern psychology tells us that virtually none of us succeeds in 
developing all his potentialities to the highest possible degree. That is painfully 
evident in our schools today. Many students with genuine ability go through 
college with poor work habits, largely because they early found they could make 
satisfactory grades with very little effort. Because the work was planned for the 
poorer students, there was little incentive for those with ability to do more. 
Undeveloped potentialities are surely as great an evil as a frustrating experi- 
ence of failure.” 
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Again we must not forget that for some minds in these days of mass educa- 
tion the kind of mathematics that the gifted pupils need is not the same for the 
slower type of mind. We must remember that in a democracy we are under 
great responsibility not only to train leaders, but also to develop intelligent 
followers as far as possible in the schools. We should develop at least a two-track 
if not three-track system to meet individual needs [2]. 


4. Reconciling points of view. Another difficulty that we face in trying to 
organize an adequate program of mathematics in the secondary school is the 
matter of reconciling points of view particularly among the general education- 
ists and teachers of mathematics in the schools and colleges. 

President James Bryant Conant of Harvard University has recently given 
an excellent suggestion. In discussing the reasons why the lay critics of secondary 
education talk as they do, President Conant said: 

“I am almost tempted to generalize that the more educated the person, the 
less his knowledge of secondary-school education. Certainly the lack of knowl- 
edge among the professors of arts and sciences in our colleges and universities 
is proverbial. And with lack of information goes lack of understanding and 
lack of sympathy. As a result, on more than one campus we have almost a state 
of civil war between those who profess a knowledge of education and those who 
profess a knowledge of subjects which constitute a modern educational cur- 
riculum. 

“This academic war has been in a sense inevitable, as I propose to show by 
a brief résumé of history, but to my mind an armistice has been for some years 
overdue. And it is for such an armistice that I should like to put in a good 
word this afternoon (and I might remark parenthetically that it takes two to 
make an armistice quite as much as to make a quarrel). My belief in the need 
for the cessation of hostilities comes not only from my general tendency to 
favor pacific methods of handling academic controversy, but also because I am 
really worried about the present lay reaction to educational matters. I am dis- 
tressed by both the -vehemence and the ignorance with which views about educa- 
tion are expressed publicly and privately by many prominent people. Now we 
can hardly expect the public to have a very clear understanding about educa- 
tional problems when education is a house warring against itself. Hence my 
plea for a ‘cease firing’ order” [3]. 

This is the attitude that some of us have been taking for a long time. When 
teachers of secondary mathematics, college mathematics, supervisors, admin- 
istrators and general educationists sit down around the table to discuss what for 
all of them should be a common problem, then we can hope for some practical 
solution of what should constitute general education in the post-war years. 

We have a few outstanding cases* of men and women in the colleges and 
universities who have taken great interest in the work of the secondary schools 


* Witness the great interest of men like Professors Cairns, Hedrick, Kasner, Mitchell, Slaught 
and others. 
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and in organizations of teachers in secondary schools, but for the most part 
many of these people do not know what is going on in the schools and some of 
them seem to care less. And this in spite of the fact that some of the pupils that 
are being trained in the mathematics of the secondary schools are the same pu- 
pils who will sit at the feet of the college instructors in mathematics in the col- 
leges and universities in the days ahead. There is a great need for a better work- 
ing understanding and cooperation between teachers of mathematics in the 
secondary school and those of collegiate grade. 


5. What should be done. Let us now consider what should be done all along 
the line to improve the mathematical background of our people so that in peace 
time as well as in war time they can function as intelligent citizens whether or 
not a definite crisis exists. 

In a recent editorial in The National Mathematics Magazine Professor S. T. 
Sanders said: 

“Many teachers are nervously concerned over what may be the post-war 
status of school mathematics. The enormous expansion of the technical applica- 
tions of the science under pressure of war has brought about a world-wide 
strengthening of mathematics in the school curriculum. Can this current aca- 
demic primacy of mathematics be made permanent? Such is the question raised 
by those keenly mindful of the scant attention paid to this subject by the less 
recent curriculum makers. 

“A careful study of the matter should not discount the fact that in respect 
to mathematics, the war has served only to bring about greatly multiplied uses 
of mathematics, a large proportion of which were already in existence. For, even 
in pre-war times, there had been for many years a steady growing public empha- 
sis upon applied mathematics, rather than upon the logical or cultural aspects 
of the science. 

“In the light of this definite trend, a trend not rooted in any war, it could 
well be that the post-war school effort should first be directed to discovering 
the mathematical aids or needs of all the major peacetime industrial enterprises. 
Cooperative programs initiated between industry and the schools would then 
have sounder foundations. Who shall say that the cultures of mathematics 
would be impaired by being stemmed in its utilities?” [4] 

That great interest is being manifested in what place mathematics is to 
have in the schools after the war is evidenced by the many discussions that one 
hears, the various articles now appearing in current magazines and editorial 
comments like that above. Moreover, the National Council of Teachers of 
Mathematics has a Commission on Post-War Plans in mathematics, the first re- 
port of which appeared in The Mathematics Teacher for May, 1944. A second 
and more inclusive report of progress of this commission appeared in the May, 
1945, issue of that journal. 

The problem about which we are concerned here is that we do not have agree- 
ment in all quarters as to what should be done. We cannot take the space to 
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survey all of the recent opinions and articles, but a few typical ones will show 
how the wind is blowing. 

After discussing the high place which mathematics once held in the schools 
and the poor results in mathematical education shown by recent Army reports, 
Professor H. L. Dorwart recently said: 

“At this point, it may be asked why so many of our young people ceased to 
study mathematics some years ago. Many mathematics teachers say that it is 
all the fault of the educationists with their half-baked theories of the non- 
transfer of training and of the removal of everything difficult from education in 
order to prevent harmful personality development. The retort of the education- 
ists is that mathematics teachers are just a lot of sadistic drill-masters who do 
more harm than good anyway. I will pass over this charge and countercharge in 
favor of what may, it is hoped, be a somewhat more helpful point of view. 

“But, first, let us face the fact that there have been, and still are, both poor 
and poorly prepared teachers of mathematics, and that they have repelled many 
good students. Many high-school principals must be forced to give up the idea 
that anyone who possesses the credits in methods-of-education courses specified 
by law is thereby qualified to teach algebra or geometry. Also, college presidents 
and deans should investigate carefully the personalities of the instructors as- 
signed to elementary courses. Even if the instructor is a recognized authority in 
his field, the conceited, arrogant, show-off type (fortunately few in number) 
should be used elsewhere than in elementary courses. 

“I now propose the thesis that, once the requirements were withdrawn, 
students ceased to study mathematics principally because they did not recog- 
nize the fundamental réle that it plays in modern civilization, or that by omit- 
ting the study of mathematics they were thereby imposing large restrictions on 
their future choice of profession or employment. In short, they did not recognize 
and usually have not been told that, in addition to serving, mathematics is a 
queen in her own right, a queen who will richly reward her followers, but only if 
they follow her diligently from their youth through a long period of time, even 
when the going is tough and when the path ahead is not always crystal- 
clear” [5]. 

In commenting on Dorwart’s article, the late Professor Bagley said: 

“The leading article in last week’s number, Mathematics—Queen and Hand- 
maiden, represents a type of discussion that is likely to become more and more 
important as the educational trends of the past few decades come increasingly 
to be scrutinized and questioned in the light of the educational weakness that 
the experiences of the war have revealed. Among these trends, probably none 
have been more debilitating than have the theories and arguments used to dis- 
count and discredit the subjects that are, to use a favorite phrase of the present 
writer, “exact and exacting, systematic and sequential”—more specifically, on 
the secondary level, mathematics and Latin. 

“It is clear enough now that an educational development, fundamental in 
character and of far-reaching scope, lay back of the readiness with which 
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American education accepted theories and postulates that served to rationalize 
this discreditment. The upward expansion of mass education, which has re- 
sulted in what is virtually a “universal” high school, and which is now extend- 
ing beyond the secondary level, would have been impossible without a relaxa- 
tion of standards that are perhaps beyond the capacity and certainly alien to 
the tastes of a significant proportion of each generation of pupils and students. 

“All this is water over the dam. The re-instating of Latin and of mathe- 
matics beyond the simple arithmetical process as secondary school require- 
ments would doubtless be as unwise as it would be impossible. But it would be 
equally unwise, and it is not at all necessary, to continue allegiance to an edu- 
cational theory that in effect encourages the following of the lines of least re- 
sistance by those who are competent to do the more difficult types of learning. 

“Expert educational guidance, coupled with such masterful teaching as Dr. 
Dorwart suggests, can do much to solve the problem. But there should be as 
well, we think, a systematic, even a militant, effort to enlighten both youth and 
the public generally as to the basic significance of the subjects that constituted 
the core of liberal secondary education over the long period during which the 
secondary school was a highly selective institution. It was no more an accident 
that this core comprised Latin and mathematics than it was an accident that the 
core of elementary education from the outset comprised the reading and writing 
for the mother tongue and the primary arts of number. (After all, civilization it- 
self began with the invention of writing and development of computation and 
measurement.) Liberal education on the secondary and higher levels has been 
based upon a refinement and expansion of the symbolism of conceptual thought. 
This has meant mathematics, and, in English-speaking countries, Latin, which, 
in a very real sense (as can be shown by abundant evidence), is the ‘mother 
tongue of our mother tongue’ in so far as the symbolism of advanced concep- 
tual thought is concerned” [6]. 

Thus far the comments and articles referred to have been favorable to mathe- 
matics. However, we must present a typical point of view which raises questions 
as to whether mathematics is as important in the secondary school assome 
people think. Professor F. N. Freeman, Dean of the School of Education at the 
University of California, recently said: 

“One of the outcomes of the war, in the opinion of many officers of the Army 
and Navy and of many observant laymen, is the revelation of gross inadequacy 
in the teaching of mathematics. The experience of the armed forces and of in- 
dustry is supposed to have shown that vastly larger numbers of students 
should study mathematics and that they should study more mathematics—up 
to and including trigonometry. We may look, therefore, for a campaign after 
the war, to require the study of mathematics through trigonometry by a large 
share of high-school students. If such a campaign is launched, it wil] grow out of 
an idea that is about as sound as the belief that the psychological tests given in 
World War I showed 40% of the male population to be morons. 

“The reasons that no such conclusion follows from the experience of the 
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Army and Navy, not to speak of industry, are, first, that the demands of the 
services in war time are no reflection of their demands in times of peace, and, 
second, that the number of men who need straight mathematics to perform 
duties required of them is much fewer than has been implied by the published 
statements. To say that the schools should, in peace time, give all the prepara- 
tory training that may be needed in time of war is like saying that industry 
must be kept in continual readiness to produce 10,000 planes a month. Again, 
the number of men who acquire techniques in the Army or Navy which are 
based on mathematics is vastly greater than the number who are required to 
understand the principles of mathematics and their application. The same is 
true of industry. The implied statement that all the men in the armed forces 
and industry who perform technical operations require a knowledge of higher 
mathematics for such performance is the wildest exaggeration. The war does not 
teach that mathematics through trigonometry is a practical necessity for a 
large proportion of men, let alone women. The question of the kind and amount 
of mathematics which is good for the average person and should be an element 
in general education still remains open” [7]. 

In the same article Dean Freeman presents a series of propositions which he 
thinks may be taken as a platform for the. reorganization of mathematics in 
general education as follows: 

“1. Only that mathematics is important for general education which the in- 

dividual will use. 

2. The individual will use only those mathematical ideas and operations 
which he has learned by use or in use. 

3. The individual will actually use only those processes that he has mas- 
tered and made thoroughly familiar to himself. 

4. Understanding is desirable, but it comes best through familiar use first, 
and formal explanation afterward. 

5. Mathematics is, or contains, a form of language which formulates and 
defines the quantitative aspect of experience and, therefore, stimulates 
and largely creates quantitative ideas and forms of thought. 

6. Mathematics may properly be thought of as a language—that is, as a 
particular set or particular sets of symbols which represent special as- 
pects of reality. 

7. To have meaning in the thinking of the child or of the ordinary person in 
general, the use of mathematical symbols and operations should be de- 
developed in intimate and continual association with the real world of 
experience. 

8. The mathematics for the millions is that which gives clearer and more ef- 
fective ways of thinking about the real world of experience because it 
has been developed out of this world of experience” [7]. 

I think Dean Freeman’s points represent the thoughts of a great many 
powerful people in the education field. 

It is gratifying to know that the Mathematical Association of America and 
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The National Council of Teachers of Mathematics are now cooperating in a 
plan which is intended to coordinate the studies of the two organizations in 
Mathematical Education. The Association has appointed a Committee under 
the chairmanship of Professor C. V. Newsom and the Council one under Pro- 
fessor F. L. Wren. Professor Newsom’s committee has already issued a memo- 
randum recommending that each Section of the Association give active atten- 
tion to a number of points;* perhaps part of the time at each annual meeting 
could be devoted to a discussion of them. The Committee also recommended 
that each Section organize a committee to push the cause of mathematical edu- 
cation and to maintain contact with the central group. 


6. Mathematics in an Air-Conditioned Civilization. In this complex civiliza- 
tion school administrators and teachers alike are faced with the problem of pro- 
viding a better type of education for the seven million or so pupils who now 
make up our secondary school population. This means, not only drastic changes 
in the education of those pupils of the academic type to meet changing demands, 
but also an altogether different type of curriculum for those pupils who, under 
the traditional system, “leave school without skills or orientation of any kind 
with respect to social institutions” [8]. 

We have all heard the familiar remark, “We live in a changing world.” The 
fact is that at the present time we not only live in a changing world, but the 
rate of change is so much more rapid than previously that few people are willing 
even to predict with any degree of precision just what will come to pass in the 
next fifteen or twenty years. 

This generation and the one to follow are going to be “air conditioned,” so 
to speak, and the sooner everybody adjusts his life to this situation the better 
for everybody concerned. The fact is that we must become air conditioned in 
order to survive. 

The significance of all this for science in general and mathematics in particu- 
lar is obvious to all who think seriously and fairly about the situation. These 
subjects, or at least their fundamental and useful aspects, should be must studies 
for most of our school population in the days to come. 

Those who have been thinking about the matter already realize that in any 
well-organized course in air navigation many of the principles of mathematics, 
physics, and the other sciences previously taught in the secondary school can 
be applied in ways that will make these subjects interesting, meaningful, and 
more useful than ever before. 

If we are to furnish an adequate basis for the education of pupils in the funda- 
mental principles of aeronautics, then we shall have to get rid of the “deadwood” 
(the debris) that clutters up the courses in mathematics, physics, and other 
subjects in our secondary schools. Thus, in order to have time for some of the 
real life applications of mathematics to air navigation and other similarly im- 


* Interested persons may obtain copies of this memorandum by writing to Professor C. V. 
Newsom, Oberlin College, Oberlin, Ohio. 
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portant life interests, we shall have to eliminate all such obsolete processes as 
certain types of factoring, complicated processes with polynomials, and the like, 
from the lower years of the secondary school and teach then in the later years 
only if and when they are needed. Moreover, this can be done without any loss 
to any important interest. But progress along this line is too slow. We need ac- 
tion and we need it quickly. 

What groups of American citizens then are likely to need further training in 
mathematics in the days ahead and what type of organizations of subject matter 
and methods of instruction are likely to prove most efficient ? 

The purpose of a course in mathematics in the secondary school is to meet the 
needs of four groups of pupils: 

1. Those who intend to go on to colleges and technical schools. 

2. Those who are going to specialize in commercial work or vocational 

pursuits that require mathematics, especially algebra. 

3. Those who intend to major in science. 

4. Those who elect mathematics because they like it. 

There is no question about the need for mathematical training for the pupils 
in the first group who are going to be engineers, statisticians, actuarial workers, 
certified public accountants and the like. The main problem here is one of guid- 
ance. If we can be certain that pupils are on the right track, then we can and 
should clear the way so that such pupils can be given not only four years of 
mathematics but mathematics of a very high order. To permit such pupils to 
take less mathematics and waste time in their courses by going at the rate of the 
less superior pupils will be tragic for them and the country as well. The same line 
of thought follows for those pupils who plan to go on to college where they will 
specialize in mathematics and then teach the subject, carry on research, or be 
applied mathematicians of one type or another. 

A second group of skilled workers in business and industry will need to know 
certain mathematical facts and be able to use certain mathematical skills in the 
new era that will open up now that the war is over. Their work is extremely 
important, but they will not have to be as highly trained as those in the first 
group mentioned above. The possible future needs of such a group need to be 
studied carefully and a suitable course of study worked out to meet such needs. 

A third group consists of those who intend to specialize in science. We ought 
to be able to assume that for them mathematical training of a high order 
would be basic if it were not for the fact that it does not work out that way. A 
careful study of the needs of this group should be made and the necessary 
content material organized for teaching purposes. 

The last and by far the largest group of our citizens will be those who take 
mathematics because they are made to realize that without a reasonable under- 
standing of the fundamental ideas they will not be competent to carry on as 
they should. The skills and habits of quantitative thinking must be acquired by 
such pupils if they are to meet the reasonable demands placed upon them. 

In the new era just ahead many of our pupils will need to know how to solve 
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the problems of air and marine navigation. This will necessitate an understand- 
ing of the facts and processes of algebra, geometry and at least numerical 
trigonometry to an extent that will make the offering of at least a two-year 
course in mathematics starting with the ninth grade. 

In the fields of business and industry where the war created new problems, 
different emphases may have to be made particularly where some of these prob- 
lems of war are also the problems of the peace days ahead. 

Let us also hope that more and better prepared teachers will be available and 
at salaries that will enable them to have a decent living. No matter what hap- 
pens, however, we should not expect miracles and it is clear to those who under- 
stand the present situation that in many places better teachers, higher salaries, 
and more money for better books, equipment and the like may not be forthcom- 
ing. 

In any case teachers who remain in the classroom because they want to do so 
in spite of handicaps must somehow learn to teach in better and more interesting 
ways many of the things that are now in the course of study. This need not be 
discouraging, for this can be done, if and only if, teachers are inspired to carry 
on the work as outlined by the commissions which have tried so hard to help. 
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THE EULER COLUMN 
W. B. CATON, University of Maine 


1. Introduction. We shall consider the classical problem of the buckling of a 
uniform column under an axial load. For a detailed elementary discussion of this 
question, we refer the reader to Kérm4n and Biot [1, p. 295]. The reader may 
consult Love [2, Chap. 19] for a more advanced discussion of the problem under 
consideration. 

We shall denote by a the length of the chord subtended by the central axis 
of the column, and the maximum deflexion of the central axis from its chord by 
d. The Taylor series expansion of the load P in terms of d?/a? is obtained. Also, 
a similar expansion for P in terms of d?/]? is found. Finally, estimates of the 
error committed in stopping with the p’th term of either series are found. 

The actual formulas appearing in this note appertain to the first buckling 
mode only, but it is clear from the analysis that these results can be extended 
to the k’th mode at once. One has only to replace / and a wherever they appear 
in the formulas by //k and a/k respectively. 


2. Preliminary formulas and definitions. We consider a slender uniform 
column of length J, for which Young’s modulus is E. Let IJ be the moment of 
inertia of the cross section about an axis through its centroid at right angles to 
the plane of bending. The lower end of the column is placed at the origin, and 
the central axis of the column is made to coincide with the x-axis taken verti- 
cally. The y-axis is taken horizontally, and directed to the right. 

A load P, directed down along the x-axis, is then applied at the upper end 
of the column. The column buckles if P is sufficiently large, and the upper end 
descends along the x-axis to a point (a, 0) at which equilibrium is attained. It is 
supposed that the lower end remains at (0, 0), and that no restraints are placed 
on the slope of the central axis at either end. 

The above considerations together with the differential equation of the 
elastic curve, 


d*y dy 2 ae _ Py 
” Pat r Ge} ET’ 
imply 
ET 
(2) L=2 4/ > K(x/2, k), 
(3) o=24/—— {2E(r/2, k) — K(r/2, k)}, 
P 


k? = Pd?/4EI. 


In the display above, K(wr/2, k) and E(a/2, k) denote the complete elliptic 
integrals of the first and second kinds respectively. 


11 
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Formulas (2) and (3) appear in Love [2, p. 403], but it is believed that some 
observations on their proofs would be of interest to readers of this note. Proofs 
of (2) and (3) will be sketched in section 3. 

Elementary considerations show that k?<1/2 if the angle between the tan- 
gent at the origin and the chord is less than or equal to 90°. 

It is perhaps worth while to notice in passing that (2) and (3) imply 


l—a 


d 
and this in turn gives 


2 
= = {KG@/2, ® — Elr/2, )}, 


Joga * 144089}. 
4 EI 
We set w=? and put 
Ki(w) = K(a/2, k), E,(w) = E(a/2, k). 
Also, we introduce 
K*(w) = {Ki(w)}?,  E*(w) = {2Ei(w) — Ki(w)}?. 


Next, we define 71 and 72 as follows: 


(4) 71 = min {= max Lao | 
o<R<1 (R {[rl=R 

= min {= max | BX()| 

S) m= min ye mex | BO \. 


In the definitions of r: and re, £ denotes a complex variable and ra =R is 
the circle in the ¢ plane with center at the origin and radius R. We may suppose 
that ri and r2 are taken on for R=R; and R2 respectively. A simple argument, 
based on the principle of the maximum, shows that Ri and R2 are unique. 


3. On formulas (2) and (3). 
We set 


in (1), and after integration, obtain 


Py? 1 
C1, 
2EI | 


(6) (1+ py? = 


where ci is the constant of integration. 
We now notice that since the beam is uniform, and the buckling mode is of 
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the first type, x =a/2 implies p =0 and y =d, where d is the maximum deflexion. 
Hence, 
(7) ¢, = 1 — Pd?/2EI = 1 — 2k’. 


Next, (6), (7), and the usual formula for arc-length from the calculus, gives 


© neff (4 BP 


Introduce k’ > 0, 


he Ri? = 4, 


Formula (8) may now be put in the form 


ET pu 
2 = / a {(1 + Ru?)(1 — k’2u%) $-12dy, 
0 


Now from (3, p. 494), 
2 j= d-1(1/k’) 
= —— Sad ; 
P 


which implies (2). In the notation of Glaisher (explained in op. cit.), sd-!(u) 
is the inverse of the elliptic function 
sn(u) 


si) = 


The proof of (3) is much the same. From (6) we have 


Py? Py? 2) —1/2 
C 1—j{c dy = dx, 
(a+) (a+-)} » 


with the value of c, obtained from (7). Integrating the right hand member be- 
tween 0 and a/2, and the left hand member between the corresponding limits 
0 and d, we obtain with the help of (8), 


Cul P d Py? 2, —1/2 
9 “V4 i—{¢ ody = a/2. 
) 2" DEI 4 (a+ )} yidy = a/ 


Formula (9) is next put up in the form 
Cyt EI qd 
(10) > + 2k*k”? +f {(1 + h2u2)(1 — k’2u2)}-122du = a/2. 
0 


By means of the transformation 


“= sd(v), 
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the integral in (10) can be reduced to 


11 "2 -d2(v) do, 
(11) J, sd?(v) dv 
with 
l, = sd-1(0) = 0, lh = sd-(1/k') = K(n/2, k) = K. 


Now, integral (11) is well known, and we have 
K 
(12) ew? f sd*(v)dv = E(a/2, k) — k?K (2/2, k). 
0 


Formula (12) follows from a result in Whittaker and Watson [3, p. 516]. 
Finally, substitute the value of the integral obtained in (12) back in (10) to 


get (3). 


4. Main results and their proofs. 
THEOREM 1. If w= Pd?/4EI, then 


v= > — [| [xr }*| , 


1 ni Ldgrt fen 


valid for t=d?/l? <1/n. 
The remainder after » terms of the series in Theorem 1 is not greater than 
— Riri)? log (1 — #1) 
if try <1. 
THEOREM 2. If w= Pd?/4EI, then 


valid for r=d?/a? <1/ro. 


An estimate of the remainder after p terms of the type obtained for the series 
in Theorem 1 holds here also. 


COROLLARY 1. 


wEI wd? 1974d4 

pa PPh, sort, 
|? 2°]? 2°/4 

valid for d?/1?<1/n. 


COROLLARY 2. 
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valid for d*/a? <1/re. 


COROLLARY 3. 


4ET Ri; d*r, 
<- log (1 _ =) 


/? 


af d?/l? <1/rs. 


We observe that from d// or d/a one could compute P from Corollary 1 or 2. 
Notice too that in Corollary 3 we have an estimate of the error committed 
when one uses the common engineering formula, 


wr*El 
2p 


The proof of Theorem 1 will now be sketched, that of Theorem 2 is much the 
same, so will be omitted. 
Equation (2) implies that {=w is a root of 


f = 1K*(8). 
The Lagrange expansion theorem, (see Whittaker and Watson [3, p. 132]), 


is now applied. We take the f(¢) of the theorem to be f and a=0. Also, as the 
integration contour we choose 


|¢| = R. 
Then, on this contour 
k* 
a s T1, 
¢ 
and this implies 
t| K*() | <[¢], 


for any £ on the contour |¢| =R1, and any ¢<1/n. 

Thus, the conditions of the Lagrange theorem are satisfied and so we get the 
expansion of Theorem 1 at once. 

For the estimate of the remainder, we notice that the Cauchy integral 


formula applied to 
1 qd} 
[= {eo}| 


(m — 1)! Lage tad 


shows that the remainder of the series in Theorem 1 after p terms is not greater 
than 


(13) Ri >, 
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if tr; <1. From (13), the estimate given follows at once. 
For the proof of Theorem 2, we start with (3), and it implies = w is a root of 


f = rE*(S). 


The rest of the proof is the same as above. 
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CON JUGO-CON JUGATE COUPLES IN INVOLUTION 
ERNEST MITCHELL, Millsaps College 


1. Introduction. That a certain type of involution of points on a line, 
namely, the hyperbolic, has imaginary elements is a fact well known and long 
known. [1] Geometers in general have been inclined to “bypass” this interesting 
assemblage going on to the higher and wider aspects of the subject of involution. 
Since, however, this assemblage of imaginary elements is infinite, it seems that 
it deserves further consideration and explication, and such is the object of this 
paper. 

It not infrequently happens when a problem of geometry has its origin on the 
algebraical side of analysis, or when the algebra is called into service, complete 
generality being sought, that the imaginary obtrudes itself demanding consid- 
eration. This, too, notwithstanding the fact that the constants and parameters 
employed are all real. Such is the case of the involution of points on a line gen- 
erated, say, by a pencil of quadratics, the roots of the pencil being, of course, 
the coordinates of the conjugate point-pairs of the involution, [2] or, and 
probably, more directly the result of normalizing [3] or polarizing [4] a single 
quadratic, the roots of the quadratic being the double points of the involution. 
We shall incline rather to this latter approach. 

It turns out, as we shall see in this paper, that in the involution of points on 
a line, real constants being employed, there exists a single infinitude of point- 
pairs which on the one hand are conjugate harmonically with respect to the 
double points, and on the other hand are conjugate imaginaries. The object of 
this paper, therefore, is primarily: To “locate” this infinite assemblage of 
imaginaries, and to give them a “real” representation; secondarily: To give a 
complete characterization of the type of involution (hyperbolic) in which these 
elements appear; and finally: To give a complete set of constructions for finding 
the double-points of the involution determined by any two given point-pairs. 


2. Definition. Because of the two-fold bond (yoke) pairing the elements of 
this infinite assemblage—conjugate harmonically and conjugate imaginary—we 
shall refer to them as the conjugo-conjugate couples in involution. In speaking 
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of point-pairs in general in the remainder of this paper, when the pairing is ef- 
fected through an involution, we shall employ the term couple since it has a 
stronger connotation than that of point-pair. The involution is, of course, taken 
on a line, and by line we shall mean a straight line having a real trace but 
endowed with imaginary as well as real points. The constants (coefficients and 
parameters) employed shall be real numbers. The line on which the involution 
lies we shall call the base line, and the circle centered on the center of the in- 
volution and passing through the double-points we shall call the base circle. 
The double points we shall refer to as doubles. 


3. Generation. The symmetrical lineo-linear relation: 
(1) ax1x2 + b(41 + x) +c¢=0 


defines an involution of points on a line if we agree that the numbers x1 and x2 
shall be the coordinates of points, X; and X2 say, referred to some convenient 
origin: Xi(x1), X2(xe). Given any point X(x) on the base line, its mate is given 
by (1) and together they constitute an involutory couple. There are two points 
each of which is its own mate. Together they constitute the doubles of the in- 
volution. These doubles are determined by x1 =x2 and are furnished by 


(2) ax? + 2bx+¢ = 0. 
If we represent the doubles by D,(d1) and D2(d2) then: 
(3) di|d,=(—b+|—-+V/A)/a where A = B? — ac. 


The type of double and in turn the type of involution is determined by A. For 
A>0O the doubles are real and distinct and the involution is hyperbolic; for 
A<0O the doubles are conjugate imaginary and the involution is elliptic; for 
A=0, the doubles double up, and the involution is parabolic. 

Each real point of the base line has a real harmonic conjugate with respect 
to the doubles. Together they constitute a real couple, and we may pair them 
ad libitum by assuming real values for x, and calculating the corresponding 
value of x2 employing (1). This furnishes a single infinitude of real couples 
which are harmonic conjugates with respect to the double points. 

We discover an enlarged situation, however, when we pose the question: Is 
every point on the base line the mid-point of a couple? The answer is: Yes, 
but the couples are not always real. Let us call the mid-point of a couple M(u) 
and let 6 be the digression of the individuals of the couple from M; that is, the 
individual points of the couple have for coordinates w+6 and w—6:Xi(u+59), 
X2(u—5). Then we shall have from (1) 


a(u? — 67) + 2bu +c¢ = 0, or 
b\? A 
(4) t= (ut )-=: or 


a 
(5) 6? = (u — di)(u — dz). 
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From (4) we see that 6? is positive whenever ASO. These are the elliptic and 
parabolic types. Hence, neither type has conjugo-conjugate couples. When 
A>0 there is the possibility of 5? negative for certain values of wu. If we consider 
d, <d_ we see from (5) that when u<d, and when yw >d2, 6? is positive. That is, 
when M is without the segment D,D, or outside the base circle, it is the mid- 
point of a real couple. When, however, dj>y,>d the first factor of the second 
member of (5) is positive and the second is negative; hence 6? is negative and 6 
is pure imaginary, and therefore the corresponding couples are conjugate imag- 
inary. This situation occurs only in the hyperbolic type of involution [5]. 

The geometry may be called into case here to explicate the situation still 
further. The equation of the base circle is 


a(x? + y") + 2dx+¢=0 
and the equation of the congruence of circles orthogonal thereto is 
a(x? + y?) — 2aux — 2avy — 2bu —c = 0. 


The parameters are yw and », w being the coordinate of the mid-point M of a con- 
jugate couple; for, letting y=0 and solving for x we have x, x%.=u"+4, as we 
should. The congruence may be written in the form 


(x — w)? + (y — v)? = v? + 8; 


hence (yu, v) is the center of the circle of the congruence and +/»7?-++8? is its radius. 
Now, as we have seen, there are values of u which make 6? negative, namely 
d,>">d2. For all such values of yw the radius of the congruence is less than v 
the ordinate of the center of the circle. 

Let us construct the lines x =d; and x =d2 (Fig. 2). Then every circle having 
its center without the strip determined by these lines will have its radius 
greater than v and will cut the base line in a real conjugate couple as (1); 
every circle having its center on one of these lines will have a radius equal to v 
and will cut the base line in one of the doubles as (2); and, finally, every 
circle having its center within the strip will have a radius less than v and will 
cut the base line in a conjugo-conjugate couple as (3). Thus, the mid-points 
of our conjugo-conjugate couples all lie within the strip determined by two 
lines through the double points perpendicular to the base line. 


4. Location. Stated geometrically, then, we have the following theorem: 


Every point on the base line of an involution of points is the mid-point of a 
conjugate couple; if the point ts without the base circle, the couple is real, and there 
1s a single infinitude of them; if the point is on the base circle, the individuals of the 
couple coalesce, and we have the doubles; tf the point is within the base circle, the 
couple ts (conjugate) imaginary, and there is a single infinitude of them. 


These latter are our conjugo-conjugate couples in a quadratic involution of 
points on a line, and thus are they “located.” 
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5. Representation. We have succeeded in “locating” our conjugo-conjugate 
couples in the involution of points on a line. We propose now to give them a 
(real) representation. The method of representing imaginary configurations by 
real ones employed by Laguerre lends itself both readily and adequately. We 
make a brief statement of the method omitting the proofs [6]. 

The complex projective plane is four-dimensional (4) in complex points, 
the term complex comprehending both the real and the imaginary. In this 
quadruple infinitude there is a sub-assemblage consisting of a double infinitude 
(0?) of real points constituting the real (projective) plane. The imaginary 
points of the quadruple infinitude are paired conjugately. The multiplicity of 
points in the complex plane is co-dimensional with the multiplicity of point- 
pairs in the real plane; so that if we had a scheme setting up a one-to-one rela- 
tionship (transformation) pairing each (finite) point of the complex plane with 
each (finite) point-pair of the real plane and vice versa, then we should have a 
(real) representation of the imaginary points in the complex plane. This is 
exactly what the Laguerre representation does, according to the following free 
translation from the French: 

(a) “Let a be an imaginary point of a plane; through this point pass an iso- 
tropic of the first system having one real point A and an isotropic of the 
second system having one real point A’. It is clear that these two points 
are completely determined by the point a, and that reciprocally a is 
determined without ambiguity by the points A and A’. 

“I shall say that AA’ is the representative segment of the point a, A be- 
ing the initial point and A’ the terminal point of this segment.” 

(b) “If AA’ represents an imaginary point a, then A’A represents its con- 
jugate @.” 

(c) “The real line which joins two conjugate imaginary points a, & is the 
perpendicular bisector of their representative segment AA’.” 

(d) “Having given a real circle, in order that a segment AA’ may represent 
a point a on this circle, it is necessary and sufficient that the points A 
and A’ be mutually inverse in respect to this circle.” [7 | 

Thus, in the light of the first statement of Laguerre, if A and A are two con- 
jugate imaginary points and if P and P’ are the initial and terminal points of 
the real ordered point-pair which constitutes the real representation of 
A:A(P-—>P’), then reversing the order we have the real representation of A, 
the conjugate of A: A(P’—>P). We shall employ this notation in the designation 
of an imaginary point and its (real) representation. 

From the third statement we see that the (real) representation of the com- 
plex line with a real trace is the ensemble of ordered point-pairs which are sym- 
metrical, the one the reflection of the other, with respect to the real trace. And 
again from the fourth statement we have it that the (real) representation of the 
complex circle having a real trace is the assemblage of ordered point-pairs which 
are mutually inverse with respect to the real trace. Both the complex line and the 
complex circle are two-dimensional (7?) in complex points. Then every point 
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of the finite projective real plane is both the initial point and the terminal point 
in the representation of complex points on the line and the circle. Hence to find 
the representation of their intersection when their traces do not meet is to find 
that ordered point-pair which they have in common. 


CG 


Fic. 1 


Thus, in Figure 1, to find the (real) representation of the intersection of 
the line Z and the circle (C) we seek that ordered point-pair which is com- 
mon to both. By reason of the symmetry involved we see that the required 
point-pair will lie on a line through the center of the circle perpendicular to 
the line. The pair is discovered when we cut this line with a circle centered on L 
and orthogonal to (C) as for example (K). Hence if A and A are the intersec- 
tions of L and (C), then A(P—P’) and A(P’—P). 

Let us return now to our problem. The parameter p is really redundant, the 
problem does not really require a congruence of circles, but only a pencil. We 
may choose this pencil out of our congruence in a variety of ways: circles having 
a common point, having a common radius, centered on a line oblique to the base 
line. We shall choose that pencil of circles for which v is constant, say vo. Any 
finite value chosen for vo is adequate but if we choose v9 <A some of the circles 
of the pencil will be imaginary, that is, they will have imaginary radii and hence 
will not have real traces. This case is taken care of by the Laguerre representa- 
tion, of course, but introduces an unnecessary element into the problem which 
we shall side step by taking vp>A. 
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Referring now to Figure 2, the line of centers of the pencil of circles which 
cuts the involution under consideration from the base line is the line y=p, 
vo>A. The centers of the circles then have for coordinates (u, 9). When the 
center lies without the strip x =d, x =ds, the circle will cut out a real conjugate 
couple, as circle (1). When the center is on one of the lines x = d; or x =db, the 
circle is tangent to the base line, and hence cuts it in a double as circle (2). 
When the center of the circle lies within the strip, the circle cuts the base line 
in one of our conjugo-conjugate couples, as circle (3). Our problem is to find the 
real representation of this conjugo-conjugate couple. Referring to Figure 1 we 
see at once that it is the point-pair PP’. That is, if the conjugo-conjugate 
couple is A, A, then A(P—P’) and A(P’—>P). There is a single infinitude of 
such points and their (real) representation is the assemblage of ordered point- 
pairs on the base circle which are symmetric (the one the reflection of the 
other) with respect to the base line. 


6. Characterization. We may now give a complete characterization of the 
hyperbolic type of involution on a line having a real trace, real quantities only 
being employed in its generation. 


The double points are real. The conjugate point-pairs consist on the one hand 
of a single infinitude of real pairs whose mid-points lie without the segment deter- 
mined by the double points; and, on the other hand, of a single infinitude of imagi- 
nary pairs whose mid-points lie within the segment determined by the double points. 


If we agree to speak of the real representation of the imaginary pairs as of 
the pairs themselves, and that is the function of a representative; and if we fur- 
ther agree to speak of reflection in a line as an inversion, and that is really what 
it is; then we may say: 


The hyperbolic involution of points on a line with a real trace consists of a single 
infinitude of real point-pairs and a single infinitude of imaginary point-pairs. The 
real point-pairs are those points on the base line which are mutually inverse with 
respect to the base circle, while the imaginary point-patrs are those points on the 
base circle which are mutually inverse with respect to the base line. 


7. Illustration. The Apollonian Circles of a triangle determine an elliptic 
involution of circles orthogonal to the circumcircle. [8| This pencil of circles 
cuts from any diameter of the circumcircle a hyperbolic involution of points. 
In particular it cuts such an involution from the Euler line E£. The line of 
centers of the Apollonian Circles is the Lemoine Line L. All the circles of the 
pencil whose centers lie within the segment determined by the tangents to the 
circumcircle perpendicular to the Euler Line will cut from the Euler Line the 
conjugo-conjugate couples with which this paper is concerned. One of the Apol- 
lonian Circles in Figure 3 is such a circle. Incidentally, the common points of the 
Apollonian Circles are the Isodynamic Points, J, I’ of the triangle whose prop- 
erties are noted by Johnson, and Altschiller-Court. [8] In addition, we call at- 
tention to the fact that when ordered they constitute the real representation of 
the intersection of the Lemoine Line and the circumcircle. Again they are the 


22 CONJUGO-CONJUGATE COUPLES IN INVOLUTION [January, 


real representation of the double points of the elliptic involution determined 
by the Apollonian Circles on the Lemoine Line.* 


Fic, 4 


8. Construction. We conclude with a problem of construction: Given two 
point-pairs on a line to construct the involution, 7.e. find the double points, 
determined thereby. The point-pairs may not interlace and they may not share 
a mutual individual point since these determine the elliptic and parabolic types 
respectively. Thus we recognize three cases: 

1. Both point-pairs real (and noninterlaced) 

2. One pair real, one conjugate imaginary 

3. Both pairs conjugate imaginary. 

The construction is the same for all three cases: (a) Construct a circle on each 
point-pair, (b) construct the radical axis (so called) of the circles in (a); this 
line determines the center of involution, (c) construct the circle centered on the 
center of involution and orthogonal to the circles in (a). This circle cuts the 
base line in the required double points. 


* We have employed this configuration merely as an illustration, but it seems to deserve 
consideration per se: for it is a mutual relationship between the Lemoine Line and the Euler Line 
and this mutuality extends to the given triangle and a certain triangle of which the Lemoine 
Line is the Euler Line and the Euler Line of the original triangle the Lemoine Line. 
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Case 1. Figure 4. Given the point-pairs A, B; C, D. 

Case 2. Figure 5. Given the point-pairs A, B; C, C; C(P->P’), C(P’-P). 

Case 3. Figure 6. Given the point-pairs A, A; B, B; A(Q-Q’), A(Q’—Q); 
B(P—>P’), B(P’—>P). 


Fic. 6 


If one pair is a double point, no modification of the method is necessary to secure 
the other double point. 


The subject of involution on a complex line and its accompanying problems 


of construction has been generalized by the author and may merit publication 
in the future [9]. 
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THE JEEP PROBLEM 
N. J. FINE, Washington, D. C. 


1. Introduction. The problem in logistics with which this paper deals was 
proposed to the author by Gail Young and Ivan Niven, both of Purdue Univer- 
sity, in the latter part of 1945. The original source is unknown to the author. At 
that time Niven had obtained a partial solution based on certain assumptions. 
After the first submission of this paper it was learned that L. Alaoglu had also 
obtained a complete solution. He mentioned that similar problems had arisen 
in air transport operations in the China theater. It has also been suggested that 
there may be applications to Arctic expeditions and interplanetary travel. This 
paper, however, will confine itself to the lowly jeep. 

Suppose that a jeep can carry a maximum load of n gallons of gas and can 
travel c miles per gallon. The jeep is required to cross a desert x miles wide. Our 
problem is to prescribe a method for making the journey most economically and 
to find the least sufficient amount of gas. It is not obvious that such a method 
exists, and it would be more exact to speak of the greatest lower bound, until the 
existence of the minimum is established. 

We shall assume that 2 and c are both unity. This involves no loss of gen- 
erality; it is equivalent to taking as our unit of distance nc, the number of miles 
that the jeep can travel on a full load. 

If x $1, the problem is trivial. If x exceeds 1, however, gas dumps will have 
to be established at various points along the way. It will be convenient to take 
the path of the jeep along the positive x-axis, starting at x and ending at the 
origin. The gas dumps will then form a subdivision o of the interval (0, x): 


og: OS MS Hee OH <4, 


in which the x; denote the positions of the dumps (assumed to be finite in num- 
ber). If 2 is any non-negative number less than x, the subdivision o induces a 
subdivision of (0, 2) by deletion of all the stations to the right of z. There will 
be no ambiguity if we refer to this induced subdivision by the same symbol, o. 
Other subdivisions will be denoted by o’, o*, and so forth. If all the stations 
(points of division) of o are contained among the stations of o’, we shall say that 
o isa refinement of o, written o’ <o. 

We may now rephrase our problem. Once a subdivision i is fixed, the amount 
of gas required is still a function of the method of establishing and employing its 
stations. We shall denote by f(x, 7) the greatest lower bound of this amount for 
all possible methods, and by f(x) the greatest lower bound of f(x, 7) for all pos- 
sible subdivisions o. Our task is to discover the form of f(x). 

In §2 we introduce the standard method of establishing and using the sta- 
tions of a given subdivision o, and we prove that this method is at least as eco- 
nomical as any other. This enables us to determine f(x, 0) in §3. A rather sur- 
prising application of the standard method leads to the result (§4) that if 
o’ <a, then f(x, o’) Sf(x, 7). In §5 we determine criteria for non-improvement 
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by refinement. These criteria lead us to the construction of an optimum o* and 
to the explicit representation of f(x, o*) =f(x) (§6). In §7 we derive a simple and 
accurate asymptotic formula for f(x). The last section is devoted to a few re- 
marks, including a comparison of the exact solution with the result obtained 
by considering the stations equally spaced (one of Niven’s assumptions). 


2. The standard method. One very natural method of employing the 
stations of a given ga is to build up the stockpile of gasoline at x, by making all the 
trips between x and x, before going to to x,1, and to continue in this way 
throughout the journey. In other words, once we go beyond any station x; we 
never return to the preceding one, X+41. 

Suppose that, by some other method, m complete round trips are made 
starting at x, followed by a last, one-way trip from x to x,. The ith one of the 
round trips consists of A;, the one-way trip from x to x,; B;, the round trip start- 
ing and ending at x,; and C;, the return trip from x, to x. Let g; be the amount 
of gas in the jeep at the start of A;. Since 2(x—x,) is the amount used in per- 
forming trips A; and C;, the amount g;—2(x—x,) plus the residue of the pre- 
ceding trips is sufficient to perform B;. If we replace the sequence A1, Bi, Ci, 
Ae, Ba, C2, “8 ty Am, Br, Cm, A m4, by Ai, Ci, Aa, Cr, se ty A m, Cm A m4; and 
deposit at x, the amount g;—2(x—x,) after each A;(i=1, 2,---, m), and 
Lm+1— (x —X-) after Am4i, we shall then be in a position to perform all the B; in 
exactly the same order as before. When this has been done, the final configura- 
tion will not have been altered and no more gas will have been used. The same 
reasoning applies to all the trips starting at x,, and so, by induction, the stand- 
ard method is established as being at least as economical as any other. Hence- 
forth we shall assume its use. 


3. Determination of f(x, ¢). Now we suppose that there is given a sub- 
division 
go: O=% <M << hy <it = 4, 


and that f(x:4, 0) has already been determined. Clearly f(xo, ¢) =0, so we have 
the initial step in the inductive definition of f(x;, 7). Let &: be the number of 
trips to be made from x; to x;4. Obviously k;=1. No gas is to be left behind at 
x1, since that would imply waste. Hence the difference between f(x;, 7) and 
f(x+1, ¢) must be accounted for by the amount used in the 2k, —1 trips between 
the two stations. Writing A;=x;—x:_1, we have 


(1) f(t, 0) — f(*e-1, 0) = (2k: — IAL (@=1,---,7r+ 1). 


We must now determine &;. The maximum amount of gas that can be trans- 
ported on each of the first k:—1 trips is 1 —2A,; on the last, 1 —A,, since there is 
no return. The total must not be less than the amount required to proceed from 
X:1. Hence 


(2) k(1 — 2A:) + Ai = f( 41-1; a). 


26 THE JEEP PROBLEM [January, 


From (1) it is clear that the number of trips must be as small as possible so that 
(3) (Re — 1)(1 — 2A:) + A; < f(ai-1, 0), 
provided that k;>1. It is easy to see that k;=1 for x,S1, and that f(x: 0) =x; 
in this case. If x:>1, we have k,>1. In this case, (2) and (3) determine the 
integer k,; uniquely, and f(x:, 7) is then obtained from (1). We remark that if the 
equality 

m(1 — 2A:) + A; = f(x1-1, c) 


holds for some integer m, then k,=m 
We shall now derive a useful relationship between 2; and f(x:, 0). If we elim- 
inate f(x:1, 6) between (1) and (2), we have, for all #=1, 


(4) ky & f(%y, @). 
Similarly, (1) and (3) yield 
(5) ki — 1 < f(x, 0), 


provided that k:>1. But we see directly that (5) is also valid for k:=1, so (4) 
and (5) hold for all £21. If we define fa} as the least integer not less than a, 
then for all #21 we may write 


(6) he = {f(a 0) }. 
Since f(z, 7) is an increasing function of g, 
(7) Re S Rev, ta 1. 


Summing (1), we obtain 
r+1 


(8) f(%, 0) = 2 (2k, — 1)A:. 


4. Refinements of subdivisions. Let o’ be a refinement of o. The quantity 
f(x, 7) may be thought of as the result obtained by applying a non-standard 
method to o’, namely, passing over those stations of o’ which do not belong to a. 
It follows immediately from §2 that f(x, o’) is not greater than f(x, o), that is, 


(9) f(%, 0’) & f(%, o) if a’ <o. 


If (x:4, x) is an interval of o, with the associated parameter k;, and if 
en Yor yn), (1, Yo), ° °°, (Yp-ty ¥p = Xt) are intervals of o’, with parameters 
"Rk", , k®), then 


(10) ho = {f(a o’)} S {f(t o)} = 
Using (7), we obtain 

(11) esk’s--- Sk Sk. 
From (8), 
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(12) flty 0’) — fren 0’) = (2k = 1)(y; — vier). 


tam 1 


Equation (1) may be written in the form 
Pp 

(13) f(%u a) — f( 4-1, g) = > (2k, — BIGE —_— Vi-1). 
tl 

Subtracting the members of (12) from those of (13), we have 


p 
(14) S(%t, a) — f(x, 0’) = f(t, ¢) — f(*er a’) + 2) (Re — RY) (ys - yin). 
t=1 
We observe that all the differences in (14) are non-negative. From this we deduce 
that actual improvement by refinement takes place if and only if we can find an 
interval (x;1, x.) and an integer z such that k,>k‘®. By (11), this is equivalent 
to ki>k’. 


5. Properties of o*. Our problem will be solved if we can find a subdivision 
o* for which 
(A) f(x, o*) S f(%. 0) for every oa. 


We can bring to bear the results of §4 by proving that any o* which satisfies 
(A) also satishes (B) that follows, and conversely. 


(B) f(%, o*) = f(x, 0’) for every o' < o*. 


Clearly, (A) and (9) imply (B). Conversely, suppose that (B) is satisfied, and 
let o be any subdivision whatsoever. We choose for a’ the common refinement of 
o and o*. From (B), f(x, o*) =f(x, o’); another application of (9) shows that 
f(x, o’) Sf(x, ¢). Combining these we obtain (A). 

Using the criterion established at the end of $4, we find that (B) 1s equivalent 


to 
(C) For every t=1,2,---+,r4+1, and for every y such that x11<y Sx, 
k’ = { f(y, o*)} = ke = [f(a o*)$. 
We shall now show that (C) is equivalent to (D): 
(D) For everym=1,2,---, [f(x,o*)], there exists an integer s such that f(x,, o*) 


=m. 
Suppose first that (C) fails for some tand y. Since f(z, o*) is strictly increas- 
ing, 
(15) f(xi-1, 07) < fly, o*). 


By the definitions of k’ and the function | 
(16) fly, o*) & PR’. 
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Since (C) fails, k’<k,, that is, 

(17) esk— 1. 

Finally, since k,= {f(x:, o*)} cannot exceed f(x:, o*) by as much as unity, 
(18) ki - 1 < f(x, o*). 


Combining (15), (16), (17), and (18), we see that the integer k’ lies strictly be- 
tween f(x;1, o*) and f(x:, o*). By monotonicity, k’ cannot be equal to f(x,, o*) 
for any s, so (D) fails. 

Conversely, if m is an integer satisfying 


(19) f(%-1, o*) <m< f(x, o*), 
we can find a number y such that 
(20) fy, o*) = mM, 


and (C) is violated. To prove this, set 


m — f(%t-1, o*) 
(21) y= tat m — fltey 0") 
2m — 1 

and let A=y—x,4. Clearly A is positive, and 
(22) m(1 — 2A) + A = f(%1-1, o*). 


Referring to the remark in §3, we see that m is the parameter associated with 
the interval (x:1, y), and 


(23) fly, o*) = f(%e-1, o*) + (2m ™ 1)(y ™ %¢~1) = mM, 


which proves (20). This completes the proof that (D) is equivalent to (C), (B), 
and (A). 


6. Construction of o*. It is now almost trivial to construct a o* satisfying 
(D) and therefore (A). Merely choose the stations x,* so that f(x,*, o*) =t. 


Clearly this can be done for t=1. Suppose that x;*, - - - , x:1* have been found. 
We must determine x;* by 
(24) ke = {flae, o*)} = 1, 
(25) f(a, o*) — f(cia, o*) = (2k; — 1)(a* — xy). 
The left member of (25) equals unity; hence 
(26) xt — xy = (2¢ — 1) 
Therefore 
(27) ne=tt—o+—4---4 
3 5 2t— 1 
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It is easy to verify that (27) leads to the required equations k:=f(x#*, o*) =1. 
The subivision o* so determined evidently satisfies (D). If 7 is the greatest in- 
teger for which x,* does not exceed x, we may write 


(28) f(x) = f(x, o*) = r+ (2r + 1)(% — x), 
and 
(29) Os x— 4° < (2r + 1)-1. 


It has now been shown that f(x), which represents the number of gallons 
needed to take the jeep x miles, is a function which is piecewise linear over in- 
tervals of length 1, 1/3, 1/5, 1/7, and so on, the slope of the graph over the nth 
interval being the mth odd number so that the function takes consecutive in- 
tegral values at the corner points. 


7. An asymptotic formula for f(x). From equation (1) it is possible to get a 
rough idea about the order of magnitude of f(x). We have approximately 


Af = (2k — 1)Ax, 
k = f(x). 
Neglecting the —1 compared with k, we find 


as = 2Ax!| 
f 
log f = 2x + Ci, 
f = Cre**. 
We shall not attempt to make these heuristic methods precise, but shall pro- 


ceed directly to a derivation based on the exact solution obtained in the pre- 
ceding section. Let us define 


1 1 1 
(30) SQ) =14+—+4+—4-+-+-—- 
2 3 r 


It is well known that for large 7, 
1 1 
(31) S() = log +++ + 0(-), 
2r r? 
where C is Euler’s constant, .577 - - +, and the O(1/r?) denotes an error term 
whose absolute value does not exceed a certain constant, independent of 7, multi- 
plied by 1/r?. This constant may vary from one equation to the next. From (27), 
(30), and (31), we have 
1 1 1 
x,* = S(2r) — 5 3”) = (10g (27) + C+ by + o(-)) 
r 


y? 


(32) (+1 +—c+— +0(-)) 
Qe TI TE 


y2 
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Therefore, 


1 1 
t= log (2\/r) + 5¢+0(-). 
2 r? 


Taking exponentials, 


(33) exp G — <) = 24/7 exp (0 (.)) = 2/r (1 +- o(-)). 


Squaring, we obtain 


(34) - exp (24* —C) =r+0O (—) 


7 


Thus, writing g(u) =4 exp (2u—C), 


1 
(35) flat) = 1 = g(x*) +0 (—) = g(a*) + O(e-*). 


Now for any u satisfying 
(36) te <uS a < xh, 


we have, by equation (28), 


(37) f'(u) = 2r +1. 
Also, 
1 
(38) g'(u) = 2g(u) > 2g(x%,*) = 2r +0 (-), 
1 
(39) g'(u) < Ag(ae1) = 27 +2+0 (—). 
(40) fi'(u) — g’(u) = OCA). 


Integrating (40) between x,* and x, we find 


f(a) ~ a(4) = Ca) — alae) + FW) = gf Qo)a 


(41) 1 ~ 1 
-0([) +0(- #8) =0(-) 
= O(e-2*), 

Therefore, for all x, 

(42) f(x) = 4 exp (2x — C) + O(e-**). 


It will be observed that the error term is not only of lower order than the prin- 
cipal term, but it actually tends to zero exponentially. Also, the approximate 
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equation derived by such high-handed methods at the beginning of this section 
turns out to be much more accurate than might have been expected. 


8. Remarks. Suppose we decide to use equal subdivisions of the interval 
(0, x), Nin number. We can prove that if N is chosen to vary with x so that 
x*/N tends to zero, then the increase in the amount of gas required (over the 
exact solution) is less than 50% for large x. To counterbalance this increase, 
however, the number of stations required will be very much smaller. For exam- 
ple, if N varies as the cube of x, it will also vary as the cube of log 7. Hence, if 
we take into account the cost (in time, energy, material, and so on) of setting 
up the stations, it might very well happen that the equal subdivisions would be 
more economical. Of course, we should then have an entirely new problem. 

For a fixed x and sufficiently large N, we can come as close as we please to 
the minimum f(x) by means of N equal subdivisions. An amusing fact here is that 
the minimum can be aétained if and only if x is rational. 

We close with several remarks about the character of the solution o* we have 
obtained here. It is obvious that this solution is not unique, since every refine- 
ment of o* is also a solution. It can be shown that the converse is also true; that 
is, every solution is a refinement of o*. Furthermore, if we consider the class of 
subdivisions ¢ for which the function f(x, 7) is continuous, we can prove that this 
class is identical with the class of all solutions. It would be of interest to see 
whether this criterion can be obtained directly, and whether the minimum f(x) 
can be derived from it. 


MATHEMATICAL NOTES 


EDITED BY E. F, BECKENBACH, University of California 


Send material for this department directly to E. F. Beckenbach, University of Cali- 
fornia, Los Angeles 24, California. 


A LINEAR DIOPHANTINE EQUATION 
H. S. Grant, Rutgers University 


In solving the linear Diophantine equation 
n 
2 it = K, (a1, aa, +++ dn) = 1, 
im 


where (a1, d2 - - - , @n) denotes the greatest common divisor of a1, de, - + + , Gn, 
attention should be paid to the number of variables that may be considered 
arbitrary. Thus, if 


(1) (di, Dis, °° * y Gis) = 1, 


it is evident that »—s of the variables may be assigned arbitrary values. The 
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maximum number of variables to which may be assigned arbitrary values is 
therefore n»—s, where s(21) is the smallest number for which (1) holds, 4, 
42, : + + , 4, being any of the C(x, s) choices of s subscripts from 1, 2, ---, 7. 


Suppose now that we have 
(2) Q1X1 + dex, +--+: +a.%,= Ki, 
where s>2, and that 
(@1, d2,--+, a) = 1, 


while the latter condition does not hold for any proper sub-set of the a,’s. Sub- 
tracting a,x; from both members of (2), 173s, we have 
Ky — ax; = dt, 
where 
d = (a1, @a,° °° » G1, G41, ° °° y ds) > 1, 
with obvious modification for ¢=1 or s; further, (a;, d) =1. Solving for x; and #, 
we have 


a1 a2 ai-1 Qi+1 as 
re xi1 + 7 Ria tos Phe = by 
a, Qe ai-1 Qi+1 “) 
yp mm yee, , yoe- —)=1; 
d d d d d 


and the number of variables has been reduced by one. Continuing this process, 
we thus arrive at the general solution through successive solutions of the case 
involving two variables only. This may afford a rapid method of solution, es- 
pecially if, at some step of the process, a coefficient 1 should appear or two 
coefficients should be relatively prime. 


As an example, we consider the equation 
99x + 79y + 552 + 33w = K, 


discussed by D. H. Lehmer in this MONTHLY, vol. 48, 1941, p. 245. Since (99, 79) 
=1, we may consider z and w arbitrary and write 


(3) 99x + 79y = K — 552 — 33w. 
Solving (3) by any of the well known methods, for example the Euclidean al- 
gorithmic process, we obtain 

x= 4K — 2202 — 132w + 79, 

y= — 5K + 2752 + 165w — 991, 


with zg, w, and ¢ arbitrary. The reader may readily verify that this solution is 
equivalent to Lehmer’s solution (21), p. 245, loc. ctt., namely 
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= 6K + 79L — 198M — 330N, 
— 5K — 66L + 165M + 275N 
= N, 

w= — 6K —79L + 199M + 330N, 


x 
y 
z 


where L, M, and N are arbitrary; the equivalence is established by applying the 
linear transformation 


10K — 5502 — 330w + 1992, 
4K — 2202 — 131w+ 791, 


= 2. 


L 
M 
N 
AN ARTILLERY PROBLEM 
R. J. WALKER, Cornell University 


A gun, shooting a heavy, low-velocity projectile, is trying to hit a target 
which need not lie on the same level as the gun. At what elevation should the 
gun fire, assuming a vacuum trajectory ? 

In an attempt to give a simple graphical method of determining the possible 
angles of elevation, the following construction was found. 

Let the gun be at the origin of a rectangular coérdinate system with horizon- 
tal x-axis and vertical y-axis, and let the target be at (xo, yo) in the xy-plane. Let 


where V is the muzzle velocity of the projectile and g is the acceleration due to 
gravity. On the figure we carry out the following construction: 


1. Through T: (£0, yo) draw a line parallel to the y-axis, meeting the hyper- 
bola xy=1 in A. 

2. Through A draw a line AC parallel to the x-axis. 

3. Through the origin O draw OC perpendicular to OT. 

4. With C, the intersection of AC and OC, as center, draw a circle through O, 
cutting the line x=1 in R, and R2. 

5. Draw OR; and OR:, making angles of a; and a, with the positive x-axis. 


Now a and a are the required angles of elevation. 

The proof of this construction is simple. In terms of the normalized distances 
f=gx/V? and n=gy/V? and the normalized time 7 =gt/V, the equations of mo- 
tion of the projectile are 


£ = 7 cosa, n= T sina — 37’. 
Eliminating 7 gives 


n= me — (1 + m*)&, 
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where m=tan a. We wish m to satisfy 


(1) no = mio — #(1 -+ m ko. 
Now the circle 
(2) nox = ybo — (x + y dE 


intersects the line x=1 in points whose ordinates are roots of (1), and so the 
lines joining these points to O have for slopes the required values of m. It is read- 
ily verified that C is the center of (2). 


Additional information can be obtained from the figure that follows: 

1. The normalized time of flight is 77 = &) seca. This is just the distance from 
O to the point in which OR intersects TA. 

2. The parabola YZ, with focus at O, determines the maximum range of 
the projectile. J must be inside this parabola. 

3. The angle of fall w of the projectile at T is given by 


tanw = (=) =m—(1+m)é 
dt) " 


Substituting for 1-++-m? from (1) gives 
2no 
tan w = —— — m. 
0 
Now w is readily constructed by extending OT to meet the line x=1 in Q 
and marking off RS=2QZ downward from R. Then w is the angle between the 
positive x-axis and BS, where B is the point (2, 0). 


CLASSROOM NOTES 


EpITED By C. B. ALLENDOERFER, Haverford College 


All material for this depariment should be sent to C. B. Allendoerfer, Haverford College, 
Haverford, Pennsylvania. Contributions are invited on topics of immediate interest to teachers 
of undergraduate mathematics such as: fresh approaches to standard material, analyses of 
common textbook shoricomings, descriptions of visual and mechanical atds to teaching, outlines 
of new types of courses, and discussions of the role of mathematics in the revised curricula 
being adopted by many institutions. Rejoinders to earlier notes are encouraged, 


A RIGOROUS TREATMENT OF THE FIRST MAXIMUM PROBLEM IN THE CALCULUS 
J. L. Wausu, Harvard University 


Even some of the best calculus texts fail to set forth adequately the logic 
underlying the usual maximum and minimum problems, studied subsequently 
to curve-plotting. The present note outlines the treatment the writer has used 
for a number of years, in a course primarily for freshman and sophomores. 


PROBLEM. A piece of sheet tin three feet square 1s to be made into a rectangular 
box open at the top, by cutting out equal squares from the corners and bending up the 
sides of the resulting piece parallel with the edges. Among all such boxes, to find the 
box of greatest volume. 


We consider an arbitrary box that can be made in this way. Let x denote the 
length in feet of the side of the square corners cut out, so that x is also the height 
of the box. The volume V of the box is then (in cubic feet) 


(1) V = V(x) = x(3 — 24). 


We study V as a function of x in the closed interval 0 Sx 33/2. When x is very 
small and positive, so also is the volume V, as appears both by (1) and by con- 
sidering the shallow box formed; we have V(0)=0. When x is smaller than but 
near 3/2, the volume V is also very small and positive as is seen both by (1) 
and by considering the small area of the base of the corresponding box, we have 
V(3/2) =0. Between these two values x =0 and x =3/2, the continuous function 
V is always positive and hence possesses a maximum; the maximum V is char- 
acterized by the vanishing of D,V for the corresponding value of x. We find 


DV = x-2(3 — 2x)(— 2) + (3 — 2x)? = (3 — 2x)(3 — 6x). 


Between the two values 0 and 3/2 the only value of x for which D,V vanishes 
is x =1/2, which therefore yields the box of maximum volume. 

The logic underlying this formal work can be analyzed as follows: 

1. The function V(x) is continuous in the closed interval 0 Sx 33/2, hence 
possesses a maximum* there. [Any function continuous in a closed finite interval 
possesses a maximum there. | 

2. The function V vanishes for x=0 and x=3/2 and is positive between 


* To be more explicit, V(x) possesses a (weak) absolute maximum, which is necessarily also 
a (weak) relative maximum. 
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those values, so the maximum occurs at some point or points in the tnéertor 
0<x <3/2 of the original interval. 

3. At this maximum of V(x) we must have D,V=0. [If D,V>0, the function 
V increases as x increases; if D, V <0, the function V decreases as x increases and 
increases as x decreases; in either case V has no maximum. | 

4, Among the values 0<x <3/2 we have D,V=0 if and only if x =1/2. 

5. Hence x=1/2 yields the maximum value of V. 

It will be noticed that x =1/2 cannot yield a minimum of V, nor a point of 
inflection. Moreover, the function V(x) possesses a unique maximum in the in- 
terval 0 $x 3/2; there is no choice here among several relative maxima. 

The logic as given is complete (although the theorem quoted in 1 can hardly 
be proved at this stage), and will satisfy the most critical student even at any 
stage of his later career. This logical analysis, with suitable modifications, ap- 
plies to all maximum-minimum problems in one variable that the student is 
likely to meet. 


TEACHING TRIGONOMETRY 
E. P. VANCE, Oberlin College 


A frequent source of confusion in mathematics courses in college is the mean- 
ing of sin x, cos x, and so forth, when x is a general real variable. In dealing with 
periodic behavior or phenomena resulting from combinations of periodic be- 
havior, such as in the study of electricity, one frequently encounters expressions 
such as sin wt. Because of the manner in which the circular functions were orig- 
inally defined, often the student will ask: “Where is the angle?” Beginners are 
in the habit of thinking of these functions solely as functions of angles and 
many are incapable of understanding any generalization. The author feels that 
steps should be taken to clarify this difficulty in the students’ minds. 

On an experimental basis we are attacking this problem in some classes at 
Oberlin by defining the functions at the outset as functions of a real variable 0. 
The method consists of drawing a unit circle with its center at the origin of a 
rectangular axis system. Then corresponding to the real variable 0, an arc of 
length @ is laid off from (1, 0) along the circle; if 8 is positive the arc is laid off 
counterclockwise, but if # is negative the direction of the arc is clockwise. Let- 
ting P be the endpoint of this arc, the x-coérdinate of P is defined to be cos 8, 
and the y-coérdinate of P is defined to be sin 9. The other trigonometric func- 
tions may then be defined in terms of the ratios and reciprocals of the sine and 
cosine functions. It will be immediately apparent that all the properties of the 
circular functions easily follow: cos 0 = 1, sin 0=0, sin (—6) = —sin 0, sin (7/2 —6) 
=cos 6, sin’#-+cos??=1, and so forth. Problems in analytic trigonometry, 
such as identities and equations, are always phrased in terms of the real variable 
6. The graphs and the use of graphs play a dominate role, thus emphasizing the 
important periodic properties of these functions. In constructing the graph of 
y =sin x, care is taken to use the same type of units for both x and y, although 
not necessarily the same scale. It is then pointed out that the radian measure of 
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an angle is equal to the value of @ of the intercepted arc, and thus the functions 
of an angle are derived as special cases. The angle approach is used only for the 
solutions of triangles. 

An alternative approach is to use standard textbooks up to the point where 
graphs are introduced. Then the generalization may be made as described above. 
Care, however, should be taken to bridge the gap between the notions of sin 
(2 radians) and sin 2; for in the former, angle is still predominant while in the 
latter the full transfer to real variables has been carried out. 

The sophisticate may object that in this approach, trigonometry is based 
upon the notion of arc length, generally agreed to be a more advanced mathe- 
matical topic. In fact, G. H. Hardy refuses to discuss arc length even in a book 
as advanced as his Pure Mathematics because of its complexity. The reply is 
that to freshmen arc length is a perfectly clear concept, and its use is very help- 
ful in the understanding of this matter. A rigorous approach in terms of integrals 
leading to inverse functions may well find its place in the calculus. 


UNDETERMINED COEFFICIENTS IN INTEGRATION 
J. B. Reynotps, Lehigh University 


Teachers of calculus usually find difficulty in getting students to be able to 
integrate readily expressions in which the integrand is a product of an exponen- 
tial term and a binomial factor each term of which contains a sine or a cosine of 
an angle. The integration is usually accomplished by integrating by parts twice. 
Sometimes a table of integrals is resorted to and the student never really under- 
stands how the integral was found. The integration of the forms cited can be 
performed readily by the use of undetermined coefficients. Suppose we want to 
integrate the following product 


e8=(2 sin 5x — 4 cos 5x)dx. 
A little thought shows that the only terms the integral can contain are given 
in 


f ee sin 5% — 4 cos 5x)dx = e§*(A sin 5% + Bcos 5x) +C 


in which A and B are coefficients to be determined. Upon taking the derivative 
of both sides with respect to x we have 


e3*(2 sin 5% — 4.cos 5x) = e*((34 — 5B] sin 5x + [3B + 5A] cos 5x). 


Upon cancelling e** from both sides and equating coefficients of sin 5x and 
cos 5x we have 


34 —-S5SB=2 and 3B+54 = —4 
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whence A = —7/17 and B= —11/17 and, therefore, 


f ez sin 5x — 4 cos 5”)dx = — e%*(7 sin 5x + 11 cos 5x%)/17 + C. 


It is equally easy to apply this method to the integral of the product of a 
sine and a cosine of two angles. Thus, if we asume 


J sin 32 cos xsdx= Asin 3xsinx+ Bcos3xcosx+C 


we find after differentiating and equating coefficients of like terms A —3B=1 
and 3A —B=0, giving A= —1/8 and B= —3/8. 

Of course the method can be used to derive general formulas for the integra- 
tion of these and other forms. 


ELEMENTARY PROBLEMS AND SOLUTIONS 


EDITED BY HowarD EVEs, Oregon State College 


Send all communications concerning Elementary Problems and Solutions to Howard 
Eves, Mathematics Department, Oregon State College, Corvallis, Oregon. This department 
welcomes problems believed to be new, and demanding no tools beyond those ordinarily fur- 
nished 1n the first two years of college mathematics. To facilitate their consideration, solutions 
should be submitted on separate, signed sheets, within three months after publication of 
problems. 


PROBLEMS FOR SOLUTION 
E 751. Proposed by Alan Wayne, Flushing, N. Y. 


Find the digits represented by the letters in the following addition, if no two 
different letters represent the same digit: 


FORT Y 
TEN 
TEN 


SIXT Y 


E 752. Proposed by Victor Thébault, Tennie, Sarthe, France 


Show that in a right triangle the twelve points of contact of the inscribed and 
escribed circles form two groups of six points situated on two circles which cut 
each other orthogonally at the points of intersection of the circumcircle with the 
line joining the midpoints of the legs of the triangle. 


E 753. Proposed by L. M. Kelly, University of Missourt 
How can one convince a class in elementary analytics that if the inside of a 
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race track is a non-circular ellipse, and the track is of constant width, then the 
outside is not an ellipse? 


E 754. Proposed by C. A. Richmond, Tyngsboro, Mass. 

A finite sequence of positive integers will be said to be skew ordered if either 
each integer in an even position of the sequence is greater than or each such 
integer is less than its immediate neighbors. If the eight integers 1,---, 8 
are placed in random order in a sequence, what is the probability that the se- 
quence will be skew ordered ? 


E 755. Proposed by Alfred Brauer, University of North Carolina 
Let a1, d2, a3, a4 be relatively prime integers such that 


(1) a; + a2 + a3 + = 0. 
Let a,(v=1, 2, 3, 4) be the smallest non-negative residue of a, (mod 6). Then 
(2) Q1 +- eh) +- a3 +- ag= 0 (mod 6). 


In his paper, Residual Types of Partitions of 0 into Four Cubes (The Mathe- 
matics Student, vol. 13, 1945, pp. 47-48), A. K. Srinivasan tries to find solutions 
of (1) for each set of numbers a, satisfying (2). For instance, for a1=a,=0, 
a3=1, a,=5, he gives the solution a,;=12, ag= —54, a3=19, a4=53. In the fol- 
lowing cases he did not succeed in finding examples: 


a,=0, az=az3=1, as= 4; 
(3) =a =a;=1, a, = 3; 
Q=a,=2, ag = 3, ag= 5; 


and in the cases obtained from (3) if each a, is replaced by 6—a,. He conjectures 
that these cases are impossible. Prove that this conjecture is true. 


SOLUTIONS 
A Four Digit Square 
E 722 [1946, 270]. Proposed by Victor Thébault, Tennie, Sarthe, France 


Find a square of four digits such that if one interchanges the two middle 
digits the new number is a square for radix 9. 


Solution by Walter Penney, Washington, D. C. Let the four digits, in order, be 
a, b, c, d. The only final digits for (squares)i9 are 0, 1, 4, 5, 6, and 9, and for 
(squares), are 0, 1, 4, and 7. Therefore d must be 0, 1, or 4. 

If d=0, c must be 0, since all (squares)i9 ending in 0 end in 00. All (squares), 
ending in 0 end in 10, 40, or 70. Since no (square). can end in 700, 6 must be 1 or 
4, The only possibility is (8100)1». But (8010), is not a square. Therefore d+0. 

‘Similarly, considering the penultimate digit when d=1, we find that no 
(square)1p is also a (square) y when 0 and c are interchanged, Therefore d¥1. 
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If d=4, we find 
(3364) 10 = 58? and (3634) 9 = 573, 
(4624) 10 = 68? and (4264)y = 62°. 


These are therefore the only two solutions. 

Also solved by W. E. Byrne, Monte Dernham, and E. P. Starke. Margaret 
Olmsted found the solution 3364; Paul Bateman, C. Perry, and the proposer 
found the solution 4624. Starke pointed out that tables of squares in other sys- 
tems than the decimal are to be found in the proposer’s pamphlet, Les Recréa- 
tions Mathématiques (parmi les nombres curieux), Supplément a Mathesis, 
1943. With these in hand the answers can be read off directly. 


Trigonometric Inequalities 
E 723 [1946, 271]. Proposed by A. W. Goodman, Columbia University 
Let A and B beany real quantities, and let k be a positive integer. Show that 


cos kB cos A — cos kA cos B 
(1) — —__—__———— | 5 kh? — 1, 
cos B — cos A 
cos kB — cos kA 
(2) | S k’, 
cos B — cos A 


equality holding only in the limit as B and A approach zero. 


I. Solution by A. S. Peters, New York University. The fundamental inequality 
upon which the proposed inequalities depend is 


(3) |sinrx| <r| sin xl, 
where 7 is a positive integer. This inequality is easily proved, for 
| sin rx| = | sin [(r — 1)2 + «]| 
= | sin (r — 1)x% cos x + cos (r — 1)% sin 2 | 
<| sin (r — 1) 2 | + | sin «|, 
from which (3) follows by iteration. Now, from (3), 


sin rx sin sy 
—————| Srs, 


sin x sin y 
or, more symmetrically 


1 


(4) z 


sin rx sin sy + sin sx sin ry 


sin x Sin y 


where 7 and s are positive integers and the equality sign holds only if r=s=1; 
or x0 and y—0. With the substitutions r=m-+n, s=m—n, x=(A+B)/2, 
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y=(A —B)/2, and the use of some trigonometric identities, (4) becomes 


cos mB cos nA — cos mA cos nB 
(5) ——————  ————— | Sm’ - nr’, 
cos B — cosA 
where m>n and m=(r+s)/2, n=(r—s)/2. The inequalities (1) and (2) are 
particular cases of (5). If m=k, n=1, then (5) reduces to (1). If m=k, n=0, 
then (5) reduces to (2). Other inequalities of the same nature as (5) can be de- 
duced by analyses similar to the above. 


II. Solution by R. C. Buck, Harvard University. Let T,(¢) be the Tchebycheff 
polynomial of degree 1; this has the value cos 6 if t=cos 6. Let P and Q be 
the points on the curve y=T;(x) with x-coordinates cos B and cos A, and let L 
be the line through them. Then, the left member of (1) is the absolute value of 
the y-intercept of Z, and the left member of (2) is the absolute value of the slope 
of L. Since L is a secant of the curve, its slope cannot exceed the greatest value 
of | Ti (t)| , which is known to be k?, thus proving (2). Since the curve lies en- 
tirely within the 2-unit square, the greatest value of the y-intercept of ZL is ob- 
tained by finding the greatest value of the y-intercept of a tangent line for 
| ¢| $1. But, for tangents, the intercept is given by | T,(t) —iTZ (2) , whose 
greatest value is k?—1, thus proving (1). 

The facts stated above for the Tchebycheff polynomials are most easily seen 
from the relations 


T, (4) = n sin n6/sin 06, 
iT, (t) — T,(f) = n sin (n — 1)6/sin 6 + (n — 1) cos n0. 
Thus 
| 7. ()| S n| sin n8/sin 0| S n?, 
while 
| T,(2) — iT; (2) | Sn(n—-1)+n-1=7n' -1. 
Equality in (1) and (2) holds as A and B approach 0 or a. 
Also solved by Paul Brock and Alan Wayne. 


Admissible Numbers 


E 724 [1946, 271]. Proposed by N. J. Fine, University of Pennsylvania, and 
Ivan Niven, Purdue University 

Define an n-admissible number k as one such that an n-dimensional cube 
may be subdivided into k cubes. Prove that for each z there exists an integer 
A, such that al] integers exceeding A, are n-admissible. 


Solution by Fritz Herzog, Michigan State College. Let k be an n-admissible 
number, and let an n-dimensional cube be subdivided into k cubes. If one of 
these k cubes is further subdivided into a" equal cubes, where a is any integer 
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greater than unity, then we obtain a subdivision of the original cube into 
k-+(a"—1) cubes. Thus, if k is m-admissible, so is k-+(a*—1). Since unity is n- 
admissible, we conclude that all numbers of the form 


(1) 1+ pla — 1) + g(d" — 1), a22,b22,p20,¢2=0, 


are n-admissible. Choose a and 8 so that (a*—1, 6*—1)=1, which is always 
possible, for instance by taking a=2, b>=2"—1. Then, by a well known fact in 
number theory (see, e.g., Polya-Szegé, Aufgaben und Lehrsdtze aus der Analysts, 
vol. 1, p. 4, Problem 26), every integer k >(a*—1)(b"—1) can be written in the 
form (1) in at least one way, and is, therefore, z-admissible. 

Also solved by Paul Bateman, J. B. Kelly, Leo Moser, William Scott, and 
the proposers. 


Editorial Note. The problem of finding the largest number not n-admissible 
appears not to be easy. For n=2 the answer is 5. Scott showed this by proving 
that the only numbers not 2-admissible are 2, 3, and 5. Following Herzog’s sug- 
gestion of taking a=2, b=2"—1, we find that all numbers greater than 2394 
are 3-admissible. This was greatly improved upon by Scott, who showed that 
1, 20, 38, 39, 49, 51, 61 are all 3-admissible. These numbers, along with those ob- 
tained by adding multiples of 7 to these, then constitute a set of 3-admissible 
numbers, and it is easily shown that every number greater than 54 is in this set. 
The question as to whether 54 is 3-admissible or not is still open. 

Suppose we define a number & to be strictly n-admissible if an n-dimensional 
cube may be subdivided into k different cubes. For some time the conjecture was 
that there are no numbers strictly 2-admissible. This conjecture was proved 
false in the paper The Dissection of Rectangles into Squares, by C. A. B. Smith, 
A. H. Stone, W. T. Tutte, Duke Mathematics Journal, Dec. 1940. This same 
paper proved that there are no numbers which are strictly 3-admissible. 

Bateman remarked that the proposed problem appeared in Ripley’s “Be- 
lieve It or Not” column. 


Correlation Coefficient Between Two Events 


E 725 [1946, 271]. Proposed by Henry Scheffé, University of California at Los 
Angeles 


If two events have probabilities p; and p.(0<p;<1), and correlation coefh- 
cient p, show that the range of possible p is the interval —f(diae) Sp Sf(a:/az), 
where a;= [p;/(1—p;) |¥? and f(x)=min (x, 1/x). The correlation coefficient 
between two events E; and E, may be defined as that between x1 and x2, where 
x:=11if EL; happens and x;=0if not-£, happens. 

Solution by Ellen Buck, Wellesley College. By definition 

[Mf (x2) — (M(a1))?]/2[ f(a?) — (M0 (m2))?} 


where M(x;) denotes the mean value of x;. Now, if p is the probability that both 
E, and E; happen, we have 


p 
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M(x) =p, M(x) =p, M(x) = ?, 
max ($1 + p2 — 1,0) S » S min (fi, po). 


Therefore 


max (1 + poe — 1,0) — pipe <p min (p1, p2) — pips 


pill — pr)pa(1 — pa) pill — pr)po(d — po) 


The numerators may be simplified to 


max [— (1 — pi)(1 — po), — pifsl, min [pi(4 — po), po(1 — pi) | 


respectively. Then, in terms of the a;, our inequality becomes 


IA 


— min (a1a2, 1/a a2) Ss p < min (a;/a2, 2/ a1), 


which is the desired relation. 
Also solved by Paul Bateman. 


Professor Umbugio’s Prediction 
E 716 [1946, 219], Proposed by H. E. G. P. 


On April 1, 1946, the Erehwon Daily Howler carried the following item: “The 
famous astrologer and numerologist of Guayazuela, the Professor Euclide Para- 
celso Bombast Umbugio, predicts the end of the world for the year 2141. His 
prediction is based on profound mathematical and historical investigations. Pro- 
fessor Umbugio computed the value of the formula 


1492” — 1770" — 1863" + 2141" 


for n=0, 1, 2, 3, and so on, up to 1945, and found that all the numbers which 
he so obtained in many months of laborious computation are divisible by 1946. 
Now, the numbers 1492, 1770, and 1863 represent memorable dates: the Dis- 
covery of the New World, the Boston Massacre, and the Gettysburg Address. 
What important date may 2141 be? That of the end of the world, obviously.” 

Deflate the Professor! That is, show with little computation that the formula 
proposed is divisible by 1946 for n=0, 1, 2,3,---. 


Solution by E. P. Starke, Rutgers University. That x—y is a divisor of x*—-y" 
for n=O, 1, 2, + - - , is the only principle required. Let the Professor’s number be 
F(n). Then, since 2141 —1863 =1770— 1492 =278, we certainly have F(m) is al- 
ways divisible by 278. Similarly, since 2141-1770 = 1863 — 1492 =371, F(m) is 
always divisible by 371. But 278 and 371 are relatively prime, whence F(m) is 
always divisible by (278) (371) = (53) (1946), and hence, of course, by 1946 itself. 

Also solved by D. W. Alling, Murray Barbour, Joshua Barlaz, Paul Bate- 
man, Barney Bissinger, W. G. Brady, Paul Brock, D. H. Browne, R. C. Buck, 
Roy Dubisch, George Grossman, E. S. Keeping, W. J. LeVeque, C. L. Peny, Jr., 
P. A. Piza4, J. G. Wendel, Maud Willey, R. H. Wilson, Jr., and the proposer. 
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Buck pointed out that more generally 
A*+ (A+r+s)*—(A+yr)*—(A+s)" 


is always divisible by the least common multiple of 7 and s. 

Piz4 remarked that the extra factor 53 may have significance, because that 
is the number of cards in a pack when the joker is included, and surely the pro- 
poser of the problem must have been the joker. 


A Dodecagon Dissection Puzzle 


E 721 [1946, 270]. Proposed by Joseph Rosenbaum, The Milford School, Conn. 

Given two equal regular dodecagons. Show how to dissect one of them into 
twelve congruent pieces which can be fitted to the other to form another larger 
regular dodecagon. 


Solution by J. M. Kingston, University of Washington. The dissection is ap- 
parent from the following figure. Note that six of the quadrilaterals must be 
turned over after dissection. 


Also solved, in the same way, by E. S. Smith and the proposer. 


Editorial Note. For other dissection puzzles see Dudney, Amusements in 
Mathematics, and Ball-Coxeter, Mathematical Recreations and Essays. The latter 
gives further references. 

Matching Chips 

E 717 [1946, 219]. Proposed by Orrin Frink, Jr., State College, Pa. 

In the game called “matching chips” each player selects, independently of 
the other, either a red or a white chip from his store of chips. If both chips are 
found to be of the same color, then player A keeps both chips; otherwise player B 
keeps both chips. Red chips are worth r cents each, and white chips are worth 
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w cents each. Develop the theory of this game. 


Solution by the Proposer. If A selects red chips with probability (or fre- 
quency) ~, and B selects red chips with probability gq, then A’s mathemati- 
cal expectation M is: M=rpq+w(1—p)(1-—q)—rp(1—q) —wq(1—p). Hence 
M=(2q—1)(rp+wp—w). 

It follows that A’s “best strategy” is to select red chips with probability 
w/(r+w), and B’s “best strategy” is to select red and white chips with equal 
probability 4. If esther player adopts his best strategy, the mathematical ex- 
pectation of both players is zero. Hence the game is “fair.” 

If B departs from his best strategy, then A can take advantage of this error 
by imitating it; while if A departs from his best strategy, B can penalize him 
by reversing the error. 

A general theory of games of this sort is given in Theory of Games and Eco- 
nomic Behavior by von Neumann and Morgenstern, Princeton, N. J., 1944. 


Derangements 


E 719 [1946, 220]. Proposed by George Grossman, New York City 


A man addresses » envelopes and writes m checks in payment of n bills. 

(a) If the z bills are placed at random in the m envelopes, what is the proba- 
bility that each bill is placed in a wrong envelope? 

(b) If the » bills and the ” checks are placed at random in the envelopes, 
one of each in each envelope, what is the probability that in no instance are the 
enclosures completely correct? 

(c) In (b), what is the probability that each bill and each check will be in a 
wrong envelope? 


Solution by Paul Bateman, Philadelphia, Pa. We use the well known 
combinatorial theorem: If there are N objects, of which N(A1) have the prop- 
erty A, N(A.2) have the property Ae, +--+, N(A1A2) have both Ai and 


As, > ++, N(A1A2A3) have Ai, Ao, and A3, +--+, and so on, then the number 
of objects which have none of Ai, A2, A3,--- is 
N — N(Ax) — N(As) — +++ + N(4iA2) 400+ — N(AiAaAs) — 


Part (a) is the classical “probléme des rencontres.” The total number of 
ways of putting 7 bills in m envelopes is ”!. If these n! ways are regarded as the 
objects of the preceding theorem and a way is considered to have property Ai 
if under it the first envelope has the right bill in it, to have property Ag if the 
second envelope has the right bill in it, etc., then we find for the number of 
ways such that no envelope has the right bill: 


n! -(")o _ Dit (F)G@= 91a ( y-(") 
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Hence the desired probability is 


n 


da (— 1i/il. 
im? 
A similar application of the combinatorial theorem to the (n!)? ways of 
putting # bills and n checks in 2 envelopes gives the following as the number 
of ways such that in no envelope are both enclosures correct: 


nye — (Tt — on} + (Fe ae eo e(*) 


1 1 | (— 1)" 
= (nt) -aet 2intn—- 1) T mn = 1) i} 


Hence the desired probability for part (b) is 


YS (— Din — d!/ilnl. 
i=0 

The probability asked for in part (c) is merely the square of that obtained 
for part (a). 

A somewhat more difficult problem is that of finding the probability that 
each bill and each check will be in a wrong envelope and no bill will be in the 
same envelope with the check which is supposed to go with it. 

Also solved by D. W. Alling, Murray Barbour, D. H. Browne, Harley 
Flanders, and E. P. Starke. 

Browne pointed out that the distribution in part (b) is eH, of John Riordan’s 
solution to £ 589 [1944, 287]. He also showed that with increasing 2 the three 
probabilities of parts (a), (b), and (c) respectively approach e—}, 1, e~*. 

Editorial Note. For a proof (and several interesting applications) of the com- 
binatorial theorem referred to see, e.g., Chapter V of Elementary Number Theory 
by Uspensky and Heaslet. Also, in connection with this problem, see problem 
4146 and editorial note [1946, 107 ]. 


The Extended Coin Problem 
E 712 [1946, 156]. Proposed by Donald Eves, Paterson, N. J. 


A man has twelve coins, all of which appear exactly alike, but one of which 
is counterfeit and does not weigh the same as a genuine coin. He has at his dis- 
posal a delicate set of balances, but no weights. How can he detect the false 
coin, and whether light or heavy, in not more than three weighings? (Cf. 
E 651 [1945, 397].) 


I. Solution by E. D. Schell, Arlington, Va. Label the coins 1, 2,---, 12. 
When an equal number of coins are placed on each side of the scale, the left 
side may be heavier, the coins may balance, or the right side may be heavier. 
Denote these three situations by L, B, and R respectively. Further, let 
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(a, b, c, > ++)—(x, y, 2, °°) mean the coins a, 0, c, + + - are weighed on the 
left against the coins x, y, 2, °° -on the right. H(x) will mean that coin x is 
counterfeit and heavier than the others, while S(x) will mean coin x is counter- 
feit and short in weight. A method of weighing which leads to a solution is as 


follows: 
L H(1) 
L (1)-(2) 4B S(S5) 


L H(3) 
R (3)-(4) 


L (10)-(11) 


R (10)-(11) man 
R H(11) 
L S(2) 


L (1)-(2) 


| 5(9) 
(1, 2, 3, 4)-(5, 6, 7, 8) $B (1, 2, 3)-(10, 11, 12) $B (1)-(9) : 
R(t, 2, 6)-(3, 4,5) 4B (7)-(8) i; 
L S(4) 
R(3)-(4) 1B H(6) 
RS(3) 


It is interesting to note that it is sufficient to be given twelve coins in order 
to determine the existence of the counterfeit among them and its identity. 
That is, the existence of the counterfeit coin is not used in solving the problem 
and is not essential to the hypothesis. 

In general we may determine the existence of a counterfeit and its identity 
among (3"—1)/2 coins in ” weighings if we are given an additional 3" coins 
known not to be counterfeit. From this result it is easy to show that the exist- 
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ence and identity of a counterfeit coin may be determined in 2 weighings if 
(3"—3)/2 coins are given without any additional coins. 


II. Solution by Joseph Rosenbaum, The Milford School, Conn. Label the coins, 


1, 2,--+-,12, and make the following three weighings: 
(1) 1,2,3,4 against 5, 6, 7, 8, 
(2) 1,2,3,5 against 4, 9, 10, 11, 
(3) 1,6,9,12 against 2, 5, 7, 10. 


It will now be shown how the counterfeit coin can be detected, and whether 
light or heavy, from the results of these three weighings. Designate the relation- 
ships “is lighter than,” “is the same as,” “is heavier than” by L, S, H, and 
denote by x, y, 2, respectively, the observed relationships of the left to the right 
in (1), (2), (3). It is now easy to verify that out of the 27 =3° permutations 
with repetitions of L, S, H the three (x, y, z) =(S, S, S), (LZ, H, H), and (H, L, L) 
cannot happen. For the remaining 24 permutations the following key may be 
verified : 


light coin 
1 2 3 4 5 6 7 8 9 10 11 12 


ILL LLH LLS LHS HLH ASL HSH ASS SHL SHH SHS_ SSL 


heavy coin 
1 2 3 4 5 6 7 8 9 10 11 12 


HHH HHL HHS HLS LHL LSH LSL LSS SLH SLL SEIS SSH 


Also solved by D. W. Alling, LeRoy Babcock, Murray Barbour, Paul Brock, 
D. H. Browne, Mannis Charosh, Monte Dernham, Clara Fellers, Harley 
Flanders, G. E. Forsythe, Frank Herlihy, Vern Hoggatt, J. A. Jenkins, A. E. 
Karp, Nobert Kaufman, Ralph Keffer, N. D. Lane, H. R. Leifer, C. O. Oakley, 
Victor Perlo, C. L. Perry, C. F. Pinzka, Joseph Rosenbaum (also like I), Cedric 
Smith, Waldo Steiner, G. Sved, P. D. Thomas, J. A. Waidelich, Jr., F. M. Wood, 
and the proposer. 

Forsythe and Pinzka gave solutions like II; all other solutions were similar 
to I. Babcock, Feller, Forsythe, Jenkins, Kaufman, Keffer, Perlo, Smith and 
Sved gave generalizations. These generalizations will be considered later when 
the solutions to problem 4203 [1946, 278] are published. 

C. D. Olds drew attention to the generalizations of “bad” coin problems 
published in the Mathematical Gazette, 1945, p. 227. Forsythe mentioned the 
interesting problem: Given 31 coins, of which exactly one is false, being of 
weight unequal to that of the other 30, and also given a spring balance. In five 
weighings determine (1) which coin is false, (2) the weight of the false coin, 
(3) the weight of the good coins. 


ADVANCED PROBLEMS AND SOLUTIONS 
EDITED By E. P. STaRKE, Rutgers University 


Send all communications concerning Advanced Problems and Solutions to E. P. Starke, 
Rutgers University, New Brunswick, New Jersey. All manuscripts should be typewritten, with 
double spacing and with margins at least one inch wide, Problems containing results believed 
to be new or extensions of old results are especially sought. Proposers of problems should also 
enclose any solutions or information that will assist the editor. In general, problems in well 
known text books or results found in readily accessible sources should not be proposed for this 
department. 


PROBLEMS FOR SOLUTION 


4229. Proposed by Paul Erdés, University of Michigan 

Let f(z) =2"+ +++ +4,, g(2)=2"-+ --+- +0, be two polynomials. Denote 
by A the region where | f(z) | <1 and by B the region where | g(z) | <1. Prove that 
A cannot properly contain B. 


4230. Proposed by Victor Thébault, Tennie, Sarthe, France 

In every system of numeration in which the base B is divisible by two or 
more distinct primes but not by 3 or any prime of the form 6k+1, the numbers 
which have the property that they are reproduced in the right-hand digits of 
their squares are the same as those which are reproduced at the right of their 
fourth powers. (For example: B=10, 767=5776, 764 =33362176.) 


4231. Proposed by Paul Nemenyi, Washington State College 


Show that any parabola y=ax"(a #0, n>0) has the following property: If 
through the vertex any ray is drawn, the ratio of the area of the segment to that 
of the largest inscribed triangle is independent of the direction of the ray. Are 
there other curves with the same property? 


4232. Proposed by H. D. Ruderman, New York City 


A:(0, 0) and B:(0, u) are joined by the straight line segment AB and a 
curve 7 to enclose a region of area s. Let k represent the length of 7 from A to 
B. Find the equation of m7 such that the ratio s/k? is a maximum. 


4233. Proposed by Victor Thébault, Tennie, Sarthe, France 


Parallel lines, of arbitrary direction, through the vertices A’, B’, C’, D’ of a 
tetrahedron A’B’C’D’ intersect in A:, Bi, Ci, Di the faces BCD, CDA, DAB, 
ABC of a homothetic tetrahedron ABCD. If k is the homothetic ratio, V the 
volume of ABCD, and V; that of A,BiCD;, then 


Vi= — R(2k+ 1)V. 


4206 [1946, 341]. Corrected. Proposed by Victor Thébault, Tennie, Sarthe, 
France 

Consider spheres with centers at the vertices of a tetrahedron ABCD and 
radii equal respectively to k times the sum of the squares of the three opposite 
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edges. Show that the sum of the squares of the distances frem the four spheres 
to the center of the sphere orthogonal to the four spheres is equal to 


[2(4k + 1) ]#R? — 2k(2k + 1)3, 


where R is the radius of the circumsphere and 2 means the sum of the squares 
of the six edges. Consider particular cases. 


4208 [1946, 342]. Corrected. Proposed by Victor Thébault, Tennie, Sarthe, 
France 


Given an orthocentric tetrahedron. If two isogonal conjugate points are also 
conjugate with respect to the circumsphere, their pedal sphere is orthogonal to 
the sphere, belonging to the linear net determined by the circumscribed and con- 
jugate spheres, and whose center is the complementary point of the orthocenter 
with respect to the tetrahedron. 

SOLUTIONS 


Parabola and Strophoid 


4026 [1942, 128]. Proposed by Victor Thébault, Tennie, Sarthe, France 


(1) Construct a triangle ABC knowing a, A and given that the median and 
symmedian from A are perpendicular and parallel to two given directions. (2) In- 
dicate the properties of this special triangle. (3) Let B’ and C’ be the orthogonal 
projections of B and C on a variable straight line AP which cuts BC in P. 
The locus of the harmonic conjugate of P with respect to B’ and C” is a right 
strophoid having the vertex A for a double point and tangent to the bisectors of 
angle A. 


Solution by R. Bouvaist, Vincelles, Saéne et Loire, France. Construction of the 
triangle. The segments Au, Ao being drawn parallel to the given directions, the 
interior bisector of the angle formed is A 46; the two lines AB and Ay are drawn 
symmetric to A6 making with it the given angle A/2. Let Ap’ be the harmonic 
conjugate of Aw with respect to A@ and Ay, draw on Ap’ the segment 
AB’=a/2; then through B’ draw the parallel to Au meeting AB in B; and 
through B draw the parallel to Ayu’ which must meet Ay in C, giving the desired 
triangle ABC. 

Characteristic properties when Ap and Ao are perpendicular. Let Ap and Ao 
be the median and symmedian from A, with c>b; we then have 


Bu Au Cu Ap 
i $$ = ) 
A v sin B A v sin C 
sin (5 - *) sin ($+) 
2 4 2 4 
; (- 4 =) " : Ay 
sin { — + — an — 
2 4 sin C Cc 2 A c+) 
SS tan = 
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Locus of the harmonic conjugate of P with respect to B’ and C. Let P’ be the 
harmonic conjugate of P with respect to B and C; the perpendicular from 
P’ to AP meets it in Q, then QC’PB’ is harmonic. The envelope of P’Q is 
tangent to BC (P being the orthogonal projection H of A on BC), to the median 
for BC and to the line at infinity (P at the midpoint yp of BC), to the bisectors 
of angle A (P at the foot of one of these bisectors). The envelope is more- 
over of the second class, since from a point P’ of BC there is one and only 
one tangent; it is therefore a parabola with the median Ay as the directrix. 
The locus of Q is the pedal of this parabola with respect to the point A on its 
directrix, and the locus is a stophoid; with double point at A, the tangents at 
this point being the bisectors of the angle A, and having for real asymptotic 
direction the median Ap. If Aw and Ao are perpendicular the point A is the in- 
tersection of the directrix and the axis of the parabola, and the strophoid is right 
angled. 


Editortal Note. See the proposer’s indications of a solution 1943, p. 333. 


Triangles and Conics Circumscribed and Inscribed 


4127 [1944, 352 ]. Corrected. Proposed by Victor Thébault, Tennie, Sarthe, 
France 

The straight lines AG, BG, CG, DG drawn through the vertices and centroid 
G of the tetrahedron ABCD meet again its circumsphere in A’, B’, C’, D’, and 
the planes perpendicular to the respective lines at these latter points determine 
the tetrahedron Ai Bij C{ Dj. Show that(1) The two tetrahedrons have the same 
centroid and are hyperbolic. (2) The non-focal axis of the quadric surface with G 
as a focus inscribed in A{ Bj C{ Di is equal to the diameter of the orthoptic 
sphere of the Monge sphere of the Steiner ellipsoid inscribed in ABCD. 


Solution by the Proposer. The following generalization will be considered. 

I. Let A’, B’, C’ be the points in which the straght lines AP, BP, CP meet 
again the circumcircle of the triangle T=ABC (BC=a, CA =b, AB=c), where 
P is arbitrarily chosen. Set T;=Ai1BiCi, Ti =A Bi Ci, the antipedal triangles 
of P with respect to T, T’=A’B’C’; let P’ be the symmetric of P with respect 
to the center O of the circle (O, R) the circumcircle of T. 

The triangles T and JY are polar reciprocal with respect to circle (P), center 
P and radius whose square is the power of P with respect to (O, R). These two 
triangles, which are orthologic by construction, are also homologic; moreover, 
P has the same barycentric coordinates with respect to each. These properties 
are also true for J’ and 7}. 

The triangles Ti and7/ circumscribe the same conic with foci P, P’, and the 
lengths 2a, 26 of its axes are such that a=R and #*?=R?—(OP)?. If P=G the 
centroid of T, it is also the centroid of T/. Thus 7; and T/ circumscribe a conic 
with foci G and G’, with focal axis 2a=2R and the semi axis 6, non-focal, is 
such that 


B? = R?— (0G)? = (a +B? +69/9, B= (a? +39 + 02)32/3 = pV, 
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where p is the radius of the Monge circle of the Steiner ellipse inscribed in T. 


THEOREM. In a triangle T=ABC, the non-focal axts of the conic inscribed in 
the antipedal triangle of the centroid G, one focus being G, has the length of the diame- 
ter of the orthoptic circle of the Monge circle of the inscribed Steiner ellipse. 


II. The straight lines from the arbitrarily chcsen point P to the vertices of 
the tetrahedron T=ABCD meet again the circumsphere (O, R) of T in A’, B’, 
C’, D’, where BC =a and DA =a’, etc. Denote by 71=A1BiCi\D1, T/ =A Bi Ci Di 
the antipedal tetrahedrons of P with respect to 7, T’; by P’ the symmetric of P 
with respect to the center O of (O, R). Then T and 7Y are polar reciprocal with 
respect to sphere (P) with center P and with the radius whose square is the 
power of P with respect to (O, R). These two spheres are orthologic by construc- 
tion, and they are also hyperbolic; moreover, P has the same barycentric co- 
ordinates for T and TY ; and these properties are also true for T’ and 73. 

Also 71, Ty circumscribe the quadric surface of revolution with foci P, P’ 
and the lengths 2a, 26 of the axes of the meridian conic are such that a=R, 
62 = R?— (OP)?. 

If P=G the centroid of T, it is also the centroid of T/. Thus 71, Jy circum- 
scribe the quadric surface of revolution with foci G and G’, where the focal axis 
length 2a =2R and the non-focal semi-axis length @ is such that 


B? = R? — (OG)? = Z[a? + (a’)?]/16, 
B = {z[a? + (a’)?]}3/4 = pV3, 


where p is the radius of the Monge sphere of the Steiner ellipsoid inscribed in T. 
Hence we have 


THEOREM. In a tetrahedron T=ABCD, the non-focal axis of the quadric sur- 
face of revolution inscribed tn the anitpedal tetrahedron of the centroid G, one focus 
being G, has the same length as the diameter of the orthoptic sphere of the Monge 
sphere of the inscribed Steiner ellipsoid. 


Note 1. In the case of a triangle T, the second focus G’ of the conic inscribed in 
the triangles T; and 77, symmetric of the point G with respect to the center O 
of the circumscribed circle, is on the straight line joining the Steiner point to 
the reciprocal of the orthocenter.! Moreover, the point G’ is such that if circles 
are described with diameters G’A, G’B, G’C, the sum of the powers of a vertex 
of T with respect to two of the circles not passing through that vertex is the same 
for the three vertices.’ 

Note 2. For the hypothesis that P=G, the triangle T’=A’B’C’ has interest- 
ing properties. The construction of a triangle T=ABC knowing the vertices 
of T’ amounts to determining the point G in its plane such that the three vectors 
carried by GA’, GB’, GC’ of intensities 1/GA’, 1/GB’, 1/GC’ have a zero re- 

1 Mathesis, 1888, p. 178 

2 E. Lemoine, Journal de G. de Longchamps, 1885, p. 219. 
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sultant. This leads to the determination of the foci of a conic touching the sides 
of A’B’C’ at their midpoints (inscribed Steiner ellipse). It follows also that the 
foci S and S’ of the inscribed Steiner ellipse (£) for T coincide with the centroids 
of the antipedal triangles T; and TY of the points S and S’ with respect to T and 
there results the equations 


(SA)?:BC-SS, = (SB)?-CA-SS_y = (SC)?-AB-SS., 
(S’A)?-BC-S’S¢ = (S’B)?-CA-S’S§ = (S'C)?-AB-S'S;, 
where S; and S/ are the orthogonal projections of S and S’ on BC, CA, AB. 
For, SBiC; and BCS’ being similar triangles, we have 
(SA)?- BC-SSqg =SA-BC-SS_:°S'Si = SB-CA-SSy-S'’Si = SC-AB-SS,-S'Sa 
since § is the centroid of T; and the products SS;-S’S/ are equal to the square 


of the non-focal semi axis of (£). 
Note 3. For the hypothesis that P=G, the centroid of the tetrahedron T, the 


four vectors GA’,---, GD’ carry vectors of intensities 1/GA’,---, 1/GD’ 
which have a zero resultant since the tetrahedrons T and Tj have the same 
centroid. But the determination of the points G knowing the points A’, ---,D” 


is subject not to a quadric surface inscribed in T’ but to a surface of the third 
class, the polar reciprocal of the Cayley cubic surface (locus of the points whose 
orthogonal projections on the faces of the tetrahedron are coplanar). 


Self Reciprocal Curves 
4167 [1945, 400]. Proposed by R. A. Staal, Student, University of Toronto 


What curves are self-reciprocal with respect to the conic x?-++-7? =? (or the 
circle x?-+y?=1)? 


Note by Howard Eves, Oregon State College. Associated with problem 4167 
is problem E 666 [1945, 218]. A solution for E 666 by Francis Hall has already 
appeared [Jan. 1946, 40]. To this solution of Hall’s, I appended the following edi- 
torial Note: 

“Using homogeneous coordinates it is easy to show that the curve f(x y, 2) =0 
will be self-reciprocal to the circle x?-++-y?=2? if and only if f(x, y, 2) divides 
f(Of/dx, df/dy, —Of/dz). Imposing this condition on the curve x”"y" =kze"+™ we 
readily find the values of & as given above.” 

Remark by the Proposer. The condition for an algebraic curve 


f =f(%, 9, 2) = 0 


to be self-reciprocal with respect to x?-++y? =2?, seems to be that the polynomial 


f should divide f(0f/0x, 0f/dy, —df/dz). An instance is 
fanny — beet, kha mam bm 


3 Thébault, Mathesis, 1939, p. 51 (Sdjet d’étude). 
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Mathematical Monthly, 531 West 116th Street, New York 27, N. Y., and not to any of the 
other editors or officers of the Association. 


The Common Sense of the Exact Sctences. By W. K. Clifford. New York, Alfred A. 
Knopf, 1946. 66+249 pages. $4.00. 


The original work as planned by Clifford was to have been entitled The 
First Principles of the Mathematical Sciences Explained to the Non-Mathematical. 
This would have been a clumsy title, but more descriptive of its nature than 
The Common Sense of the Exact Sciences, the title finally adopted in accordance 
with a preference expressed by Clifford shortly before his death in 1879. He left 
the manuscript unfinished. The labor of revision and completion was begun by 
R. C. Rowe and finished by Karl Pearson. The first edition appeared in 1885, 
and this was followed by a second and a third edition, but the book has now 
been a long time out of print, so that the present edition is very welcome. It is 
essentially a reproduction of the third edition, the notable additions being a 
Preface by Bertrand Russell and an Introduction by the Editor, James R. 
Newman. 

Every teacher of mathematics, particularly elementary mathematics, should 
read this Preface. I would like to quote the whole of it, because it would make a 
better review of the book than I can write. However, the following quotation 
must suffice: “A taste for mathematics, like a taste for music, can be generated in 
some people, but not in others .... Pupils who have not an unusually strong 
natural bent towards mathematics are led to hate the subject by two shortcom- 
ings on the part of their teachers. The first is that mathematics is not exhibited 
as the basis of all our scientific knowledge, both theoretical and practical: the 
pupil is not convincingly shown that what we can understand of the world, and 
what we can do with machines, we can understand and do in virtue of mathe- 
matics. The second defect is that the difficulties are not approached gradually, 
as they should be, and are not minimized by being connected with easily appre- 
hended central principles, so that the edifice of mathematics is made to look 
like a collection of detached hovels rather than a single temple embodying a 
unitary plan. It is especially in regard to this second defect that Clifford’s book 
is valuable.” 

The Introduction gives an interesting account of Clifford as man and as 
scientist. Here are a few brief facts. He was born at Exeter in England in 1845. 
He studied at King’s College, London, and later at Cambridge. “In a rigidly 
conventional age he was marked by eccentricities of habit, dress, and opinion.” 
In addition to mathematics, he studied French, German, Spanish, Arabic, Greek, 
Sanskrit, and hieroglyphics. He also learned Morse code and shorthand, and 
topped his athletic career hanging by his toes from the cross-bar on the weather- 
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cock of a church steeple. In 1868 he was elected to a fellowship at Trinity, and 
in 1871 was appointed professor of applied mathematics at University College, 
London, Clerk Maxwell being one of those recommending him for the position, 
on the basis that his researches did not tend to “the elaboration of abstruse 
theorems by ingenious calculation, but to the elucidation of scientific ideas by 
the concentration upon them of clear and steady thought.” He died of tuberculo- 
sis in 1879. 

There are five chapters with the following titles: Number, Space, Quantity, 
Position, Motion. These titles give a rough idea of the scope of the book. There 
is a good deal of material open to criticism on various grounds, but there runs 
through the whole work a thread of something which, if not pure gold, looks 
very like it. Would that a similar thread ran through the textbooks of to- 
day! Writers of textbooks should ponder the fact that killing the interest of 
students is an easy task; its stimulation is a much more subtle thing, and they 
should not be ashamed to learn from a master of exposition in this field. If the 
textbook writer is an active research mathematician, as Clifford was, he would 
do well to investigate Clifford’s secret of the interest-grasping simile and the 
complete absence of talking-down to his readers. 

To the modern scientist the book is not likely to yield much, directly. But indi- 
rectly it may give food for thought. One would have to be a highly specialized 
historian of science to fill the details in the scientific backdrop before which 
Clifford performed his intellectual act. But we may imagine it filled with a 
dignified figure of Mother Nature, holding two scrolls —one with Euclid’s axioms 
and the other with Newton’s laws of motion. Only the very observant had no- 
ticed that a little worm had already eaten into Euclid’s axioms, and only an 
iconoclast would play with the idea that Newton’s laws might suffer a like in- 
dignity. But Clifford was observant and he was an iconoclast. He was moreover 
an admirer of Riemann, and had translated Riemann’s now famous paper “On 
the Hypotheses which lie at the Bases of Geometry.” It was left to Einstein to 
detect the flaw in Newton’s concept of time, and so reduce Newton’s laws from 
a position of divine authority to the level of a useful approximation, but the 
worm that began this process of decay was Clifford’s. Science is such a terribly 
serious thing that it is a relief to know that Clerk Maxwell had a pet demon and 
Clifford a pet worm; its name was AB, and anyone interested in knowing more 
about it will find a sketch of it on p. 194 of the volume under review, and a 
description of its psychological reactions on the subsequent pages. All of which 
goes to show that the progress of science owes as much to the men who play with 
new ideas as it does to those who elaborate “abstruse theorems by ingenious 
calculation.” 

The publishers are to be congratulated on producing a volume pleasing to the 
eye and worthy of its author. 

J. L. SYNGE 
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Analytic Geometry and Calculus. Second Edition. By H. B. Phillips. New York, 
John Wiley and Sons, Inc.; London, Chapman and Hall, Ltd., 1946. 504 
pages. $4.50. 


In this book analytical geometry and calculus are presented in the form 
and order in which these subjects are required for courses in science and engi- 
neering. The author assumes that it is the calculus that is most used, and intro- 
duces analytical geometry only as it is needed to develop the calculus. Chapter I 
gives a brief but adequate introduction to the ideas of coordinates, functions, 
graphical representation, limits of sequences and functions including the limit 
of sin 6/6 as 0-0, continuity of functions, the Cauchy criterion of conver- 
gence, and uniform continuity. In Chapter II instantaneous speed and the slope 
of a curve as the limit of the slope of a secant line are studied preliminary to 
introducing the derivative. The differential is then defined in the following way: 
The differential of the independent variable is equal to its increment and the 
differential of the function of the independent variable is equal to the product 
of its derivative and the increment of the independent variable. There then 
follows the differentiation of the algebraic functions, and of the sine and the 
cosine. With this preparation the author takes up the use of the differential in 
approximation and in determining small errors, derivatives of higher order, im- 
plicit functions, maxima and minima, rates of change, velocity and acceleration, 
mean value theorem, Rolle’s theorem, and indeterminate forms. Chapter II] 
deals with integration and summation. The process of finding a function with a 
given differential is called integration. The definite integral is defined as the 
limit of a sum, and it is proved that if F(x) isa function such that dF (x) =f(x)dx 
then the integral of f(x) from x=a to x=b is F(b) — F(a). Integration is then 
used to obtain areas, volumes, pressures and work. The mean value theorem 
and the fact that if F(x) is the integral of f(x) from a to x then dF(x) =f(x)dx 
are proved. 

The first three chapters contain, as the author states in the preface, a com- 
plete course in the calculus. As to the wisdom of so great a concentration on the 
calculus at the expense of analytical geometry in the early stages of a course 
for scientists and engineers, there is room for a difference of opinion. It is a pro- 
cedure with which the reviewer is in complete agreement. At this stage the stu- 
dents show considerable enthusiasm for the ideas of the calculus. They are find- 
ing a use for them in their courses in physics, chemistry, and engineering, and 
it is a wise policy to exploit this interest. 

In Chapters IV, V, and VI the author takes up the straight line, Newton’s 
method, conic sections, transformation of coordinates, graphs of algebraic func- 
tions, determinants and their application to linear equations, and trigonometric 
functions. Chapter VII returns to the calculus with the differentiation and in- 
tegration of the exponential and logarithmic functions, and from this point on 
the topics follow fairly closely the established tradition in elementary calculus, 
with one notable exception. The notation of vector analysis is developed in two 
and three dimensions, and this is used in finding centroids, in studying velocity 
and acceleration, tangents and normals to curves in two and three dimensions, 
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angular velocity, tangent planes and normals to a surface, line integrals and 
gradients. It is the reviewer’s opinion that this innovation is long overdue. 

Enough has now been said to indicate that this text is something new in the 
field of elementary calculus. There is a fresh approach to every topic. Moreover, 
as one reads the book it becomes clear that the changes from tradition are not 
made merely for the sake of being different, but because long experience has con- 
vinced the author that this is the way to give to scientists and engineers the 
mathematical training that will be most useful to them. In regard to this the 
reviewer would raise only one question: Should the student go as far with the 
calculus as this book carries him without becoming acquainted with elementary 
differential equations? 

R. L. JEFFERY 


A Manual of Operation for the Automatic Sequence Controlled Calculator. (Annals 
of the Computation Laboratory of Harvard University, Vol. I.) By the 
Staff of the Computation Laboratory, Harvard University. Cambridge, 
Harvard University Press, 1946. 561 pages. $10.00. 


The Staff of the Harvard Computing Laboratory has undertaken in this 
Manual, the difficult task of explaining to the uninitiated the construction and 
use of the elaborate Harvard Sequence Controlled Calculator. As its title implies, 
the Manual is intended primarily as a set of instructions for operators of the 
Calculator; but several chapters will be of value both to mathematicians who 
have problems suitable for machine computation and to designers of automatic 
computers. 

The parts of the Manual which will be of interest to the more extensive class 
of readers are the first 52 pages, including a brief historical sketch of digital 
calculators in Chapter I and a description of the Calculator in Chapter II, and 
the 66-page bibliography of computing machines and techniques which contains 
over a thousand references. The bibliography is divided into 23 sections dealing 
with such subjects as Historical Background of Automatic Calculating Machin- 
ery, Determinants, Zeros of a Polynomial, Harmonic Analysis, Interpolation, 
Asymptotic Expansions, Numerical Differentiation and Integration, Ordinary 
and Partial Differential Equations and Integral Equations. 

The Harvard Sequence Controlled Calculator, built by the International 
Business Machine Corp. under the guidance of Prof. Howard H. Aiken, is a 
major engineering project. It is an assemblage of calculating and control ele- 
ments, mounted on racks 8 feet high and totalling 63 feet in length, and weighing 
about 5 tons. A 4-horsepower motor furnishes its mechanical power through a 
network of shafts and gears. Sixteen photographs in the Manual show views 
of the machine as a whole and of various components. One photograph of a com- 
puting element of the early (1834) Babbage Difference Engine—a forerunner of 
modern automatic calculators—contrasts the mechanisms available to designers 
in the past with those used in the Sequence Calculator. 

The Calculator has been operated for nearly two years by the Staff of the 
Harvard Computing Laboratory which, under the editorship of Lt. Grace M. 
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Hopper, USNR, has compiled this Manual. As a kind of side line to its regular 
confidential war work in this period, it has calculated ab initio at least six 
volumes of mathematical tables one of which—a 230 page table of Modified 
Hankel Functions—has been published. In these computations the Calculator 
normally uses 23 digital places but it can, under certain conditions, deal with 
numbers of 46 or of 12 digits. Prof. Aiken estimates that the machine will do the 
work of about 100 well equipped manual computers. 

Chapter II of the Manual contains a general description of the Calculator 
and of its major component parts. Functionally, the Calculator contains the 
components common to almost all automatic computing devices, namely: means 
for accepting formulas and numerical data; for transferring and storing num- 
bers; for performing standard arithmetic operations, such as addition, multi- 
plication, and so forth, on these numbers; and finally, for presenting the results 
of the computations. 

The storage, addition and transfer of numbers in the Calculator are carried 
out by methods and devices which are familiar to those who have used the 
standard International Business Machine equipment, although such familiarity 
on the part of the reader is not assumed in the Manual. The novel features of 
the Calculator reside principally in the control of the machine. 

The Sequence Controlled Calculator has, like Babbage’s Engines and like 
most automatic computing devices since that time, been conceived as an auto- 
matic means for carrying out a sequence of mathematical operations on any set 
of numbers which may be presented to it. The sequence of operations is derived 
by a human process of “coding” from mathematical formulas (a power series 
of a Bessel Function, for example). The control sequence is entered into the 
machine separately from the numerical data, so that it may be used over and 
over with many different sets of numerical data. 

The numbers which the Calculator is instructed to operate on are coded and 
the codes are punched either in standard IBM cards or on a continuous tape. 
Certain constants may be set manually on switches, there being one 10—posi- 
tion switch for each digit to be stored. In all, the Calculator contains two 
punched-card readers, one “value” tape (exclusive of “interpolation” tapes) and 
sufficient switches to store 60 numbers of 23 digits each. 

Instructions to the machine consist of repetitions of the command “take 
the number from unit A, deliver it to unit B and start operation C,” the codes 
for A, B and C being punched in the sequence control tape. The unit A may be 
any one of the sources of numerical data or any one of the 72 adding-storage 
units in the Calculator. The unit B must, of course, be a unit which, like the 
adding-storage units, is capable of receiving a number. 

Three interpolating units are built into the machine. Each such unit is sup- 
plied with a tape and each is capable of interpolating up to the 11th order 
between the numerical values punched in its tape. Besides these units, electro- 
mechanical tables of sin A, log A and 10%, are permanently wired into the 
Calculator. Internal sequence controls permit the main control tape to call for 
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interpolation from any one of these tables. Other operations available are addi- 
tion, multiplication, division, reading of absolute values, and so forth. 

The results of computations are presented automatically, either on IBM 
punched cards or on one or both of the two electric typewriters with which 
the Calculator is equipped. 

Some form of mathematical check on the computation is essential to reli- 
able operation of the Calculator. A special counter is provided which will stop 
the machine should the check computation indicate an error in the results. 

To provide for flexibility in the location of decimal points and in the number 
of digits used in multiplication and division, a plugboard has been included in 
the Calculator. Chapter V of the Manual is devoted to special instructions for 
using the plugboard. 

A number of examples of ‘problems are worked out in Chapter VI. These 
include the computation and checking of a quartic polynomial, of («?—1)—3/? 
by an iterative process, of an integral, of the solution of a system of linear 
algebraic equations and other problems. 

Mechanisms which will perform the fundamental arithmetic operations in- 
volved in computation have been improved and simplified by the intensive 
study of hundreds of philosophers, scientists and inventors and by the con- 
struction and practical use of thousands of models since their crude beginnings 
in the 17th century, but mechanisms which will carry out the analogous duties 
for the “programming” of sequences of such operations have not as yet had the 
benefit of a comparable background. The early stages in the development of 
any class of mechanisms are characterized by relatively clumsy and groping 
attempts to satisfy conflicting requirements, and it is no reflection on the in- 
genuity and capability of the Harvard Computing Laboratory Staff to point out 
that this generalization applies to the Sequence Control of the Calculator. It is 
not a simple or easy task to learn to set up the controls for the Calculator, but 
it is to be hoped that continued development of the machine will lead to simpler 
and easier procedures in this important part of the field of automatic computa- 
tion. In fact, the existence of the Calculator should, in itself, furnish both an 
incentive to devise such improvements and an opportunity to try them out 
under conditions of actual use. The present methods of coding or translating 
from mathematical symbols to machine language are given in some detail in 
Chapter IV, and are illustrated in the examples worked out in Chapter VI. The 
reader will be impressed by the dissimilarity of the two languages, and will prob- 
ably conclude that the translation from one to the other had best be left to the 
experts in the process. 


G. R. STIBITZ 


Analytische Geometrie der Ebene und des Raumes. (Lehrbiicher und Mono- 
graphien aus dem Gebiete der Exakten Wissenschaften, No. 4; Mathe- 
matische Reihe, Band II). By Rudolf Fueter. Basel, Birkhauser, 1945. 180 
pages. Pamphlet bound, 18.50 s. fr.; cloth bound, 22.50 s. fr. 


The chapter headings are as follows: Chapter I (pp. 11-51), Point and Line 
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in the Plane. Chapter II (pp. 52-94), Point, Plane and Line in Space. Chapter 
III (pp. 95-142), Curves of the Second Degree in the Plane (Conic Sections). 
Chapter IV (pp. 143-172), Surfaces of the Second Degree. 

The book is elementary in character and treats the material which is usually 
presented in a first course in analytic geometry. In the first twenty-one pages 
of the text most of the simple tools for the study of plane analytic geometry 
are presented, such as; rectangular (cartesian) coérdinates and polar coérdinates, 
including the relations between them, equations of translations and rotations, 
determinants and vectors. Even though vectors are introduced no systematic 
use of them is made later on. It is somewhat disappointing that a third order 
determinant is expanded by the device of rewriting the first two columns. 

In Chapter IV the quadric surfaces are considered with their equations in 
“standard forms.” The problem of reducing the general second degree equation 
to one of the standard forms is mentioned but not treated. 

It is the opinion of the reviewer that the book is well written. The ideas are 
carefully explained and the discussions are thorough. This is a nice book for the 
undergraduate to use for practice in reading German. Finally, the typography 
is excellent. 

J. H. TAYLOR 


NEW BOOKS RECEIVED 


Concise Analytic Geometry. By C. H. Sisam. New York, Henry Holt and Co., 
1946. 9+-155 pages. $2.00. 

A pplted Elasticity. By John Prescott. New York, Dover Publications, 1946. 
6+ 666 pages. $3.95. 

Higher Mathematics for Students of Chemistry and Physics. Fourth Edition. 
By J. W. Mellor, New York, Dover Publications, 1946. 21+-641 pages. $4.50. 

Elementary Matrices and Some Applications to Dynamics and Differential 
Equations. By R. A. Frazer, W. J. Duncan, and A. R. Collar. New York, Mac- 
millan Co.; Cambridge University Press, 1946. 16+416 pages. $4.00. 

Grundebegriffe der Wahrscheinlichkettsrechnung. By A. Kolmogoroff. New 
York, Chelsea Publishing Co., 1946. 5+ 62 pages. $2.25. 

Grundlagen der Analysis. (Foreword translated into English and vocabulary 
added). By Edmund Landau. New York, Chelsea Publishing Co., 1946. 20+ 
139 pages. $2.50. 

Lectures on the Calculus of Variations. By G. A. Bliss, Chicago, University 
of Chicago Press, 1946. 9+ 296 pages. $5.00. 

Mathematical Methods of Statistics. By Harald Cramér. Uppsala, Almqvist 
and Wiksells, 1945; Princeton University Press, 1946. (Princeton Mathematical 
Series, No. 9). 16+575 pages. $6.00. 

Mathematics of Finance. By J. A. Northcott. New York, Rinehart and Co., 
1946. 10+252 pages. $3.00. 

Practical Electrical Mathematics. By W. E. Rasch. Boston, D. C. Heath 
and Co., 1946. 8+360 pages. $2.00. 
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Reelle Funktionen. Vol. 1. Zahlen, Punktmengen, Funktionen. By Constantin 
Carathéodory. New York, Chelsea Publishing Co., 1946. 6+184 pages. $3.25. 

Scientific and Technical Aspects of the Control of Atomic Energy. (United Na- 
tions Department of Public Information.) New York, Columbia University 
Press, 1946. 5+-42 pages. $0.25. 

Tables of Fractional Powers. Prepared by the Mathematical Tables Project, 
National Bureau of Standards. New York, Columbia University Press, 1946. 
489+-30 pages. $7.50. 

Trigonometry Refresher for Technical Men. By A. A. Klaf. New York and 
London, McGraw-Hill Book Co., Inc., 1946. 10-+629 pages. $5.00. 

Vorlesungen tiber Zahlentheorie aus der Elementaren Zahlentheorie. By Ed- 
mund Landau. New York, Chelsea Publishing Co., 1946. 84-184 pages. 


CLUBS AND ALLIED ACTIVITIES 
EDITED BY L. F. OLLMANN, Hofstra College 


Send reports of all activities, such as club reports, special features, topics with references, 
student papers, and other material of interest to L. F. Ollmann, Hofstra College, Hempstead, 
New York. 


Honor societies have been in existence for many years, and men and women 
of high scholastic standing have coveted membership in such societies. Depart- 
mental honor fraternities are of rather recent origin, but are now found on most 
campuses. Two national mathematical fraternities are serving mathematicians 
in the United States. Their growth and progress have demonstrated the need 
and value of affiliation of members of a mathematical club at one institution 
with those of similar organizations at other institutions. Some of the advantages 
gained by such an affiliation include: a recognized standard in honoring students 
of unusual ability in mathematics, the encouragement of student participation 
in undergraduate as well as graduate research, and the bringing together of 
students and faculty in fraternal relations with those of other campuses. 

In an endeavor to acquaint mathematicians with the history and purpose 
of these two fraternities and to solicit further interest in them, this Department 
presents in this issue of the MONTHLY some descriptive material about P: Mu 
Epsilon and Kappa Mu Epsilon. If any active mathematical club is interested 
in affiliating with one of the two societies, it is suggested that the faculty mem- 
ber in charge of the club correspond with the national secretary of the fraternity 
in which the group is interested. 


PI MU EPSILON 


Pi Mu Epsilon, the older of the two societies, was founded by Professor E. 
D. Roe, Jr., a member of the mathematics faculty at Syracuse University. It 
was incorporated in 1914 under the laws of the State of New York. Professor 
Roe remained Director General of the fraternity during the remainder of his life. 
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The purpose of Pi Mu Epsilon, as stated by Director General Tomlinson 
Fort, is “to serve mathematicians on the campuses of our universities by bring- 
ing together in a national organization those faculty, graduate students, and 
undergraduate students who are interested in Mathematics.” All chapters hold 
mathematical meetings similar to those of the usual mathematics clubs. 

Many new activities have been sponsored by chapters of Pt Mu Epsilon: 
the holding of mathematical contests, the awarding of mathematical prizes, 
the sponsoring of mathematical lectures by distinguished speakers, and the 
installation of mathematics clubs both in their own institutions and in high 
schools. For a number of years the chapter at New York University sponsored 
a state-wide mathematics contest among secondary schools with the greatest 
success. Nothing is secret concerning Pt Mu Epstlon; guests are frequently 
present at meetings and at initiations. 

The National Officers of Pt Mu Epsilon are: 

Tomlinson Fort, University of Georgia 

E. H. C. Hildebrandt, Northwestern University 
John S. Gold, Bucknell University 

George Williams, Oregon State College 

C. A. Hutchinson, University of Colorado 


C. H. Richardson, Bucknell University 
E. R. Smith, Iowa State College 


Director General: 
Vice-Director General: 
Secretary-Treasurer General: 
Councillors General: 


The name, location, and date of founding of chapters follow: 


New York Alpha Syracuse University 1914 
Ohio Alpha Ohio State University 1919 
Pennsylvania Alpha = University of Pennsylvania 1921 
Missouri Alpha University of Missouri 1922 
Alabama Alpha University of Alabama 1922 
Iowa Alpha Iowa State College 1923 
Illinois Alpha University of Illinois 1924 
Pennsylvania Beta Bucknell University 1925 
Montana Alpha Montana State University 1925 
New York Beta Hunter College 1925 
Missouri Beta Washington University 1925 
California Alpha University of California 1925 
Ohio Beta Ohio Wesleyan University 1927 
Kentucky Alpha University of Kentucky 1927 
Nebraska Alpha University of Nebraska 1928 
Kansas Alpha University of Kansas 1928 
Pennsylvania Gamma _ Lehigh University 1929 
Oklahoma Alpha University of Oklahoma 1929 
California Beta University of California 1930 
Pennsylvania Delta Pennsylvania State College 1930 
Arkansas Alpha University of Arkansas 1931 
Oregon Alpha University of Oregon 1931 
Washington Alpha State College of Washington 1931 
North Carolina Alpha Duke University 1932 
Washington Beta University of Washington 1932 
New York Gamma Brooklyn College 1933 
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Wisconsin Alpha Marquette University 1933 
New York Delta New York University 1933 
Georgia Alpha University of Georgia 1934 
New York Epsilon St. Lawrence University 1935 
Kansas Beta Kansas State College 1935 
Ohio Gamma University of Toledo 1936 
Colorado Alpha University of Colorado 1936 
New York Zeta Columbia University 1937 
Oklahoma Beta Oklahoma Agricultural and Mechanical College 1938 
Oregon Beta Oregon State College 1938 
Wisconsin Beta University of Wisconsin 1939 
Louisiana Alpha Louisiana State University 1939 
Michigan Alpha Michigan State College 1940 
Arizona Alpha University of Arizona 1941 
Delaware Alpha University of Delaware 1941 
Illinois Beta Northwestern University 1944 
Missouri Gamma St. Louis University 1945 


KAPPA MU EPSILON 


Kappa Mu Epsilon was founded by Dr. Kathryn Wyant, a member of the 
mathematics faculty at Northeastern Oklahoma State Teachers College, in 
1931. However, the need for a society in mathematics which would devote all 
of its interests to undergraduate students seems to have developed simul- 
taneously in many parts of the United States during the years 1929 to 1931. 
Two colleges in Mississippi, Mississippi State College for Women and Missis- 
sippi State College, as well as the University of New Mexico, had shown con- 
siderable interest in such a society. These three chapters immediately joined 
Dr. Wyant in the formation of a national mathematics fraternity of collegiate 
rank. 

The purpose of the fraternity as stated by Professor E. R. Sleight, the Na- 
tional President of Kappa Mu Epsilon, is “to further interest in mathematics 
and to develop appreciation for the beauty of it, to provide a society for the 
recognition of unusual ability in mathematics, and to bring them together in 
fraternal relationship. It encourages undergraduate research and collects in- 
formation concerning the applications of mathematics.” 

In the fall of 1941, under the leadership of Professor C. V. Newsom, then 
National President, Kappa Mu Epsilon embarked upon a new enterprise to 
further undergraduate work in Mathematics. An official journal, The Pentagon, 
was established in order that the fraternity might carry out some of its plans 
and purposes. It was the belief of the editors that there is a place for a magazine 
which caters to the needs of college students interested in mathematics, and 
which features research papers on the level of undergraduate students. These 
plans and ideals have been realized and in each issue of The Pentagon there 
appear papers by undergraduates. 

An initial step toward encouraging college students to attempt something 
beyond the ordinary routine of class room procedure was taken by the Michigan 


64 CLUBS AND ALLIED ACTIVITIES 


Alpha Chapter of Kappa Mu Epsilon at Albion, Michigan. During the Spring of 
1940, invitations were sent to the colleges and universities of the state to meet 
with that chapter for the purpose of organizing a Michigan Undergraduate 
Association in Mathematics. Papers were solicited for the meeting and a pro- 
gram by eight students from various Michigan institutions was presented. For 
two years following this initial effort, very successful meetings were held, one at 
the Michigan State Normal College at Ypsilanti and one at the Central Michi- 
gan College of Education at Mount Pleasant. The war made it impossible to 
continue but plans have been underway for a meeting at Michigan State 
College. 
The National Officers of Kappa Mu Epsilon are: 


President: 


E. R. Sleight, Albion College 


Vice-President: F. W. Sparks, Texas Technological College 


Secretary: E. Marie Hove, Hofstra College 
Treasurer: L. F. Ollmann, Hofstra College 
Historian: Sister Helen Sullivan, O.S.B., Mount St. Scholastica College 


The name, location, and date of founding of chapters follow: 


Oklahoma Alpha Northeastern State College 1931 
Iowa Alpha Iowa State Teachers College 1931 
Kansas Alpha Pittsburg State Teachers College 1932 
Missouri Alpha Southwestern Teachers College 1932 
Mississippi Alpha State College for Women 1932 
Mississippi Beta Mississippi State College 1932 
Nebraska Alpha Wayne State Teachers College 1933 
Illinois Alpha State Normal University 1933 
Kansas Beta Emporia State Teachers College 1934 
Alabama Alpha Athens College 1935 
New Mexico Alpha University of New Mexico 1935 
Illinois Beta Charleston State Teachers College 1935 
Alabama Beta State Teachers College 1935 
Louisiana Alpha Louisiana State University 1936 
Alabama Gamma Alabama College 1937 
Ohio Alpha Bowling Green State University 1937 
Michigan Alpha Albion College 1937 
Missouri Beta Warrensburg State Teachers College 1938 
South Carolina Alpha Coker College 1940 
Texas Alpha Texas Technological College 1940 
Texas Beta Southern Methodist University 1940 
Kansas Gamma Mount St. Scholastica College 1940 
Iowa Beta Drake University 1940 
New Jersey Alpha Upsala College 1940 
Ohio Beta College of Wooster 1941 
Tennessee Alpha Tennessee Polytechnic Institute 1941 
New York Alpha Hofstra College 1942 
Michigan Beta Central Michigan College of Education 1942 
Illinois Gamma Chicago Teachers College 1942 
New Jersey Beta Montclair State Teachers College 1944 
Illinois Delta College of St. Francis 1945 
Michigan Gamma Wayne University 1946 


NEWS AND NOTICES 
EDITED By B. W. Jones, Cornell University 


Readers are invited to contribute to the general interest of this department by sending 
news ttems to B. W. Jones, White Hall, Cornell University, Ithaca, New York. 


POSTDOCTORAL FELLOWSHIP OF SIGMA DELTA EPSILON 


Sigma Delta Epsilon, Graduate Women’s Scientific Fraternity, regularly 
offers a postdoctoral fellowship amounting to $1500. Applications for the year, 
1947-48, should be submitted before February 1, 1947, to the Fellowship Board 
authorized to make the award. 

Women with the equivalent of a Ph.D. degree, carrying on research, in the 
mathematical, physical, or biological sciences, who need financial assistance and 
give evidence of high ability and promise are eligible. During the term of her 
appointment the appointee must devote the major part of her time to the ap- 
proved research project, and not engage in other work for remuneration (unless 
such work shall have received the written approval of the Board before the 
award of the fellowship). 

Application blanks may be secured from Dr. Louise S. McDowell, 28 Dover 
Road, Wellesley 81, Mass. Announcement of the award will be made early in 
March. 

PERSONAL ITEMS 


Lehigh University makes the following announcements: Assistant Professors 
F.S. Beale, E. H. Cutler and A. E. Pitcher have returned from leaves of absence; 
J. O. Chellevold and R. S. Wentworth have been appointed to assistant pro- 
fessorships. 

The United States Naval Academy makes the following announcements: 
Assistant Professors H. C. Ayres, N. H. Ball, A. E. Currier and J. R. Hammond 
have been promoted to associate professorships; the following have been ap- 
pointed to associate professorships: Assistant Professor R. P. Bailey of Lafayette 
College and Assistant Professor L. H. Chambers of Marshall College; the fol- 
lowing to assistant professorships: J. M. Holme, J. P. Hoyt, J. F. Milos, Dr. 
K. L. Palmquist, Dr. J. F. Paydon, Dr. V. N. Robinson, Dr. S. S. Saslaw. 

Professor W. E. Anderson of Miami University has retired as head of the 
department but is continuing to teach on a part-time basis. 

Assistant Professor L. Virginia Carlton of Wesleyan College, Macon, 
Georgia, has been appointed to an assistant professorship at Centenary College. 

G. S. Cook has been appointed to an assistant professorship at Colorado 
School of Mines. 

Dr. Paul Erdés has been appointed to a research professorship at Syracuse 
University. 

W. W. Gandy has been appointed to an associate professorship at North- 
western State College, Louisiana. 

Mary A. Goins has been appointed to an assistant professorship at Marshall 
College. 
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Associate Professors L. H. McFarlan and A. H. Taub of the University of 
Washington have been promoted to professorships. 

Assistant Professor Thirza A. Mossman of Kansas State College has been 
promoted to an associate professorship. 

F. C. Mosteller has been appointed lecturer in the department of social 
relations of Harvard University. 

Professor C. A. Reagan of Friends University, Wichita, Kansas, has been 
appointed acting president. 

J. K. Reckzeh of the University of Kentucky has been appointed to an as- 
sistant professorship at State Teachers College, Jersey City, New Jersey. 

Professor J. B. Rosenbach of Carnegie Institute of Technology has been ap- 
pointed assistant head of the department of mathematics. 

Professor L. W. Sheridan of the College of Mount St. Vincent has been ap- 
pointed to an associate professorship at the College of St. Thomas, St. Paul, 
Minnesota. 

Professor J. A. G. Shirk of Kansas State Teachers College, Pittsburg, 
Kansas, has retired as head of the department but will continue his teaching 
duties. Professor R. G. Smith has been appointed head of the department. 

Dr. K. H. Stahl has been appointed assistant professor of engineering mathe- 
matics at the University of Colorado. 

Professor W. H. Watson of the University of Saskatchewan has resigned to 
accept an appointment with the Canadian Government. 

Professor J. H. Zant of Oklahoma Agricultural and Mechanical College has 
been appointed director of instruction of the Okmulgee Branch, newly estab- 
lished to give instruction to veterans. 

The following appointments to instructorships are announced: 

The University of Buffalo: Mrs. Joan S. Anderson, V. N. Behrns, Mrs. 
Jeanne J. -Dinwoodie, Mrs. Lorraine W. Farber, Lillian Gough, June M. Mc- 
Artney, Mabel D. Montgomery, N. H. Sampson, F. C. Warner, Mrs. Ina W. 
Welmers 

Lehigh University: L. Benson, W. Hibbard, H. A. Seebald, R. H. Spohn, 
K. C. Walters, R. W. Young 

Mississippi Southern College: John Jones, Jr., J. T. Lewandowski 

Union College: H. K. Holt, E. F. Gillette, E. F. Ormsby. 

The United States Naval Academy: M. V. Gibbons, E. C. Gras, T. A. Lamke, 
Joseph Milkman, J. W. Popow, R. W. Rector, J. A. Tierney, E. C. Watters, 
J. H. White 

The University of Colorado (engineering mathematics): George Barnes, D. 
L. Barrick, F. J. Casey, R. H. Glass, E. W. Grigs, P. F. Hultquist, V. J. Moore, 
L. W. Rutland, Jr., M. E. Sperline 

The University of Maine: Dr. W. B. Caton 

Professor Dunham Jackson of the University of Minnesota died November 
6, 1946. He was a charter member of the Mathematical Association. 


THE MATHEMATICAL ASSOCIATION OF AMERICA 
Official Reports and Communications 
ANNUAL MEETING OF THE KANSAS SECTION 


The thirty-first annual meeting of the Kansas Section of the Mathematical 
Association of America was held at the Kansas State Teachers College in 
Emporia on Saturday, April 13, 1946. The morning session was a joint meeting 
with the Kansas Association of Teachers of Mathematics. Mr. Edison Greer, 
Chairman of the Section, presided at both the morning and afternoon sessions. 

The attendance was one hundred and fifteen including the following thirty- 
four members of the Association: Sister M. Nicholas Arnoldy, Wealthy Babcock, 
W. D. Bemmels, Florence Black, L. E. Curfman, Lucy T. Dougherty, Paul 
Eberhart, Sister Ann Elizabeth, W. H. Garrett, Laura Z. Greene, Edison 
Greer, J. R. Hanna, J. O. Hassler, A. J. Hoare, Emma Hyde, W. C. Janes, 
H. E. Jordan, C. F. Lewis, Anna Marm, Sister Jeannette Obrist, O. J. Peterson, 
P. S. Pretz, G. B. Price, C. B. Read, J. A. G. Shirk, G. W. Smith, R. G. Smith, 
E. B. Stouffer, W. T. Stratton, C. B. Tucker, Gilbert Ulmer, E. B. Wedel, J. 
J. Wheeler, Ferna E. Wrestler. 

At the business meeting the following officers were elected for next year: 
(Chairman, C. A. Reagan, Friends University; Vice-Chairman, Sister M. Helen 
Sullivan, Mount St. Scholastica College; Secretary-Treasurer, Anna Marm, 
Bethany College. 

The following papers were presented: 


1. Varying definitions of mathematical terms, by Professor C. B. Read and 
Professor J. R. Hanna, University of Wichita. 

The authors presented a survey of recent representative texts, illustrating 
situations in which authorities use ambiguous or incomplete definitions of 
mathematical terms, fail to state limitations or assumptions made, or fail to 
point out the existence of alternative definitions. Illustrative concepts included 
mantissa, asymptote, principal values of inverse trigonometric functions, defini- 
tions of terms common to mathematics and related fields, order of operations, 
exponents, and significant figures. Those interested in further details may obtain 
the complete study by requesting University Studies, Number 17, from the 
University of Wichita. 


2. Mathematics for women, by Sister M. Helen Sullivan, Mount St. Scho- 
lastica College. 

The aim of the paper is to convey a basic, educational attitude which the 
writer feels is missing from the present day philosophy of teaching mathe- 
matics. The speaker’s thesis is this—that since the majority of women are 
destined to be homemakers, our approach in the teaching of mathematics in 
women’s institutions must be entirely different from that heretofore employed. 
We have erred in using text books and other devices that cater to the tastes and 
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interests of men. Mathematics has much to offer in the development of a well- 
rounded feminine personality. It is the task of teachers of mathematics in 
women’s schools to employ all the forces of mathematics in the training of 
women. 


3. Common factors in college and high school methods of teaching mathematics, 
by Professor J. O. Hassler, University of Oklahoma. 

Professor Hassler discussed five teaching problems shared in common by 
college and high school teachers of mathematics that need to be solved for 
successful teaching: (1) teaching how to interpret in symbols a quantitative 
situation expressed in words; (2) teaching students to understand the meaning 
and use of symbols; (3) securing proficiency in the mechanical manipulation of 
mathematical symbols; (4) developing and utilizating the power of imagina- 
tion; and (5) teaching for transfer. 


4. College entrance tests in mathematics, by Professor W. T. Stratton, Kansas 
State College, and Dean E. B. Stouffer, University of Kansas. 

Professor Stratton gave a brief account of the development of the testing 
program at Kansas State, and presented considerable data to show that the 
program is well worth while. The plan of procedure followed at present is to have 
the freshmen tests given during freshmen week, the papers graded, and the re- 
sults in the hands of the assigners before the students are assigned. Students 
failing to come up to a certain standard are placed in a non-credit course their 
first semester without reference to the amount of high school credit they pre- 
sented. The objectives to be gained by this program are: (1) to reclaim those who 
have not had a chance in high school to get the subject, and (2) to separate 
this failing group from the regular classes so that a higher standard of work can 
be attained, and so as to place the lower group where they may avoid the 
stigma of failing in case they have the ability to do college work. Dean Stouffer 
said that beginning with the present academic year the Department of Mathe- 
matics of the University of Kansas has used entrance tests to supplement the 
information on high school records in order to place freshmen in the courses 
they are prepared to carry successfully. He stated that the number of students 
who were required to repeat courses does not greatly exceed the number who 
were permitted to enter courses in advance of those they would normally enter. 
The plan will be continued and further reports will be given. 


5. Some mathematical considerations of supersonic flight, by Professor C. B. 
Tucker, Kansas State Teachers College. 

The speaker discussed the methods available to determine the behavior of an 
airfoil moving at speed greater than sound. The definitions of “shock wave” 
and “Mach angle” were introduced. Using the necessary assumptions, the co- 
efficients of lift, drag and moment, and the center of pressure were developed 
for a double wedge airfoil by the Ackeret theory. These coefficients were com- 
pared to those of other airfoils and the results of wind-tunnel tests. 


1947] THE MATHEMATICAL ASSOCIATION OF AMERICA 69 


6. Application of mathematical statistics to agricultural experimeniations, by 
H. C. Fryer, Kansas State College, introduced by the Secretary. 

A discussion was given of certain types of data which require a normalizing 
transformation before the analysis of variance can be used. An experiment in- 
volving tests of cattle fly sprays was used for illustration. 


7. Report on board of governors meeting, by Professor G. W. Smith, Univer- 
sity of Kansas. 

Professor Smith gave a report of the meetings of the board of Governors of 
the Association which were held in Chicago in November 1944 and 1945. He 
reviewed briefly the formation of the Board and explained the nature and the 
extent of its work. 

ANNA Mar, Secretary 


ANNUAL MEETING OF THE MICHIGAN SECTION 


The annual meeting of the Michigan Section of the Mathematical Associa- 
tion of America was held at the University of Michigan at Ann Arbor on Satur- 
day, April 13, 1946. This meeting also constituted the meeting of the Mathe- 
matics Section of the Michigan Academy of Science, Arts and Letters. Morning 
and afternoon sessions and a luncheon-business meeting were held, at all of which 
the Chairman, Professor J. W. Bradshaw, presided. 

About seventy persons attended the meeting including the following thirty- 
six members of the Association: H. M. Ackley, J. F. Arena, J. W. Baldwin, 
W. D. Baten, W. M. Borgman, J. W. Bradshaw, R. V. Churchill, C. J. Coe, A. 
H. Copeland, C. C. Craig, P. S. Dwyer, C. M. Erikson, C. H. Fischer, K. W. 
Folley, J. W. Foust, J. S. Frame, V. G. Grove, G. E. Hay, Fritz Herzog, T. H. 
Hildebrandt, L. A. Hopkins, E. E. Ingalls, L. S. Johnston, P. S. Jones, Wilfred 
Kaplan, Theodore Lindquist, E. D. Rainville, C. C. Richtmeyer, E. H. Rothe, 
L. J. Rouse, T. R. Running, E. R. Sleight, T. H. Southard, G. G. Speeker, 
B. M. Stewart, R. L. Wilder. 

At the business meeting the nominating committee, consisting of Professors 
H. M. Ackley, W. D. Baten and K. W. Folley, nominated Professor E. E. 
Ingalls of Albion College as Chairman and Professor L. J. Rouse of the Univer- 
sity of Michigan as Secretary-Treasurer, and these nominees were unanimously 
elected. 

At the morning and afternoon sessions the following program of eight papers 
was presented. 


1. Four great mathematicians, by Professor E. R. Sleight, Albion, College. 

Professor Sleight presented a review of the life, work and influence of four 
early British mathematicians. This paper has been published in the National 
Mathematics Magazine. 


2. Representation of orbits in the restricted problem of three bodtes, by Professor 
G. P. Loweke, Wayne University, introduced by Professor A. L. Nelson. 
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By a suitable transformation the speaker set up a correspondence between 
the orbits of the infinitesimal body and a one parameter family of surfaces in 
space, and studied the orbits in the light of this representation. This paper was 
published as the speaker’s doctoral dissertation, University of Berlin, 1936. 


3. A problem concerning orthogonal trajectortes, by Professors Fritz Herzog 
and C. P. Wells of Michigan State College. 

The authors considered two families of curves in the plane, namely $(x, y) =C 
and W(x, y)=C, the two families being orthogonal, and the functions ¢ and y 
both harmonic. The two families are then said to possess property £ with re- 
spect to the second family if the arc lengths along all curves of the second 
family are divided proportionally by curves of the first family. The authors 
showed that if the property holds with respect to the second family, then the 
property is likewise enjoyed with respect to the first family. They then showed 
that all families possessing this property fall into four cases, two trivial and 
two more complicated. 


4. On theorem 23, book 1, Menelaus Sphaerics, by Donat Kazarinoff, Univer- 
sity of Michigan, introduced by the Secretary. 

Mr. Kazarinoff criticized the existing proof of the theorem and offered an 
amended proof. 


5. Transfinite ordinals, by Professor K. W. Folley, Wayne University. 

Professor Folley’s paper was an extension of that of Ben Dushnik published 
in the Bulletin of the American Mathematical Society, vol. 37, 1931. He showed 
that the Dushnik theorem could be extended to some, but not all, numbers of the 
second kind. 


6. Conditional invariants and quadric surfaces, by Professor G. Y. Rainich, 
University of Michigan. 

A conditional invariant of a form (tensor) is an expression in terms of the 
coefficients of the form (components of the tensor) which remains invariant 
under a transformation of coordinates if, and only if, certain invariants of the 
form (tensor) vanish. Professor Rainich showed how such conditional invariants 
characterize geometric properties of degenerate forms. As a simple example he 
found the expression for the distance between two parallel lines in terms of the 
coefficients of the single equation representing the two lines. 


7. Space drawings with a trimetric ruler, by Professor J. S. Frame, Michigan 
State College. 

The trimetric ruler is an invention of Professor Frame greatly facilitating 
the drawing of solid figures in parallel perspective. It consists of a scalene triangle 
of cardboard or plastic with a scale on each edge. Professor Frame developed 
the theory of the ruler and illustrated its use. 


8. Ona certain system of congruences, by Professor Ben Dushnik, University 
of Michigan, introduced by the Secretary. 


1947] THE MATHEMATICAL ASSOCIATION OF AMERICA 71 


The speaker showed that the problem of solving the equation 


x y 4 
—Tt—t—=# 
y 4 x 
in positive integers is equivalent to finding the points of the surface 
x3 + y?-+- 23 —kxyz=0, (k=1, 2,3, ---), having positive integral coordinates. He 
presented several simple examples. 
L. J. Rouse, Secretary 


MAY MEETING OF THE WISCONSIN SECTION 


The fourteenth annual meeting of the Wisconsin Section of the Mathematical 
Association of America was held at Mount Mary College, Milwaukee, on Satur- 
day, May 4, 1946. Sister Mary Felice presided at the morning session, and 
Professor Morris Marden presided at the afternoon session. 

There were sixty-nine in attendance including the following twenty-six mem- 
bers of the Association: L. K. Adkins, K. J. Arnold, R. H. Bardell, Leon 
Battig, Ethelwynn R. Beckwith, May M. Beenken, W. W. Bigelow, R. H. 
Bruck, H. H. Conwell, Sister Mary Felice, J. D. Fitzpatrick, Fannie Hopkins, 
R. C. Huffer, J. F. Kenney, S. C. Kleene, C. C. MacDuffee, Morris Marden, A. 
C. Moeller, G. A. Parkinson, H. P. Pettit, Abraham Spitzbart, P. L. Trump, 
J. I. Vass, R. D. Wagner and Louise A. Wolf. 

At the business meeting the following officers were elected for the coming 
year: Chairman, H. P. Evans, University of Wisconsin; Program Committee, 
L. K. Adkins, LaCrosse State Teachers College, Louise A. Wolf, University of 
Wisconsin in Milwaukee (Chairman). The election of R. C. Huffer, Beloit Col- 
lege, as governor of Region Number Nine was announced. A committee of the 
section was authorized to push the cause of mathematical education and to 
maintain contact with the coérdinating committee of the national association. 
It was voted to hold the next meeting in May, 1947, at the University of Wis- 
consin, and to invite the Wisconsin Association of Physics Teachers to partic- 
ipate in making program plans. 

At the morning session the following papers were presented: 


1. Some aspects of the theory of loops, by Professor R. H. Bruck, University 
of Wisconsin. 

Professor Bruck discussed the notion of a “generalized ring” R=R(+, -) 
forming a loop under addition, obeying the usual two-sided distributive law, 
and such that the non-zero elements of R form a group G under multiplication. 
He showed that, when the group G is given, the existence of R is equivalent to 
the existence of a permutation S of G with certain prescribed properties; and 
that addition in R may be defined in terms of S. Conditions were exhibited 
necessary and sufficient that R be the basis of a codrdinate system for a projec- 
tive geometry. The discourse concluded with an explanation of the known one- 
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to-one correspondence between finite projective geometrics with 2+1 points on 
a line and complete sets of (n—1) mutually orthogonal 2-rowed latin squares. 


2. A brief survey of meteorology, by W. R. Jarmain, introduced by the Secre- 
tary. 

The speaker pointed out that the development of meteorology as applied to 
weather forecasting has been slow, due to the fact that it required some quite 
recently invented scientific devices. Not until the twentieth century was the 
subject on a mathematical basis, and even today, forecasting is still very much 
an art as well as a science. The importance of Bjerknes’ polar front theory in 
making day to day predictions was emphasized. Five day forecasting is still in 
its infancy, and considerable research remains to be done in this field. Extra- 
terrestrial influences on the earth’s weather were deemed rather unimportant. 
The speaker indicated that meteorology has made great strides in recent years, 
and has a bright future. 


3. Social implications of atomic energy, by Professor Elda Anderson, Mil- 
waukee Downer College, introduced by Professor Ethelwynn R. Beckwith. 

At the afternoon session reports were given by members of the educational 
committee referred to above, indicating some aspects of the status of mathe- 
matical education in Wisconsin and activities of the National Committee for 
the Co-ordination of Studies in Mathematical Education. There followed a dis- 
cussion in which there was general and enthusiastic participation. It was agreed 
that the Wisconsin Section should proceed to organize and plan for the purpose 
of cooperating in all ways feasible in a constructive effort to meet the problems 
of mathematica] education in Wisconsin’s secondary schools. 

PAauL L. Trump, Secretary 


ANNUAL MEETING OF THE METROPOLITAN NEW YORK SECTION 


The fifth annual meeting of the Metropolitan New York Section of the 
Mathematical Association of America was held at The Cooper Union, Cooper 
Square, New York, N. Y., on Saturday, May 4, 1946. Professor H. E. Wahlert, 
Vice-Chairman of the Section, presided at the morning session; and Professor 
H. E. Miller, Chairman of the Section, presided at the afternoon session. 

There were ninety present, including the following fifty-four members of the 
Association: R. G. Archibald, Brother Bernard Alfred (Welch), C. B. Boyer, 
A. D. Bradley, Benjamin Braverman, A. B. Brown, Jewell Hughes Bushey, 
H. R. Cooley, W. H. H. Cowles, W. H. Fagerstrom, Edward Fleisher, R. M. 
Foster, Harriet M. Griffin, J. I. Griffin, George Grossman, Frank Hawthorne, 
R. V. Heath, Morris Hertzig, J. H. Hlavaty, Solomon Hurwitz, L. C. Hutchin- 
son, F. W. John, R. A. Johnson, Aida Kalish, Herman Karnow, Edward Kasner, 
L. S. Kennison, E. R. Kiely, Nathan Lazar, C. H. Lehmann, Emanuel Levine, H. 
F. MacNeish, John Mandel, D. May Hickey Maria, Joseph Milkman, F. H. 
Miller, E. C. Molina, P. B. Norman, L. F. Ollmann, Water Prenowitz, Edward 
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Rayher, W. D. Reeve, S. G. Roth, Leila Rubashkin, Charles Salkind, Aaron 
Shapiro, Lao G. Simons, James Singer, E. R. Stabler, H. E. Wahlert, Israel 
Wallach, Alan Wayne, V. H. Wells, R. C. Yates. 

At the opening of the morning session Dean George F. Bateman welcomed 
the Section to The Cooper Union. At the opening of the afternoon session a brief 
business meeting was held at which the following officers were elected for the 
coming year: Chairman, H. E. Wahlert, New York University; Vice-Chairmen, 
W.H.H. Cowles, Pratt Institute, and Morris Hertzig, Forest Hills High School; 
Secretary, C. B. Boyer, Brooklyn College; Treasurer, Aaron Shapiro, Midwood 
High School. 

The program consisted of the following papers: 


1. Cartesian geometry from Fermat to Lacroix, by Professor C. B. Boyer, 
Brooklyn College. 

The basic principle of coérdinate geometry was discovered independently 
by Descartes and Fermat, but the works of these men differ markedly in 
emphasis. The speaker therefore proposed that the problem of finding the equa- 
tions of given loci be designated “analytic geometry in the sense of Descartes,” 
and that the inverse aspect, the study of curves determined by given equations, 
be referred to as “analytic geometry in the sense of Fermat.” It was pointed out 
that the Cartesian aspect dominated thought for well over a century, but that 
the point of view of Fermat was represented in England by Newton and 
Maclaurin and on the Continent by Euler and Cramer. The widely-held opinion 
that Descartes arithmetized geometry was shown to be inconsistent with the 
Cartesian goal of exhibiting the geometric “constructibility” of determinate and 
indeterminate equations. A true arithmetization of geometry was hinted at by 
Lagrange, but it was finally carried out in 1795-1798 by Monge and Lacroix. 
Comparing this “analytical revolution” in France with the so-called chemical 
revolution of the same period, the speaker proposed that the idea of expressing 
a geometry in algebraic language be designated “analytic geometry in the sense 
of Monge and Lacroix.” 


2. Geometry of ship waves, by Professor J. J. Stoker, New York University, 
introduced by Professor H. E. Wahlert. 


3. Evaluating a syllabus in experimental geometry a priori, by Charles 
Salkind, Samuel J. Tilden High School. 

To replace the present tenth-year course, a group of New York City teachers 
of mathematics have prepared an instrument titled, “Experimental (non- 
Regents) Geometry Course.” The speaker pointed out that the alleged superi- 
ority of the course lies in (1) exhibiting geometry as an elementary illustration 
of the scientific method (induction); (2) clarifying the complementary roles of 
experimentation and deduction. He held, however, that an a priori evaluation 
of the course discloses that it adds to existing burdens without removing any of 
the fundamental difficulties; and he questioned the validity of the proposed 
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program for the following reasons. (1) Procedures based primarily on measure- 
ment are amply provided for in the junior high school. (2) The results of deduc- 
tive reasoning do not gain credence from experimentation and measurement. 
Contrary evidence exists to show that overindulgence in informal methods 
inhibits the acceptance of deductive results. (3) Scientific induction should be 
taught to secondary pupils, but by teachers specially qualified to do so. (4) 
The proposed course fails to meet the standards of a properly-planned educa- 
tional experiment. 


4. Coordinating high school and college mathematics, by Professor W. D. 
Reeve, Teachers College, Columbia University. 
Professor Reeve’s paper appears as the first article in the present issue. 


5. Infinity in art, by Professor Edward Kasner, Columbia University. 

The speaker described the construction and properties of what he called 
an infinite Christmas tree. From the upper end of a vertical unit line segment, 
two mutually perpendicular segments of length $ are constructed to make angles 
of 135° with the unit segment; from the extremities of each of these, two new 
mutually perpendicular segments of length } are similarly drawn at 135° to 
the half-unit segments; and so on ad infinitum. The distance from the base to 
any one of the asymptotic limiting points, measured along the trunk and 
branches, is two units. The class of nodes (or branching points) is denumerable 
and hence has as its number Cantor’s No; the points of condensation (terminal 
buds) are non-denumerable and their number is that of the continuum c. The 
speaker suggested the determination of the area of the smallest circumscribing 
rectangle, the study of the design of nodes and buds, and the construction of 
an analogous configuration in three dimensions, 

C. B. Bover, Secretary 


CALENDAR OF FUTURE MEETINGS 


The following is a list of the Sections of the Association with dates of future 
meetings so far as they have been reported to the Secretary. 


ALLEGHENY MOouNTAIN NORTHERN CALIFORNIA, San Francisco, 
ILLINOIS, Peoria, May 9-10, 1947 January 25, 1947 
INDIANA Oxi10, Columbus, April 3, 1947 
Iowa, Cedar Falls, April 18-19, 1947 OKLAHOMA 
KANSAS PaciFic NORTHWEST 
KENTUCKY PHILADELPHIA 
LovImsIANA-MISSISSIPPI Rocky MountTAIN 
MARYLAND-DistRICT OF COLUMBIA-VIR- B19. 1947 Columbia, S. C., April 
GINTA SOUTHERN CALIFORNIA, Claremont, March 
METROPOLITAN NEw YorK, Brooklyn, 8, 1947 
April, 1947 SOUTHWESTERN 
MICHIGAN TEXAS 
MINNESOTA Uprer New York STATE, Rochester, May 
MIssOURI 10, 1947 


NEBRASKA, Lincoln, May 3, 1947 WIsconsIN, Madison, May, 1947 


Qust out! 


a revised sedition of 
CALCULUS 


BY NELSON, FOLLEY, AND BORGMAN 


. .. ready for second semester classes, this new edition pro- 
vides a sound, well-organized text for beginning students who 
need Calculus as a tool in the various scientific fields. The re- 
vision includes a brief chapter on Solid Analytic Geometry. 


D. C. HEATH AND COMPANY 


Boston New York Chicago Atlanta San Francisco Dallas London 


TEXTBOOK NEWS 


Raymond W. Brink’s 


ALGEBRA: COLLEGE COURSE 


Supplies the materials for a complete and rich course in algebra for students who are 
not in need of a review of high-school higher algebra. 8vo, 329 pp. 


COLLEGE ALGEBRA 


Presents all the material in ALGEBRA: COLLEGE COURSE with the addition of a 
systematic review of high-school higher algebra. 8vo, 445 pp. 


INTERMEDIATE ALGEBRA 


Presents by itself the systematic review of high-school higher algebra included in 
COLLEGE ALGEBRA. 8vo, 268 pp. 


D. APPLETON-CENTURY COMPANY 
35 West 32nd Street New York 1, New York 


THE CARUS MONOGRAPHS 


No. 1. Calculus of Variations, by Proressor G. A. Buiss. (First Impression, 1925; 
Second Impression, 1927; Third Impression, 1935; Fourth Impression, 
1944.) 
No. 2. Analytic Functions of a Complex Variable, by PRoressor D. R. Curtiss. 
(First Impression, 1926; Second Impression, 1930; Third Impression, 
3.) 
No. 3. Mathematical Statistics, by-PRoFessor H. L. Rietz. (First Impression, 1927; 
pecond Impression, 1929; Third Impression, 1936; Fourth Impression, 
3.) 
No. 4. Projective Geometry, by Proressor J. W. Younc. (First Impression, 1930; 
Second Impression, 1938.) 
No. 5. History of Mathematics in America before 1900, by PrRoressors DaAvIp 
EUGENE SMITH and JEKUTHIEL GInsBUuRG. (First Impression, 1934.) 


No. 6. Fourier Series and Orthogonal Polynomtals, by PROFESsoR DUNHAM JACK- 
son. (First Impression, 1941.) 
No. 7. V ners and Matrices, by Proressor C. C. MacDurreg, (First Impression 
1943. 
Price $1.25 per copy to members of the Mathematical Association, one copy 


to each member, when ordered directly through the office of the Secretary at 
McGraw Hall, Cornell University, Ithaca, N.Y. 

Additional copies for members, and copies for non-members, may be purchased 
from the Open Court Publishing Co., La Salle, Illinois, at the regular price of 
$2.00 per copy. 


The Chauvenet Prize 


In the year 1925, the MATHEMATICAL ASSOCIATION OF AMERICA established a prize of 
one hundred dollars for the best expository paper published in English during suc- 
cessive periods of five years by a member of the Association. Through two subsequent 
gifts the prize is now awarded every three years. The last award was made in No- 
vember 1944 to Professor R. H. Cameron for his paper, “Some introductory exercises 
in the manipulation of Fourier transforms,’ published in the National Mathematics 


Magazine, vol. 15 (1941), pp. 331-356. 


As determined more recently by the Trustees, the prize is to be fifty dollars and is to 
be awarded for a noteworthy expository paper such as will come within the range of 
profitable reading of members of the Association. The purpose of the prize is to 
stimulate expository contributions in mathematical journals on the part of the younger 
American scholars. The award does not apply to books, although the Carus Mono- 
GRAPHS are expository in character and on this score might be included; they carry 
their own reward. 

It is believed that clear expositions of mathematical subjects are greatly needed in 
this country and that the CHAUVENET Prize will tend to stimulate such production. 
Note that the prize is to be awarded only to a member of the ASSOCIATION—one more 
of the many good reasons for membership. 


CONCISE ANALYTIC 
GEOMETRY 


CHARLES H. SISAM 
Colorado College 


The section on analytic geometry in Professor Sisam’s recently published COLLEGE 
MATHEMATICS is such a well-rounded brief treatment of the subject that it is 
now available as a separate text. New material at the beginning and end and a few 
minor changes in the text completely adapt it for the short course in analytics. 


Clear and complete in spite of its brevity, this book is made more flexible and 
useful in the classroom by virtue of its more than 1,140 exercises and problems. 


1946 155 pages $2.00 


ESSENTIALS OF 
PLANE AND SPHERICAL 


TRIGONOMETRY 


REVISED EDITION. 


CLIFORD BELL and TRACY Y. THOMAS 
University of California, Los Angeles, and Indiana University 


The authors have completely revised and expanded their text—originally prepared 
to meet the needs of wartime—and thoroughly adapted it to the standard require- 
ments of peacetime courses. 


Many new topics have been added to the plane trigonometry material, including new 
sections on vectors, plane navigation, applications to surveying, complex numbers, 
and De Moivre’s theorem. 


Changes in organization, many new tables, and a large number of carefully selected 
and arranged problems greatly add to the book’s effectiveness in the classroom. 


246 pp. text, 144 pp. tables 
12 pp. answers to odd-numbered problems 1946 $2.30 


HENRY HOLT AND COMPANY 


257 Fourth Avenue, New York 10 


Analytic 
Geometry 
and Calculus 


By JOHN F. RANDOLPH and MARK KAC 


THIS new text presents an exceptionally well-unified and 
well-balanced treatment of analytic geometry and calculus, 
topically and typographically arranged so as to be suitable 
for either a short or a long course. Among the notable fea- 
tures of the book are: the early introduction of integration; 
a review of some fundamental algebraic concepts, such as 
inequalities and absolute values; the strong emphasis on the 
functional notation. The book is printed in two sizes of 
type. The text in the larger type constitutes a fairly formal 
presentation of the topics usually covered in analytic 
geometry and calculus, while the text in small print is of 
a more advanced nature. The material in small print may 
be omitted without affecting the formal presentation of the 
subject. The problems are numerous and graded according 
to difficulty. $4.75 


John F. Randolph is Professor of Mathematics at Oberlin College. 


Mark Kac is Assistant Professor of Mathematics at Cornell University. 


The Macmillan Company 


60 Fifth Avenue ° New York 11 


Two new fexts and an important revision— 


New, well-planned basic text for a first-year, one- 


PLANE semester course in Plane Trigonometry or Ele- 
mentary Analysis. Notable is its wealth (over |,000) 

TRIGONOMETRY of tested problems relating Plane Trigonometry to en- 
gineering and physics, navigation, mechanics, includ- 

By Elmer B. Mode ing addition and subtraction of vectors. Begins with 
Boston University right triangle, gives important concepts early, in in- 
teresting exercises, so the student masters them 


quickly for later use. Tables, graphs and answers in- 
cluded. College List, $2.40 


This latest addition to the Prentice-Hall Mathematics 


ADVANCED Series offers two welcome innovations in subject mat- 
CALCULUS ter. They are chapters on the Stieltjes Integral and 
the Laplace Transform. These subjects, never before 


accessible in elementary form, are becoming increas- 


By David V. Widder 


Harvard University 


ingly important to mathematicians. An added fea- 
ture of this new study is the unusually clear treatment 
of Line Integrals and Green's Theorem. Publication 
in January. College List, $5.00 


MATHEMATICS 


OF Highly practical preparation in commercial algebra 
for students intending to enter business. Completely 


FINANCE up-to-date, with all new problems, enlarged tables, 


Second Edition a new chapter on Statistics. College List, $4.00 
Revised and Enlarged 


By Thomas M. Simpson, 


Zareh M. Pirenian, . 
and Bolling H. Crenshaw Send for your approval copies 


F PRENTICE-HALL, INC. ..70.FIFTH AVENUE, NEW YORK 11 


Distindwe WMcGraw-dtll Books 


AN INDEX OF MATHEMATICAL TABLES 


ey, an FLETCHER, J. C. P. MILter and L, RosenHeEap, University of Liverpool. 450 pages, 


A complete index to all published and some unpublished mathematical tables, compiled by three 
of the foremost recognized experts in the international field of mathematical tables and their 
reliability. Part I is an index according to Functions. Part II is a complete list of the published 
material referred to in Part I, arranged alphabetically according to authors. The volume con- 
tains more than 2000 entries. 


THE THEORY OF FUNCTIONS OF REAL VARIABLES 


By Lawrence M. Graves, The University of Chicago. 321 pages, $4.00 


A compact and well integrated presentation of the theorems and methods which are fundamental 
for research in analysis. The more essential and generally useful aspects of the theory of func- 
tions of real variables are treated in detail. Many topics not usually found in standard treatises 
are included. 


APPLIED MATHEMATICS FOR ENGINEERS 
AND PHYSICISTS 


By Louts A. PIpgs, Harvard University. 621 pages, $5.50 


Covers those topics of higher mathematics which form the essential mathematical equipment of 
a scientific engineer or a physicist. The material is related to the fields of electrical, mechanical, 
and civil engineering, as well as the mathematics of classical physics. 


ELEMENTS OF NOMOGRAPHY 


By Doucias P. ApAMs and Raymonp D. Douc ass, Massachusetts Institute of Technology. 
Ready in January. 


Covers the study, understanding, design, creation, and practical use of the alignment diagram. 
Seven elementary types of diagrams are presented, with repeated emphasis upon the mathematical 
foundation of the diagram theory. The treatment of the useful circular nomograph as a separate 
entity is new. 


SIX-PLACE TABLES. New seventh edition 


By Epwarp S. ALLEN, Iowa State College. Ready in January. 


A selection of tables of squares, cubes, square roots, cube roots, fifth roots and powers, cir- 
cumferences and areas of circles, common logarithms of numbers and of the trigonometric 
functions, the natural trigonometric functions, natural logarithms, etc. In the new edition a 
number of tables have been expanded to six-place accuracy. 


Send for copies on approval 


McGRAW-HILL BOOK COMPANY, INC. 


330 West 42nd Street New York 18, N.Y. 
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SOME IDENTITIES IN THE THEORY OF DETERMINANTS* 
G. B. PRICE, { University of Kansas 


“Cayley once said to me, in conversation, that if he had to give fifteen lectures on 
the whole of mathematics, he would devote one of them to determinants.”—Felix Klein 
in Elementary Mathematics from an Advanced Standpoint [23, p. 143]. 

“Open the book where you will and you find yourself in the midst of a live question 
having vital connections at the present day with other live branches of mathematics. This 
is no small praise when one recalls the possibilities for barren formalism which the subject 
of determinants presents.” Maxime Béocher in his review of Kowalewski’s Deferminanten- 
theorze [10, p. 136]. 

“In fact, the importance of the concept of determinant has been, and currently is, 
vastly over-estimated. Systems of quations can be solved as easily and neatly without 
determinants as with, as is illustrated in Chapter I of this Monograph. In fact, perhaps 
ninety per cent of matric theory can be developed without mentioning a determinant. 
The concept is necessary in some places, however, and is very useful in many others, so 
one should not push this point too far.”—-C. C. MacDuffee in Vectors and Matrices [27, 
Introduction, p. v]. 


1. Introduction. Cayley considered determinants one of the central theories 
in all of mathematics; Bécher emphasized chiefly their connections with other 
branches of mathematics; andMacDuffee points out that they are not so essen- 
tial in some parts of algebra as they have long been considered. Mathematicians 
today, their judgment ripened by experience, probably would agree that the 
theory of determinants belongs to the class of tool theories and is not a subject 
of major interest for itself alone. Furthermore, the mathematics of today, al- 
most completely dominated by algebra, topology, and similar abstract disciplines, 
presents but few situations in which determinants are needed as tools. The the- 
ory of determinants provides many powerful ones, however, and there is every 
reason to believe that it will yet play an important réle in further developments 
in mathematics. 

This exposition treats certain fundamental identities, knowledge of which 
is necessary for any extensive applications of determinants. Most of these identi- 
ties concern determinants whose elements are themselves determinants. In 
particular, the paper treats the Laplace expansion of a determinant; the Binet- 
Cauchy multiplication theorem; Sylvester’s theorem of 1839 and 1851; the 
Sylvester-Franke theorem; the Bazin-Reiss-Picquet theorem; the Cauchy, 
Jacobi, Franke, and Reiss theorems; and Sylvester’s theorem on superdeter- 
minants. A good modern proof of each of these except the first—which is too 
well known to require proof—will be given. The proofs emphasize matrix meth- 
ods. The two key results are the Laplace expansion and the Sylvester-Franke 
theorem, and their proofs go back to first principles. No completely simple and 
direct proof of the Sylvester-Franke theorem is known, and discovery of one 
would be an event of real interest. 


* An address presented at the invitation of the Program Committee at the Cornell meeting 
of the Association on August 20, 1946, 
+t Guggenheim Fellow. 
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Finally, the early history of these theorems is traced, and references are given 
to the original papers. Alternative proofs are indicated, and the interrelations 
of the theorems are pointed out. 


2. Notation and definitions. The ordered array 


Q41 12 Qin 

Gor G92 ° °° Aan 
(2.1) A= ; 

Gm1 Ome2*** Amn 


with elements a,;; which are complex numbers, will be called a matrix; it will be 
indicated also by the briefer notation (a;;), i=1,--+-, m;j=1,---, mn. The 
transpose A’ of A is the matrix whose rows are respectively the columns of A. 
The determinant whose elements are the elements in the square matrix A will 
be denoted by |A| or |a;;|. 

Let M and N denote the sets of integers 1, 2, ---,mand1,2,---,nre- 
spectively. Let J” denote a combination of k integers 7%, i, +--+, 7; selected 
from M, and let I,i=1, 2, ---, C(m, k), be the complete set of combinations 
of k integers that can be formed from the m integers in M. Similarly, let J™, 
j=i1, 2,---, C(n, k), be the complete set of combinations of k integers 
jis jay * * * » Ju that can be formed from the z integers in N. The integers in both 
Tf and J,” are arranged in their natural order. It should be emphasized that 
the numbering of the combinations J” and J, is entirely arbitrary, but that 
a definite order is chosen now which will be used throughout the remainder of 
the paper. Finally, let M—J{® (respectively N — J{*) denote the set of m—k 
integers (7 —k integers), arranged in their natural order, in M (in N) but not in 
Tf (not in Jf”). 

Next, let the submatrix of A formed by the k rows designated by the & in- 
tegers in I“) be denoted by A (JI). Similarly, let the submatrix of A formed by 
the & columns designated by the & integers in J{” be denoted by A(J,™). Finally, 
let ACI - J) denote the submatrix of A which is contained in both A(I®) and 
A (J). It follows that A (I, -J/”) is a square matrix with k rows and columns. 

The kth compound of A, denoted by A™, is defined for each integer k such 
that 1Sksm,1SkSn, by 
(2.2) AM =(|ACE TF) |), $= 12,065, COm, D3 F=1,2,+++, Cn, B. 
The element in the 7th row and jth column of A™ is thus the &th order determi- 
nant | A(I-J)| of a submatrix of A. 

When A is a square matrix with » rows and columns, A(N—I-N — J) 
will denote the submatrix of A which is complementary to A (J{- J{); it is ob- 
tained from A by striking out the rows designated by the integers in J" and 
the columns designated by the integers in J{. For the sake of completeness and 
symmetry, A(N—I\”. N—J™) will be defined to be the matrix with the single 
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element 1. Thus when A is a square matrix with n rows and columns, the kth 
adjoint compound of A, denoted by adj A, is defined for each k such that 
1<ksnby 


adj’ A = ((— 1)" | a(w — Ty -w — JS) |, 


(2.3) 
#=1,2,---,C(n,k)37 =1,2,---,C(n, R). 


Here s; and s; are the sums of the & integers in J{*) and J{”, respectively. Thus 
adj“) A is a compound matrix whose elements are signed determinants with 
(n—k) rows and columns. Note the prime which indicates that the matrix in 
the right member of (2.3) is to be transposed. It may be observed that adj‘? A 
is the matrix usually denoted* by adj A and called the adjoint of A. 

When A and B are any two square matrices, A[B(J®)/A(J™)], or 
A [BY /A™] for short, will be used to denote the matrix obtained by replacing 
in order the & columns A(J{”) in A by the & columns B(J{”) in B. 

Finally, notation will be required for bordered matrices. Let R™ and S“ 
denote the set of integers 1, 2,---, hin N. Let U, i=1, 2,---, C(n—h, k) 
(respectively V, j=1, 2, - + - , C(n—h, k)) denote the complete set of combina- 
tions of k integers each that can be selected from the sets N—R”(N—S™), 
Then A(R®+U,-S®+4V), ¢,7=1, 2,+-+, C(n—h, k), will denote all the 
submatrices of A that can be formed by bordering A(R®-S”) with k of the 
remaining rows and columns. 


3. Laplace’s expansion. Let |.A| be any mth order determinant and k any 
integer such that 1<kSn. Then the Laplace expansion of | A| is 


as+ej (k) 2 (k) (k) (k) 
3.1) [4f[=dD(-™ [4G sp) [AN -Te oN - JF )I, 
where s; and s; are defined in (2.3). The summation extends either over the set 
4=1,2,---,C(n, k) withj arbitrary, or over the set 7=1, 2, ---, C(n, k) with 


4 arbitrary. This result is too well known to require proof here (see [1, pp. 78-81], 
[9, pp. 24-26], [24, pp. 34-36]). 
The following formulas follow from Laplace’s expansion: 


(3.2) A®Madj®A = adj®AA® =| A] TI, 
(3.3) | AMadj4| =| adjf™44™| = | 4 len, 
Here A is any square matrix with n rows and columns and J is the identity ma- 


trix. 


4. The Binet-Cauchy multiplication theorem. The multiplication theorem 
provides an evaluation of the determinant of the product of two matrices. 


THEOREM. Let A and B be two matrices with m rows and n columns, and let 


* The notations A® and adj® A are standard; see, for example, Aitken [1, pp. 90-91] and 
Albert [2, p. 57]. Aitken, along with many writers in the British Isles, uses adjugate where adjoint 
is commonly used in America. 
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AB’ denote the row by column matrix product of A and B'. Then 


(4.1) | 4B’ | = 0 m > n, 

(4.2) =|A||B m= Nn, 
Cla. m) (m) (m) 

(4.3) = > |407°)||BG7")| m <n. 
j=1 


Although there are at least two standard proofs of this theorem (see [I, 
pp. 80-81, 85-87], [24, pp. 60-70]), the most elegant one is based on the following 
obvious identity for partitioned matrices: 


(‘ )( A i) ( O ” 
or/\-1 BY \-1I By 
where I is the identity matrix and O is the zero matrix. Multiplication by the 
first factor on the left of this equation replaces each row of the other factor by 


itself plus certain multiples of other rows. Since these operations do not change 
the value of a determinant, 


_—_ 


O AB’ 
—I B’ 


—I B' 


(4.4) 


Next, evaluate these two determinants by means of Laplace’s expansion. The 
determinant on the right in all cases is (—1)"*t| AB ’ |. The one on the left is 
clearly |A| |B’| if m=n, but in the other cases it must be examined more 
closely. Written out in full, this determinant is 


G11 Ayn +++ Gyn, 0 0 ---Q 
Q21 a2 Qon 0 0 0 
Qm1 am? Qmn 0 0 0 
—i 0O - 0 bir bay Bint 
0 —1 0 bie Dae Bing 
0 0 ae | Din Don? °° Omn 


If m>n, an expansion of this determinant by Laplace’s method, using minors 
of m rows and columns selected from the first m rows, shows that its value is 
zero; (4.1) follows. Exactly the same expansion is used when mn. Consider a 
term of the expansion in which the first factor is one of the determinants 
|A(S (m)) | . The second factor can be expanded by Laplace’s method in terms of 
minors of m rows and columns formed from the last m columns. There is a single 
term in this expansion, and its value is | [B(J{”)]’|, or | B(J{™)|, except per- 
haps for sign. A calculation of the signs shows that the complete product which 
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includes the factor | A(J{™)| is (—1)™*+*|4(J{™)| | B(7{™)|. All terms in the 
expansion are zero except those for which the first factor is one of the determi- 
nants |A(J{”)|. Thus, when m Sz, the relation 
C(n,m 
(m) 


) mn+n (m) 
> 1)" | 407) [| BOF) = (- 2) 


j=1 


mn+tn 


| AB’ | 


is obtained by equating the evaluations of the two sides of (4.4). Equations (4.2) 
and (4.3) follow from this relation, and the proof is complete. 

An important extension of the multiplication theorem concerns the kth com- 
pound of the product of two matrices. 


THEOREM. Let A bea matrix with m rows and n columns, and let B be a matrix 
with n rows and m columns. If kis any integer such thati1SkSmand1isSksn, then 


(4.5) | (4B) | =| AmB |, 
(4.6) | AB ecm) = | 4) BO |, 
The proof of (4.5) follows from the matrix identities 


(4B) = (| A(:)BU;)|) 
C(n,k) 
-( YS 40-7) || BU TF) ) 
f=1 


(k) (k) 


4.7 k “ 
(4.7) = (| Ace? -79?) | )(| BUR?) |) 


The first equality here results from observing that the element in the 7th row and 
jth column of (AB) is the determinant of the matrix obtained by multiplying 
the ith combination A(I{) of rows of A into the jth combination B(J{) of 
columns of B. The second equality follows from an application of (4.3). The 
third equality results from the definition of matrix multiplication. The fourth 
equality results from the definition of the kth compound. The proof of (4.5) now 
follows by equating the determinants of the first and last arrays. 

The proof of (4.6) follows from the Sylvester-Franke theorem that | (AB) (i) 
= | AB | C(m—1,k—-1) (see (6.1) below). Although the proof will not be complete un- 
til the Sylvester-Franke theorem has been proved, the result was included here 
so that the statement of the multiplication theorem would be complete. 

The proof of (4.7) is a proof of the following important theorem in matrix 
theory : the th compound of the product of two matrices is equal to the product 
of the kth compounds of these matrices. 

The multiplication theorem has many important applications. For example, 
the (m—1) measure (PiP2- + - Pm) of the (m—1) cell determined by the points 
Py (Xs, X22, °° +, Xin), t=1, 2, -- +, m, in n-space is known [8, pp. 293-296] to 
be |4A’|#/(m—1)!, where A is the matrix whose ith row is 


(x31 ——~ Xmi, Vig — Xmas, °° * » Xin — Xmn)) = 1, 2, nn) (m — 1). 
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An application of (4.3) yields the formulas of analytic geometry for distance, 
area, and so on in the following form: 


(PyP;) = —| | %11 1 |? X12 1 a eg Xin 1 7" 
WIL | xa 1 Xoo 1 Xen 1 
1 11 X12 1 |? ¥11 X13 1 |? Lin-1 Xin 1 (24)? 
(PiP2P3) = oy Xo1 %e2 1 {+ | %e1 %23 1) +--+ +} Xen-1 Xen 1 ’ 
%31 %32 1 X31 %33 1 X3n-1 X3n 1 


and so on. The identity (4.3) in the case m=2, n=3 is the familiar Lagrange’s 
identity of vector analysis. Again, if A is any matrix whose elements are real, 
the determinant | AA’ | is known [14, pp. 29-30] as Gram’s determinant. It 
follows from (4.3) that |4A.A’| 20. When A is a matrix with two rows, this in- 
equality is Schwarz’s inequality. A necessary and sufficient condition that the m 
vectors which form the m rows of A be linearly independent is | AA’ | > 0. 


5. Sylvester’s theorem of 1839 and 1851. This theorem gives an important 
series of representations for the product of two determinants. 


THEOREM. Let A and B be any two square matrices with n rows and columns, 
and let k be any integer such that 1Sksn. Then 


C(n,k) (k) <k) dy ey 
6.1 | A[BUe )/AGs )]|| BLAU )/BUe )]| 


0, tf, 
=|4||Bl,  t=3 


The most elegant proof of this theorem [16, vol. II, pp. 73-74] is obtained 
by equating corresponding elements in two evaluations of the matrix product 
adj AB adj™ BA™, First recall (3.2) and the fact that matrix multipli- 
cation is associative. Then 

adj A BMadj™BA™ = adj™A-BMadjB-A™ 
= adjA-|B| I-A 
adj®AA®.| B| I 
=|A|| BT. 


Again, 


adj° AB adj” BA” 


= adj AB -adj°BA“” 
(k) (k) 


(| A[BU; )/AUi 


(k) (k) 


cl B40; °)/BU |) 
C(n, k) k k k k 
= ( | [BU )/AVi )]|| BIAG; )/BUe )] ). 


t=1 
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In the matrices on the right, the element in the ith row and the jth column is 
shown in each case. Equations (5.1) follow by equating corresponding elements 
in the two evaluations of the matrix product. The proof is complete. 


6. The Sylvester-Franke theorem. This theorem evaluates | A“| in terms 
of |A|. 


THEOREM. Let A be any square matrix with n rows and columns. Then 
(6.1) | AC | = | A [e(n-4t.ke-4) =1,2,---,n. 


A proof [24, pp. 94-98] by mathematical induction on 7 will be given. The 
theorem is obviously true for 7 =2. It will be shown that it is true for all determ1- 
nants of order x if it is true for all determinants of order n—1. 

Consider dn, as a variable and all other elements in A as constants. Then 
|A| and |A“| are functions of dan, and |A| =Da,,+E. Here D is the minor 
of Qn, in | A| and £ is the determinant obtained by replacing a,,, in | A | by 0. 
There is no loss in generality in assuming that the elements in A“™ are ordered 
in such a way that ad,, occurs only in the submatrix 


(6.2) (| Ae? -7$?) |) i,7=1,2,+++,7, 


where r=C(n—1, k—-1). Furthermore, AI. 7®)| =; j;Ann tei;, 2, J=1, 2) 

-, r, where d;; is a (k—1) rowed minor of D and e,; is a determinant similar 
to E. It follows from the induction hypothesis, namely, the hypothesis that the 
theorem is true for all determinants of order (n—1), that 


| diz| = DeCn—2.k-2) ig =1,2,---y7. 


Then the determinant of the matrix in (6.2) is the following polynomial in a,, of 
degree r: 


(6.3) DO(n-2,k—-2) gq” twee, 
Next, observe that 
(6.4) (| A(rS?-7$) |) i,gartiyr+2,+-+,C(n, b), 


is the matrix in A) complementary to the one in (6.2), and that it is the kth 
compound of the matrix in D. Then by the induction hypothesis, the determi- 
nant of the matrix in (6.4) is D@(*—2.4-D, 

Now use Laplace’s expansion to expand | A | by minors formed from the 
first r rows. It follows from results already established that the first term in the 
expansion is DC(»-2,4-2)+C(n-2,k-Dqr 4 ..., a polynomial in a,, of degree 7. 
The other terms in the expansion are polynomials in a,,, of degree less than 7. 
Since C(n—2, R—2)+C(n—2, R-1) =C(n—1, k—1) =r, 1t follows that 


| _ 


(6.5) | A D'dantree. 
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Furthermore, by (3.3) and (4.2) 


}A®|| adja | =| 4 [om 


(6.6) 
= (Dann + Eek), 


Thus every value of @nn for which | A | vanishes is a zero of |A|¢("-, But the 
latter, equal to (Da,,+£)°™”, vanishes only for @a,=—E/D. Thus all zeros 
of the polynomial in (6.5) are d@an= —E/D, and 


| AC | = D(@an + E/D)’ = (Donn + E)’ =|A|t =| A [Crt e-, 


Since the theorem is true for all determinants of the second order, the proof of 
the theorem follows by a complete induction. 

It may be remarked that the proof given above can be varied slightly so that 
the Fundamental Theorem of Algebra is not required [24, pp. 97-98]. The proof 
has assumed D0, but the usual methods can be used to show that the result 
holds without this restriction. 


Coro.uuary. Let A be any square matrix with n rows and columns. Then 


(6.7) | adj(A | = | A [e(-1.%) k=1,2,+-+,m. 
The proof follows from (6.6) and (6.1). A more instructive proof, however, 
is obtained by showing that |adj® A|=|A“-»|, k=1, 2,---, (w—1), and 
recalling the convention that |adj‘™ A|=1. Assume 1SkSn—1. From the 
ith row of | [adj A]’| factor out (—1)% for i=1, 2,--+, C(n, k). Similarly, 
from the jth column factor out (—1)*%; for 7=1, 2, ---, C(n, R). Since 
C(n,k) C(n,k) C(n,k) 
>» st dS s5=2 >> 5 
i=1 j=1 t=1 


and is thus an even number, the value of the determinant is unchanged. The new 
determinant is |A‘*-|. Then (6.7) follows from (6.1). 


7. The Bazin-Reiss-Picquet theorem. Recall the meaning of B[A(J)/B(J*) |, 
or B[A®/B®] for short, from section 2. 


THEOREM. Let A and B be any two square matrices with n rows and columns, 
and let k be any integer such that1Sksn. Then 


C(n—1,k—1) C(n—1,k) (k) a | | 
’ 


(7.1) | A | = || Bl4; /B 


where 1, 7=1, 2,---, C(n, k) and the element shown in the determinant on the 
right is the one in the ith row and jth column. 


| B| 


The proof once more is based on a matrix identity. An application of La- 
place’s expansion shows that 


(7.2) adj" BA®” = (| B[AW;)/BU: )]|) 
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where 1, 7=1, 2, ---, C(u, k). The proof is completed by equating the determi- 
nants of the matrices on the two sides of (7.2) and applying the multiplication 
theorem (4.2), the Sylvester-Franke theorem (6.1) and the corollary (6.7) to the 
left side. 

It should be observed that the proof of (7.1) was based on the Sylvester- 
Franke theorem. There is a second proof [37] in the case R=1 which, although 
not so elegant, is instructive. Furthermore, it depends on nothing more than 
Cramer’s Rule and the multiplication theorem. Assume | B| ~0 and express each 
column of A asa linear combination of the columns of B so that A=BC. Then 
|A|=|B||C| by the multiplication theorem. Calculate the elements of C by 
Cramer’s Rule and substitute in the last equation; the result is (7.1) in the case 
k=1. The restriction | B | 70 can be removed in the usual way. This proof does 
not require the result | adj B| = | B| n~1 which is the simplest case of the Sylves- 
ter-Franke theorem. 

Many important relations are corollaries of the identity (7.1). For example, 
if A=J and k=1, then (7.1) becomes 


(7.3) | B|*-1 = | adj BI. 


By specializing A and B properly, Jacobi’s theorem can be obtained [48] from 
(7.1) in the case k=1. If 


ry) ied OP 
A= B= ), 
2 As A» I 


where A;=(aj;), 4, 7=1, 2,--+, h, then (7.1) with R=1 can be simplified to 
give the following identity, which is the simplest case of Sylvester’s theorem on 
superdeterminants (see [24, pp. 76-80, 90-94, 100-101] and [1, pp. 45-50] : 
(7.4) |A|[A =||ar? + 07-8 +97), 
1,7 =1, 2, --+-,n—h. The element shown in the determinant on the right 1s the 
one in the 7th row and jth column. The identity (7.4) is the basis of the standard 
method of evaluating determinants by reducing them to equal determinants of 
lower order. If Ai has a single element, then Sylvester’s theorem (7.4) evaluates 
the mth order determinant |.A| in terms of a determinant of order (n—1), each 
element of which is a determinant of order 2. If A; has two rows and columns, 
the order of |A| is reduced by 2, but each element of the new determinant isa 
determinant of order 3; and so on. 

Many special cases of the identity (7.1) are listed by Cullis [16, vol. II, 
pp. 63-65]. 


8. Jacobi’s, Franke’s and Reiss’ theorems. The theorems known by the 
names of Jacobi, Franke, and Reiss evaluate the minors in certain compound 
determinants. Reiss’ theorem includes Franke’s, which in turn includes Jacobi’s; 
hence, only Reiss’ theorem need be proved. The most elegant proof once more Is 
based on certain matrix identities [1, pp. 97-103]. 


n—h—1 
1| 
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THEOREM. Let A and B be any square matrices with n rows and columns. Then 
(8.1) [adj™B-A4@®]® =| 4 |#-C(n—1, #) | B |A-COr—Lk-Da dj [adj - BO], 
The proof begins with the obvious identity 
(8.2) adj®A-BOadj®™B-A® =| ABI. 


The hth compounds of the matrices on the two sides of this equation are equal. If 
(4.7) is applied to the left side written in the form adj AB™-adj™ BA), it 
follows that 


(8.3) [adj4- BO] [agjB.4] = | AB Az, 
Next, it follows from (3.3) that 
(8.4) [adj(A - BO) | ®adj™ [adj‘*).A Bo | = | adj®A- B® | I. 


If [adj A-B®] is’a non-singular matrix, it follows from the Sylvester- 
Franke theorem (6.1) that its kth compound is also non-singular; in this case, 
[adj A-B®]|® has a reciprocal matrix. From (8.3) and (8.4) it follows that 


| AB|-fadj4-B®]®[adj@B. 4] a 
= | adj4-B |1adj4- BO] adj [adj - BO], 


Multiply the two sides of this equation by | AB | * and then by the reciprocal of 
[adj A-B®]|®, The resulting relation is 


(8.5) [adj™B-4@ | =| AB/*| adj®4- B® |-1adj™[adj4- BO]. 


Apply the multiplication theorem and the Sylvester-Franke theorem to the two 
determinants on the right side of (8.5); the identity (8.1) results. It is shown 
in the usual way that (8.1) holds even if [adj® A-B“| is a singular matrix. 
The proof is complete. 

If k=1 and A =I, the identity (8.1) is 


(8.6) [adj B]™ =| Bl adj. 


The determinant identities obtained by equating corresponding elements in the 
matrices on the two sides of this identity are known as Jacobi’s theorem. If 
h=n, (8.6) becomes (7.3), a result sometimes known as Cauchy’s theorem. 

If B=TI, the identity (8.1) becomes 


(8.7) [A] ) | A | e—C(m—1, bg qj) [adj ]. 


The determinant identities obtained by equating corresponding elements in the 
matrices on the two sides of this identity are known as Franke’s theorem. If 
h=C(n, k), relation (8.7) becomes the Sylvester-Franke theorem (6.1). 


9. Sylvester’s theorem on superdeterminants. A special case of Sylvester’s 
theorem has been given in (7.4). The theorems proved in the last section can 
now be used to prove the general theorem. 
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THEOREM. Let A be any matrix with n rows and columns, and let A(R™-S) 
be the submatrix with h rows and columns, 0ShSn-—1, tn the upper left hand 
corner. Let k be an tnteger such that 1Sksn—h. Then 

(h) (h) (k) (A) (k) 
(9.1) [| |A(Ro SS) | =||A(R + U5 -S +; (I, 


where 2,7=1,2,---,C(n—h, k) and the element shown in the determinant on the 
right 1s the one tn the 1th row and the jth column. 


C(n—h—~1,k—1) (h). 1C(n—h-1,k) 


To prove the theorem [24, pp. 100-101], consider first the determinant 
(9.2) D =| a;| injg=h+ti,h+2,---,n, 


where aj; is the cofactor of a4; in |.A | . Thus D isa minor of the transpose of adj A. 
Let £ denote the determinant which forms the right member of (9.1). By 
Jacobi’s theorem (8.6) any (n—h—k) rowed minor of D is equal to one of the 
superdeterminants in £, properly signed with + or —, and multiplied by 
|A| 1, Then 


(9.3) | A | (nA b—-1) 0 (nb) Fh = [C(n—h—-1,n—h—k—-1) = PC (n—h-1,k) 


by the Sylvester-Franke theorem (6.1) since the left side is equal to the de- 
terminant of the (n—h—k) rowed minors of D. In making this statement, it 
must be observed that the value of the compound determinant is the same 
whether it be formed with signed or unsigned minors (see the proof of (6.7)). By 
Jacobi’s theorem (8.6) 


(9.4) D =| Al) | A(RM. S$) |, 


Substitute this value in (9.3); then 
| A | (nA k-1)0 (nh, b) FE 
(9.5) Vee a 
= | A | n A-1)C(m—h-1,k) 1 A (ROA). § (4) |ocn h—1,k). 
Since (1—h—1)C(n—h—1, k)—(n—h—k—-1)C(n—h, k)=C(n—-h—-1, k—1), 
the relation (9.1) follows from (9.5). The proof is complete. 


10. History and the literature. According to David Eugene Smith [41, p. 
273], the Chinese had some idea of the determinant as early as about 1300 A.D. 
The distinguished Japanese mathematician Seki Shinsuke Kiéwa, or Takakazu, 
(1642-1708), discovered the expansion of a determinant [41, pp. 439-440] in 
solving simultaneous equations. In the West, the earliest use of the functions we 
call determinants occurs in correspondence between Leibniz and De L’Hospital. 
In a letter to the latter dated 28th April 1693 Leibniz explains his methods and 
results. This correspondence was not published until 1850, and Leibniz’s dis- 
coveries apparently had no influence on later developments. 

The actual development of the theory of determinants dates from the publi- 
cation of a book by Cramer [15, pp. 59-60, 656-659] in Geneva in 1750. In it 
we find the familiar Cramer’s Rule. Vandermonde laid the first real foundation 
for the theory in an important paper [47] read January 12, 1771. Laplace [26] 
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advanced the theory. Gauss [18] used determinants and the term “determinant 
of a form.” Papers by Binet [7] and Cauchy [12], both read to the Institute on 
November 30, 1812, make the year 1812 one of the most important in the history 
of determinants. Binet’s paper contained important results, but Cauchy gave 
a masterly treatment of the entire subject. Cauchy, borrowing the word from 
Gauss, used the term determinant in the same sense in which it is used today. 
Schweins [38] published many important discoveries in a book in 1825. They 
were lost, however, and the fact that he had ever written on determinants 
was not brought to light until 1884. The year 1841 was also one of outstand- 
ing importance for determinants. Jacobi, who had already published several 
papers on the subject, brought together all the known results and added to 
them [21] and, following Cauchy, fixed the use of the name determinant. In 
a second paper in 1841 Jacobi treated Jacobians [22]. Finally, in 1841, Cayley 
in his first published paper [13] introduced the present-day standard notation 
of vertical bars enclosing a square array to denote a determinant. Many nota- 
tions had been used before this time, but Cayley’s introduction of a notation 
capable of representing all determinants gave a great impetus to the study of the 
subject. 

Let us turn now to the history of the theorems treated in this exposition. 
Vandermonde [47] gave the Laplace expansion for a determinant of order 2m 
in terms of minors of order 2 and (2m —2). Laplace [26] gave the general theorem, 
but Cauchy in 1812 gave the first adequate proof of Laplace’s expansion in his 
powerful treatment [12] of the whole subject of determinants. 

Lagrange [25, Oeuvres, p. 580] gave a lemma which apparently contains the 
first known example of the multiplication theorem. Lagrange evaluated the 
square of a determinant of the third order, but it is not at all certain that he 
recognized the result as a determinant. Gauss [18, Chap. V] definitely used the 
multiplication theorem (4.2) in connection with the transformation of ternary 
quadratic forms. Binet [7] published for the first time the multiplication theorem 
(4.3). Muir [29, vol. I, p. 109] thinks that Cauchy [12] was the first to publish 
a satisfactory proof of the multiplication theorem, but that Binet gave the more 
general form of it. Sylvester [46] gave the multiplication theorem in the general 
form (4.6). Finally, it may be remarked that Sylvester [45] (the result can be 
found also in [24, pp. 242-243] and [31, p. 223]) gave the multiplication theorem 
in a completely different form for the product of determinants each of which has 
a column of 1’s;he used this result to prove the theorem in Cayley’s first pub- 
lished paper [13]. 

The first known case of Sylvester’s theorem of 1839 and 1851 (see (5.1) 
above) was given by Fontaine [5] in 1748, before the founding of the theory of 
determinants. Bézout [6, pp. 171-187, 208-223] was the next to give examples 
of these identities, but he considered only determinants of the second and third 
order. Following Bézout, many others (see Muir [29]) gave instances of the 
identities (5.1), but Sylvester was the first to give the general theorem and its 
proof. In [42] Sylvester proved (5.1) for the case k=1, and in [44] he gave the 
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completely general theorem and its proof. Bruno [11] gave a more satisfactory 
proof. A proof of (5.1) can be obtained by using Laplace’s expansion on a prop- 
erly formed determinant [31, pp. 117-122], but this method is not elegant. 
Beaver [4] has given a proof of the theorem and certain extensions. 

Sylvester’s claim to the Sylvester-Franke theorem (6.1) rests on the fact 
that he published [43] in March, 1851 the general theorem (9.1) that includes 
(6.1) as a special case. He did not call attention to the special case, however, 
and he gave no proof of the general theorem. The proof given in section 6 above 
is Franke’s proof [17]. Franke’s paper has two famous footnotes added by the 
editor, Borchardt. In the second footnote Borchardt deduces the Sylvester- 
Franke theorem (6.1) from |A | |adj A| =|A|¢@ (see (3.3) above) and 
the fact (see [1, pp. 37-38]) that a determinant, considered as a polynomial in 
its elements, is prime (for this proof, see [1, p. 92] or [31, pp. 178-179]). It is 
rather remarkable that, for a result as fundamental as the Sylvester-Franke 
theorem, these two proofs are the only direct ones found in the literature. Other 
proofs, by no means simple or direct, are known; see for example the one ob- 
tained incidentally by Stéphanos [49, pp. 108-110 (there appears to be a con- 
sistent error in the exponent in the statement of the theorem)]. 

Bazin [3] was the first to treat the Bazin-Reiss-Picquet theorem (7.1) (he 
considered only the case k=1). The general theorem (7.1) was given by Reiss 
[36]. Picquet rediscovered numerous related theorems [34] and gave a compre- 
hensive exposition of the entire subject [35]. Rubini [37] and Hamburger [19] 
showed that Sylvester’s theorem of 1839 and 1851, in the case k=1, can be de- 
duced from the Bazin-Reiss-Picquet theorem in the case k=1. Zehfuss [48] 
showed that Jacobi’s theorem (8.6) can be deduced from the Bazin-Reiss- 
Picquet theorem in the case k=1. Picquet [35] showed that Sylvester’s theo- 
rem on superdeterminants (9.1) can be deduced from the Bazin-Reiss-Picquet 
theorem, but the proof is not very elegant in the general case (this proof in the 
case k=1 is given in section 7 above). 

Jacobi’s theorem (8.6) was published for the first time by Jacobi [20]. Franke 
[17] proved Franke’s theorem (8.7), and the editor, Borchardt, gave a simpler 
proof in the first of the famous footnotes. Reiss [36] gave Reiss’ theorem. 

Sylvester [43] stated Sylvester’s theorem on superdeterminants (9.1) in 
March, 1851, but he gave no proof. Jacobi [22] had used the identity in the 
special case kR=1 in connection with Jacobians (see [29, vol. I, pp. 381-385; 
vol. II, p. 192]). In 1854 Brioschi deduced the special case of Sylvester’s theorem 
from Jacobi’s identity (see [29, vol. II, p. 250]). The general theorem remained 
without proof until Reiss [36] supplied one in 1867. Later, proofs were given by 
Picquet [35], Scott [39], and others (several proofs are found in [24, pp. 76-80, 
90-94, 100—101]). 

One might hope to discover certain general methods for establishing identi- 
ties in the theory of determinants, and some progress has been made in this 
direction. Muir [28] gave two general principles which he called the “Law of 
Complementaries” and the “Law of Extensible Minors” (see also [31, pp. 172- 
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173, 179-182] and [32]). Nanson [32] has given an impressive list of applications 
of these two principles. For example, the Sylvester theorem on superdetermi- 
nants (9.1) becomes almost trivial as the extensional of the Sylvester-Franke 
theorem (6.1). The latter theorem, however, remains without a simple, direct 
proof. 

Aitken’s book [1] contains a good modern treatment of determinants, but it 
is by no means complete. Bécher [9] gives a good introduction but only a few 
of the theorems treated in this paper. Cullis’ two volumes [16] (see the review by 
Shaw [40]) contain a wealth of material, but they form nevertheless a highly 
unsatisfactory work on determinants. Kowalewski’s book [24] has long been a 
standard reference work on determinants, but it has certain faults (see the re- 
view by Bécher [10]) and it is not complete. For example, Kowalewski does not 
properly explain and exploit the relationship of determinants to matrices; fur- 
thermore, he does not give the theorems in sections 5 and 7 above. The treatise 
by Muir-Metzler [31] contains a great deal of material, much of it not readily 
accessible elsewhere, but it nevertheless leaves much to be desired. Pascal’s book 
[33] provides a valuable reference work which includes all the material of this 
paper and supplies complete references to the original sources. Turnbull [50] 
treats, among other things, applications of the identities of this paper in the 
important theory of symbolic invariants. 

Sir Thomas Muir, the historian of the theory of determinants, has assembled 
the record up to 1920 in five volumes [29, 30]. He gives reviews of all papers 
and books on determinants, and the complete history of the theorems treated 
in this exposition can be traced in his five volumes. 
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INDUSTRIAL EXPERIENCE FOR MATHEMATICS PROFESSORS 
K. L, NIELSEN, Louisiana State University* 


1. Introduction. During the war a great number of professors of mathematics 
assumed positions in industry and governmental agencies; there they applied 
their training, knowledge, and experience to the technical problems of modern 
warfare. The necessities of war made “pure” mathematicians turn to applied 
mathematics, and caused professors to leave their academic life and be engulfed 
by the demands of industry. At the conclusion of the war most of these profes- 
sors returned to the college campus to resume their teaching and research. Have 
they benefited by their experience? What are the effects of the adventure? Will 
the universities derive benefits from the experiences gained by their faculty 
members while they were on leave of absence? Has industry benefited by the 
presence of these highly skilled scientists? 

These are questions which we may well pause to consider and thus hope to 
obtain the answer to the important question : Should teachers of mathematics par- 
ticipate in the work of industry and governmental agencies during times of peace? 

To arrive at a consensus of opinion on these questions would necessitate an 
extensive survey. No one man can give the complete answer. However, some evi- 
dence may be derived from personal experience, and it should be worth while to 
publicize the experience and exhibit some obvious facts from which the reader 
may draw his own conclusions. 

It is the contention of the writer that the answers to the above questions are 
all yes and that much can be derived from having members of a college staff spend 
some time with an industrial organization. The benefits are equally divided 
among the individual, the university, and industry. It is his belief that tempo- 
rary positions in industry should be sought by the younger members of any 
college staff and should be made available by industry. It is the purpose of this 
paper to expound this idea by drawing from the author’s personal experience 
and citing examples of existing plans for the temporary employment of college 
teachers. In particular, the aim is to arouse mathematicians to the existence of, 
the need for, and the participation in such employment. 


2. Means of temporary employment. The importance of advanced mathe- 
matics to industry was realized by many industrial organizations (noticeably 
the aircraft, petroleum, and electrical industriest) prior to the war. These or- 
ganizations had for some time been employing mathematicians as integral mem- 
bers of their research staffs. The employment was both full time and part time. 
Thus a large eastern aircraft corporation devised a plan by which college faculty 
members were employed in a temporary capacity. This plan has already been 
discussed for physics teachers by D. C. Martin [2]. Since it may not have re- 
ceived the attention of mathematicians and since it was the writer’s pleasure 


* On leave with U. S. Naval Ordnance Plant, Indianapolis, Indiana. 
{ This paper is not concerned with the type of mathematics used in industry. For a discussion 
of industrial mathematics see [1]. 
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to be employed under this plan during the summer of 1942, it may be advisable 
to explain it in some detail. 

The plan was to employ a group of college professors and instructors for the 
summer months, that is, the months during which normally the universities were 
not operating a full schedule. The group was composed of physicists, mathe- 
maticians, chemists, and engineers. No particular attention seemed to have been 
paid to any specific number of men from each field. 

The usual procedure was to assign each man a specific problem for which 
he was qualified and in which he expressed an interest. The corporation seemed 
to have a large number of problems from which to choose, and the assignment 
was made after a conference with members of the permanent engineering staff. 

After the problem had been assigned the college instructor was referred to 
a supervisor, one of the permanent engineers who was familiar with the problem. 
He was then comfortably located at a desk usually in the group headed by his 
supervisor or in a group working on related problems. All knowledge and in- 
formation that the organization had on his particular problem was made avail- 
able to him, and any physical equipment he needed to carry out his investiga- 
tions were placed at his disposal. If his problem was an immediate production 
or design problem he was included in all meetings, and was placed on the mailing 
list for progress reports. If his problem was of the nature of an independent in- 
vestigation he was left on his own to carry out his work. A rather good scientific 
library was located in the same building. 

At the end of the summer or whenever his investigations had led to a definite 
result he was expected to submit a complete report on the progress made. In- 
dividual conferences or meetings were instigated at his own request. 

Thus he was left to carry on his investigations in a congenial and pleasant 
atmosphere. He had ample association, both professional and social, with «ther 
college instructors and also the permanent engineering staff of the corporation. 
Depending upon his own personality he was from time to time approached by 
the junior engineers who requested aid on problems of both an advanced and 
elementary nature within his field. In reality he was an integral part of the or- 
ganization while he was there and received excellent treatment by the corpora- 
tion. 

This was indeed a workable plan. The number of participants was steadily 
increasing (until the war made an interruption), and the corporation seemed 
anxious to continue it. The writer was employed in a similar plan with a smaller 
industrial concern in Detroit during the summer of 1943. Undoubtedly there 
exist other examples with which the author is not familiar. That these plans will 
be reinstated during the future peace years seems fairly certain. 

During and since the end of the war there has been created a new source of 
temporary employment on practical problems, which in many instances take the 
form of consultant work for mathematicians. The reference is to the government 
sponsored research groups established by contract in government laboratories 
and on university campuses. In the years to come this should prove to be an 
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important opportunity for part time employment in applied mathematics. Con- 
tracts established at universities eliminate the necessity of traveling, which is 
particularly advantageous to men with families. 


3. Need for participation and benefits obtained by mathematicians. R. Weller 
has stated : 

“The writer wishes also to comment on the desirability of the interchange 
of personnel between government and other activities. Such interchange between 
university faculties has become well accepted and the practice of encouraging 
faculty members to associate themselves with industry during vacation periods is 
common, for in such interchange lies a major opportunity for rapid professional 
development. Some government agencies have initiated procedures whereby 
summer work for college students is possible with a view to later full time em- 
ployment. This might well be extended to include faculty members who could 
be given leave of absence for the purpose, and could also be encouraged with 
profit by the larger industrial organizations. If both government and industry 
(and why not universities?) are well informed regarding each other’s activities 
and a common ground of experience is established, much can be done to promote 
understanding and cooperation” [3]. 

Although this statement is primarily directed toward engineers it is equally 
applicable to mathematicians. There seem to be many reasons why mathemati- 
cians should participate in temporary industrial positions. They may be sum- 
marized in the following statements: 


The added experience should make for a better individual. 

Mathematicians have an obligation to fulfill to industry. 

It behooves mathematicians to keep abreast with industrial developments 1n order 
to preserve the scientific position of mathematics. 


Elaborations on these statements may be presented in volumes of words. 
However, it is more important to be precise and to the point in order that the 
essentials may not be lost in a maze of verbal eloquence. Suffice it therefore to 
list the following very essential points. 

(1) The emphasis on applied mathematics brought about by the war will 
carry Over in our postwar needs. It has become quite apparent that we need to 
train more and more applied mathematicians who will fit into industry and gov- 
ernmental organizations as professional mathematicians. In order to train these 
men more efficiently, members of a university staff must be familiar with the 
mathematical problems of industry. 

(2) A constant complaint by our students and by young men in industry 
is that professors lack the necessary experience from which to draw practical 
situations for their illustrations. The complaints are entirely too numerous to be 
unfounded, and we can not continue to ignore them. 

(3) It has also been a constant source of argument, that college curricula in 
mathematics are designed principally for the training of teachers of mathematics 
and not industrial mathematicians, physicists, or engineers. If present curricula 
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are changed, they should be changed by men who have had experience in both 
teaching and industry. 

(4) The quality of mathematics teaching can always be improved; the added 
experience should make for better mathematics teachers. 

(5) Research problems in applied mathematics are frequently buried in in- 
dustry. University professors do not know of the problems and thus do not con- 
tribute to the necessary research. This sad situation should be corrected. 

The benefits derived by the participating individual are numerous. They 
were adequately summarized for the physicist by Dr. Martin [2], and apply also 
to the mathematician: 

“Opportunities for teacher: 

(1) To learn, at first hand, the types of problems facing industry, the 
practical applications of physics to their solution, and the limitations, or ap- 
proximations necessary, in applying physical principles to production methods. 

(2) To discover weaknesses in present methods of training physicists and 
engineers, and thus to improve their own curricula and methods of teaching. 

(3) To work with young physicists and engineers, to learn their view- 
points and share experiences with them. 

(4) To meet and share experiences with teachers from other institutions. 

(5) To learn the uses of physical apparatus in making industrial meas- 
urements and tests. 

(6) To observe and perform research, which in turn might lead to an in- 
terest in some specific research problem that might be continued at the teacher’s 
own institution. 

(7) To travel and live in a different section of the country for a few 
months. 

(8) To provide an income for the summer in a congenial and interesting 
type of work. 

(9) To obtain a permanent position with an industrial organization, if 
a teacher eventually decided that he was better qualified for, and preferred, that 
type of work.” 


4. The need for participation by industry and government agencies. Pri- 
marily, the reason why industry would undertake the employment of college 
professors would be for the applicable results of their efforts, the so called 
“dollar value.” This of course is the obvious reason and needs no further elabora- 
tion. However, there exists some far reaching and underlying results on which 
we may well dwell. Again we quote Dr. Martin [2]: 

“Some advantages to an industrial organization: 

(1) A better understanding of, and a more sympathetic attitude towards, 
the technical and economic problems of industry in general, and of one industry 
in particular, on the part of the teachers. 

(2) Association of their young engineers and physicists with men of 
higher academic training and wider experience;.this should help to remind the 
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younger men of the importance of continual study and reading in their particu- 
lar field. 

(3) Provide in the future better trained engineers and industrial physi- 
cists, as their teachers would be more familiar with the problems of industry. 

(4) Provide additional trained men to work on engineering and research 
problems; short problems could be devised or longer ones initiated, which might 
be continued at the teacher’s own institution. 

(5) Provide, incidentally, good advertising for the products of a particu- 
lar industry.” 

These are points which are indeed well worth considering and which apply 
equally well to mathematicians. However, we should like to go further by adding 
a few more points which are deemed to be pertinent. 

The employment of college professors would provide any industrial organiza- 
tion with a personal contact within one or more universities. This contact could 
result in obtaining recommendations for graduates seeking positions in the par- 
ticular organization; recommendations that would really mean something since 
the recommender is now familiar with the organization as well as the prospec- 
tive employee. This personal contact could result in the “farming out” of long 
term research programs, research which could not be expected to be borne by 
any one organization but which, nevertheless, would benefit that organization. 
There are other ways in which “personal contact” could prove advantageous. 

There is one objection that has been raised by industry with which the writer 
takes exception; namely, that it takes a man at least six months or more in 
industry before he is of any practical value to the organization, and therefore 
short time employment is not beneficial. The mere fact that industry hires con- 
sultants disproves this statement. Furthermore, the member of a college staff 
hired is already a highly trained individual in his own field and if his work is 
limited to his field or neighboring problems, the results of his investigations will 
prove fruitful. 

The plan presented here should be “a gift from the gods” to the small indus- 
tries who cannot afford to hire permanent specialized scientists such as mathe- 
maticians, physicists, chemists, or the like. 


5. Conclusion. Throughout this paper it has been pointed out that mathe- 
maticians and industry would mutually benefit from temporary employment of 
college mathematics professors in industry. That the university would benefit 
should be very obvious; if for no other reason, the improved teaching which will 
result is indeed ample reward to the university. Furthermore, the university has 
an obligation to industry which in part can be met by making teaching personnel 
available to industry. Finally, we again point to Weller’s statement [3], “If both 
government and industry (and the university) are well informed regarding each 
other’s activities and a common ground of experience is established much can 
be done to promote understanding and cooperation.” 

It is the belief of the writer that universities should recognize the worth of 
this part-time employment of their faculty members by 
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(1) obtaining contracts for research to be conducted at the university, 

(2) encouraging their faculty members to assume temporary positions in 
industry, and 

(3) recognizing the merits of the plan by suitable promotions based on 
such employment. 

It is hoped from this article that mathematicians now engaged in college 
teaching will derive some enthusiasm for participating in the solution of indus- 
trial problems by obtaining industrial experience, and that mathematicians will 
look upon a temporary position in industry as an opportunity to become better 
mathematicians and teachers. If this is too high an aim, it is hoped that mathe- 
maticians will at least take cognizance of some of the viewpoints exhibited above. 
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ON COMPLETING A DETERMINANT 
V. L. KLEz, Jr., University of Virginia 


As is well known, to each pair of integers a1, a2, with greatest common divisor 
(a1, d2) =d, there corresponds a pair of integers k1, k2, such that 


kia; + Road, = d. 
Indeed, by repeated applications of this fact, it is easily shown that if 
(a1, de,° ++ , Gn) = d, 
then there are integers ki, ko - ++, kx», for which 
kia, + kotg + +--+ + Ra, = d. 


Now the fact mentioned above, for »=2, can also be stated thus: Given 
(a1, @2) =d, we can find a; and ay so that the determinant 


a1 ae 


ay ag 


has value d. Generalizing in this direction, we state the following theorem: 
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THEOREM: If (@u, +++, Qin) =d, there are integers ajy(j=2,---, n; t=1, 
- , ) such that the determinant |a;;| has value d. 


To prove this theorem it clearly will suffice to consider only the case d=1. 
We will use the following theorem from linear algebra:* 


If U is a non-degenerate subgroup of the n-membered modulus* M, then there 


ts @ basts y1, +++, Vn Of M and there are positive integers ki, +++, Rr, for some 
rn, such that kin, +--+, Rry, ts a basts for U. 
Now suppose (du, +: +, @in) =1, and let x1, - - - x, be an arbitrary basis for 


M. Let U consist of all elements in M of the form 2) ta:x«;, where R is an 
integer. Then since U is a non-degenerate subgroup of M, we can pick a basis 
V1, °° *4%n Of M having the properties stated in the theorem. But clearly some 
element y; must be +) 7a:.«;, and we may assume our indices chosen so that 
itis y;. Now for j=2, - - -,, wecan write y;= + oa Xi. Then, since yi, + +, Vn 
is a basis for M, we have, from another well-known theorem, | az = +1. Thus, 
by changing the signs in one row if necessary, we have proved the theorem. 


A PAIR OF RECURSION RELATIONS 
S. T. PARKER, University of Cincinnati 
1. Introduction. Problem E 695 of this Montuty, vol. 52, 1945, p. 516, 
proposed by H. L. Lee, asked for triangles whose sides are integers in arith- 
metic progression, and whose areas are integers. The problem involved finding 
integral solutions of the equation 
x? = 3y? + d?, 

In solving this equation for d=1, the author used certain recursion relations, 
and then adapted them to the solution of the well-known Pellian equationt 
(1) x? = cy? + 1, 0< cH 2’, 


In the work that follows, (a, b) will represent a solution in integers of (1); 
thus 


(2) a? = cb? + 1. 


The chief results of this paper are a theorem which we have called Lemma 4, 
and the following theorem: 


THEOREM: If the number pair (a, b) is such that b ts the smallest (positive) 
integer satisfying (2), and if xo=1, x1=a, yo=0, y1 =), then the two recursion 
relations 


* See, for example, Alexandroff and Hopf, Topologie I. By ‘modulus’ is meant a linear-form 
modulus with integers as multipliers. 
+ See Perron, Die Lehre von den Kettenbriichen, p. 102. 
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Xn = AXn- bcyVn— 

3) ‘ 1+ b¢yn-1 n> 1 
Vn = bxXn—1 + aYn—1 

and 
Xn = 20X%n-1 — Xn— 

(4) { n = 2, 
Vn = 24Yn-1 — Vn—-2, 


are equivalent. 
2. Lemmas. We need several lemmas. 
LEMMA 1. The recursion relations (3) give solutions of (1). 
Proof: This is easily proved by mathematical induction. 
LEMMA 2. The recursion relations (4) give solutions of (1). 


Proof: Applying the method of mathematical induction to prove that 


2 2 


(5) Xn — CVn = 1, 
we are led to the necessity of the relation 
(6) LnXn—1 — C¥nVn—1 = a. 


This auxiliary condition is satisfied for n=1. Assume that (5) and (6) hold for 
n=1,2,-+-+,k—1. We show first that 


2 2 
XE — Cyn = 1, 


and then that 
XEXK—-1 — CVEVE-1 = G, 


and the conclusion follows immediately. 
LeMMA 3. The set of numbers given by (4) contains the set given by (3). 
Proof: Rewrite (3) in the form 
(7) { = OXn—2 + bCYn—2 
Vn—1 = bXp—-2 + CYn—2. 
From (7), using (2), we obtain 
bCYn—1 = TXn—-1 — Xn—2, 
bXn—1 = GYn—1 — Yn—2. 
Relations (4) follow on substituting these results in (3). 


LEMMA 4.* If (a, b) is the pair described in the theorem, then the relations (3) 
give all the solutions of (1). 


* IT am indebted to Dean W. H. Durfee of Hobart College for the method of proof used in this 
lemma. 
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Proof: Assume the lemma false. Then there exist pairs of integers (x, y), 
satisfying (1) and not obtainable from (3). Therefore there must be one pair 
(Xm, Ym), from this set, for which ym is the least. Since (%»=1, yo=0) occurs in 
the set (3), ¥m>6. 


Then 
2 2 2 1 2 1 » a? 
in = CYm TLS Yul oF SS Im Or am ma 
Therefore 
a 
Xm < ~~ Ym 
b y 
Suppose that 
< a—i 
Lm = m 
; y 


This would yield 


) 2 (a — 1)? 2 2—2a 2» 
Xm —- CVm S&S rt iad Vn = Vm < 0, 


since c>1 and b6=1, and therefore a>1. 
This contradiction leads to the double inequality 


a—l 


(8) ; 


< < - 
m Xm ~~ me 
y b y 
The formulas inverse to (3) are easily found to be 
Ln—1 = O%n — CVn 
(9) { 
VA = bx, + aYn- 


On replacing (Xn, Va) in (9) by (Xm, Ym), we obtain a new pair (%m—1, Ym—1) which 
is found to satisfy (1). Moreover, from (8) and (9), we have 


a 
Vn-1 > — (=) Ym + 2m = 0, 


a—li 


Vm—1 <- b (“—) Vn + aVm = Vm- 


Thus 
Vm > Vm—1 > 0, 


and we have found a pair (%m-1, Ym—1) With a positive ym-1 less than ym. If 
(Xm—1, YVm-1) is a pair given by relations (3), so is (Wm, Ym), by applying (3) to 
(Xm—1) Ym—1). Therefore (%m—1, Ym—1) cannot be in our set, and the contradiction 
proves the lemma. 
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3. Proof of the Theorem. We note that the number pairs given by (3) are also 
given by (4), from Lemma 3. The inclusion of (4) in (3) follows from consider- 
ing Lemmas 4 and 2. Thus the two sets of numbers are the same. 


4. Remarks. (1) An interesting incidental result is that the number pairs 
given by (3), or (4), also satisfy the relation 


XnXn—p = CYnVn—p + Np nN = p = 0. 


(2) It would seem that the ratio a/b, of the numbers a, 6 described in the 
theorem, is the first convergent p/g of the continued fraction expansion for 
/c for which p?=cg?+1. This /q is the penultimate* convergent of the first or 
second period, according as the period is even or odd. (If the period is one, p/q 
is the second convergent.) 


CLASSROOM NOTES 


EpiTED By C. B. ALLENDOERFER, Haverford College 


All material sor this department should be sent to C. B. Allendoerfer, Haverford College, 
Haverford, Pennsylvania. Contributions are invited on topics of immediate interest to teachers 
of undergraduate mathematics such as: fresh approaches to standard material, analyses of 
common textbook shortcomings, descriptions of visual and mechanical ards to teaching, outlines 
of new types of courses, and discussions of the role of mathematics in the revised curricula 
being adopted by many institutions. Rejoinders to earlier notes are encouraged, 


THE REDUCED EQUATION OF THE GENERAL CONIC 
A. E, Jouns, McMaster University 


Epitor’s Note. The subject matter of this note is familiar to everyone, and has received a 
satisfactory treatment in a number of standard texts. Among such expositions, that of Professor 
Johns is outstanding for its elegance and precision, and it is being published for this reason. 


1. Notation. The general equation of a conic may be written: 
aX? + 2hXV + bY*2 + 2¢X + 2fV +c = 0. 
Let 


ah g 
D=i{h b f |= abec+ 2fgh — af? — bg? — ch? 
gfe 


and let A, B, C, F, G, H be the cofactors of the corresponding small letters in 
relation D. The fundamental invariants under rotation and translation of 
rectangular axes are:a +0; C=ab —h?; and D. In addition, when C=0 and D=0, 
A+B=bc+ca—f?—g* is also invariant. The discriminating quadratic is: 


2 — (a+ d)rA + ab — 2 = 0 


* See Hall and Knight, Higher Algebra, Ch. XXVIII. 
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with roots \; and do. 


2. Rotation of axes. The equations of transformation for a rotation through 
an angle @ are: 


X =1lx — my; Y=met+ly 
where /=cos 6 and m=sin 6; and the new equation of the conic takes the form: 
ax? + 2h’ xy + b'y? + 22’x + 2ffy +c’ =0 
where: 
a’ = al? + 2him + bm? f' = fl — gm 
= am — 2him + Oi? g = gl + fm 
(b — alm + h(P — m?). 


oa 
~ 
| 


c=C h! 


It is always possible to choose a positive acute angle 6 to satisfy the equa- 
tion: tan 26 =2h/(a—b) and so make h’ =0. For this 6, 1 and m are both positive. 
After this rotation through the positive acute angle 6, and a suitable translation 
if necessary, the equation of the conic takes on one of the following types of 


reduced forms. 
Case 1. When C0, \ix?+Asy?+D/C=0. 


These are the central conics, including two intersecting lines. 


Case 2. When C=0 and D0, 


— D 1/2 
(i) Aix? + 2f’y = 0, where f’ = + ( ) ; 
1 
or 
—_— D 1/2 
(ii) Any? + 29’/% = 0, where 2g’ = ( ) . 
2 


These are true parabolas. 
Case 3. When C=0 and D=0, 


A+B 
(1) Aix? + = 0, 
Ay 
or 
A+B 
(ii) hoy? + ——— = 0, 
2 


These are parallel lines. 
The above forms follow directly from the fact that the expressions listed in 
§1 are invariant. 
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3. Discussion. When a student asks the instructor which root of the dis- 
criminating quadratic is \i1, or which of the alternative forms in Cases 2 and 3 
is correct, or which sign for f’ and g’ should be chosen, the answer sometimes 
given is that it does not matter and that either is correct depending on how the 
new axes are named. However, if 6 is to be a positive acute angle this reply is 
not correct. The following is an attempt to determine the proper alternatives 
on the above assumption. | 

From the equations of §2 above we have when h’ =0 


Ai — Ae = a’ — O' = (a — B)(l? — m*) + 4him, 
and 
h’ = (6 — a)lm + h(i? — m’*) = 0. 
So 


A —- A= {ene + 4h im = {(o — a)? + 408} 


Since lm and (a—b)?+4h? are always positive, \y and \, must be so chosen that 
A\1—Az has the same sign as h. 

For the central conics of Case 1 where C0, this rule is sufficient to de- 
termine which root is \i, and which is A, in the reduced form 


D 
Aix? + doy? + C = 0. 


For Cases 2 and 3 where C=0=ab—/h?, a and 6 must always have the same 
sign. For simplicity, let us suppose that our original equation is written with 
these coefficients both positive. Then a+ is also positive. When C=0, one 
root of the discriminating quadratic is zero and the other is a+b. Two possi- 
bilities now arise depending on the sign of h. If h is positive, \x=a+b and 
A2=0, since Ai—Ae must have the same sign as h. So the reduced forms are, 


respectively, A 
+B 
Aix? + 2f’y =O and dAywx?+ = 0. 


1 


If his negative, \1=0Oand dA. =a-+5, since \1—)z must now be negative to match 
h in sign. The reduced forms are now, respectively, 


A-+ B 
TF 4 


2 


Agy? + 2e’4 =O and dAgy?+ 


It remains to determine the signs of f’ and g’ on the understanding that 0 


is a positive acute angle. 
When ab=h? and h’ =hl?+ (b—a)lm—hm*=0, we have 


h?}? + (b — a)him — abm? = 0 
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or 
(hl — am)(hl + bm) = 0, 
whence 
m l m 
—=— or —=—— 
a h b —h 
When hk is positive, 
l m 1 1 
ao oh (a? + fr?)4 7 (a? + ab)? 
From §2 , 
af— g 
fi’ = fl— _ , 
= fl — gm (@ + ab)! 


3 
This form, which is equivalent to+(— 5) with the proper sign, shows that 


the sign of f’ is the same as the sign of af — gh, or opposite to that of F, the co- 
factor of fin D. 
When / is negative, 


l mw 1 _ 1 
b —h (+h)! (ad+B)3 
From §2 , jh 
_ 
‘= l = —_——_————. 
g’ = gl + fm (ab + By 


. a ; —-DNi ; 
This form, which is equivalent to +(=7) with the proper sign, shows that 
a 


the sign of g’ is the same as the sign of bg—fh, or opposite to that of G, the co- 
factor of g in D. 


4. Examples: 


EXAMPLE 1. 8x?—4xy+5y? —36x+18y+9=0. 


a= 8 f=9 a+tb= 13 
b= 5 g= — 18 C = ab — h? = 36 
c=9 h=-—2 D = abe + 2fgh — af? — bg? — ch? = — 367. 


tan 26= —4/3, tan 0=2. Choose 6 a positive acute angle. 
’MW— 131+ 36=0 or (AA—4)(A— 9) = 0. 


Since h is negative, choose \1=4, 4s =9, to make \1—2 negative. The reduced 
equation \ix?+-dsy2+D/C=0 becomes 4x? +-9vy?—36=0. 
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EXAMPLE 2. x*?—4xy+4y?+5y—6=0. 


5 
a=1 fz atb=5 
b=4 g=0 ab — h? = 0 
— 25 
4 


tan 206=4/3 , tan @=1/2,d\?—S5A=0. 
Since his negative, choose \1=0 and Ae=5 to make \1—Az negative. g’ = +54/2 
and the positive sign must be chosen since G is negative. The reduced equation 
is 5y?+ 54x =0. 

EXAMPLE 3. 4x?+12xy+-9y?+2x+3y —42 =0. 


3 
a=4 f= a+b = 13 
b=9 g=1 ab— fh? = 
13° 
c= — 42 h=6 D=0 A+ B= —-—- 


tan 20= —12/5, tan 0=3/2 , X?—13A=0. 
Since h is positive, \1=13, \2=0 and the reduced form is 13x?—13?/4=0 or 
x= +134/2. 


SIMPLIFICATION OF EQUATIONS OF CONICS 
M. T. Brrp, Allegheny College 
I should like to extend the discussion of the simplification of equations of 


conics initiated by Thornton* and continued by Johnston. jf 
Consider the general equation of the conic in the form 


(1) Ax? + Bey t+ Cy?+ Dx+ Ey + F = 0. 


It is assumed that B is not zero. The equation of the conic may be written 
in the alternative form 


(2) A(x? + y?) + y[Bx — (A —C)y] + Dx+ Ey +F = 0. 
The angles between the pair of intersecting lines 
(3) y[Bx — (A —C)y] = 0 


are bisected by the mutually perpendicular lines 


* Simplification of the equations of conics, this MONTHLY, vol. 41, 1934, p. 36. 
+ Simplification of equations of conics, this MONTHLY, vol. 44, 1937, p. 30. 
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Bx —- (A -—C)y 
4 — NE 
4) += eta LO} 


It follows that the lines (4) are axes of symmetry for the degenerate conic (3). 
This fact may be used to simplify equation (2). 
Let the mutually perpendicular lines (4) be written in the normal form 


(5) 0O=me+ny,0= —-nx+my; m>0,220, m+n? = 1. 
The quantities x’, y’ defined by the equations, 
(6) xv =mxe+ny, vy = —-—nxe+my; m>0,220, m+n’? = 1, 


measure the distances of the point P(x, y) from the mutually perpendicular 
lines (5). The quantities x’, y’ constitute codrdinates of the point P(x, y) after a 
rotation of axes, and the equations (6) define the coérdinate transformation 
whose inverse is seen to be 


(7) x=mx — ny’, y=nxe'+my'; m>0,n2 0, m?4+ nr? = 1. 


The symmetry of the degenerate conic (3) about the lines (5) leads to the 
conclusion that the equation of the degenerate conic (3) will assume the form 


y[Bx — (A —C)y] = Mx? + Ny”? = 0, 


under the transformation (7). It is readily verified that the expression x?+-? is 
invariant under the transformation (7). Consequently the transformation (7) 
carries the general equation of the conic (2) into the form 


Als’? + Cly!? + D's! + E’y' + F' = 0. 
Consider the example 
Ox? — 24xy + 16y? — 186% — 252y — 63 = 0. 
Following the method outlined above we have . 
(x2 + 2) — y(24e — 7y) — 186% — 252y — 63 = 0. 
The new coérdinate axes are defined by the equations 


. + y = (24% — 7y)/25, 
which may be written 


24x + 18y = 0, 24% — 32y = 0. 
The new coérdinates are defined by the equations 
a! = (44 + 3y)/5, 9’ = (— 3a + 4y)/S. 
The transformation 
“= (42° — 3y')/5, yy = (3x + 4y")/5 


leads to the equation of the conic in the form 
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25y’2 — 300x’ — 90y’ — 63 = 0. 
In this example the given equation may be written 
(3% — 4y)? — 186% — 252y — 63 = 0. 


The parenthetical expression suggests at once the introduction of the codrdinates 
defined above in order to obtain the equation 


y’? + ax’ + by’ +¢ = 0. 


AN APPLICATION OF THE REMAINDER THEOREM 
R. W. WaGNER, Oberlin College 


The writer of this note has long felt that a student’s appreciation of the 
remainder theorem would be enhanced if more applications of the theorem 
were presented to him. In this note the remainder theorem will be used to 
establish two well known rules for the divisibility of one number by another. 
The author has been unable to find this application in the literature and would 
be glad to know of a reference to this use of the remainder theorem. 

The conclusion of the remainder theorem can be written as the identity 
x a 
1) ey 4 20), 


x— @ x— @ 


(1) 


In the present applications, p(x) is to be a polynomial whose coefficients are 
in the set of numbers 0, 1, 2, 3, 4, 5, 6, 7, 8, and 9. Then (10) is the ordinary 
decimal notation for an integer. Also, p(1) is the sum of the digits of the integer. 

In the identity (1) assign to x the value 10 and to a the value 1. This leads 
to the equation 


p(10) p(1) 
(2) a q(10) + ae 


The expression g(10) will represent an integer, though perhaps not in its proper 
decimal form. Now, if p(1) is divisible by 9, p(10)/9 is an integer and (10) is 
divisible by 9. By transposing q(10), the converse is similarly established. 
Therefore, an integer 1s divisible by 9 if, and only tf, the sum of its digits 1s divisble 
by 9. 

If both members of equation (2) are multiplied by 3, the result is 


p(10) _ p(1) 
3 NO 


Again, 3q(10) is an integer. Hence, an integer is divisible by 3 if, and only if, the 
sum of tts digits 1s divisible by 3. 

A rule for the divisibility of an integer by 11 can be derived from the identity 
(1) by assigning to x the value 10 and to a the value —1. 


ELEMENTARY PROBLEMS AND SOLUTIONS 


EpITeED By Howarp EVEs, Oregon State College 


Send all communications concerning Elementary Problems and Solutions to Howard 
Eves, Mathematics Department, Oregon State College, Corvallis, Oregon. This department 
welcomes problems believed to be new, and demanding no tools beyond those ordinarily fur- 
nished in the first two years of college mathematics. To facilitate their consideration, solutions 
should be submitted on separate, signed sheets, within three months after publication of 


problems. 
E 756. Proposed by G. Pélya, Stanford University 
Show that 
a— x 1 0 0 en | 


(\ooe toe 
() GQ) bs 


CO) Gi Gl) Gi) ee 


ol neem el Cente Fs Gn Freee 4 (= Bean, 


7) n—1 n—2 
E 757. Proposed by Kirkland Stewart, College of Puget Sound 


A wedge is cut from a right circular cylinder by an oblique plane passing 
through a diameter of the base of the cylinder. Find the volume of the wedge 
using Cavalieri’s Theorem. 


E 758. Proposed by Victor Thébault, Tennie, Sarthe, France 

A kite consists of the area bounded by a major arc of a circle of radius rand 
the two tangents drawn at the endpoints of the arc. Show that (1) the area of 
the kite is equal to half the product of its perimeter by the radius 7, 
(2) Og/OG =3/2, where g and G are the centroids of the perimeter and area, and 
O is the center of the kite’s arc, (3) Og’/OG’=4/3, where g’ and G’ are the 
centroids of the surface and volume of the solid of revolution obtained by revolv- 
ing the kite about its axis, (4) the plane through G’ perpendicular to the axis 
bisects the lateral area of the solid, (5) the volume of the solid is equal to one 
third the product of its surface by the radius 7. 


E 759. Proposed by Theodore Running, Ann Arbor, Michigan 


Show that x” —(x—a)* can be expressed as the difference of two squares in at 
least one way for all positive integral values of m and x, a odd and less than x, 
not counting the obvious way when 7 is even. 
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We may let a be even provided n and x are both odd. 


E 760. Proposed by C. D. Olds, San Jose State College 


If 
2:6:10--- (4k — 2) 


2:3-4:5-+-(k+1)_ 


UE = 


find the value of 


Un + UUy,—1 + U2Un—2 + 8 + Un—-1U1 + Un. 


SOLUTIONS 
A Property of a Quadrilateral 

E 715 1946, 157]. Proposed by L. M. Kelly, University of Missouri 

Suppose ABCD is a proper plane convex quadrilateral and P a point ex- 
terior to this plane. Consider the four tetrahedra PABC, PABD, PACD, 
PBCD. lf PH is the shortest of all the altitudes of these four tetrahedra, show 
that H must be interior to ABCD. (By a proper quadrilateral is meant one with 
no three vertices linear.) 


Solution by the Proposer. We shall use the following: 

LemMA. Let A and B be two points of a plane q, P a point not on g, and H 
the foot of the perpendicular from P to g. If C is a point of q such that the half 
ray HC intersects the trace of AB in say, X, so that C is between H and X, 
then the perpendicular from C to the plane PAB is shorter than PH. 

The proof is easy. We might note that X may be the point at infinity on AB. 

THE MAIN THEOREM. Let ABCD be the quadrilateral, and suppose DC inter- 
sects AB in M and BC intersects AD in N so that ABM and BCN are the re- 
spective orders. This is clearly just a question of notation. Now consider the 
possible exterior positions of H. If it is on the “exterior side” of AB, then the 
half ray HB would surely intersect one of the traces AD or DC in a point X 
such that B lies between H and X, and the distance from B to one of the planes 
PAD or PDC would be less than PH. Similarly an examination of the “exterior 
sides” of the other three sides of the quadrilateral reveals a contradiction. 


A Poristic Construction 


E 713 [1946, 157]. Proposed by Joseph Rosenbaum, The Milford School, Conn. 


Find a euclidean construction for a non-regular pentagon which has both a 
circumcircle and an incircle. 


Solution by the Proposer. It is known that the condition on two circles that 
they be respectively the circumcircle and the incircle of a pentagon is 


(1) (R? — d®)3 + 2rR(R? — d?)? — 47?R2(R2 — d®) — 8r3Ra? = 0, 


where R, 7, d are the two radii and distance between the centers (Jacobi’s 
Collected Works, VI, p. 277 ff). 
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Equation (1) has the parametric solution 
R = 2p¢’, 
r=(¢— p)(qt 0)’, 
d = 2p(p%q + pq” — pq*)'??. 


Now by taking a pair of otherwise arbitrary values for p and q, with the re- 
striction that they be positive and 


q> p> (V5 — 1)¢/2, 


the quantities R, 7, d will be real and positive, and furthermore are constructible 
by compasses and straight-edge, and by Poncelet’s porism any one of the cor- 
responding set of pentagons can be constructed, and because d0, the pentagon 
will be non-regular. 

W. B. Clarke produced an interesting symmetrical non-regular pentagon 
having an incircle and a circumcircle. To obtain the pentagon inscribe an 
equilateral triangle ABD in a circle, and then locate C and E on the circle such 
that <BAC= XABE=40°. The pentagon ABCDE has an incircle with center 
at the intersection of the diagonals AC and BE. This pentagon, however, is not 
constructible with euclidean tools. 


Two Applications of Casey’s Theorem 


E 720 [1946, 220]. Proposed by Victor Thébault, Tennie, Sarthe, France 


At the vertices of an equilateral triangle three equal circles are drawn 
externally tangent to the circumcircle. Show that one of the three tangents to 
these equal circles, from any point whatever on the circumcircle, is equal to the 
sum of the other two. 


E 728 [1946, 333]. Proposed by Victor Thébault, Tennie, Sarthe, France 


With the vertices A, B, C of an equilateral triangle as centers draw the 
circles (A), (B), (C) which are concurrent at the center O of the triangle, and 
then draw an arbitrary circle (D) passing through O. Show that the length of 
one of the common tangents to the circles (A) and (D), (B) and (D), (C) and 
(D) is equal to the sum of the lengths of the other two. 

Combined solution by Rufus Crane, Ohio Wesleyan University. These two 
problems are special cases of Casey’s Theorem in the geometry of the circle, 
which states a relation between the lengths of the common tangents to four 
circles touching a fifth: 

tyolga + bishes  tialeg = 0. 


In E 720 the four circles are the three equal circles $1, S2, S3 tangent to the 
circumcircle, and the point on the circumcircle considered as a point-circle S4. 
Then fy» =hs=te3, each being equal to the distance between centers of the equal 
circles. 
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In E 728 the four circles are the circles (A), (B), (C), (D), while the fifth 
circle to which they are tangent is the point-circle O. Here t4s=tac=tgo as 
in E 720. Identifying A, B, C, D with 1, 2, 3, 4 we have, in each problem 


beg tog + tig = O. 


E, 720 was also solved by E. F. Allen, Paul Brock, W. E. Byrne, W. B. Clarke, 
L. M. Kelly, B. R. Leeds, H. R. Leifer, D. W. Matlock, Norman Miller, C. C. 
Oursler, C. L. Perry, P. A. Piza, Joseph Rosenbaum, P. D. Thomas, R. H. 
Urbano, and the proposer. 

Most solvers gave a straightforward trigonometrical solution. Byrne em- 
ployed inversive geometry; Thomas offered a synthetic solution employing the 
theorems of Stewart and Ptolemy; Urbano used analytic geometry. Several 
solvers noted that the theorem is also true when the circles are internally tan- 
gent to the circumcircle and not greater than the circumcircle. In addition, 
Rosenbaum generalized to an arbitrary triangle with the conclusion that the 
product of the tangent to one of the equal circles and the side of the triangle 
opposite the point of contact of that circle with the circumcircle is equal to the 
sum of the other two corresponding products. As another generalization he 
noted that if the radii 71, 72, 73 of the three circles are such that(R-+71):(R+72) 
:(R+R3) =a: 03:03, where R is the circumradius and a; are the sides of the 
triangle, then the conclusion of E 720 continues to hold. 

E 728 was also solved by Paul Brock, L. M. Kelly, P. A. Piza, R. H. Urbano, 
and the proposer. 

It is to be noted that both E 720 and E 728 are generalizations of the classic 
relation MA+MB=MC, where M is any point on the minor arc AB of the 
circumcircle of the equilateral triangle A BC. 

Casey’s Theorem may be found in Coolidge, Treatise on the Circle and the 
Sphere, p. 37, Lachlan, Modern Pure Geometry, pp. 244-250, or Johnson, 
Modern Geomeiry, pp. 121-126. 


A Property of x? + y8 = 23 
E 729 [1946, 333]. Proposed by F. J. Duarte, Caracas, Venezuela 
Let x, y, 2 be three real positive numbers such that x3+y3=23, and set 


N= V3("x4+ y)/(W2 — 1+ V2 - 9). 
Show that 
(7/2 + ~°/4) /2 <r < +73. 


Solution by E. P. Starke, Rutgers University. Because of the symmetry of 
the problem in x and y, we may expect extreme values of \ to occur when 
x =0 (or y=0) and when x=. After interchanging x and y if necessary, we may 
take x Sy<z. For the cases mentioned we compute easily 


N= 3 and A= 2+ Y9/2, 
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respectively. To show that there are no other extreme values of A, and hence 
that the given inequalities must hold (since ’ is a continuous function of 
x, y, 2), it seems easiest to substitute 


xty= a3, z—-x= Bb, z-y=c', a, b, ¢ positive. 
We obtain without difficulty 
N= W73a/(b+ 06), a? — 5% — c3 = 24/3 abc. 


By eliminating a between these two equations and substituting w=c/b we find 


(1) (1 + w)?(A? — 3) = 3w(2A — 3). 
If we put d\/dw=0, we obtain from (1) the condition for extreme A as 
(2) 2(1 + w)(A? — 3) = 3(2d — 3). 


Upon eliminating w between (1) and (2) we have 
(2. — 3)(A3 — 3)(4A3 — 6A — 3) = O. 


The first factor cannot vanish since it corresponds to w= — 1. The other factors 
give w=0 and w=1, whence x=0 and x=y, as treated above. Now x=0 is 
excluded by hypothesis, but x=¥y is not. Hence A can actually attain its lower 
bound, but not its upper, and the conclusion of the theorem should be corrected 
to read 


(4/2 + +/4)/2 Sd < W3. 


Also solved by Murray Barbour, P. A. Piza, and the proposer. 

Since, to five decimal places, (~/2+~/4)/2=1.42366 and 4/3 = 1.44225, 
we note that A is quite restricted. The proposer gave the example x=10, 
y=/82—2, 2=+/82+2, \=1.425 (approximately). 


The Interior Bisectors and the Medial Triangle 


E 730 [1946, 333]. Proposed by J. H. Butchart, Arizona State College 

The interior angle bisectors of a triangle meet the noncorresponding sides of 
the medial triangle in six points which lie in pairs on the lines joining the points 
of tangency of the inscribed circle. 

Solution by L. M. Kelly, University of Missouri. Consider a triangle ABC, 
the midpoints of the respective sides being A1, B,, Ci. Let the interior bisector of 
angle A meet AiC; in As, and that of B meet B,C, in By. Join A2B, and call the 
intersections of A2B, with AC and BC respectively B; and A3. We propose to 
show that B; and A; are points of contact of the inscribed circle. If true, the 
theorem of the problem would follow at once. 

We observe that C,B is parallel to BC, and hence BC,Bz is isosceles. Thus 
B.C, =4¢=A2Ci. Furthermore, since BB; is parallel to A2Ci, triangle B2BiBs3 is 
isosceles, and B,B;=B,B,=ic—3a. Thus B;C=}(b+c—a)=s—a, and Bz; 1s a 
point of contact of the inscribed circle. 
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COS 2, sin v, ¢’ — ud”, 


where the primes indicate differentiation with respect to u. Show that the de- 
velopables of the congruence intersect the revolute in its lines of curvature. 


SOLUTIONS 
Planes Bisecting the Volume and the Area of a Tetrahedron 


3879 [1938, 389]. Proposed by Victor Thébault, Tennie, Sarthe, France 


Show that it is possible to determine a plane section, limited by three faces 
of a tetrahedron which divides both the surface and the volume into equal 
parts. Show that the plane passes through the center of the inscribed sphere. 

Solution by R. Bouvaist, Vincelles, Saéne-et-Loire, France. Take oblique 
cartesian space axes Dx, Dy, Dz along the edges DA, DB, DC of the given 
tetrahedron DABC. Let X, wu, »v denote the angles yDz, zDx, xDy, respectively, 
and let 

ux+oy+twe+1=0 


be the equation of the required plane section. If V denotes the volume and r the 
inradius of the given tetrahedron, and w the sine of the solid angle D—ABC, 
we have the relations 


(1) w/uvw = — 3V, 
(2) (sin \)/ow + (sin u)/wu + (sin v)/uv = 3V/r, 
whence we find 

(ur sin X)/w + (er sin w)/w + (wr sin v)/w + 1 = 0. 


If DX, DY, DZ are the edges of the trihedral angle supplementary to D—xyz, 
and if a, 8, y denote the angles xDX, yDY, zDZ, respectively, then 


® = sin\ cosa = sinp cos BP = siny cos y 


and we have 
ur/cos a + vr/cos 8 + wr/cosy +1 = 0. 


Since (r/cos a, r/cos 8, r/cos y) are the coérdinates of the incenter of the tetra- 
hedron, this last equation shows that the plane section must pass through the 
incenter. 

There are, then, an infinite number of solutions associated with the vertex 
D of the tetrahedron. These solutions are given by the tangent planes of a 
cone having for vertex the incenter of the tetrahedron and circumscribed about 
the two third class surfaces (1) and (2). Similar infinitudes of solutions are ob- 
tained for the other vertices of the tetrahedron. 


Editorial Note. In contrast to the fourfold infinitude of solutions for the tetra- 
hedron we find that the analogous problem for the triangle possesses, in general, 
only six solutions, all passing through the incenter of the triangle. 
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Law of the Mean for Integrals 
4173 [1945, 463]. Proposed by Herbert Robbins, United States Naval Academy, 
Annapolis 
Let a<bd be given numbers and let f(t) be defined, continuous, non-negative, 
and strictly increasing for aSisb. By the law of the mean for integrals, for 
every p>0 there will exist a unique number x», aSx,), such that 


1 b 
fo(p) = —— J foot 


Find limy..Xp. 

Solution by M. J. Norris, United States Naval Academy, Annapolis. Let € be 
a given number such that 0<e<(b—a)/2. Since f(é) is strictly increasing, 
f(o—e)/f(b—2e) >1. Hence there exists a positive integer P such that for p>P, 


(fale 


or 


b—a 
f?(b — €) > 


f?(b — 2e). 


€ 
We have also 
b b 
f f?(t)dt > f?(b — «)dt, 
a b—e 
and therefore 


: [roa : ” top dt = : -e-f?(b — €) > f?(b — 2e) 
bad Oe GI PO OU FG PO 9 > PO — 20) 


b=e — a 
Hence x, cannot satisfy 


1 b 
a») =—— | food 


unless x, >b—2e. It follows that there exists a P such that, whenever p>P, 
Xp >b—2e. Hence lim,..x%» =). 

Solved also by R. C. Buck, and the Proposer. 

Buck’s solution makes use of a standard theorem, Hardy, Littlewood, Pélya, 
Inequalities, p. 143. f(x») =M,(f; a, b) tends, as p> ©, toward the essential 
maximum of f(#). Thus, since f(¢) is strictly monotonic, and continuous, and has 
a continuous inverse, lim f(x,)=f(0), and b=lim xp. 


Boolean Rings 


4174 [1945, 463]. Proposed by Irving Kaplansky, Harvard University 

Stone has called a ring “Boolean” if all its elements satisfy the equation 
x* =x. Show that a ring in which x?= + x is either Boolean or the direct sum of a 
Boolean ring and the Galois field of three elements. 
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Solution by M. F. Smiley, United States Naval Academy. Let B be a ring satis- 
fying x? =+4%. If x?=x, then x3=x?=x; while if x2=—x, then x?=—x?=x. 
Hence always x?=x for xB. From (2x)?=2x, we obtain 6x =0 for every xCB. 
Let Be. and B; be the ideals for which 2x=0 for xC@ Be and 3x=0 for xCB3. 
Clearly Bz is a Boolean ring and B is the direct sum of Be and B;. If B3(0), 
let z€ Bs, 20. There is, then, an element xC Bs; for which x?=x and x0, for 
we may take x=2 if 22=z and x= —z otherwise. Now if y+¥0 and yCBs, then 
either (a) y?=y, or (b) y?=—y. Case (a). By direct computation (x+~)? 
+(x—y)? has the value —x—y, while our basic assumption permits + (x+y) 
+(x—y)=+2x or +2y=+x or $y. Since both x and y are non-zero, we con- 
clude that y=x. Case (b). Here (x+y)?+(x—y)? has the value y—x. Conse- 
quently, since both x and y are non-zero, we have y=—x. It follows that 
B;=[0, x, —x], as was to be proved. 

Solved also by M. J. Norris, Olga Taussky and John Todd, and the Proposer. 

Taussky and Todd remark that this ring is commutative, and that its com- 
ponents B, and B3 are orthogonal. The Proposer proves the former in his ab- 
stract, Bulletin of the American Mathematical Society, January 1945. 


Intersections of a Quadric and a Tetrahedron 


4178 [1945, 522]. Proposed by N. A. Court, University of Oklahoma 

If among the twelve points of intersection of a quadric surface with the edges 
of a tetrahedron there are six points located on the six edges, such that the three 
lines joining the points on opposite edges are concurrent, the remaining six points 
of intersection also have this property. 

Note. This is the converse of a known proposition (see, for example Baker, 
Principles of Geometry, vol. 3, p. 54, ex. 17, 1923): The transversal is drawn from 
a point O to each pair of opposite joins of four points A, B, C, D, so giving rise 
to six points. Six other points, one on each join, are similarly obtained from an- 
other point O’. The twelve points lie on a quadric. 

Solution by Howard Eves, Oregon State College. We shall employ the lemma: 
Given a tetrahedron A,;A.A3A4 and stx points Ax, A143, A, A oz, Ax, A su, point Aj; 
lying on the edge A;A ,j, then a necessary and sufficient condition for AwA 34, A134 2, 
A4Ao3 to be concurrent in a point P ts that the sets ArxAg, AzAdo4, 44403; AiA xm, 
A3A 14, A1A13; A1A 2, AcA 1a, A,Ax; A 3Ax2z, A2A1z, A3A12 be respectively concurrent 
in points Pi, Po, P3, Ps. 

The necessary part of the lemma is readily established by considering pro- 
jections of the entire figure from the vertices onto the opposite faces. This same 
projection procedure shows that the sufficiency condition insists that A:P1, A2P2, 
A3P3, A,P, are either concurrent or else constitute a hyperbolic set of lines. The 
second possibility, however, is eliminated by the fact that A,P, AP: must in- 
tersect, since both lie in the plane A1;A,A>e. This guarantees that A124 94, A1gA 24, 
AAs are also concurrent. 

We now establish the given theorem for the case where the quadric is a 
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sphere, noting that the general case follows from this one by projection. Let the 
sphere cut the edge A;A; in the two points A,,;, B;;, and assume that AwAza, 
A13A 24, A14A4o3 are concurrent in a point P. Then, by the lemma, the sets A2A 4, 
AzAos, A4Aog; +++ are concurrent in points P;, Pe, P3, Ps. It therefore follows 
that (see, for example, art. 227 in Johnson’s Modern Geometry) BeBu, B3Baa, 
B,Bo3; + + + are concurrent in points Q;, Qe, Q3, Q4. Hence, by the lemma again, 
ByB3s, BigBos, ByzBog are concurrent in a point Q. 

Solved also by the Proposer who refers to a theorem in his Modern Pure Solid 
Geometry, p. 119, art. 348, and also to a theorem in the Nouvelles Annales 
de Mathématiques, 1842, p. 403, and due to O. Terquem, cofounder and editor. 


Coplanar Radical Axes 


3946 [1940, 115]. Proposed by Victor Thébault, Tennie, Sarthe, France 


Given a tetrahedron ABCD, and an arbitrarily chosen point P: (1) Show that 
the radical planes of an arbitrary sphere through P with each of the spheres 
(PBCD), (PCDA), (PDAB), (PABC), circumscribing the tetrahedrons in the 
parentheses, meet respectively the planes of the faces BCD, CDA, DAB, ABC, 
in four lines lying in a plane. (2) If an arbitrary plane cuts the planes of the faces 
BCD, CDA, DAB, ABC in the straight lines Az, As, A,, Aa, show that the planes 
(P, Aa), (P, As), (P, A.), (P, Aa) cut the spheres (PBCD), (PCDA), (PDAB), 
(PABC), respectively, in four circles of a single sphere through P. 


Solution by R. Bauvatist, Vincelles, Saéne-et-Lotre, France 

(1) Let S be the sphere (ABCD) and 2 the arbitrary sphere through P. If 
the radical plane of S and 2 intersects the plane BCD in the line A,, then every 
point of A, has the same power with respect to S, 2, and the sphere (PBCD). It 
follows that the four lines A,, Ay, A., Ag are the four lines in question, and they 
all lie in the radical plane of S and 2. 

(2) Conversely, 7 being the plane containing A,, Az, A., Aa, there exists a 
sphere 2 passing through P and having 7a as radical plane with sphere S. This 
sphere 2 passes through the points of intersection of A,, As, A., Aa with the 
spheres (PBCD), (PCDA), (PDAB), (PABC), whence the four circles of inter- 
section of the four spheres with the planes (P, A,), (P, As), (P, A.), (P, Aa) all 
lie on 2. 


Row Sums of a Matrix 


4168 [1945, 400]. Proposed by Henry Scheffé, University of California at Los 
Angeles 

The matrix X =(x;,) is real mXn with mSn. Let the zth row sum be y; 
= > \x,; The elements x;; may vary subject to the conditions (1) XX’=I, 
(2) yi=Yo= +++ =¥m. Write y;=y. Show that the maximum and minimum 
values of y are «/n/m and —4/n/m respectively. 


Solution by R. C. Buck, Harvard University. Let Hi, be the 1Xk matrix 
(1,1,---,1). If A isan Xn matrix, then > (A), the sum of all the entries 


1947] ADVANCED PROBLEMS AND SOLUTIONS 117 


of A, is given by H,AH,/ . The condition that the sum of each of the rows of X 
is y may be expressed by H,X’=yH». Let A=X’X. Then 


> (A) = By (X’X) HY = (yHn)(yHal) = my? 


Since XX’=T, 
AA’ = X'X(X'X) = X’XX'X = XIX =A. 
Thus, 
my? = >\ (A) = >) (AA’) = H,,AA’H; 
so that 
my? = (H,A)H, = (H,A)(H,A)’. 
Let H,A =(x1, °° +, %,) be a point of m-space. Our equation then becomes 
2 ~ ~, 2 
my = Dia = Di wi 
1 1 

and > 0%(x?—mn;)=0 is the equation of a sphere, center (3,---, 3), passing 


through the origin. >/ 7x7 is the square of the distance from P to the origin, and 
is greatest when P is diametrically opposite to the origin, this value being n. 
Thus my? Sn and | y| <n/m. 

The restriction m Sn seems unnecessary. 


Regular Polygons 


4086 [1943, 391: 1944, 480]. Corrected. Proposed by Paul Erdés, University 
of Michigan 

Let Ai, Ao, - + + , Aonqi be the vertices of a regular polygon and let O be any 
point in its interior. Show that at least one of the angles A;OA; satisfies the rela- 
tion: 


1 
“(1 —_- — ) = AOA; St. 
2n-+1 


Solution by C. R. Phelps, Rutgers University. The stated proposition is true 
for any number of sides, even or odd, and hence will be shown for a regular 
n-gon. 

Let A; be a vertex such that OA: SOA; for all 71. The lines A.A; divide 
the interior of the polygon so that O lies in, or on the boundary of, some triangle 
A,A;A x41. If Olies on such a boundary, the theorem follows trivially: A4,0A,=7. 
Otherwise, O lies inside the triangle A1A4;,Az41, and the angles 410A,<m and 
A,OAi4yi<m. Also, since OA1SOA;, angles OA,A1SOAi1A, and OAjiiA1 
SOAA x41. But OA,A;,+OAiAgu=T/n. Thus A,0A;,+A10A441=20 —(OA1A;, 
+OA1A 511) —_ (OA ,A1+ 0A 44141) = 2a —1/n —1/n =27(1 — 1/n). 

Therefore, either Ai0A;,27(1—1/n) and the theorem is proved, or else 
AiOA, <r(i —_ 1/n) and, by subtraction, A,OAxyi27(1 —_ 1/n). 

Solved also by Robert Steinberg and the Proposer. 


RECENT PUBLICATIONS 


EDITED BY H, P. Evans, University of Wisconsin 


All books for review should be sent directly to the editor of this department, American 
Mathematical Monthly, 531 West 116th Street, New York 27, N. Y., and not to any of the 
other editors or officers of the Association. 


College Algebra. By M. W. Keller. Boston, Houghton Mifflin Co., 1946. 124471 
pages. $3.00. 


In examining a text like Professor Keller’s, one looks, first, for clarity and 
rigor in the subject matter itself and, second, for a certain liveliness and pedagog- 
ical insight in the manner of presentation. (Or perhaps I should list the qualities 
in reverse order!) Either attribute without the other, in an elementary text, is 
largely lost. And, considering the tremendous possibilities of the two, I think 
that new elementary texts still can be greeted with eagerness and serious judge- 
ment. 

Mr. Keller’s College Algebra has many unique and fine characteristics to 
recommend it. The contents include, in addition to the standard, basic topics of 
college algebra, chapters on Theory of Equations (including Horner’s Method 
and solutions for the general cubic and general quartic), Determinants (includ- 
ing expansion by minors and solutions to n homogeneous linear equations in 1 
unknowns), Mathematics of Finance, Probability and Insurance, Partial Frac- 
tions, and Infinite Series. There is no unusual overlapping of topics or anticipa- 
tion of more advanced mathematics courses. 

The clarity of the discussion is at once impressive. There is no hesitation in 
giving even more detailed explanations than are customary. Indeed, even in- 
correct manipulations are anticipated and pointed out. (Whether psychologists 
would disagree with the display of wrong cancellations, I do not know—but no 
one who has had much experience teaching college algebra would disagree!) The 
presentation of the long division process for polynomials is certainly self-suffi- 
cient; the distinction between dependent and inconsistent linear equations 1s 
made simple and straightforward; and, particularly, I like the development of 
mathematical induction through specific examples. The diagrams are stream- 
lined and simple, yet not lacking in essential detail. 

Rigor, as well, is given conscientious attention, with the result that several 
customary pitfalls are neatly avoided. For instance, in rules for operations with 
exponents, the generalization from positive rational integral to fractional expo- 
nents is careful and explicit. The necessity of the check in the solution of frac- 
tional equations is emphasized. And, all the way through, pointed distinctions 
are drawn between general proofs and specific examples. 

But it is in the pedagogical insight of the book that Mr. Keller hits his high- 
est stride. It is certainly a pleasure to discover, already written out, things which 
instructors inevitably find themselves writing out, over and over again. For in- 
stance, the derivation of the synthetic division process from long division is given 
fully, step by step. And as an introduction to the law 6*+b"=b"”, the terms in 
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55+52 are written out completely. Then, when logarithms are presented (not, 
I regret, immediately after exponents), the logarithms appear, in the first few 
examples, actually written as exponents on 10. This is indeed refreshing! And 
there are other such welcome innovations. 

It is against the most intangible quality of all—the liveliness and persuasive- 
ness of the presentation—that I levy my only adverse criticism. Particularly 
in the somewhat stilted beginning of each chapter is lost a real chance for cap- 
turing the student’s interest. The initial remarks that are made have precision 
and orderliness—qualities which would attract the graduate mathematics stu- 
dent; but to the undergraduate, they would seem lifeless and uninteresting. (I 
would not, for this reason, shrink for one moment from the use of mature mathe- 
matical vocabulary.) It is difficult for the beginning student to understand the 
general statement of what is to come unless he first sees specific examples of it. 
By introducing earlier in the various chapters such interesting examples as occur 
later, the author could both stimulate initial interest in each topic and give even 
more pointed indication of the immense and sweeping applicability of the sci- 
ence. The reviewer may appear finical, but this is no trivial matter; it is the 
“small spark of inspiration, which makes all the difference in the world.” 

However, let not this one objection detract from the value of the book. All 
in all, it is a unique and excellent newcomer to the catalogue of college algebra 


texts. 
A. F. STREHLER 


College Mathematics; A General Introduction. By C. H. Sisam. New York, Henry 
Holt and Co., 1946. 13+561 pages. $3.50. 


As stated in the preface “this text presents the customary first-year course 
in college algebra, trigonometry, and analytic geometry, together with the nota- 
tion and elementary processes and applications of the differential and integral 
calculus.” 

Except for the calculus there is ample material in the book for a separate 
course in each of these subjects, although in places the treatment is necessarily 
brief; the needs of these separate courses, or of a combined course, are admirably 
met. The derivative is introduced in the chapter on tangents and normals and 
the discussion is carried through the study of maxima and minima. Integration 
is covered in the same chapter, through its application to finding area. The aver- 
age student, it would appear, might find difficulty with this section. 

The book does not offer a “unified” course. For the most part the subjects 
are presented in distinct units, but when it is thought desirable, a topic may be 
presented in various parts. For example, polar coordinates are introduced after 
the treatment of the circle, and continued at this stage through the general polar 
equation of a circle; the polar equation of a conic comes later, in the chapter in 
conic sections; and then in the chapter on the graph of an equation, polar co- 
ordinates are resumed in this connection. This division seems to make the topic 
fit more naturally into the scheme of things. Further, in this vein, this same 
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chapter on the graph of an equation comes after that on the calculus, and use is 
made of slopes, maxima and minima, etc. 

A highly noteworthy feature of the book is the accuracy of the definitions 
and explanations. To mention a few of the former, there are the definitions of 
rational number, given early, of the equation of a locus, and of an extraneous 
root of an equation, all stated explicitly. For the latter may be mentioned the 
section on computations involving zero, the statement of the terminology of pro- 
portions, and the discussion of inverse trigonometric functions. These, and many 
others, should reduce the number of students’ questions to a minimum. 

The exercises are sufficient in number, of varying complexity for selection by 
the instructor, with answers furnished for the odd-numbered ones, and those 
for the even-numbered to be printed separately. 

There are approximately one hundred pages of tables, with explanations for 
their use. 

A. SPITZBART 


Scientific, Medical, and Technical Books Published tn the United States of America 
1930-1944; A Selected List of Titles in Print with Annotations. Edited by 
R. R. Hawkins, Washington, National Research Council, 1946. 15+1114 
pages. $20.00. 


“This volume contains a selected list of medical, scientific and technical 
books by citizens of this country and Canada published within the limits of the 
continental United States since 1930—books still in print and available for both 
domestic and foreign distribution.” Approximately six thousand works are de- 
scribed, including 424 on mathematics, 211 on physics and 60 on astronomy. 
The complete title, table of contents, publisher and price of each book is sup- 
plemented by a brief descriptive note. For the most part these annotations are 
written with care and restraint to emphasize significant or unusual features of a 
book and also to indicate any special use or purpose. The roster of recent 
mathematical books is quite complete, although a few well known titles are not 
listed—perhaps because they were temporarily out of print when the volume 
was compiled. Noteworthy features are an author index, a subject index and a 
handy directory of publishers. 

B. H. COLVIN 


NEW BOOKS RECEIVED 


Introduction to College Mathematics. By C. V. Newsom. New York, Prentice- 
Hall, Inc., 1946. 8+-344 pages. $4.65 trade price, $3.50 text price. 


CLUBS AND ALLIED ACTIVITIES 


EDITED BY L. F, OLLMANN, Hofstra College 


Send reports of all activities, such as club reports, special features, topics with references, 
student papers, and other material of interest to L. F. Ollmann, Hofstra College, Hempstead, 
New York. 


CLUB REPORTS, 1945-46 
Pi Mu Epsilon, University of Georgia 


The Georgia Alpha Chapter of Pi: Mu Epsilon has been most fortunate in 
having Dr. Tomlinson Fort, Director General, Pi Mu Epsilon Fraternity, as 
Head of the Mathematics Department of the University of Georgia. Dr. Fort 
and Dr. D. F. Barrow, Faculty Director of the local chapter, have worked to- 
gether in securing several very prominent mathematicians for Pi Mu Epsilon 
programs. 

Fermat's last theorem, by Dr. Archibald Henderson of the University of North Carolina—a 
chapel program. 

Fundamental theorem of arithmetic, by Dr. H. S. Vandiver of the University of Texas. 


Applications of geometry, by Dr. J. M. Thomas of Duke University. 
Applied mathematics, by Dr. R. G. D. Richardson of Brown University. 


Topics discussed by members of the local chapter were: 


Euler's transformation, by Dr. T. Fort and Dr. D. F. Barrow. 

Theory of numbers, by Dr. R. J. Levit. 

Nomographs, by Mr. William Burke. 

Graphical solution of spherical triangles, by Dr. D. F. Barrow. 

Mathematics for naval air cadets, by Mr. P. A. De Vore. 

Development of scientific organizations with particular emphasis on mathematical organizations, 
by Dr. T. Fort. 


Two initiation and social meetings were held in December and March at Dr. 
Fort’s home. 

Sponsored by Pi Mu Epsilon, the Pythagorean Freshman Club was organ- 
ized in January. The purpose is to promote an appreciation of mathematics. 

Officers for 1945-1946 were: President, Catherine Littlejohn; Vice-President, 
Jean Hannmack; Secretary-Treasurer, Bob Jones; Corresponding Secretary, 
Iris Callaway; Faculty Director, Dr. D. F. Barrow. Officers for 1946-1947 are: 
President, Marquilla Stuckey; Secretary-Treasurer, Frances Hammond; Cor- 
responding Secretary, Iris Callaway; Faculty Director, Dr. R. J. Levit. 


Kappa Mu Epsilon, Albion College 


The Michigan Alpha Chapter of Kappa Mu Epsilon had many interesting 
meetings during the past year. One in particular centered about the history of 
Albion’s Mathematics Club. For roll call each member gave or read a letter con- 
taining an autobiography of some woman member of this organization who had, 
since graduation, done graduate work. 

Other topics for roll call were tricks or puzzles in mathematics, contributions 
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made to trigonometry, and what each member personally wished to do with his 
background in mathematics. 

Two movies constituted one program, and papers were presented at other 
meetings on the following subjects: 

The use of logarithms in addition and subtraction 

Colorimetry 

The V-T fuse 

Women in mathematics 

Casting counters and counting boards 

Philosophy of mathematics 

Scales of notation 

Nomographs. 


Two veterans, Robert Maynard and Phil Sawyer, returned to join the group 
composed of Janis Barker, Marion Bunte, Ruth Helzer, Harriette Leonard, 
Audrey McPherson, Charles Parkhurst, Audrey Schuett, Mary Shattuck, Amy 
Thomas, Dr. E. E. Ingalls, and Dr. E. R. Sleight. 

The new members initiated during the year were: Jean Moffett, Irwin Weber, 
Nell Barton, Olive Conway, Faye Engstrom, William Hopkins, Dorothy Man- 
ley, John Nizon, Lucille Richardson, Shirley Searles, Eleanor Harper, and Mrs. 
Myrtle Shattuck. 

Officers during the year were: President, Mary Shattuck; Vice-President, 
Harriette Leonard; Secretary-Treasurer, Marion Bunte; Program committee 
member, Janis Barker. 


Mathematics Club, University of Virginia 


There were five meetings of the elementary Mathematics Club with the fol- 
lowing speakers and subjects: 

Mathematical puzzles, by W. R. Utz 

Some problems in number theory, by E. E, Floyd 


History and properties of the number r, by E. V. N. Goetchius 
Some problems in maxima and minima, by P. B. Buck. 


Kappa Mu Epsilon, Chicago Teachers College 


The programs and events recently completed began with an orientation 
meeting at which refreshments were served. At subsequent meetings the follow- 
ing topics were discussed : 

Use of the slide rule 

Nomography, by Dr. J. S. Georges, of Wright Junior College 

Non-euclidean geometry, by Dr. J. Sachs 

Spherical trigonometry, by Miss Mary Kirkpatrick 

Must a mathematician teach?, by Professor J. H. Zant of Oklahoma A. & M. College. Eighty- 
three persons were present at this interesting meeting. 


Thirty-three people attended a dinner party at which kodachrome slides and 
movies of the “Rockies” and the Northwest were shown. The high light of an- 
other meeting was the presentation of a token to Dr. J. T. Johnson upon his 
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retirement from the mathematics department. At the initiation party twenty- 
three new members were initiated into Illinois Gamma Chapter of Kappa Mu 
Epstton. 

At present each member is preparing to present a problem in which he is 
especially interested. These problems are those not usually found in class room 
work, are not too difficult, and may be understood by the membership. Art stu- 
dents have been interested in making posters advertising the meetings and fre- 
quently have succeeded in portraying novel ideas concerning certain aspects of 
mathematics. Articles are being prepared by some of the student members for 
publication in The Pentagon. 

The officers for the year 1946-47 are: President, Cloda Augelli; Vice-Presi- 
dent, Joseph Duffy; Secretary, Mary Therese Graham; Treasurer, Dolores 
Grien; Faculty Sponsor, Professor J. J. Urbancek. 


Mathematics Club, Oberlin College 


The Oberlin College Mathematics Club held nine regular meetings in 1945-— 
46. Refreshments were served at each meeting after which a paper was presented 
by a student. Each paper was submitted to a faculty committee to be judged for 
the Mary Emily Sinclair prize. The following papers were presented: 

Scales of notation—Artha Jean Burington 

Schwarz paradox—Jerry Howald 

Space filling curves—Mary Wright 

Continued fractions—Charlotte Kessler 

The Apollonius circle problem—Rodney Hood 

Pascal's theorem and airplane design—Margaret Waugh 

Solving maximum and minimum problems without calculus—Mary Kinsman 

Probability and pi—Rosalind Monastersky and Ruth Berger 

Rollers—Frank Marzocco. 


In addition to the regular meetings two special meetings were held. Professor 
and Mrs. J. F. Randolph invited the club to their home for a Christmas party. 
After a social hour, Jerry Howald and Rodney Hood demonstrated space curves 
by intersecting string models with planes or cones of light from a projector. In 
the spring a banquet was held; upon that occasion the members solved mathe- 
matical puzzles, and Dr. R. S. Burington of Washington, D. C., discussed the 
role of equivalence in pure and applied science. Dr. Burington used illustrative 
material from his experience as an applied mathematician in industry and in 
governmental work. 

The officers for the year were: President, Rodney Hood; Vice-President, 
Mary Kinsman; Secretary-Treasurer, Charlotte Peters; Social Chairman, Mar- 
garet Waugh; Publicity Chairman, Jerry Howald; Faculty Adviser, Professor 
J. F. Randolph. 


NEWS AND NOTICES 


EpITED By B. W. Jones, Cornell University 


Readers are invited to contribute to the general interest of this depariment by sending news 
items to B. W. Jones, White Hall, Cornell University, Ithaca, New York. 


THE NATIONAL MATHEMATICS MAGAZINE 


The National Mathematics magazine has been revived, and will be published 
as a bi-monthly, except in June-July. It will feature expository articles designed 
to acquaint its readers with modern researches in specialized fields. 

Immediate publication of research papers in pure and applied mathematics 
is planned. To make this possible from the standpoint of time, refereeing will be 
replaced by critiques from editors and others published in a department devoted 
to this purpose, with answers by authors, as is done in some of the engineering 
magazines. Professor H. V. Craig of Texas will have charge of this department. 
To make it financially possible authors will have their choice of awaiting their 
turn or paying for extra pages subject to possible return of their money. 

The magazine will be under the management of D. H. Hyers of U.S.C., 
Glenn James of U.C.L.A., and A. D. Michal of California Institute of Technol- 
ogy. It will be financed by subscriptions of $3.00 per year and sponsor-contribu- 
tions. These should be sent to Glenn James, University of California at Los 
Angeles, 405 Hilgard Avenue, Los Angeles, California. 


DUTCH MATHEMATICIANS 


The following deaths are reported: Drs. M. J. Belinfante and M. M. Bieder- 
mann of Amsterdam, Professor Otto Blumenthal of the Technical School of 
Aachen (since 1939 a refugee in Delft), Professor Julius Wolff and Dr. L. W. 
Nieland of the University of Utrecht, Dr. R. Remak (formerly Privatdozent at 
the University of Berlin and since 1939 a refugee in Amsterdam), Professor 
G. Schaake of the University of Groningen. All but the last died in consequence 
of German activities during the occupation. 

The following have retired: Professors J. A. Schouten and J. F. Schuh of the 
Technical School of Delft, Professor W. van der Woude of the University of 
Leiden, Professor J. Barrau of the University of Utrecht. 

At Amsterdam University: Professor J. G. van der Corput of the University 
of Groningen and Professor D. van Dantzig of the Technical School of Delft 
have been appointed to professorships, Dr. E. W. Beth has been appointed to 
an associate professorship of logic and the philosophy of science; Drs. G. H. A. 
Grosheide and J. Haantjes have been appointed to lectureships at the Free 
University of Amsterdam. Professor G. Mannoury has been awarded the honor- 
ary degree of Ph.D. 

At the Technical School of Delft: Drs. N. G. de Bruyn, S. C. van Veen and 
C. Visser have been appointed to professorships. 

At Groningen University, Drs. J. H. C. Gerretsen and C. S. Meyer have been 
promoted to professorships. 
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At the University of Utrecht Dr. H. Freudenthal has been appointed to a 
professorship. 

The Mathematical Centre, an institution for the promotion of pure and ap- 
plied mathematics, was founded in Amsterdam on February 11, 1946. 


NATIONAL COUNCIL OF TEACHERS OF MATHEMATICS 


The twenty-fifth annual meeting of the N.C.T.M. will be held at Chalfonte- 
Haddon Hall, Atlantic City, New Jersey, on February 28 and March 1, 1947. 
The program may be found in the January number of The Mathematics Teacher. 


HARRY BATEMAN RESEARCH FELLOWSHIP 


The California Institute of Technology announces the creation of a research 
fellowship in pure mathematics to be known as the Harry Bateman Research 
Fellowship. Candidates should have obtained the Doctorate, or expect to re- 
ceive it prior to the beginning of the academic year, 1947-1948. The award will 
be based on promise of independent research in any field of pure mathematics. 
The recipient will devote the major part of his time to research. In addition 
he will be expected to teach one advanced course in mathematics. The stipend 
will be $3000 for the academic year. The appointment is normally for one year, 
but may be renewed for a second year. Application blanks may be obtained 
from the Dean of the Faculty, California Institute of Technology, Pasadena 4, 
California, and must be returned to the same address before March 15, 1947. 
The appointment will be announced by April 1, 1947. 


PERSONAL ITEMS 


Professor L. V. Ahlfors of the University of Zurich has been appointed to 
a professorship at Harvard University. 


Professor A. A. Albert of the University of Chicago will be a visiting profes- 
sor at the University of Brazil in 1947. 


Assistant Professor R. H. Bardell of the University of Wisconsin in Milwau- 
kee. has been promoted to an associate professorship. 


Dr. Stefan Bergman has been appointed a lecturer at Harvard University. 


Professor Emeritus Felix Bernstein of New York University has been ap- 
pointed lecturer at Triple-Cities College, Syracuse University, Endicott, New 
York. 


Assistant Professor M. A. Biot of Columbia University has been appointed 
to a professorship at Brown University. 


Associate Professor A. W. Boldyreff of the University of Arizona has been 
appointed to an associate professorship at Wittenberg College. 


Professor J. A. Caparé of Notre Dame University has retired with the title 
of professor emeritus in electrical engineering. 
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Dr. J. B. Coleman has been appointed acting associate professor at the 
University of Georgia. 

Dr. R. W. Cowan of the University of Alabama has been promoted to an 
assistant professorship. 


Assistant Professor H. R. C. Dieckmann of Occidental College has been ap- 
pointed to an assistant professorship at San Jose State College. 


Professor H. H. Ferns of the University of Saskatchewan has been appointed 
head of the department of mathematics. 


Dr. A. D. Fialkow has been appointed an adjunct professor at Brooklyn 
Polytechnic Institute. 


Walter Fleming has been appointed lecturer at the University of Manitoba. 


Adjunct Professor Mary L. Foster of the University of South Carolina has 
been appointed to an associate professorship at Henderson State College, Ark- 
adelphia, Arkansas. 


N. D. Griffin of Oklahoma Agricultural and Mechanical College has been 
promoted to an assistant professorship. 


Dr. C. C. Grove has been appointed a special lecturer at the University of 
Pennsylvania. 


F. C. Hall has been appointed to an assistant professorship at Manhattan 
College. 


Assistant Professor F. E. Hohn of Guilford College, Guilford, North Caro- 
lina, has been appointed to an assistant professorship at the University of Maine. 


Associate Professor Grace M. Hopper of Vassar College has resigned to ac- 
cept a position in the Cruft Research Laboratory at Harvard University. 


Dr. A. S. Householder has accepted a position as principal physicist at the 
Clinton Laboratories, Monsanto Chemical Company, Knoxville, Tennessee. 


Dr. Waclaw Kozakiewicz of the University of Saskatchewan has been pro- 
moted to an assistant professorship. 


Professor C. C. MacDuffee of the University of Wisconsin has been ap- 
pointed visiting professor of mathematics at the University of Puerto Rico. 


Assistant Professor A. B. Mewborn of the University of Arizona has been 
appointed to an associate professorship at the postgraduate school of the United 
States Naval Academy. 


Associate Professor R. S. Pate of the University of South Carolina has been 
appointed to a professorship at Michigan State Normal College, Ypsilanti, 


Michigan. 
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Dr. Echo D. Pepper has been appointed to an assistant professorship at the 
University of Illinois. 

Associate Professor H. R. Phalen of the College of William and Mary has 
been promoted to a professorship. 


Assistant Professor Adrienne S. Rayl of the Birmingham Center of the Uni- 
versity of Alabama has been promoted to an associate professorship. 


Professor Marcel Riesz of the Lunds Universitets Matematiska Institution, 
Lund, Sweden, has been appointed visiting lecturer at the University of Chicago. 


Assistant Professor R. F. Rinehart of Case School of Applied Science has 
been promoted to a professorship. 


Professor W. H. Roever of Washington University has retired with the title 
emeritus. 


Senior Professor R. E. Root of the Postgraduate School of the United States 
Naval Academy has retired with the title of professor emeritus. 


Dr. O. H. Schmidt has been appointed librarian of the Danish Technical 
Library, Copenhagen, Denmark. 


L. R. Shobe, Technical Instructor at General Motors Institute, has been ap- 
pointed head of the department of mathematics at State Teachers College, 
Bemidji, Minnesota. 


W. H. Simons has been appointed to a lectureship at the University of Brit- 
ish Columbia. 


Associate Professor M. F. Smiley of Lehigh University has been appointed to 
an associate professorship at Northwestern University. 


R. E. Smith of Allegheny College has been appointed to an associate profes- 
sorship at the College of William and Mary. 


Assistant Professor S. S. Smith of the University of Utah has been promoted 
to an associate professorship. 


Associate Professor Andrew Sobczyk of Oregon State College has been ap- 
pointed Chief of the Mathematical Research Branch, Watson Laboratories, 
Cambridge, Massachusetts. 


Dr. Ruth W. Stokes has been appointed to an assistant professorship at 
Syracuse University. 


Dr. Mildred M. Sullivan of Queens College, Flushing, New York, has been 
promoted to an assistant professorship. 


Associate Professor P. M. Swingle of the New Mexico College of Agriculture 
and Mechanical Arts has been appointed to a professorship at the University 
of Miami. 


THE MATHEMATICAL ASSOCIATION OF AMERICA 


Oficial Reporis and Communications 
ANNUAL MEETING OF THE NEBRASKA SECTION 


The twenty-second meeting of the Nebraska Section of the Mathematical 
Association of America was held at the University of Nebraska College of 
Medicine in Omaha, on Saturday, May 4, 1946. Professor F. S. Harper, Chair- 
man of the Section, presided. 

The attendance was twenty, including the following thirteen members of 
the Association: E. M. Berry, A. K. Bettinger, W. C. Brenke, C. C. Camp, 
H. M. Cox, J. A. Daum, J. M. Earl, M. G. Gaba, C. B. Gass, F. S. ». Harper, 
J. F. Heyda, Sigurd Mundhjeld, and Lulu L. Runge. 

At the business meeting the following officers were elected for the coming 
year: Chairman, Ralph Hull, University of Nebraska; Vice-Chairman, C. B. 
Gass, Nebraska Wesleyan University; Secretary, Lulu L. Runge, University of 
Nebraska. 

The following papers were presented: 


1. On a certain definite integral, by Professor M. A. Basoco, University of 
Nebraska. 
This paper was ready by title. 


2. Some special types of generating functions of polynomial systems, by Pro- 
fessor W. C. Brenke, University of Nebraska. 

In this paper Professor Brenke discussed types of generating functions 
which arise when the function f(x#) in g(x, #) =ef(xt) is subjected to special 
restrictions. It was shown how this generating function gives rise to a broad class 
of polynomials Y,(x) among which are the generalized Laguerre polynomials, as 
shown in his paper in this MONTHLY, vol. 52, 1945. That none of the other 
classical orthogonal polynomials are among the Y,(x) was shown by proving 
that their generating functions can never take the form e‘f(x#). 


3. Integral solutions (with the restrictions) of the equation x?+-y?=2?, by Dr. 
E. M. Berry of Nebraska State Teachers College at Chadron. 

The speaker dealt with solutions of the equation x?+-y? =2? which satisfy one 
of the equations | y—kx| =h, |z—kx| =h, where k is any integer, or a fraction 
whose denominator is 2, and / is a particular integer. 

4. A fundamental equation in the mathematics of finance, by Professor F. S. 
Harper, University of Nebraska. 

It was pointed out that the assumptions that money is productive and that 
capital must not be impaired give rise to a fundamental equation of value that 
is used to unify the study of many of the topics in the Mathematics of Finance, 
and which gives a clearer understanding of the difficult subject of depreciation. 


5. A simple method for celestial navigation, by Professor O. C. Collins, Uni- 
versity of Nebraska, introduced by the Chairman, 
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It was shown by two methods which avoid all measurement (and correction) 
of angles, how position has been found to within one mile on land. A single meas- 
ured time interval determines uniquely both celestial coordinates of the zenith. 
Great circles used as lines of position are plotted by selection from precomputed 
data, and shown to yield an unambiguous fix. One of the two methods is avail- 
able for trial in flight or at sea, with the use of a bubble sextant. The other 
method calls for the design of a new instrument if it is to be used off the ground. 


6. Mathematics with the atr corps, by Professor Ralph Hull, University of 
Nebraska. 
This paper was read by title. 


7. Significant differences in grades, by Professor C. C. Camp, University of 
Nebraska. 

The speaker found that two students with averages of 90.624 and 90.151 
for Phi Beta Kappa did not differ statistically (5% level). This seems to refute 
current conceptions such as the principle that persons with grade averages of 
88.1 or higher should be elected and those with 87.6 or less should not be 
elected. It would be necessary to consider the on’s of such students in order to 
determine the difference required. It might be nearer 2%, and from the study 
would probably be at least 1%. Quiz averages of 92.25 and 84.125 were found 
to be not significantly different (5% level) for eight quizzes. The minimum 
difference required for students with such om’s would be 8.28. For classes of 
least variability in individual quiz grades the minimum significant difference 
in quiz or semester grade was found to be about 5. This leads logically to a grad- 
ing system with nine passing marks if 60 is the lowest. 


8. The Euler-Maclaurin formula, by the same author. 

This formula for approximate integration when carried to first-derivative 
terms was recommended as being more accurate than Simpson’s Rule. For 
summing slowly converging series, but starting with about the tenth term, this 
formula (reversed) is extremely practical. Alternating series with terms grouped 
in pairs can likewise be evaluated. 


9. The measurement and analysis of the mathematical attainment of the return- 
ing G.I., by Professor H. M. Cox, University of Nebraska. 

Preregistration guidance examinations which are required of new students at 
the University of Nebraska have been designed so as to measure ability to 
study and interpret materials in the specific fields. Certain of the examinations 
prepared by the United States Armed Forces Institute have been used for this 
purpose. In mathematics, a special examination was prepared by representa- 
tives from the Mathematics Department, the Chemistry Department, the 
Bureau of Instructional Research, and other departments; this examination 
tests differentially performance in mathematics at several levels of preparation. 
Although the scores on the mathematics examination would seem to be de- 
pressed for those veterans with two or more years absence from the class room, 
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nevertheless very significant differences exist between groups of men with vary- 
ing numbers and patterns of high school courses. 
LuLu L. RuNGE, Secretary 


SPRING MEETING OF THE MARYLAND-DISTRICT 
OF COLUMBIA-VIRGINIA SECTION 

The spring meeting of the Maryland-District of Columbia-Virginia Section 
of the Mathematical Association was held at the George Washington University, 
Washington, D. C., on Saturday, May 11, 1946, with a morning session, lunch- 
eon, and an afternoon session. Professor J. B. Scarborough, Chairman of the 
Section, presided at both sessions. 

The attendance was fifty including the following thirty-seven members of 
the Association: Archie Blake, T. A. Botts, Herman Branson, Randolph Church, 
Abraham Cohen, J. F. Daly, J. A. Duerksen, F. D. Faulkner, E. J. Finan, B. H. 
Gere, B. C. Getchell, Michael Goldberg, R. A. Good, D. W. Hall, M. A. Hyman, 
F., E. Johnston, Sidney Kaplan, L. M. Kells, W. D. Lambert, O. E. Lancaster, 
A. E. Landry, M. H. Martin, Carol V. McCamman, T. W. Moore, W. H. 
Norris, Jr., O. J. Ramler, J. N. Rice, R. E. Root, J. B. Scarborough, E. D. Schell, 
Vivian E. Spencer, Hillel Spitz, J. H. Taylor, Marian M. Torrey, J. A. Ward, 
G. T. Whyburn, Clement Winston. 

The officers elected at the business meeting of the Section were as follows: 
Chairman, W. K. Morrill, Johns Hopkins University; Secretary-Treasurer, E. J. 
Finan, Catholic University; Members of the Executive Committee, G. A. Hed- 
lund, University of Virginia and Dr. Archie Blake, Aberdeen Proving Ground. 
It was agreed to hold the next meeting on Saturday, December 7, 1946, at Johns 
Hopkins University. 

The first three of the following papers were read at the morning session. The 
remaining two were read at the afternoon session. Dr. Deming’s paper was read 
at the invitation of the Section. 


1. Ona poristic system of triangles, by Professor O. J. Ramler, Catholic Uni- 
versity. 

In his paper, Professor Ramler featured the use of isotropic coérdinates to 
show the ease and brevity with which one could develop some of the results of 
Weill, Servais, and Goormaghtigh in connection with loci of notable points as- 
sociated with triangles inscribed in a circle and circumscribed to a conic. 


2. An integral equation of a general metabolizing system, by Professor Herman 
Branson, Howard University. 

For the purpose of this paper, a general metabolizing system is one in which 
materials are being produced, consumed, transported, and/or stored. A mathe- 
matical description of such a system leads to an integral equation of the “Fal- 
tung” type. It is shown through examples that this equation gives interesting 
results when applied to first order chemical reactions, and that it is especially 
effective in discussing certain problems arising in biological research connected 
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with isotopes. The speaker emphasized the rich descriptive material in biology 
and chemistry for a course in integral equations. 


3. Early history of the Maryland-District of Columbia-Virginia Section of the 
Mathematical Association of America, by Professor R. E. Root, Post Graduate 
School, U. S. Naval Academy. 

Professor Root gave a brief account of the founding of the Mathematical 
Association in 1915 and of the Maryland-Virginia-District of Columbia Section 
in 1917. The matter was presented by quotations from letters found in an old 
file. Letters quoted were mostly from E. R. Hedrick and A. Cohen. 


4. On the structure of a cluster, by Professor R. A. Good, University of Mary- 
land. 

The ring is a special case of a more general algebraic system called the cluster. 
Some important subsets contained in a cluster are its derived ring and its ideals, 
including the annihilator ideal. Numerous properties of clusters were illustrated 
by an example of a cluster of order eight. 


5. On the sampling problem in the observation of the election in Greece, by Dr. 
W. Edwards Deming, Bureau of the Budget. 
E. J. Finan, Secretary 


ANNUAL MEETING OF THE MINNESOTA SECTION 


The annual meeting of the Minnesota Section of the Mathematical Associa- 
tion was held at Carleton College in Northfield, Minnesota, on Saturday, May 
11, 1946. Two sessions were held in the forenoon, one at luncheon, and one in 
the afternoon. Professors Harry Nelson, C. H. Gingrich, The Reverend G. L. 
Winkelmann, and Professor C. S. Carlson presided at the respective sessions. 

Sixty-one persons attended the meeting, including the following twenty-two 
members of the Association: N. R. Amundson, K. H. Bracewell, R. W. Brink, 
L. E. Bush, W. H. Bussey, R. H. Cameron, E. J. Camp, C. S. Carlson, Gladys 
Gibbons, Sister Mary Seraphim Gibbons, C. H. Gingrich, H. W. Godderz, H. E. 
Hartig, C. M. Jensen, W. D. Munro, H. E. Nelson, J. M. H. Olmsted, G. C. 
Priester, F. J. Taylor, H. L. Turrittin, K. W. Wegner, and The Reverend G. L. 
Winkelmann. 

The following officers were elected for the coming year: Chairman, K. H. 
Bracewell, Hamline University; Secretary, L. E. Bush, College of St. Thomas; 
Executive Committee, W. H. Bussey, University of Minnesota; W. D. Munro, 
University of Minnesota; C. S. Carlson, St. Olaf College. 

Copies of the Memorandum to the Secretaries of the Sections of the Mathematial 
Association of America from the Committee for the Coordination of Studies in 
Mathematical Education were passed out to those attending the first morning 
session. At the business session a resolution was passed instructing the Chair- 
man of the Section to appoint a committee to cooperate with the previously 
mentioned committee. The newly elected Chairman appointed the following 
committee for this purpose: K. W. Wegner, Chairman, W. L. Hart, E. J. Camp. 
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By invitation of the Executive Committee, Professor Robert H. Cameron 
delivered an address at the second morning session. The title of his address was 
A Class of Non-linear Integral Equations which Can Be Solved by Formal Pro- 
cedures. Professor Cameron investigated the quadratic convolution equation 


f f f(*-s— t) f(t) p(s) dtds + po f f(% - t) f(t) dt 


+2f fa dg(dt+ 2aafl2) + r(x) = 0 


by means of a Fourier transforms. A short résumé of the necessary Fourier 
transform theory was given as an introduction, and a number of Fourier trans- 
forms were calculated. The special case of the above equation 


fe - ofcod + 290 = ea 


was introduced and solved completely for a few particular choices of the func- 
tion g(x). A case in which this equation has no absolutely integrable solution 
was observed. Finally, the general equation was attacked by the methods used 
in solving the simpler one, and a formal solution was obtained. Conditions were 
given under which it is known that an absolutely integrable solution must exist 
and be unique. 

In addition to the address by Professor Cameron, the following eight papers 
were presented: 


1. Rational values of trigonometric functions, by Professor J. M. H. Olmsted, 
University of Minnesota. 

This was a discussion of a paper by Professor Olmsted published in this 
MONTHLY, vol. 52, 1945, pp. 507-508. 


2. Upper and lower bounds for certain exponential sums, by Professor H. L. 
Turrittin, University of Minnesota. 

This paper dealt with the problem of computing the greatest lower bound 
and the least upper bound of the function 


F(t) = >> c, cos (P;(2)), —o<t< 
n=1 
where the c’s are the real constants and the P’s are polynomials with real co- 
efficients. A scheme was outlined for shifting the problem from the transcen- 
dental to the algebraic domain by using an extension of a Hardy-Littlewood 
theorem on Diophantine approximations. 


3. Note on the circular clamped plate with an eccentric point load, by Professor 
N. R. Amundson, University of Minnesota. 
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The speaker considered the derivation of the Green’s function for a circle 
for the biharmonic equation by analogy with the Green’s function for Laplace’s 
equation for the circle. Applications were made to circular thin elastic plates. 


4. Some classroom techniques, by Professor K. W. Wegner, Carleton College. 

The speaker emphasized the importance of including among the objectives 
of any college mathematics course the following two: (1) increasing the ability 
of the student to read scientific material, (2) increasing the ability of the student 
to make precise mathematical statements. The lecture technique does not con- 
tribute toward the achievement of these objectives. A technique was described 
which has been successful in attaining the desired results as well as the other 
objectives of the course. 


5. A set of equivalent bases for topology, by Mr. Monroe Donsker, University 
of Minnesota, introduced by Professor J. M. H. Olmsted. 

Taking as a starting point the axiomatic system based on the closure opera- 
tion which was constructed by Kuratowski, the speaker showed that certain 
of the topological operations which are definable in terms of the closure opera- 
tion can be used as bases for constructing axiomatic systems which would be 
equivalent to the system based on closure. For each such operation the axioms 
necessary for equivalence were exhibited and the general problem of the equiva- 
lence of two axiomatic systems were discussed. 


6. Boundary values of analytic functions, Professor S. E. Warschawski, Uni- 
versity of Minnesota, introduced by Professor N. R. Amundson. 

The following extension of a theorem of F. Riesz in Mathematische Zettschreft, 
vol. 18 (1923) was proved: Let f(z) be a function analytic in the interior of a 
closed rectifiable Jordan curve C. Suppose that C,, n=1,2,---, 1s a sequence 
of closed rectifiable Jordan curves in the interior of C which “converge” to Cas n 
— oo (that is, forevery e>0, all the points of all C,, with a sufficiently large index 
n are at a distance less than e from C). If for a p>0 and all x, the integrals 
Son\f(z)|PdsS.M, where M is independent of n, then f(z) possesses boundary 
values for nontangential approach almost everywhere on C and /, | f (2) pds 
exists. The proof was accomplished, by mapping C and C, conformally on the 
unit circle. 


7. The design of computing control systems, by W. D. Munro, University of 
Minnesota. 

A few of the general aspects of the design of computers for use in bombing, 
and so forth, were discussed from the point of view of replacing the variables in 
the problem by the variables in an equivalent system (for example, an electric 
network). Design of a hypothetical bombsight based on idealized conditions was 
used as an illustration. 


8. Geometric constructions of the third and fourth degree, by Jacob Bearman, | 
University of Minnesota, introduced by the Secretary. 
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The Nicomedes trisection of the angle and the Vieta construction for the 
duplication of the cube are examples of “insertion” constructions. These are 
special cases of the general problem of inscribing in a given conic a chord of 
given length, subject to the restriction that the chord produced shall pass 
through a given point not necessarily on the conic. The special and general 
problems lead to quartic equations with coefficients integral rational functions 
of the coefficients of the equation of the conic and of the cosine or tangent of the 
angle formed by the coordinate axes. The solutions of the quartics determine the 
“angular coefficient” of the lines satisfying the given conditions. 

From the basic nature of the angle trisection and the Vieta construction, it 
follows that any cubic or quartic equation can be solved geometrically by ruler 
and compasses and at most two insertion constructions; and, conversely, any 
construction involving only ruler and compasses and insertion constructions 
leads algebraically to equations of degree not higher than the fourth. 

L. E. Busy, Secretary 


CALENDAR OF FUTURE MEETINGS 


Twenty-ninth Summer Meeting, New Haven, Conn., September 1-2, 1947. 
Thirty-first Annual Meeting, Athens, Georgia, January 1, 1948. 


The following is a list of the Sections of the Association with dates of future 
meetings so far as they have been reported to the Secretary. 


ALLEGHENY MOUNTAIN Oun10, Columbus, April 3, 1947 


ILLINOIS, Peoria, May 9-10, 1947 

INDIANA 

Iowa, Cedar Falls, April 18-19, 1947 

KANSAS 

KENTUCKY 

LOUISIANA-MISsSISSIPPI 

MARYLAND-DISTRICT OF COLUMBIA-VIR- 
GINIA 

METROPOLITAN New York, Brooklyn, 
April 19, 1947 

MICHIGAN 

MINNESOTA 

MISSOURI 

NEBRASKA, Lincoln, May 3, 1947 

NORTHERN CALIFORNIA, San Francisco, 
January 25, 1947 


OKLAHOMA 

Paciric NORTHWEST, Vancouver, British 
Columbia, April 10-11, 1947 

PHILADELPHIA 

Rocky MountTAIN 

SOUTHEASTERN, Columbia, S. C., April 
18-19, 1947 

SOUTHERN CALIFORNIA, Claremont, March 
8, 1947 

SOUTHWESTERN 

TEXAS 

Uprer NEw YorK STATE, Rochester, May 
10, 1947 

WISsconsIN, Madison, May, 1947 
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THE APPROXIMATION OF NUMBERS AS SUMS OF RECIPROCALS 
H. E. SALZER,* New York, N. Y. 


1. Introduction. Every positive real number x <1 admits a unique expansion 

of the form 

1 1 1 
(1) e=—+—+—-+---, 

ay ay a3 
where 4, de, @3, and so forth, are integers so chosen that after 2 terms, when the 
sum x; has been obtained, a;41 is the least integer such that x;+1/ais1 does not 
exceed x. This expansion will be denoted as the R-expansion of the number x. 
The approximation as far as x;, is obviously closer to x than 1/(aj—a,), since 


1 1 


X—- XH < 
aj;—m 1 a; 
by the choice of a;. Thus it isapparent that inevery R-expansion, a;41= a} —a;+6, 
where ¢€; 1s a positive integer. 

Every expansion of the form (1), where ai4:=a/—ait+e, ¢;21 (apart from 
the question as to whether it is the R-expansion of some number), converges. 
In particular, the R-expansion of x converges to x. As an indication of the rapid- 
ity of convergence, note that every such expansion is dominated by the expan- 
sion beginning with a,;=2 and e;=1 for +21, that is, 

+ + + + + 
2 3 7 43 1807 

This latter series can be shown to converge to 1. 

Proof: Let 1/a; be a particular addend. If it has the property that 1/(a;—1) 
in its place would have made x; equal to 1, then the next addend will also have 
that property for x:4;. The reason is that the next addend is 1/(a? —a;+1) and 
if it were 1/(af—a;), then 

1 1 1 


—_ emcee nena ae 3 


2 
a; Q@—-a a,—1 


and thus by the hypothesis of the induction, the next addend will have that prop- 
erty, and hence all the addends, because it is true for 1/a; and 1/a2. But by the 
property of the addends which was just established, 

1 1 1 


1 — #; = ——— — — = ———__, 
a; 1 a; a+ ai 


which is less than any preassigned 7 for all 2>some 19; so x;—>1. 


* Mathematical Tables Project, National Bureau of Standards. 
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2. The principal theorems. 


THEOREM I. Every infinite expansion of the form (1) where ai41=0? —a;+, 
where €;>1 for infinitely many values of 1 (this condition on the €; is also necessary), 
1s actually the R-expanston of the number x to which it converges.* 


Proof: If the theorem were not true, compare the above mentioned expansion 
of x, say (R’), with the R-expansion of x, say (R), and let 1/a; be the first term 
of (R’) that differs from the corresponding term of (R). By the definition of the 
R-expansion for x, 1/a; must be less than that corresponding term, say 1/(a;—)). 
But x—x;1, the remainder after 1—1 terms in the R-expansion, satisfies 


1 1 1 1 


(2) %—- 12 = 5 
a—-b a@—-1l GQ aq-ate 


this last inequality being obtained by applying the inductive reasoning of the 
preceding paragraph to the condition that there is always an e;>1 for 7 >% due 
to the infinitude of e;>1 in (R’). But this is a contradiction, since 
1 1 
%—- G1 = —+ ————_ 

a a@o—ate 
If there is an expansion of the type (1) with e;=1 for all 727, it is not the 
R-expansion of any number; but it will agree with the R-expansion of the num- 
ber to which it converges, up to the term before 1/a;,. If the expansion did not 
agree, it would disagree at a place j where there is a subsequent e;>1, and again 
there would arise the same contradiction as before, since, in its remainder ex- 
pression (the extreme right member of (2) with z replaced by 7), the presence of 
a single e;>1 makes it less than 1/(a;—1) and hence less than x—x;1. Then 
1/a;, plus all the succeeding terms will equal 1/(a;,—1) which will also be the last 
addend in the terminating R-expansion. 

For any rational number a/d there is the very natural question as to whether 
its R-expansion might continue indefinitely, just as 

1 1 4 1 4 1 4 
2 3 9 27 

That such is not the case is contained in the fundamental theorem which follows. 


THEOREM II. The R-expansion of any rational number must terminate. 


Proof: Consider a/b beginning with 1/ar+ - - - , so that 
a 1 aa, — b 
b Q1 7 ba, 


* For a finite expansion of the form (1) to be the R-expansion, the condition a:,1=a;?—a;+ e, 
e;21, is necessary and sufficient. 
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From the choice of aj, 


a 1 


b a— 1 


’ aa, —-a<b, 0 < aa, —b <4, 


so that, disregarding cancellation which only helps the argument, the first re- 
mainder a’/b’ has a’<a. Repetition of this reasoning on a’/b’ leads to the next 
remainder a’’/b’’ where a’’ <a’, and the decreasing sequence of positive numera- 
tors in the succession of remainders must end in a 1. (If the last remainder is 
assumed to be p/q in lowest terms with 1<p<q, one could continue with 
1/(|¢/p|+1)+ - +--+, thereby contradicting the fact that p/q is the last remain- 
der.) Hence every rational number has a terminating R-expansion and every 
non-terminating R-expansion must represent an irrational number. 

As an immediate corollary to Theorems I| and II, a convergent infinite series 
such as 


cannot be equal to a rational number. In fact, no infinite series of the type 
raz’, where a, and b, are any non-decreasing sequences of integers, each 
greater than or equal to 2, can equal a rational number. 


3. Alternative methods. Besides the R-expansions, there are similar alterna- 
tive methods of expanding any x, 0<x<1, as a sum of reciprocals. Thus to x;, 
instead of 1/ais1, one might add either 1/ais:1 or 1/(@:41—1), depending upon 
which gives a smaller value to |*—x,41|. Such an expansion, denoted as the 
R-expansion, would involve an irregular sequence of signs in its terms, since 
1/a; would be subtracted from x;1 whenever x;1>x. The absolute value of the 
remainder in stopping at 1/a;is not greater than 1 / 2a,(a;—1). If +1/a; isa par- 
ticular term in the R-expansion, the next term is always +1/(2a?—2a;+6,), 
where e;20. This shows that the R-expansion is even more rapidly convergent 
than the R-expansion. The R-expansion is unique except for certain rational 
numbers where the last two terms might be either 


1 1 1 | 1 


— + ————— or + + —--- 
a;  2a;(a; — 1) 2a;(a; — 1) 


Further comparison of the R-expansion with the R-expansion reveals an- 
other important difference. Unlike Theorem I for the R-expansion, every ex- 
pansion where +1/a; is followed by +1/ { 2a;(a;—1) +e;}, €;20, is not neces- 
sarily an R-expansion (“an” instead of “the” to cover the cases where there is 
no unique R-expansion) of the number to which it converges. Among the many 
trivial illustrations of this point are the following: I. a,=1, all ¢;=1 (not even 
convergent); II. ajv=1, 6 =2, e@=0; ITI. The first two terms may be 
1/2+1/4+ ---+, whereas the R-expansion might begin with 1. For a non- 
trivial instance consider 111/264 when it is expressed as 1/3+1/12+1/264, 
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where obviously 1/a; is followed by 1/{2a;(a;—1)+ e;} , €;20, where a, =3, 
€==0. But the R-expansion of 111/264 is 1/2—1/13—1/381+4+ --- 
The most slowly convergent R-expansion is 


1 1 
— = a = +2 — 3° 1807 +: 
7 1807 
where the first five terms give an approximation that differs from the true value 
by more than 3 X10-’. The most slowly convergent R-expansion is 
1 1 1 1 


- 454 + — + —— + ::-,7 
2 4 24 1104 2435424 

where the first five terms come nearer to the true value than 1 10-13.* Another 
good illustration for the purpose of comparison is afforded by the first four terms 
in the R- and R-expansions for the decimal part of 7, where the advantage of 
the R-expansion is evident: Thus 


1 1 
R — 3 _ —______..., 
(Ror=asre ~ + — tant 1285 41455 ° 


with an error greater than 6 X10718, while 
1 1 1 


BR ro3¢ 7-2 - te yt 
(X) +5 791 3748629 ' 15164 80608 87729 


with an error less than 1X10-®. 
There is a theorem for the R-expansion that is similar to Theorem II. It is: 


THEOREM III. Every rational number has a terminating R-expansion. 


Proof: 


a 1 aya — b 
b ay 7 ba, 
If 
a 1 
—>—,» then —< 
b a1 Qa, 1 


as in Theorem IJ, and the next remainder a’/b’ has a’ <a. However, if a/b <1/ai, 
since 1/(a@:+1)<a/b (otherwise 1/(a:+1) would be closer to a/b than 1/a1), it 
follows that 6<aai+a, and aai—b>-—a. In view of the fact that aai—b <0, 
| a’ | <a. 

Still another efficient method of expanding in reciprocals, which leads to an 
alternating series, is to write 


* It should be noted that the expansion, 1—1/4+ same terms as above, converges equally 
“slowly.” 
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4 = ———— — 71, r,) = ———  — 7”, and so on. 


The accuracy of the ith approximation is similar to that of the R-expansions, 
namely, 1/(aj—a,): Again, every rational number a/b is seen to have a finite 
expansion, since 


and from the fact that 


> ) 
a1 b ati 


we obtain —a<aa,—b<0, so that |a’| <a. 

In the R-expansion of a number, stopping at 1/a; leads to an error of approxi- 
mately 1/aj for a; only moderately large. When those first 7 terms are combined 
into a single fraction, the unreduced denominator is seen to be k,aj, where k; is 
considerably less than 1. In every case that x; is written as p/q, the closeness to x 
is less than 1/g, which makes the successive approximations of an R-expansion 
similar to decimal approximations in the sense that the error in a decimal ap- 
proximation is usually about a half-unit in the last place. Thus, the R-expansion 
cannot give rise to what occurs in the convergent series 

1 ' 1 1 

6 r 2? + 3? r 
where a fraction of enormous size will yield only 1% accuracy. An approxima- 
tion p/q obtained from an R-expansion is not as uniformly good as p’/q’, ob- 
tained from a simple continued fraction where the closeness of approximation 
is ~1/q’?. But the R-expansion converges much more rapidly, and it is often 
unnecessary to combine the separate reciprocals into a fraction with a denomina- 
tor larger than the last a;. Similar remarks hold for the R-expansions, but even 
more favorably. 


4, Applications. A useful application of the R and R-expansions is in solving 
for the positive roots of algebraic (and also transcendental) equations, by a well- 
known variant of the Newton-Raphson method. By using the R- and R-expan- 
sions less digital work is involved, and the result is exhibited in neat form as a 
sum of a few reciprocals of integers. It is of interest to compare the use of the 
R- and R-expansions with a similar process described by T. A. Pierce in his 
paper, On an Algorithm and its Use in Approximating Roots of Algebraic Equa- 
tions, this MoNTHLY (36) 1929, pp. 523-525. Pierce discusses the expansion 


~(1-—(1-—(1 
x= — ee —e eee = © © @ 
P1 po ps 
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where at each stage ; is determined as the largest integer that will permit the 
succeeding factor in parentheses to be less than 1. His algorithm has the ad- 
vantage of involving smaller numbers than the use of the R- or R-expansion, but 
when written as a sum of reciprocals it obviously cannot converge as rapidly 
as either the R- or R-expansion, due to the fact that each denominator is re- 
stricted to being a multiple of the preceding. 

For purpose of comparison, consider the same equation that is in Pierce’s 
paper, namely, ~ 

x8 — 5*¢+2 = 0." 

(For reference, its real root between 0 and 1, to 38 decimals, is .41421 35623 
73095 04880 16887 24209 69807 857.) Pierce’s method of approximation gives 
successively 


X= x, = $(1 — X),T — x. + 3x, + 17%, —-3 =0, 
from which 
ty = 2(1— xs), 43+ 12x53 — 452x5 + 64 = 0, 
from which 
v3 = 4(1— a4),  — x4-+ 87x4+ 219774, — 111 = 0, 
from which ' 
X= 197 (1 — x5). 


The first four terms obtained by Pierce’s method, that is, 


at~-s(!-('- im): 


give an approximation that is correct only to within 4 units in the 7th decimal 
place. Pierce erred in giving .41421 3564 instead of .41421 3198 as the fourth ap- 
proximation, and thus incorrectly claimed that the fourth approximation is cor- 
rect to within 2 units in the 9th decimal place. A further application of Pierce’s 
process leads to 
te + 17136 x; — 8529 39668x; + 4286128 = 0, t, = ~ (1 — 4%), 
and the fifth approximation, .41421 35623 73142, due to the exceptionally small 
value of xs, just happens to agree with the true value of the root of 13 decimal 
places. 
Application of the R-expansion method leads to 


* Notice that this equation is different from that well-known and “overworked” test equation 
x? —2x—5=0, whose real root has been calculated to 152 decimals. 
+ Here x; is used differently than in the text preceding this example. 
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Y= x= at x 
since x is between 1/2 and 1/3; then 


27x + 27 x — 126x,+10=0 


from which 


1 
t= t te 59319x5 + 73008x5 — 266643x, + 1054 = 0 


from which 


1 
t= sat ty — 9606283 17363x4 + 119 37026 24829 


— 430 86992 40846x%, + 197 46514 = 0 


from which 
t4 = . 
‘~ Jia201 7 * 
The fourth approximation here, namely, 
1 1 1 


1 
3° 13 253° 218201 
is accurate to within 2 units in the 11th decimal place (compare with Pierce 
above). Another step gives 


1 


ee xX ; 
6 13235 43802 ° * 


V5 


which leads to a fifth approximation that is correct to within 2 units in the 22nd 
decimal place (compare again with Pierce above). Work can be saved in obtain- 
ing the last desired term (also in Pierce’s method) by noting that it is not neces- 
sary to find more than the linear part of the last equation, and even there it is 
not necessary to retain more than a certain number of significant figures in the 
calculation. Thus if, in the present example, one did not wish to go beyond x4, 
instead of the above cubic equation in x4, with such large coefficients, it would 
have sufficed to know only 


» ++ — 430 870 X 107%, + 197 465 & 10? = 0. 


In entirely similar fashion, application of the R-expansion would yield a 
fourth approximation of 


1 1 1 1 
—+———_— ; 
3 12 408 450 832 


which differs from the root by less than 2 units in the 12th decimal place (com- 
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pare with both Pierce and the R-expansion), and the fifth approximation which 
would be obtained from the fourth by subtracting 1/62 70135 66048, would be 
accurate to within 1 unit in the 24th decimal place (compare again with both 
Pierce and R-expansion). 

Either the R- or R-expansion can be employed to find a complex root of an 
equation, merely by applying it to the root’s real and imaginary part, each con- 
sidered separately. 


GEODESIC PERSPECTIVITIES UPON A SPHERE* 
JOHN DE CICCO, Columbia University 


1. Conformal perspectivities. Recently Kasner and the author developed a 
proof of the following proposition in the real and imaginary domains: 


If a surface admits a conformal perspectivity upon a given sphere from a given 
point, then the surface is also a sphere (or plane) homothetic to the original with re- 
spect to the point of perspectivity [1]. 


That is, the point of perspectivity and the two centers of the spheres are col- 
linear, and the distances of the two centers from the point of perspectivity are 
proportional to the two radii. Moreover, the spheres are inscribed in the tangent 
cone (real or imaginary) of the original sphere with vertex at the point of per- 
spectivity. 

It is possible to deduce as a corollary from the above theorem the converse 
of Ptolemy’s theorem on stereographic projection which states that the only con- 
formal perspectivities upon a plane are Ptolemy’s stereographic projection, and 
the obvious limiting case of a parallel plane [2]. 


2. Gnomic projection. The following result has also been proved previously: 


If more than 31 geodesics of a surface are projected into straight lines on a 
plane under a perspectivity, then all geodesics project into straight lines and the sur- 
face ts a sphere (and the obvious limiting case of any plane, parallel or not), with 
center at the point of perspectivity [3]. 


Surfaces may be classified into the following four distinct classes according 
to the number of geodesics which are projected into straight lines on a plane by 
a perspectivity: 

1. The non-ruled surfaces. At most 0}, 

2. The ruled surfaces excluding the quadrics. There are always «1 (the rul- 
ings) and at most 2 0}, 

3. The quadrics excluding the gnomic projections of spheres. There are al- 
ways 20! (the two systems of rulings) and at most 30}, 

4. The gnomic projections of spheres; and planes. All ?. 


* Presented to the American Mathematical Society, April, 1946. 
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3. The fundamental theorem. In the present article, we shall find all surfaces 
for which there exist perspectivities upon a sphere such that all the geodesics 
correspond to the great circles. We shall prove the following result. 


FUNDAMENTAL THEOREM. If a surface admits a perspectivity upon a sphere 
from a given point such that all the geodesics of the surface correspond to the great 
circles of the sphere, then the surface is a sphere (or plane) homothettc to the original 
with respect to the point of perspectivity. 


This includes the characterization of gnomic projection which is stated 
above, as a special case. 


4. Part I of the proof. Let (x, y, z) denote cartesian codrdinates of a point in 
space. Take the center of perspectivity as the origin (0, 0, 0). No loss in general- 
ity is suffered by assuming the given sphere S to be of unit radius and its center 
on the z-axis, for any other surface which is a geodesic perspectivity of S is one 
also of any other sphere homothetic to S with respect to the origin. Accordingly 
the equation of our sphere S may be written as 


(1) X24 V24(Z—o?=1. 


For the surface 2, we shall use cylindrical coordinates (p, 6, 2), where 
x=p cos 0, y=p sin 6. Then z=f(p, 0); and p=02/00, gq=02/dp, r=072/006?, 
5s =0?2/060p, t=072/dp?. 

The perspective image (X, Y, Z) on the sphere S of a point (p, 6, 2) on the 
surface 2:z=f(p, 0), is 

p cos 8 p sin 6 Z 


(2) X= » Vs » LZ=—) 
N N N 


where A is a function of (p, 6) defined by the quadratic equation 
(3) ar? — 2czr + (p? + 27) = 0; a=c?— 1. 


For our further work, it is advantageous to find the total derivatives of X 
with respect to 6. The first order total derivative N’ is given by 


(4) (ad — cz)d’ + (2 — cd) (p + 90") + pp’ = 0. 
The second order total derivative \’’ is defined by 
5) (ad — cz)N’" ++ ad’? — 2c(p + go’)d’ + (p + Ge’)? + p” 
+ (% — cd)(r + 2sp’ + tp") + (9 + 2g — cgr)p” = 0. 
By means of (3) and (4), it is found that this may be written as 


1 
(aX — cz)’ + =| [(z — pq)p’ — pp |? 


2 


(6) 
+ (z — cd)(r + sp’ + tp’”) + (0 + 2q — cgr)p” = 0. 
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From (1) and (2), it is seen that the great circles of the sphere S are defined 
by : 


(7) Ap cos 6 -+ Bp sin 6 + C(z — cd) = 0. 
After eliminating (A, B, C) by differentiation, we find 


/ 


2 
r+ sp! + tp’? + gp” — cd” — ——(p + qo! — ov’) 
p 


99/2 ” 
+(¢-ay(1+ - -*) 0. 
p 


By (3), (4), and (6), this simplifies into the form 


(8) 


(= pa)!" — Xo + 2s" + to 
’ 
(9) + lass [(z — pq)p’ — pp]? — =~ [(z — pg)p’ — pp] 
+ cp? — z\ = 0. 
The linear-element do of the surface 2:2=f(p, @), is 

(10) do” = (p* + p*)d6? + 2pgqdbdp + (1 + q?)dp’. 
The geodesics are given by the equation 
[od + 9°) + p2le” = (po" — pg) (r + 2s0! + to!) 

| + p[2(1 + 9?)p’2 + 3pqp’ + (p? + p%)]. 
To discover the common geodesics, we have to eliminate p’’ between (9) and 


(11). This leads to a cubic equation in p’. As a consequence, we may state the © 
following result: 


(11) 


In general, there are at most 31! geodesics of a surface 2 which are projected 
anto great circles of a sphere S under a perspectivity [4]. 


Let more than 3 ©! geodesics be projected into great circles. The cubic equa- 
tion in p’ must be identically zero. Upon placing the coefficient of p”, equal 
to zero, we find 


(12) A(z — pq)pt = 0. 
Neither \ nor (g—pq) can be zero. For otherwise we merely find a cone, real or 


imaginary, with vertex at the origin. In this case, the perspectivity is degenerate. 
Therefore in all cases, we must have pt=0. 


5. Part II of the proof. The only surfaces X which satisfy the conditions of 
our fundamental theorem and for which p ¥0 are planes. By (12), we find ¢=0. 
Hence any such surface 2 must be of the form 


(13) 2 = pa(6) + BO); p = pas + Bo ¥ 0, g = a, 7 = poo + Boo, S = a, t = 0. 
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Upon setting the coefficients of p’? in (9), where p’’ is given by (11), equal to 
zero, and noting that z—pq +0, we obtain 


(14) 2rp(sp — p)(22 — ap) + cp*(z — pg) [p? + o°(1 + 9?) ] = 0. 


First of all, let us suppose that \ is rational. The discriminant 2?—ap? 
= (a?—a)p?+ 208+ 2, of the quadratic equation (3), must be a perfect square 
in p. This is so only when a8 =0. But if 8=0, the surface is a cone with vertex 
at the origin. Hence 6 #0 and it follows that a=0, that is, c?=1. This means that 
the sphere S passes through the origin. Since c?=1, it follows by (3) and (13) 
that the condition (14) may be written in the form 


Bs(ap + 8)(oop + Ba) [(e + 1)p + 208p + B'] 
— Bo [(ag + a + 1)p + 2aeBep + Bo] = 0. 


This is an identity in p. Upon setting the term independent of p equal to zero, 
we have 6363 =0. Since 6 0, we find that 8 =2o, a non-zero constant. 

The preceding equation reduces to the condition, a+a?+1=0. Thus we 
obtain the solutions, z=7ip cos (9 —~a)-+20, where @ is a constant. In cartesian co- 
ordinates, these are the imaginary planes, z=7(x cos a+y sin a) +20, tangent to 
the null sphere, x?+y?-++ (g—29)?=0. All the straight lines of any one of these 
planes are not the perspective images of all the great circles of our sphere S 
with respect to the origin. Thus the case where ) is rational does not yield any 
solutions whatsoever. 

The only case that remains to be considered in this section is where ) is 
irrational. By (14), we deduce the conditions 


(16) so—p=0, clp?+%1+9%)] =0. 


From (13), we find that 8 =29, a non-zero constant. If c¥0, we get the imagi- 
nary planes discussed above. Hence it follows that c=0 and 8 =2) 0. Of course, 
this means that the sphere S must have its center at the origin. 

Upon setting both the coefficient of p’ and the term independent of p’ in the 
cubic identity obtained by eliminating p’’ from (9) and (11) equal to zero, we 
obtain 


(17) ate(agp + a) = 0, a:(aree + a) 20 + pase + a) (ag + oe + 1) = 0. 


The second is an identity in p. From it, we deduce that all possible solutions sat- 
isfy the condition, a¢-+a=0. Hence all the solutions are: z=p(A cos 0+B sin @) 
+2. These are all the planes, z=Ax+By+2p. 

Therefore we have succeeded in proving that the gnomic projections are the 
only ones which satisfy the conditions of our theorem and for which p#0. 


(15 


6. Part III of the proof. The only solutions of our problem for which p=0, are 
the spheres (and planes =a constant) homothetic to the sphere S with respect to the 
point of perspectivity. Since p=0, the cubic identity in p’ obtained as a result 
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of eliminating p’’ from equations (9) and (11), yields the equations 


tr(zq + p)(z? — ap”) = cp(1 + q?)(z — pq)?, 
qgh(zq + p) = cp*(1 + q?). 


Fither of the conditions \=0, or z*=ap?, leads to a cone (real or imaginary), 
with vertex at the origin. Henceforth \0 and 2?—ap? 0. 

If 1-+q?=0, then zg+p=0. This again yields the imaginary cone with vertex 
at the origin. Thus 1+ q?+0. 

If c=0 and 2zqg+pxO0, then g=0. In this case, the sphere S has its center at 
the origin and our surfaces 2 are the planes, z=a constant. Again we have ob- 
tained a gnomic projection. 

If c=0 and zqg+p=0, the sphere S has its center at the origin and the sur- 
faces > are spheres concentric with S. 

The remaining case to be discussed is that in which \+0, 2?—ap?XO, 
1+ 920, c0, and of course =0 From (18), we derive the equation 


(18) 


t 1 
(19) — (2? — ap?) = — (2 — pq)’. 
q p 


To solve this equation, introduce the substitutions 


2 2 = Addbes 
(20) P+6@)=0, g=-—, te -—4 OH, 
dz bz ¢° 
Substituting these into (19), we find 
(21) A(z’ + ad)be2 — ab; — 426, + 46 = 0. 


Differentiating this with respect to 2, we get @z22=0. Thus ¢ is a quadratic 
polynomial in z. Substitute this into (21). By (20), we find that our surfaces = 
must necessarily be of the form 


(22) p? + az? + 262 + y = 0, 
where (a, B, y) are constants satisfying the condition 
(23) y(aa + 1) — af? = 0. 
Substitute (22) into the second of equations (18). We find that 
(24) [2(1 — a) — BJA = c[(a — 1)(az* + 282) + (62 — y)]. 


It is noted that the conditions a=1, B=0, can not hold simultaneously, for. 
otherwise y =0, and we would get an imaginary cone with vertex at the origin. 

Since the coefficient of \ in (24) can not be identically zero, we can solve for X 
and substitute the result into the quadratic equation (3). This yields the follow- 
ing identity of fourth degree in 2: 
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ac?[(a — 1)(az? + 262) + (6? — 7)]? 
(25) + 2c?z[2(a — 1) + B][(a — 1)(az? + 282) + (6? — y)] 
— [z(a — 1) + B]?[(a — 1)2? + 262 + y] = 0. 


We shall prove thata =1. Let us suppose the contrary. Substitute z= —B/(a—1) 
into the preceding equation. We find ac?[62—(a—1)y]=0. If a0, we obtain 
by this and from (23) that B=y=0. Thus we have found a cone with vertex at 
the origin. Hence if a1, then a=0. By (23), we deduce that y=0. If a¥1, we 
have a=0 and y=0. Thus we can divide out of (25) the factor z [z(a—1)+8 ]. 
The result is 


(26) 2[(a@ — 1)(az* + 262) + 67] — [z(a — 1) + B][(e — 1)z + 26] = 0. 


Upon placing the coefficient of z in this, equal to zero, we find (a—1)8=0. Since 
a1, we see that G=0. Thus B=y=0 and we have found a cone with vertex 
at the origin. 

The above argument shows that a=1 in all cases. Since a=1, we find from 
(23) that the value of ¥ is 


ap? 


C2 


(27) 7 = 


Upon substituting a=1 and this value of y into (25), we find that (25) is 
identically zero. Thus by (22), we discover that our surfaces 2 must be the 
spheres 

B? 
(28) a yt (8 +B)? = 


homothetic to our sphere S. Moreover by (25), the magnifying function d is the 
constant \= —B/c. 


7. Conclusion. The above completes the proof of our fundamental theorem. 
The distinction between the result on conformal perspectivities and that of ge- 
odesic perspectivities should be noticed. In a conformal perspectivity, a point 
on the sphere S can correspond to either one of the two images on the homothetic 
sphere 2, whereas in our new theorem, a point on the sphere S can correspond 
only to the single homothetic image on the second sphere 2. 
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APPROXIMATING SUMS 
M. A. ZORN, Indiana University 


1. Introduction. The approximating sums for the definite integral of a func- 
tion may be formed largely without reference to the character of the path. We 
propose to determine a necessary and sufficient condition for their convergence 
in the case of integrands which are analytic functions of a complex variable. 


Z. Necessary conditions. We denote the interval 0St<1 by J; any finite 
sequence fo, ---, t,, with O=fS4,5 ---<t,=1, determines a composition A. 
We write Al; =t;—t;1,7=1, ---,n, and |A; t| = MAXIMUM jut, «+ «, n At; (the mesh 
of A). A path is given by an arbitrary complex function g(#) on J; the point set 
g(I) we denote by C. We define 2; as g(t;), for a given path and decomposition, 
and Az; as 2;—2:1,7=1, - + - , 2; we shall use the symbol |A; | for the maximum 
of the numbers | Az,|. Summation from 1 to n, the latter being determined by A, 
is indicated by )/;it will be useful tohave a specialsymbol for >; | Az;| ?, for which 
we introduce ||A; g||. Intermediate points z/ on the path are obtained by forming 
g(t? ), with ¢1S¢/ St,, fori=1,---,n. 

The admissible integrands will be single-valued complex functions f(z), de- 
fined and differentiable on an open set G which contains the set C; the set G 
may vary with the integrand. 

As usual, we say that lim >> f(z! )Az; exists, if there is a complex number J 
such that for e>0, a d>0 exists, with |} f(z/ )Az:—J| <e whenever |A; ¢| <d. 

We state first the following lemma. 


LEMMA 1. A necessary and sufficient condition for the existence of the limit of 
the approximating sums >. f(2i )Az;is the existence of the limit for special intermedi- 
ate points, where each t{ has one of the values t;_, or t;. 


For the proof, it suffices to point out that by virtue of the identity 


Do fel )@ — 2-1) = Do fal )@ — 2f) + DO fel el — 2-2), 


a general approximating sum is equal to a special approximating sum with a 
mesh which is certainly not larger. 


THEOREM 1. In order that the limit of the approximating sums exists for the (ad- 
missible) integrand f(z) =2 it is necessary that lim >_|Az;|2=0=lim ||A:2|| =0. 


With a subset S of the set 1,---+, ” we associate the special selection: 
Zi =2;-, If 7 is in S; otherwise, 2/ =z; We shall presently attach, in specified 
ways, to each A a set S(A); summation over this subset will be indicated by >.>’. 

The difference between > f(z;)Az; and >> f(z/)Az; becomes, in our case, 
> 2iAzi—)_2/ Az; =), (2:—2/ )Az;=)_’(Az,)2. If the limit of the approximating 
sums exists, this sum must tend towards zero; and the same will hold for its 
real and imaginary parts, >)’ Re((Az;)?) and >.’ Im((Ag;)?). 

We now choose S(A), in four ways; namely, as the set of indices for which re- 
spectively Re((Az;)?) >0, Re((Az;)?) <0, Im((Az;)?) >0, and Im((Az;)2) <0. 
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Combination of the resulting limit relations yields 
lim 2 [| Re((Azs)?) | + | Im((Az:)*) | ] = 0; 


since the terms of this sum dominate | (Az;)|?, we obtain the desired result: 
lim >>| Az;|?=0. 
An immediate corollary is the following. 


LemMA 2. If the limit of the approximating sums exists for all admissible inte- 
grands, the function g(t) ts continuous. 


When the quantity |A; z| =max”_, |Az,| is less than or equal to the square 
root of ||A; z||, it must tend toward zero with |A; ¢|. Since every #-interval of 1 
can be contained in a decomposition whose mesh is the length of the interval, 
we obtain uniform continuity of g(¢). The set C will thus have to be compact; 
this we shall use in the next section. 


3. Sufficient conditions. Turning to the sufficiency question, we verify first 
that for each admissible f(z) and each compact set C there is an r>0 and an M@ 
such that for any p on C the inequality |z— p| <r implies that z is in G and that 
| f(z)| <M. For if this were not so, we could produce, for 7=1, 2,--+-, points 
pi, 2; with p; on C, | pi—2i| —0, and either z; outside of G or | f(zi)| >1. Because 
of the compactness of C we could then arrange it so that the sequence ; con- 
verges to a point p of C; the sequence z; would have to converge to the same 
point. Since G is open, the points 2; lie ultimately in G; since f(z) is continuous 
at p, the numbers of f(z;) will approach f(p) and their absolute values will stay 
bounded. 

So far we have used only the continuity of the integrand; let us now make 
use of the property of differentiability. For each p on C we consider the function 
(f(z) —f(p))/(2—p). It is bounded near p and may therefore be continued into », 
by the theorem on removable singularities; we thus obtain a function which is 
differentiable for |z—p| <r. For |z—p| =r, its absolute value is at most 2M /r; 
since such a function has its maximum on the boundary, we get f| (z)— f(p)| 
<2M/r for |z—p| Sr. Thus we have established the following result. 


Lemma 3. For a compact set C an admissible integrand has the following prop- 
erty, (property X): there exist an r>0 and an L such that for p on C, |z— p| <r 
implies | f(2) —f(p)| $2L|2—9]. 


In the next lemma we employ the Cauchy integral (along straight segments 
or polygonal lines, for continuous integrands). From the properties of admissible 
integrands only the continuity and property X come into play. The set C is 
again assumed to be compact. 


Lemma 4. If a function f(z) ts continuous on G and has property X, then 
|A;3| <rimblies 


(1) D se)ds — X f seas] s alas. 
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Here the integral J; is understood to be taken along the straight segment 
from 2;_; to 2;; it exists since the integrand is continuous there. For the sum of 
the integrals, which is the integral along a polygonal path, we write fa. 

For the proof, we consider f(z,;)Az;—Jif(z)dz, which is equal to /[;(f(z;) 
—f(z))dz. Using property X we obtain 


sf | seo — ||| 


sf |s—+ 


The inequality (1) is an immediate consequence. 
We pass on to an observation which is essentially a matter of elementary 
topology in the plane; the approximating sums are not directly involved. 


f (eo - #@)as 


d|z| =L| Az, |? 


LEMMA 5. If the function g(t) is continuous and the integrand f(z) admissible 
then there exists an e>0 such that all integrals [xf(z)dz with |A; t| <e are equal. 


To prove this we choose ¢ so small that |A; ¢| <e implies |A; z| <r. This is 
possible since g(#) is uniformly continuous. Since two decompositions of mesh <e 
have a common subdecomposition of mesh <e, it suffices to show that passing 
to a subdecomposition does not change the integral. This in turn will be taken 
care of if we can do it in the special case where only one new intermediate value 
t* is inserted between (say) #; and 1. We have then |t*—#,4| <e and |#*—3,| 
<e, thus also |2*—2;1|, |2*—2,| <r. These inequalities show that the triangle 
2:1, 2*, 2; lies in the circle |z*—z| <r, in which f(z) is differentiable. 

The difference between the two integrals is readily expressed as an integral 
over the boundary of the triangle; it vanishes, by Cauchy’s integral theorem, 
and this completes the proof of the lemma. 

Let us designate by J the common value—or limit—of these integrals fg for 
|A; t| <e. From (1) we obtain 


(2) | do fae: — J | S LA; all, 


which is valid whenever |A; ¢| <e. 

What happens if we choose other intermediate points? We may, as was 
pointed out in Lemma 1, restrict ourselves to the case where the intermediate 
points are special; that is, 2! =; or 2;_1. For |A;¢| <e, the property X of admissi- 
ble integrands yields if g(t) is continuous, the inequality 


(3) | fleas: — DO) fet Az: | < 2Z|A; ell. 


Indeed, the left member does not exceed >| f(z:) —f(s:1)||Az:|, which, if 
|A; 2| <r, is dominated by })2L|2:—z:| | Az;| =2Z]|A; el. 
The combination of (2) and (3) yields 


(4) | > fel Asi — J | S 3A; g| 
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which is seen to hold if (I) g(é) is continuous, (II) the integrand is admissible, 
and (III) [A; ¢| <e. 


4. Recapitulation. In view of Theorem 1, Lemmas 1 and 2, and equation (4), 
we may finally present the answer to our question: 


THEOREM 2. A necessary and sufficient condition for the convergence of the ap- 
proximating sums belonging to all admissible integrands is that lim ||A; g|| be equal 
to zero. 


ILLUSTRATIVE EXAMPLE. The path defined by g(f) =t+7t sin (1/t), 0<#S1, 
g(0) =0, satisfies lim ||A; z|| =0, without being of bounded variation. 


5. Further questions. We have tried to present our result in an elementary 
form, keeping at a level which might be attained in a first course in complex 
variable. We have not given the name integral to the limit of the approximating 
sums, since doing so would perhaps involve the obligation of developing the 
properties of this limit. 

In conclusion I mention that D. W. Hall once asked me a related question 
about the integral along Jordan arcs. Moreover, I suggest the following addi- 
tional questions: What are the properties of the paths with lim ||A; 2||=0? To 
what extent is the stronger form of Cauchy’s theorem preserved? Must new con- 
ditions be imposed if f(z) satisfies merely a Lipschitz condition? For what paths 
do decompositions exist with arbitrarily small ||A; 2||? What about the limit of 
the approximating sums as ||A; 2||—30? 


A NECESSARY AND SUFFICIENT CONDITION OF WIENER 
G. C. EVANS, University of California* 


1. Introduction. A necessary and sufficient condition, that an object belong 
to a certain defined class, is a tautology in the sense that it is equivalent, from 
the point of view of logical analysis, to the original proposition. A sufficient con- 
dition, which is not necessary, offers apparently an immediate advantage in that 
its purpose is to point out a recognizable subclass of objects for which the given 
definition is valid. Similarly, a necessary condition, which is not sufficient, ex- 
cludes a recognizable subclass which does not contain the defined objects. These 
one-sided conditions therefore serve to delimit workable situations. But unless 
we assume a mystical attitude toward mathematics, so that we remain in a 
continual state of surprise, the discovery of an essential application of a neces- 
sary and sufficient condition should strike us with more force than the usual 
discovery of mathematical fact—or else, we should realize that the concreteness 
of mathematical fact is as important as logical structure. 


* Presented to the Northern California Section of the Mathematical Association of America 
at Berkeley, California, January 26, 1946. 
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2. Regular points and Wiener’s condition. An interesting case of this kind 
is an application of Wiener’s necessary and sufficient condition that a point be a 
regular boundary point with respect to a given domain and Laplace’s equation.* 
It has been remarked that Wiener’s condition is “beautiful,” presumably be- 
cause it analyzes the neighborhood of the boundary point in an appropriate way. 

For domains with sufficiently smooth boundaries we know that there is one 
and only one function which is a solution of Laplace’s equation within the do- 
main and takes on the values of a given continuous function for arbitrary ap- 
proach to the boundary. An arbitrary domain can be approximated arbitrarily 
closely by a domain with such a smooth boundary; indeed, an arbitrary domain 
T is the limit as n— © of a sequence of such smooth boundary domains T,, each 
domain of the sequence strictly containing the previous one. 

Given a function f, which is continuous on the boundary, it can be extended 
so as to be continuous within a certain distance of the boundary. There will then 
correspond to each approximating domain a harmonic function u, which be- 
longs to the given continuous function, taking on its values on the boundary 
of T,. As n—o, the function uw, tends to a function u which is harmonic in the 
domain T; the function u depends merely on f and not on its.extension. The 
question remains as to how this sequence solution u behaves on approach to a 
point p of the boundary of T. The point p is a regular boundary point for T if, 
given arbitrarily the continuous boundary function f, we have 


lim u(P) = f(P), for P in T. 
Pp 


Lebesgue showed that if p is the vertex of a sufficiently sharp spine reaching 
into T, p is not regular. Lebesgue also gave a necessary and sufficient condition 
that p be a regular boundary point in terms of the existence of a special function 
called a barrier, which is a harmonic function (or a harmonic function plus a 
potential of positive mass) with certain defined properties. To be exact, the 
barrier has to have a positive lower bound in 7, no matter how small a neighbor- 
hood of p is excluded, and has to tend to 0 at p. One use of this condition is the 
concreteness of its application as a sufficient condition; for example, it can be 
shown by this means or by Wiener’s condition that if p is the vertex of a small 
triangle which lies outside of 7, then # is regular. 

Wiener’s condition depends on the notion of the capacity of a bounded closed 
set in space; for example, the set might be a piece of conducting surface or a 
solid conductor. The capacity is defined as the upper bound (least upper bound) 
of the total positive mass which can be distributed on the set so that the po- 
tential of the distribution nowhere exceeds the value 1. The capacity of a sphere 
is equal to its radius while that of a circular disc is (2/7) times its radius. 
Capacity is of dimension one in length. If we have two sets F’ and F, such that 
to each point q’ of F’ there corresponds a point g of F, to distinct points q’, 7’ 


* N. Wiener, Journal of Mathematics and Physics of the Massachusetts Institute of Tech- 
nology, vol. 3, 1924, pp. 24-51 and pp. 127-146. 
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of F’ there correspond distinct points q, 7 of F, and the respective distances 
satisfy | q’ r'| s | qr| , then the capacity of F’ is not greater than the capacity of F. 
In particular, this condition is satisfied if F’ is contained in F. If the capacity of F 
is positive there exists mass, equal to the capacity of F (whose distribution we 
may call a conductor distribution), of which the potential (the conductor poten- 
tial) takes on the value 1, but does not exceed that value. The conductor po- 
tential takes on the value 1 at all regular boundary points of the infinite domain 
whose boundary is the exterior frontier of F. 

Now let p be a boundary point of a given domain TJ, and ) a positive number 
less than unity. Let y; be the capacity of the closed set e, of points g which do 
not belong to T and which satisfy the condition 


A* < distance pq S A*}. 


Consider the series 


Then # is regular if o diverges, but is irregular if o converges. This is Wiener’s 
condition. One can show that Lebesgue’s condition is equivalent to it.* 


3. Surfaces of minimum capacity. Let us now consider the application. We 
know that in three dimensions there exist harmonic functions bounded over all 
space provided that we allow them to be multiple-valued. The multiplicity may 
be any finite value; in particular the function may be double-valued. It is this 
latter case which we are to consider. Corresponding to branch points in the 
plane we have branch curves in space. We wish to investigate the continuity of 
the double-valued function on these branch curves. 

For example, the conductor potential of a circular disc is given by the 
formula 


V(P) =1- 2 arctan Ve 
vs a 

where yp is the ellipsoidal parameter of the point P in the system of spheroidal 
coordinates for which the level surface corresponding to » degenerates into the 
disc when w=0. This potential V(P) can be continued harmonically across the 
disc in either direction by replacing Wu by —~W/p, and thus yields a double- 
valued non-negative function, harmonic in all space except on the circumference 
s of the disc, equal to 0 and 2 respectively at «, and the sum of its two values 
for any P remaining equal to 2. It will be noticed that in terms of this explicit 
expression, V(P) is continuous on s; in fact, the behavior of V(P) can be exam- 
ined in detail in the neighborhood of s by introducing codrdinates a, 6 with 


x? + y? + 22 = a? + a? + 2a cos B, z= asin B, 


* O. D. Kellogg, Foundations of Potential Theory, Berlin, 1929, pp. 326-334, 
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so that, writing 


uw will be given by the expression 
am 
= (=) {20 cos B tat [402 +. a? + 4aa cos gB]/2}, 


The potential V(P) has the value 1 on the disc and on s. The disc plays the role 
of a cut, s being the branch curve. 

This analogy to Riemann surfaces was used by Sommerfeld* for the solution 
of a number of problems and has been noticed and applied by Courant, the 
present author, and others. Let us suppose that we have a closed curve s in 
space, itself of zero capacity, such that the points of the interior of some sphere 
which contains it may be put into one to one correspondence with the points of 
a second sphere in such a way that s corresponds to a circle inside the second 
sphere. We are able to show that there exists a particular surface cap S, bounded 
by s, such that, among all such caps, S has minimum capacity. The cap S ts 
in fact the level surface V=1 of a uniquely determined double-valued function 
which is bounded in all space, harmonic except on s, and equal to 0 and 2, re- 
spectively, at o. The existence and properties of S are obtained in terms of V. 
The surface S separates no points from o. If S is made a cut surface, the 
branch V; of V which vanishes at © is the conductor potential of S. At any 
point the sum of the two branch values remains equal to 2.f 

Every point of s is a limiting point of S, and of the infinite domain comple- 
mentary to S, and every small closed curve which loops s cuts S. It is not true, 
however, that V is necessarily continuous on s, taking on the value 1 for arbitrary 
approach to a point of s. This statement is easily verified in the special case of 
the plane curve s obtained by adding a thin flat spine to the disc which we have 
discussed above. 


THEOREM: It is true that V 1s continuous at any point pb of s where s has a 
tangent line, or where s has a forward and a backward tangent which do not make a 
zero angle. 


In order to prove this theorem let 4; be the forward tangent at p, f2 the back- 
ward tangent and 7 a sector of a half-plane bounded by 4 and &. Let F be the 
set of points, in a closed spherical neighborhood I of », which belong to S+s. 
Draw two thin single-sheeted cones C; and Ce, with axes ¢, and #, respectively, 
and common vertex p, cutting the boundary of I in small circles which are 
exterior to each other and separated; the radius of I may be taken small enough 


* A. Sommerfeld, Proceedings of the London Mathematical Society, vol. 28, 1897, pp. 395-429. 
H. Bateman, Partial Differential Equations of Mathematical Physics, New York, 1944, p. 466. 
+ G. C. Evans, Bulletin of the American Mathematical Society, vol. 47, 1941, pp. 717-733. 
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so that within I the curve s lies entirely inside the cones. 

We now project certain of the points of F circularly to the half plane 7, 
in order to form a set F’. Consider the set of circles C in I with centers on 
i+, in planes orthogonal to 4, whose discs do not contain any points interior 
to C, but contain all the points of their plane sections with C,. The circum- 
ferences C loop s, and therefore each C contains a point of F. By rotation along 
C the point is projected into a point of the half plane 7, and these projected 
points fill a certain sector with a non-zero angle at p. This plane sector plus the 
point p constitute the set F’. 

To each point of F’ corresponds, by the projection, one or more of the 
points of F, of which one may be chosen. To distinct points qi, g/ of F’ cor- 
respond distinct points qi, q2 of F, since qi, g¢ lie on distinct circumferences C. 
Moreover, with regard to the respective distances, | a! qe | < | q192| . In fact, if we 
cake cylindrical coordinates (7, 0, 2), & being the axis of z, we find that 


2 2 2 2 2 2 2 2 2 
| qi gd | = (re — 11) + (2 — 21) , =X +91, Le = Xe + Yo 
2 2 2 2 
| qige| = (%2 — 41) + (¥2— yx) + (22 — 21) 
2 2 
| q192 | _— | gi q2 | = (rire — X14. — Viye) = 2rire(1 — cos (02 — 61) |. 


Hence the capacity of F’ cannot exceed the capacity of F. 

Similarly, if we consider subsets e, of F which are specified in Wiener’s cri- 
terion and the subsets ef of F’ which lie in the corresponding annular plane 
regions, each ef is a circular projection of e,. Hence the capacity yz of e¢ 
cannot exceed the capacity ;, of e,. Accordingly, the series o will diverge if the 
series 


o = i — 
1 


diverges. 

But F’ contains a plane triangle with vertex at p. And as was mentioned 
above, p is a regular point for the infinite domain whose sole boundary is this 
plane triangle. It follows, therefore, using the necessary part of the Wiener 
condition, that the Wiener series for this triangle diverges. But each term of 
this series is dominated by the corresponding term in o’, since each annular 
portion of the triangle is contained in the corresponding ef Hence a’ diverges 
and o diverges. Accordingly, using the sufficiency part of the Wiener condition, 
p is a regular boundary point for the infinite domain T of which S is the sole 
boundary, and 

lim Vi(P) = 1, P in T. 
Pp 
Also, if V2(P) is the other branch of the function V, since Vi(P)+ V2(P)=2, 
we have limp.,V2(P) =1. In other words, V(P) is continuous on s. 


MATHEMATICAL NOTES 


EDITED By E. F. BECKENBACH, University of California 


Send material for this department directly to E. F. Beckenbach, University of Cali- 
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ON THE NEED FOR CARE IN USING A CERTAIN INTEGRAL FORMULA 
A. E. Taytor, University of California, Los Angeles 


The formula 


ax 2 a? — 6? tan $x 

f—- a SE, a? > $?, 
atbcosx vWV/a?— Bb? a+b 

is given in many standard integral tables. It must be used with care, however, as 

the following paradox shows. 

Let us take a=5, b= —3, and calculate the value of the definite integral 


3/2 ax 
2 f oF 
(2) 0 5—3cosx 


The integrand in (2) is positive and continuous for all values of x, so the definite 
integral is certainly positive. However, if we use (1), we obtain a negative result, 
namely 


(1) 


37/2 ax 3m /2 
i) ———— = } tan™! (2 tan $x) = — 5 tan? 2. 
0 5—3cosx 0 


We have here an apparent failure of the fundamental theorem of calculus. 
If the function on the right in (1) be denoted by F(x), it is true that 


1 


8) B(a) = a+ bcos x 


for all values of x for which F(x) ts defined. But F(x) is not defined when x is an 
odd multiple of +. Furthermore, if x,=(2n+1)7, n=0, +1,---, the limits of 
F(x) at x =x, from the right and left, respectively, are 
(4) F(siq +.0) = ——= F( iq — 0) = 

¢, +0) = ———= ¢, - 0) = ——== 

a/ a? — 2 a/ a? — p? 

if at+b>0. If a+b <0, the right members of the two equations (4) must be ex- 
changed. Hence there is no way of defining F(x) at x =x, so as to make the func- 
tion differentiable there.* Therefore, in applying (1) to evaluate a definite in- 
tegral, we must take care that the interval of integration does not contain one 
of the points x =x, in tts interior. If a point x =x, is at an end of the interval we 
may still use (1), but we must think of F(x) as being defined at the end of the 


* Another example of much the same kind, but less likely to occur in practice, was pointed out 
recently by C. I. Lubin (this MontTuHLy, vol. 53, 1946, p. 586). 
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interval by its limiting value from within the interval. The correct evaluation 
of (2), for example, is as follows: 


f ae F(x — 0) — F(0) = —- —0 

0 5—3cosx " . 4 

i dx r(=) F(r + 0) 1; 124 T 

—————— = F{ —]} — = — $+ tan- —; 

, 5—3cosx 2 " ? 4 
8a /2 dx v 

f ——.—— = — — 5 tan! 2 = 1.02. 

0 5—3cosx 2 


An example of the occurrence of the foregoing situation in practice is fur- 
nished by the following problem. Consider an infinitely long cylindrical surface 
x*-+y?=a?, Let the two halves of this surface for which y>0 and y <0, respec- 
tively, be conductors which are insulated from each other and given potentials 1 
and —1, respectively. The potential along the line with cylindrical coérdinates 
(r, 6), OSr<a, is given by Poisson’s integral formula 


1 27 a’? — 72 
5 V(r, 0) = — —_—-—_________—__———_ d,, 
(9) (7, 8) 2r J 0 i) a? + r? — 2ar cos (¢ — 8) ? 


where f(¢) =1 when 0<¢<z, f() = —1 when 7 <¢ <2. We make the change of 
variable x =¢— 6, and use (1) with care. It is necessary to distinguish three cases. 
The results are 
Vir,6) =0 if @=0 or 6=7; 

a+r 6 2 a+r 6 

ctn >| + — tan"! | tan. =| + 1; 
a-—r 2 w a-r 2 
in the last formula we choose —1 if 0<0<a, and +1 if r<0<2z. 

The solution (6) is clumsy in form, and the work of deriving it is tedious. 
There is a better procedure for the evaluation of the integral (5). We let x=@—0 
when 0S¢@Sz7, and y=@—8@ when 7 $¢@ S27. Then 

1 pre a2 — r)dx 1 p2re a2 — r2)d 
vo. <2 (a? — 7) (a? — Pay 


2rJ_6 a +r?—2arcosx Ads» at+r*?— 2arcosy 


(6) 


2 
Vir, 0) = — tan7! | 
Tv 


In the second integral let y=a-+<x, and combine the result with the first integral. 
In this way we obtain 


1 fr 4ar(a? — r?) cos x 
(7) V(r, ¢) = —{ dn. 
2rJ 46 (a? + 77)? — 407? cos? x 


The integral (7) may be evaluated easily by the substitution u=sin x. The final 
result obtained in this way is much neater than the form (6); it is 


2 2ar sin 
(8) V(r, 6) = — tan7! (—="). 


T a? — +r 
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POLYGONS HAVING A COMMON MEAN 
V. O. McBrien, Holy Cross College 


1. The following theorem on cyclic n-gons was recently discussed by 
R. Goormaghtigh, this MONTHLY, vol. 53, 1946, p. 525: 


When two n-sided polygons 414, ---A, and B,B, -: - B, are inscribed in 
a circle I’, the ~ orthopoles, with respect to AiA2- +--+ An, of all the polygons 
obtained by omitting one of the vertices of B,B, - - - B, and the n orthopoles, 
with respect to BiB. --- Bz, of all the polygons obtained by omitting one of 
the vertices of A1A2 - + - An are 2n points on a circle having as center the mid- 
point of the segment joining the orthocenters of the polygons. If @ is the angle 
formed by the mean polygons of the given polygons, the radius of the circle 
equals that of I‘ multiplied by cos 3m@ when n is even and by sin 4n@ when n 
is odd. 


2. Itis of interest to discuss the condition for polygons which have a common 
mean, for then the circle reduces to the null circle. The properties of triangles 
having a common mean have been considered by O. J. Ramler, this MONTHLY, 
vol. 47, 1940, p. 140. 

Using circular coérdinates, let the cyclic n-gon A; have vertices ¢; and the 
cyclic n-gon B; have vertices 7;, where |t;| =|7;| =1. Designate the symmetric 
functions of ¢; and 7; by s,,; and on,;, respectively. The orthopole of a variable 
vertex tf; is given by 


On,n 
(2.1) 2 = 3(Sa,1 + on,1) — 4] + (— 1)” ; |& 
This is the map equation of the circle of 2” orthopoles. The radius of the circle 
is $| [1+(—1)*on,n/5n,n]|. The condition for a null circle is therefore, 


(2.2) (— 1)*"¢n.n = Snin- 


For n=3, we have o3,3= 53,3 which is the condition that a pair of cyclic triangles 
have a common mean triangle. In general we may say that two cyclic n-gons 
have a common mean if (2.2) is true. We then have as an important case of the 
theorem above, the COROLLARY: 

If two cyclic n-gons have a common mean, the 2n orthopoles with respect to the 
n-gons are coincident. 


CLASSROOM NOTES 


EDITED By C. B. ALLENDOERFER, Haverford College 


All material for this department should be sent to C. B. Allendoerfer, Haverford College, 
Haverford, Pennsylvania. Contributions are invited on topics of immediate interest to teachers 
of undergraduate mathematics such as: fresh approaches to standard material, analyses of 
common textbook shortcomings, descriptions of visual and mechanical aids to teaching, outlines 
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being adopted by many institutions. Rejoinders to earlier notes are encouraged. 


THE TRIAL INTEGRAL METHOD 
M. F. SMILEY, Northwestern University 


The purpose of this note is to provide a workable and direct explanation* 
of a method of solution of the non-homogeneous linear differential equation 


(1) F(D.)y = f(%), 


in which F(z) is assumed to be a polynomial in u with real coefficients independ- 
ent of x. We shall assume that f(x) satisfies a homogeneous linear differential 
equation 


(2) G(D2)f(x) = 0, 


where G(uz) is a polynomial in u with real coefficients independent of x.f We in- 
sist on real coefficients only because this has been the custom in engineering 
applications. 

We shall suppose that a method of solution of homogeneous equations 
H(D,)y=0, with H(u) a polynomial in u with real coefficients independent of x, 
has been explained. We feel that this discussion should culminate in a table of 
the following sort. 


Root of H(u) =0 Multiplicity | Corresponding terms in the general solution 


u=a, real Simple Cee 

u=a, real a ee*(Cy +Cox+ - ++ +C,x4-1) 
u=atBr Simple e**(C, cos Bx + C2 sin Bx) 

u=atpr bb e** [cos Bx(Ci+Cox+ - + + +C,x#-) 


+sin Bx(Cuzst+Cupoet + + + + Coxe) | 


It should be emphasized that the functions f(«) which satisfy our basic assump- 
tion are linear combinations of those appearing in this table. 

If the polynomial G(uw) which occurs in (2) were available, we could reduce 
(1) to the homogeneous equation 


* Phillip Franklin’s Methods of Advanced Calculus treats this case in a manner quite similar 
to ours. We claim no originality for the method given here, but we feel that its advantages over the 
usual method deserve consideration by a teacher of elementary differential equations. 

} This is the case in which the well known method of the trial integral applies. See A. Cohen, 
Differential Equations. 
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(3) G(D.)F(D2)y = 0 


by applying the operator G(D,) to (1). The general solution of (3) could then be 
substituted in (1) and the additional constants introduced by the operator 
G(D,) could be evaluated. In fact, a knowledge of the roots of G(u) =0 and of 
F(u) =0 will suffice to determine the general solution of (3). 

To find the roots of G(u) =0 which correspond to a given function f(x) we 
suggest that the table displayed be used in reverse. Thus to xe®* (or to (x?-+-4)e%?) 
there corresponds the roots* (3, 3, 3); while to xe” sin 5x (or to xe” cos 5x) there 
corresponds the roots (1+57, 1+572). Having done this, we may then com- 
bine the roots of G(u) =0 with those of F(u) =0 to obtain the general solution 
of (3) from the displayed table. 

Once the trial form of y has been determined, we may proceed to substitute 
in (1) and evaluate the non-arbitrary constants. Of course, the general solution 
of (3) will contain the complementary function of (1) and this may be ignored if 
we desire only a particular integral of (1). 

We conclude with a simple example. 


(4) (D,+1)y = 2 sin «. 


Here F(u) =u?-+1 and the roots of F(u) =0 are +7. The roots corresponding to 
x? sin x are (7, +7, +7). Hence the roots of G(u) F(u) =0 are (47, +7, +7, +2) 
and 


y= (A + Bu + Cx? + De®) cos x + (E+ Fu + Gx? + Hx?) sin x. 


Substitution in (4) yields D= —1/6, B=G=1/2; C=F=H=0; A, E arbitrary. 
With these values, y is the general solution of (4). 


ON THE SOLUTIONS OF LINEAR DIFFERENTIAL EQUATIONS 
A. B. FARNELL, University of Colorado 
Several special equations which are sufficient to illustrate the points in ques- 


tion will be considered here. 
For example, consider the differential equation 


a*y ay 
1 —— — 2 — + = gt 
(1) ax? ax y 
and the solution 
(2) y(%) = ce? + cove? + 


(a — 1)? 


which satisfies the differential equation formally. The standard approach pre- 
sented in most elementary texts to this solution is the method of complementary 


* We adopt the usual notation in indicating the multiplicity of a root by repetition. 
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and particular solutions. For a different from 1, the solution is usually left in 
this form. 

Is (2) a solution of (1) for a equal to 1? Most elementary texts infer that in 
this case (2) is not a solution and has no connection with the solution of (1), 
and some new approach is needed to find a particular solution; this new approach 
is usually pulled out of thin air. No cognizance is taken of the fact that c, and 
¢, are functions of a. If (2) is written more precisely, the need for special consid- 
erations for various cases is avoided. . 

Let y(0) =o, y’(0) =¢ . Imposing these initial conditions, (2) can be written 
in the form 


err — e* + (1 — a)xe 


(3) y(x) = yoe* + (yo’ — Yo) xe” + (a — 1)? 


This solution is valid for a different from 1, and as a approaches 1, (3) becomes 
in the limit — . 


(4) y(x) = yoe* + (yo! — yo) xe” + 3x7" 
the correct solution for a equal to 1. 
For the differential equation 
d’y , 
re) + y = sin ax 
the solution can be written in the form 
sin ax — asin x 


(5) y(x) = yo’ sin x + yo cos x + i-@ 


For a different from (1), (5) gives the correct solution; and for a equal to 1, 
the proper solution is 


(6) y(x) = yo’ sin x + yo cos x + 3(sin x — x cos 2), 


which is obtained from (5) by letting a approach 1. 

Although the special methods of approach for various cases mentioned above 
have the undoubted advantage of reducing the labor involved in solving special 
equations, examples, such as the ones given above, should help in showing why 
and when these special methods work. 

Finally, consider the differential equation 


Most students will readily agree that in this case the particular solution y, might 
contain x, x?, and x’. A little further argument will convince them that yp should 
be as general as its derivative and hence should contain a constant term. We 
thus take y, in the form 
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Vp = Ax®?+ Bo? + Ca++ D, 


which gives the particular solution in every case regardless of the values of the 
constants in the left-hand side of the differential equation; in one case D might 
not be determined which means simply that it is arbitrary. 

In the same way, for the differential equation 


@ ——+a,— + ay = xsin x 
” dx? * dae 0 


we have in all cases, 
Yop = (Ax? + Bu +C) sin x + (Dx? + Ex + F) cos x. 


After the student is convinced he can form the particular solution in all cases 
without any special knowledge of the complementary solution, it is then easier 
to justify the special methods adopted for various cases, and, the reduction in 
labor by using them will be obvious. - 


A FUNCTION WITH A FINITE DISCONTINUITY 
J. A. WARD, University of Georgia 


An illustration of a function with a finite discontinuity that I have found 
useful in teaching sophomore calculus is the following: 


y = the degree in uw of: (x — 1)u3 + 5u? — 3u + 2. 


Then y is a discontinuous function of x; for at x=1, then y=2; but for all other 

values of x we have that y=3. This function seems a little less artificial to sopho- 

mores than one of the type y = (x?—4 )/(x—2) which has to be re-defined at x =2. 
Other examples may readily be constructed along these lines, such as: 


y = the degree in u of (x — 1)u7"+4 + 5u? — 3u + 2. 


This gives in the xy-plane-a parabola with the single discontinuity at x =1. An- 
other variation is a continuous function whose derivative has two discontinui- 
ties: 

y = the degree in u of u*” + 2u2 — 5u + 3. 


In the xy-plane this is a parabola with the lower part of the arc discarded and 
replaced by a chord. 


ELEMENTARY PROBLEMS AND SOLUTIONS 
EpITED By HowarD EVEs, Oregon State College 


Send all communications concerning Elementary Problems and Solutions to Howard 
Eves, Mathematics Department, Oregon State College, Corvallis, Oregon. This department 
welcomes problems believed to be new, and demanding no tools beyond those ordinarily fur- 
nished in the first two years of college mathematics. To facilitate their consideration, solutions 
should be submitted on separate, signed sheets, within three months after publication of 
problems. 


PROBLEMS FOR SOLUTION 


Correction. Problem E 754 [1947, 39] wasimproperly credited to C. A. Rich- 
mond, Tyngsboro, Massachusetts. The correct proposer is S. T. Thompson, 
Tacoma, Washington. 


E 761. Proposed by C. R. Perisho, McCook Junior College, Nebraska 


An object with a smooth lower plane surface, and center of gravity h units 
above this surface, is balanced on a sphere of radius R. Find the relation between 
h and R which insures stability of the object under small displacements. 


E 762. Proposed by J. R. Van Andel, Naval Air Experimenial Station, Phila- 
delphia, Pa. 

Let A, and A, be two circles with radii a; and a2 and centers (di, 0) and (de, 0), 
respectively, with a2>a:>0. Let C be any circle in the crescent shaped area M 
between A, and Ae, and tangent to both A; and Az». 

(a) The locus of the center of C as it sweeps out M is an ellipse with semi- 
axes (a,+a)/2 and ~/aiae. 

(b) If C; is a circle of radius r; and center P;(x:, yz), where 

1, = G102(d2 — 1) ds, 
Q102(d2 + a1) $4, 
v= Qtr: 


1 
he = de + F(a — a1), 


then, for any real value of t, C; lies in M and is tangent to Ai, As, and Cx4. 


Xt 


E 763. Proposed by Victor Thébault, Tenmie, Sarthe, France 

The lines joining the orthocenters of the faces of a tetrahedron to the reflec- 
tions in these faces of the points of intersection of the corresponding altitudes 
with the circumsphere, are concurrent at the Monge point of the tetrahedron. 

E 764. Proposed by R. J. Walker, Cornell University 


If a;; is the number in the ith row and jth column of a diabolic (pandiagonal 
magic) square of order five, show that 


(1 ai) = } II «i. 


t=] j=1 j=1 t==] 
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This relationship also holds for magic squares of order three. Does it, or any simi- 
lar relation, hold for magic, or diabolic, squares of any other order—in particu- 
lar, for diabolic squares of order seven? 


E 765. Proposed by Harold Becker, Omaha, Nebraska 


(a) What is the joint resistance of the general Wheatstone bridge as a func- 
tion of the five component resistors? (b) What are forms for the components so 
that they and the resultant will all be integers? 


SOLUTIONS 
Power Points 

E 705 [1946, 36 and 395]. Proposed by Joseph Rosenbaum, The Milford 
School, Conn. 

A point in the interior of a simple closed curve, which is nowhere concave, 
will be called a power point if the product of the segments of a variable chord 
through the point is constant. The existence of how many distinct power points 
insures that the curve is a circle? 


Note by the Proposer. R. A. Rosenbaum points out that this problem is not 
new, it having appeared as an article entitled A characteristic property of the 
circle and sphere; second note, by K. Yanagihara, in the Téhoku Mathematical 
Journal, vol. 11 (1917), p. 55. In the article Yanagihara discusses both this 
problem and the analogous one for a simply closed surface. His proof for the 
sufficiency of two power points for the curve is essentially the same as that given 
by Kelly in the MontHLY. However, as regards the surface, Yanagihara arrives 
at the false conclusion that there, too, the existence of two power points is a 
sufficient condition for the surface to be a sphere. That this is not true is shown 
by the following example. | 

Take a circle with a chord AB, and two points M and N on the circle on op- 
posite sides of AB. Next let c be an arc of any plane curve other than a circle, 
passing through M and N and not in the plane of the circle. Now the closed sur- 
face generated by the variable circle ABP as P moves from M to WN along the 
curve c is not a sphere, because c is not an arc of a circle. The surface, however, 
possesses two power points; in fact every point on AB is a power point of the 
surface, since, by the very manner in which this surface was generated, every 
section of it by a plane through AB is a circle having AB as a chord. 

It is easily shown, however, that the surface above will fail to possess a 
tangent plane at either A or B, and that the sufficiency of two power points 
under the additional condition that the surface possesses a unique tangent plane 
at every point is correct. Since this additional condition is not included in 
Yanagihara’s theorem, his theorem, as stated, is false. 

Inasmuch as the existence of three non-collinear power points was men- 
tioned in the editor’s note to this problem as being a sufficient condition for a 
simply closed surface to be a sphere, it may be well to supply the proof for it here. 


LemMMA 1. If a simply closed surface F possesses two power poinis A and B 
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within tt, then every point on AB is a power point of F. 


This follows immediately from the fact that a simply closed curve possessing 
two power points is a circle. | 


Lema 2. If a simply closed surface F possesses three non-collinear power points 
A, B, C within it, then every point P in the plane ABC ts a power point of F. 


Draw any line through P cutting AB and BC in I and J respectively. By 
Lemma 1, I and J are both power points of F, and since P lies on IJ then, again 
by Lemma 1, P is a power point of F. 


THEOREM. If a simply closed convex surface F possesses three non-collinear 
power points A, B, C within it, then F 1s a sphere. 


The plane ABC cuts F in a circle k. By Lemma 2, every point in this circle 
is a power point of F. Now consider the sphere S determined by the circle k 
and a point Q on F outside the circle k. If X is any point on F on the opposite 
side of the plane of k from Q, then the line QX cuts the plane of k in a point 
whose power with respect to F is the same as that with respect to S (both being 
equal to the power of that point with respect to circle k). Hence X must lie on 
the sphere S. This proves that all points on F which are on the opposite side of 
the plane of k from Q lie on S. This in turn, by the same argument, leads to the 
conclusion that every point on F on the opposite side of the plane of k from X 
lies on the sphere .S. Since these two sets of points constitute the entire surface F, 
the proof is completed. 


Consecutive Odd Integers 


E 726 [1946, 333]. Proposed by W. Nicholson, Chicago, Illinois 


If p and WN are positive integers, p>1, show that N? is the sum of N con- 
secutive odd integers. 

Solution by Murray Barbour, Michigan State College. The formula for the 
sum of an arithmetic progression is s=4n[2a+(n—1)d]. Here s=N?, n=N, and 
d=2. Substituting these values and solving for a we find a= N?-!—N-+1. This 
value for a is necessarily odd, since, for p>1, N(N?-*—1) is always even. 

Also solved by D. W. Alling, M. Aissen, Joshua Barlaz, Barney Bissinger, 
W. G. Brady, Paul Brock, W. E. Byrne, M. I. Chernofsky, H. J. Cohen, M. L. 
Constable, R. E. Crane, Monte Dernham, Benjamin Epstein, J. W. Gaddum, 
Sydney Glusman, Bernard Greenspan, Stanley Hughart, Meyer Karlin, N. 
D. Lane, Elmer Latshaw, B. R. Leeds, W. J. LeVeque, C. D. Olds, Margaret 
Olmsted, K. B. Patterson, C. R. Perisho, C. L. Perry, P. A. Piza, E. D. Schell, 
E. P. Starke, W. R. Talbot, R. H. Urbano, Alan Wayne, Michael Wilensky, 
Maud Willey, R. K. Zeigler, and the proposer. 


Barlaz proposed the similar but more difficult problem: Let p, N be positive 
integers, p>1. Find conditions on k, a, b so that N? may be written as the sum 
of k consecutive terms of the arithmetic progression ax--}, (a, b) =1, ax-+b>0. 
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Dernham pointed out that the problem is a special case of the more general 
theorem: If M and WN are positive integers, M2 WN, then MN is the sum of NV 
consecutive odd or N consecutive even integers, depending upon whether 1 
and N have the same or different parity; namely 


(M—-N+1)+(M—-—N+3)+--- to WN terms. 


Probability of Adjacent King and Jack 


E 727 [1946, 333]. Proposed by Frederick Mosteller, Princeton, N. J. 

What is the probability that a King and a Jack will appear side by side in a 
shuffled pack? 

Solution by N. D. Lane, St. Andrew’s College, Ontario. Let us consider the 
number of ways a King and a Jack will not appear together. We may have 
four, three, two, or none of the Kings side by side. 

If no two Kings are side by side, remove the Kings and Jacks from the pack 
and arrange the other 44 cards in one of 44! different ways. Now the Kings may 
be inserted in the 45 available places in P(45, 4) ways. The Jacks may now be 
inserted, one at a time, so that no Jack is next to a King, in 41-42-43-44 ways. 
Hence the number of ways no Jack and King will appear side by side when the 
the Kings are separated is 44!P(45, 4)P(44, 4) =a, say. 

Similarly, if we have two Kings together and the other two separated the 
number of ways in which a Jack and King will not be together is 44!P(4, 2) 
P(45, 3)P(45, 4) =b. 

If we have the four Kings arranged in pairs the number is 44!P(4, 2) P(45, 2) 
P(46, 4) =c. 

If we have three Kings side by side, the number of ways is 44!P(4, 3) 
P(45, 2)P(46, 4) =d. | 

If all four Kings are side by side, the number of ways is 44!P(4, 4)P(45, 1) 
P(47, 4) =e. 

The probability that a King and a Jack will appear together is then 
1—(a+b+c+d+e)/52!=0.48628, or almost one-half. 

Also solved by H. D. Grossman and John Riordan. 

Grossman pointed out that, except for the substitution of 4-spots and 7-spots 
for Kings and Jacks, this is problem No. 578 of the Nattonal Mathematics Maga- 
zine, April 1945, pp. 367, 368. His solution is the one there presented, and is 
similar to the above. 

Riordan employed the symbolic method (cf. Kaplansky, Symbolic Solution 
of Certain Problems in Permutations, Bull. A.M.S., 1944, pp. 906-914). He also 
showed that the probability of exactly one occurrence of King and Jack adjacent 
is 0.37193. 

The proposer remarked that the problem occurs (incorrectly solved) in the 
volume The World’s Best Book of Magic by Walter B. Gibson. The author as- 
sures the amateur prestidigitator that the required probability is about 2/3, on 
the reasoning that there are usually eight cards adjacent to the Kings and that 
each of these has one chance in twelve of being a Jack; 8(1/12) =2/3. 
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A Property of the Astroid 


E 731 [1946, 394]. Proposed by Howard Grossman, New York City 


At any point P on the hypocycloid «7/*-+-y?/8=q?/8, the tangent to the curve 
is the shortest line through P lying between the axes. 


Solution by C. F. Pinzka, North Plainfield, N. J. The pencil of lines passing 
through P(x, 91) is given by y—y1=m(x —4%1), the intercepts being x»=x1—31/m 
and yo=y1—mx1. Then the length of any line through P is (x§-+49)/2. Applying 
the usual criteria we find that for the minimum line we have m= — (y1/x1)'. 
But the slope of the tangent at P to the hypocycloid is found, upon differentia- 
tion, also to be — (y:/x1)/3. Hence these two lines are coincident. 

Also solved by Michael Aissen, D. W. Alling, Murray Barbour, P. T. Bate- 
man, Paul Brock, H. E. Fettis, I. M. Gardoff, E. A. Jacobs, H. L. Lee, S. T. 
Parker, C. R. Perisho, D. W. Matlock, W. R. McEwen, Emanuel Mehr, Herbert 
Reisman, E. D. Schell, W. R. Talbot, and P. D. Thomas. 


A Three Digit Number 


E 732 [1946, 394]. Proposed by Victor Thébault, Tennie, Sarthe, France 


Find, in the system of base 9, a number of three digits which, when trans- 
formed to the system of base 13, is composed of the same three digits. 


Solution by Walter Penney, Washington, D. C. Let abc be the required num- 
ber expressed in base 9. Since the leading digit cannot be the same in the two 
representations we have the following four cases: 


8ia + 9b + ¢ = 1690 + 13a+ ¢, 
8ia + 96 + ¢ = 169) + 13c +4, 
81a + 9b + ¢ = 169¢ + 13a + 4, 
8la + 9b +¢ = 169¢ + 13) + 4. 


The first equation, which reduces to 40) =17a, obviously has no solution in in- 
tegers less than 9. The second equation, which reduces to 40b = 20a —3c, yields 
the four solutions abc =210, 420, 630, 840. The third equation, which reduces to 
42c=17a+28, yields the two solutions abc = 241, 482. The last equation is found 
to yield no solution. 

There are therefore the six solutions 210, 420, 630, 840, 241, and 482, ex- 
pressed in base 9, corresponding to 102, 204, 306, 408, 124, and 248, respec- 
tively, in base 13. 

Also solved by Michael Aissen, D. W. Alling, Murray Barbour, R. G. Blake, 
W. E. Bunyan, Monte Dernham, H. L. Lee, B. R. Leeds, Margaret Olmsted, 
S. T. Parker, Clay Perry, C. F. Pinzka, F. W. Saunders, E. D. Schell, W. R. 
Talbot, and the proposer. Many of these solutions gave only partial results. 


ADVANCED PROBLEMS AND SOLUTIONS 


EDITED BY E, P. STARKE, Rutgers University 


Send all communications concerning Advanced Problems and Solutions to E. P. Starke, 
Rutgers University, New Brunswick, New Jersey. All manuscripts should be typewritten, with 
double spacing and with margins at least one inch wide. Problems containing results believed 
to be new or extensions of old results are especially sought. Proposers of problems should also 
enclose any solutions or information that will assist the editor. In general, problems in weil 
known text books or resulis found in readily accessible sources should not be proposed for this 
department. 


PROBLEMS FOR SOLUTION 


4239. Proposed by H. F. Sandham, Trinity College, Dublin, Ireland 


AX BZ is a jointed rhombus connected with a fixed point O by two equal rods 
OA, OB. OCZD. is a jointed rhombus and YC, YD are equal rods. (Two Peau- 
cellier cells, as it were “cross joined.”) Prove that, as Y describes a circle, X de- 
scribes a conic. 


4240. Proposed by Victor Thébault, Tennie, Sarthe, France 


Determine the relations which must connect N, B, B’ in order that the num- 
ber N may be written with the same three digits in the system of numeration 
of base B as in the system of base B’. Having given B, find B’ and N. Apply the 
results when B=10. 


4241. Proposed by R. Goormaghtigh, Bruges, Belgium 


Consider a parabola having its vertex at a variable point M on a given plane 
curve, and its focus at F, the point dividing the radius of curvature MC in a 
constant ratio; the parabola touches its complete envelope at M and also at two 
other finite points. The corresponding chord of contact is perpendicular to the 
line joining M to the midpoint of the radius of curvature at C of the evolute of 
the given curve. If this chord of contact intersects MF at D, then DC =2MF. 


4242. Proposed by W. O. Pennell, Exeter, New Hampshire 
Determine the sums of the following infinite series: 


4) m2 2n+2 3n +2 ae 
n+l (n+ 1)(2n+ 1) (n + 1)(2n + 1)(3n + 1) 
3n +7 8n +9 15m + 11 

ott (Mt DQn4t1)) (nt DQn+ D304 1 


24n + 13 4 
(n + 1)(2n + 1)(3n + 1)(4n + 1) 


where 7 is any real number except 0, —1, —1/2, —1/3, ete. 


b 


4243. Proposed by Victor Thébault, Tennie, Sarthe, France 


The point M, situated in the interior of a tetrahedron ABCD, such that the 
volume of the tetrahedron having for vertices the points of intersection of the 
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lines AM, BM, CM, DM with the opposite faces of ABCD be a maximum, 
coincides with the centroid of ABCD. 


SOLUTIONS 
Convex Polyhedra 


4176 [1945, 522]. Proposed by H. S. M. Coxeter, University of Toronto 


Prove the following two theorems in affine geometry of three dimensions: 

(a) If all the faces of a convex polyhedron are parallelograms, their number 
is the product of two consecutive integers. 

(b) If each face of a convex polyhedron has a center of symmetry, the whole 
polyhedron has a center of symmetry. 


Solution by Leo Moser, University of Toronto. We prove (b) first. Any polygon 
having central symmetry is necessarily a parallel-sided 2m-gon, since the point 
of central symmetry leads from any side to an equal and parallel side. We dissect 
each face into parallelograms. This can be done since every parallel-sided 2m-gon 
can be dissected into a parallel sided 2(m—1)-gon and a ribbon of m—1 parallelo- 
grams. Each edge of the polyhedron then determines a set of parallel sides and 
so a set of parallelograms called a zone. Now every parallelogram determines 
two zones which, by topological considerations, must intersect in another paral- 
lelogram which we will call the mate of the first parallelogram. 

A parallelogram and its mate are congruent and parallel since the sides of the 
parallelograms are equal and parallel in pairs. Further a parallelogram cannot be 
parallel to more than one parallelogram, for then the polyhedron would be con- 
cave. 

Clearly, two congruent parallelograms having sides parallel in pairs have a 
center of symmetry so that it only remains to show that the center of symmetry 
determined by one parallelogram and its mate is the same as that determined 
by any other parallelogram and its mate. We show this first for any two adjoining 
parallelograms and their mates. The center of symmetry for any parallelogram 
and its mate is determined by any point on one of the parallelograms. Take the 
point to bea point on a side of the parallelogram. Since this point belongs also to 
the adjoining parallelogram these two parallelograms and their mates must have 
the same center of symmetry. But we can pass from any parallelogram to any 
other parallelogram by crossing over a number of faces and edges. Hence all pairs 
of parallelograms have the same center of symmetry and the theorem is proved. 

The proof of (a) follows easily. Every two zones (see b) must intersect. For, 
consider a fixed zone and a parallelogram not in it. Then the mate of this paral- 
lelogram is on the opposite side of the zone. Otherwise the polyhedron would 
be concave. Hence every zone intersects the zones determined by any parallelo- 
gram not in it, and so intersects every other zone. Further, as in (b), once two 
zones intersect they must intersect twice. Let the number of zones be n. Then 
the number of faces must equal the number of intersections of zones which is 
2(3) =n(n—1) as required. 
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Probability of Two Coincident Birthdays 
4177 [1945, 522]. Proposed by P. R. Halmos, Syracuse University 


What is the smallest number of people sufficient to ensure that the proba- 
bility that there be at least two with the same birthday is at least 1/2? It is 
to be assumed that any two days of the year are equally likely to be the birthday 
of a given individual and that there are no leap years. 


Solution by Z. I. Mosesson, Fort Monroe, Va. 
The probability that no two of n people have the same birthday is 


() (<2) (2% — ") 1 365! 
365/ \365 365 / 365)" (365—2)! 


Hence the probability that at least two of n people have the same birthday is 
365! 
(365) "(365 — n)! 


We wish to determine the least value of n for which 
365! 1 (365)"(365 — n)! 
— —________ or ~—-—_—_—— 2 
(365)"(365 — n)! 


INV 


2 365! 
or 
nN log 10 365 + log 10 (365 — n)! = logio 2 + logio 365 I, 


Using a table of logign! such as is given in T. C. Fry’s Probability and its Engi- 
neering Uses, it is easy to show by trial and error that n = 23. 
Solved also by David Alling, P. T. Bateman, D. H. Browne, H. S. M. 
Coxeter, Monte Dernham, Howard Eves, Bart Park and the proposer. 
Editorial Note. Browne, Coxeter, and Eves stated that the problem and its 
solution are given in Ball-Coxeter’s Mathematical Recreations and Essays, p. 45. 


A Maximum Product 


4180 [1945, 523]. Proposed by Victor Thébault, Tennie, Sarthe, France 


The product of k positive integers whose sum is NV, where N=kp+4hH, is a 
maximum when hk of the factors are equal to +1 and the k—hA others to p. 
Dedicated to E. P. Starke. 


Solution by P. T. Bateman, Bryn Mawr College. It is evidently intended that 
O<sh<k. If the difference between the largest and the smallest of a set of k in- 
tegers is unity, then the set clearly consists of i elements p+1 and k —h elements 
p. If the difference between the largest and the smallest integer of the set is 
greater than unity, we can construct a new set having the same number of in- 
tegers, and the same sum, but a greater product. This is done by replacing one 
of the maximal elements M by M-—1 and one of the minimal elements m by 
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m-+41. Since M—m>1, 
(M —1)\(m+1) = Mm+M—-—m—-—1>Mm 


and thus the product is increased. Since the number of possibilities is finite, the 
stated result follows. 

Solved also by Murray Barbour, B. P. Gill, H. S. Grant, P. C. Hammer, 
and P. A. Piza. 


Editorial Note. Similar elementary reasoning shows that, k being unspecified, 
the maximum product which can be formed from any partition of N (N>1) into 
positive integers is given by 


3N/3 92. 3(N-4)/8 9. 3(N—2)/8, 


according as N is congruent to 0, 1, 2, respectively, modulo 3. For any positive 
integer g we can write 


(1) qs 29/7, or ¢g S 3-26-8/2, 


according as g is even or odd. By the original result, the maximum product for 
any kisin the form p’(#+1)*. Without decreasing this product and without alter- 
ing the sum of the factors we can replace it, according to (1), by a product of 2’s 
and 3’s. Finally, whenever the exponent of 2 exceeds 2, we can increase the prod- 
uct further by replacing 2° by 3? as often as possible. No further increase is now 
possible and the result appears as stated. The reader might care to go further 
and determine the maximum product of factors whose sum is NV, when neither 
the factors nor the sum need be integers. 


Generalized Simson Lines 


4181 [1945, 582]. Proposed by P. D. Thomas, Lumberton, Miss. 


Lines are drawn from a point P on the circumcircle of an equilateral triangle 
parallel to the three sides, thus determining six points, two on each side respec- 
tively. (1) Prove that the six points thus determined lie by threes on two straight 
lines. (2) If Q is the point of intersection of these two lines, find the locus of Q 
as P moves on the circumcircle. 


Solution by R. Goormaghtigh, Bruges, Belgium. Consider a point P on the 
circumcircle I of any triangle A,42A3. In a system of complex coérdinates hav- 
ing I as base circle (radius unity, center at origin), let #1, fo, fg, and 7 be the co- 
érdinates of A1, Ae, As, and P, respectively, and let 


Si = hi + le + fs, So = bobs + teti + tile, S3 = Lybols. 


If dis the conjugate of a, then t;t;=77=1 because I is the base circle. If \=e?*, 
it is easily verified that the side A.A; and the line drawn from P forming with 
A2Az the angle 6, will have the respective equations: 


2 -+ tot3s = te + és, Z + bots? = 7 + Alolsr. 
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Their intersection is given by 
Abe + Als — AloteaT — T 


Z = 
; »—1 
The line 
2 — Xs + Ase — A2597 
(1) 7 + see = —-— 


1—-Av” 


is easily seen to be satisfied by 2, and also by the analogous points, 2, and 2s, 
on the other sides of the triangle. This line is called the Simson line, for the angle 
0, of P as to the given triangle. Since the two straight lines considered in the 
problem are obviously the Simson lines, for the angles +7/3, of P as to the given 
equilateral triangle, the proof of the first part is complete. 

The Simson line, for a second angle 6’, of P is given by (1) with \ replaced 
by \’ =e?*’, The intersection Q(x) of these two lines is given by 


dr’ (A +r! — ~"| 

x= ———__—____—__ —_—______——_ }. 
(1 —A)(1 — 0’) Ar! 

Hence the locus of Q is in general a quartic. When the triangle A142A3 is equi- 


lateral, so that s1=s2=0, (2) reduces to a trinodal hypotrochoid. If also, as in 
the present problem, 6= —6’=7/3, (2) becomes the required locus 


S3T? + 27 


(3) t= 


(2) E — SoT +S — 


which is the deltoid (three-cusped hypocycloid) having its cusps at the vertices 
of the given triangle. 

Further results of interest, related to an equilateral triangle, may be ob- 
tained from (2). The locus of intersections of Simson lines, for the angles +7/6, 
is the circumcircle I’. For the angles +7/4, (2) gives the regular trifolium. If we 
hold P fixed while the triangle turns about its center, the locus of the intersec- 
tion of the Simson lines for the angles +0 is a circle passing through P. 

Solved also by H. E. Fettis, Ou Li, Irma Moses, and O. J. Ramler, using 
analysis similar to the above (and with references to Morley and Morley, In- 
versive Geometry); by J. H. Butchart, Howard Eves, and Richard Meyer, using 
synthetic geometry; by Claire F. Adler, W. E. Cox, D. H. Erkiletian, Jr., W. A. 
Rees, W. T. Short, A. Sisk, G. A. Williams, and R. H. Wilson, Jr., using standard 
analytic geometry; and by W. J. Robinson, using both the latter methods. 


Envelope of Simson Lines 
4115 [1944, 233]. Proposed by H. F. Sandham, Trinity College, Dublin, Ire- 
land 


From a point P on the circumcircle of a triangle lines are drawn inclined at 
angles @ to the sides of the triangle and meeting them in three collinear points. 
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Prove that as P varies the line on the three points envelopes a three-cusped 
hypocycloid. Prove that this hypocycloid is the locus of a point on a circle of 
radius R/2 sin 6 which rolls inside another circle three times the radius, whose 
center X is equidistant from the circumcenter C and the orthocenter O and is 
such that angle OX C=20, R being the radius of the circumcircle. 


Solution by the Proposer. Take the circumcircle as the unit circle with center 
at the origin, denote the vertices by the complex constants, hy, f, ¢3, and set 


$1 = ty + be + bs, So = tats + tatr + tite, S3 = bylols. 
If +r denotes the point P, the equation of this generalized Simson line is 
(1) a(1 — A)sar — 2(1 — A)r? = 7®A — Sut? + SoT — Sad, 
where \ =e?*, Consider also the circle 


S41 4 U 
1—X 2 sin 0 


(2) z= 


where u#=1. (1) and (2) intersect where 


533% 


(3) “= tre”, ’ 


4T? 
that is, wu and —s3e”/2u?. 

If 6=7/2, the line (1) is the ordinary Simson line, the circle (2) is the nine- 
point circle, and the points (3) are u, —s3/u?. Therefore, the envelope when 
§ 2/2 may be derived from the familiar result when 0 =7/2 by merely replacing 
the Simson line by the line (1), the nine-point circle by the circle (2), and s3 by 
s3e/i. This gives the required results—and the additional information that the 
tangents at the cusps when 07/2 are inclined to those in the case 0=7/2 at 


angles (6 —7/2+2n7)/3. 


Editorial Note. In connection with his solution of 4181, O. J. Ramler points 
out that the envelope of the Simson line, for the angle 0, of P (see (1) in the solu- 
tion of 4181 above) is obtained by differentiating partially with respect to 7. 
This gives 

N754 
Z + ——— = $377 + 27, 
1-— 2X 
which is a deltoid similar to (3) in the solution of 4181, but three times as large. 
In the case of an equilateral triangle A;A2A3, 5:=0 and the two deltoids are con- 
centric. 


RECENT PUBLICATIONS 


EDITED By H. P. Evans, University of Wisconsin 


All books for review should be sent directly to the editor of this department, American 
Mathematical Monthly, 531 West 116th Street, New York 27, N. Y., and not to any of the 
other editors or officers of the Association. 


College Algebra. By A. A. Albert. New York and London, McGraw-Hill Book 
Co., 1946. 12+278 pages. $2.75. 


In his introduction the author justifies his new textbook in college algebra 
and one can do no better than to let him present his own case: “College algebra 
has been a most abused subject. The time allotted to it is frequently inadequate 
for a genuinely good treatment, and indeed the entire course is sometimes 
omitted. This is due partly to a desire to bring students to a study of the calculus 
as early as possible. It is also due partly to the presentation of college algebra, 
in all texts thus far published, as a collection of seemingly unrelated topics. The 
desire to teach the calculus as early as possible tends to defeat its own ends. The 
building of a course in the calculus on what must be a-weak foundation cannot 
result in a good student understanding of the subject. There is also no reason 
why the material of college algebra cannot be cohesively organized.” 

There is considerable justification for these views. Many college courses and 
‘texts have in the main persisted as collections of trick questions with too little 
emphasis on their systematic background. An excellent example of this type of 
presentation could until quite recently be found in the preparations for the first 
actuarial examinations. In algebra as in other fields of college instruction in 
mathematics there also exists a considerable amount of inertia which tends to 
make the choice of content in many courses almost dogmatically fixed. There 
are, of course, certain basic facts which will be with us forever, and which always 
must be included in the elementary books. But on the whole the newer trends 
in research and in the applications seem to be slow in exerting their influence. 
In mathematics there is no revolution as by quantum mechanics in physics, no 
atom bombs whose explosion immediately makes their impact felt down to the 
introductory texts. 

The need for a revision of the instruction in elementary algebra, both in 
regard to content and presentation, fortunately has been recognized in a few 
of the recent texts and the present book is a significant step in the same direction. 

The first few chapters give some of the traditional investigations of numbers, 
the laws of operation, the main properties of integers and the extension of the 
number system to the fields of real and complex numbers. Here in the introduc- 
tion of the real numbers the reviewer finds one of the few instances where it 
seems that the presentation could be improved. The discussion is very brief and 
it may not give the students sufficient time and space to dwell on certain of the 
essential points. 

In the subsequent chapters one finds the basic properties of polynomials up 
to unique factorization) the binomial theorem, and the method of indeterminate 
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coefficients. Two long chapters are devoted to the study of the algebraic equa- 
tions. One finds, to begin with, a discussion of the decomposition into linear 
factors and of the relations between roots and coefficients. Imaginary roots and 
multiple roots are touched upon and the determination of rational roots is 
treated at some length. The determination of the real roots is discussed rather 
exhaustively, including bounds for the roots, methods for isolating roots, Des- 
cartes’ rule of signs, Sturm’s theorem, Horner’s and Newton’s methods for the 
computation of the roots. A useful feature is the inclusion of a chapter on vectors 
with applications to complex numbers, de Moivre’s theorem, rotation of axes 
and conic sections. 

The two last chapters represent an innovation for textbooks of this kind, 
containing a general discussion of determinants and matrix theory. This seems 
a most desirable inclusion. During the last decennials these topics have acquired 
an importance which is rapidly growing, not only in pure mathematics, but also 
in modern physical theories as well as in some of the now most common statistt- 
cal methods. It is appropriate therefore that they should at present be given 
more generally and at an earlier level than previously. The author discusses 
determinants, their expansions and basic properties, and of course, their use in 
solving systems of linear equations. The matrix theory uses vectors in n-dimen- 
sional space, it includes multiplication of matrices, computation of inverses, 
elementary transformations and rank together with some discussion of similarity, 
symmetric and orthogonal matrices and applications to quadratic forms. Al- 
though it is clear that these themes cannot be given in their most general and 
complete form, there is enough to give the students some familiarity with the 
concepts. 

Tosum up, Albert’s new textbook should prove a very valuable introduction 
to college algebra, both through its systematic outlook and through its inclusion 
of modern topics. The numerous problems add to its usefulness. 

OYSTEIN ORE 


Curves. By Lt. Col. R. C. Yates, AUS. West Point, N. Y., Department of 
Mathematics, United States Military Academy, 1946. 8+230 pages. 


The detailed study of special plane curves is one of the most beautiful and 
at the same time one of the most neglected portions of the undergraduate cur- 
riculum. Its study is made more difficult by the fact that information concerning 
these curves is scattered widely throughout the mathematical literature, fre- 
quently in sources not easily obtainable in this country. And so it is a major 
operation to determine what are the known facts about many of the less common 
curves. . 

Colonel Yates has gone a long way toward remedying this difficulty by as- 
sembling the material contained in this book. Since there is no general theory of 
curves, the material is arranged in self-contained sections, one for each type of 
curve arranged alphabetically by the name of the curve. In each of these sections 
the reader will find a sketch of the history of the curve, a general description of 
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the curve including a graph, and its equations in a number of forms such as 
(1) cartesian, (2) polar, (3) parametric, (4) pedal, (5) Whewell, and (6) Cesaro 
forms. Further there is a collection of metric formulae for arc length, area, curva- 
ture, and the like, followed by a discussion of its relations to other curves and 
other general properties; and finally there is a list of references to the literature. 
There are also sections describing general methods of generating curves such as 
evolutes, envelopes, parallel curves, and pursuit curves, and there is a full sec- 
tion of methods of curve sketching. A table of contents and a detailed index 
provide ready access to this material. 

The book is printed by offset from typescript and has a spiral binding. Ac- 
cording to the title page it is “Prepared for use in the Department of Mathe- 
matics U. S. Military Academy,” and it gives the impression of being a set of 
notes on curves rather than a textbook or a comprehensive treatise. In particu- 
lar its shows a need for careful editing for it contains certain items which would 
not bother a well-trained reader, but which would confuse undergraduates. For 
example the first page contains a list of notation, presumably standard for the 
entire book. In this list p is defined as the “Distance from Origin to Tangent,” 
but p appears in many other places with different meanings. Again on page 41 
there is the statement: “for the conic, a tangent may be defined as a line meeting 
the curve in but one point” (!). The references suffer from not being in standard 
bibliographical form, and contain abbreviations and omissions of relevant data 
which complicate the task of locating the given material. It would be an injustice 
to the author, however, to continue such a list; for he has performed a very use- 
ful task in collecting such a wealth of facts on curves and has produced a book 


to which many mathematicians will turn with pleasure and profit. 
C. B. ALLENDOERFER 


Calculus. Second Edition. By F. H. Miller. New York, John Wiley and Sons, 
1946, 16+416 pages. $3.50. 


Those familiar with the author’s first edition of Calculus, 1939, will welcome 
this new edition. Many changes have been made. The treatment of the limit 
concept has been amplified. An article on graphical differentiation and one on 
approximation integration will contribute to the usefulness of the book. The 
exercises have been revised and some of the more complicated problems in the 
first edition have been replaced. 

Throughout Chapters II and III the derivative of y with respect to x is 
denoted by D,¥, and the ordinary notation for the derivative is not used until 
after the introduction of differentials. The natural logarithm of x is denoted by 
In x, and the common logarithm by log x. These changes seem to be in keeping 
with current trends. In dealing with indeterminate forms the symbols 0/0, 
co /«, and so on, are avoided. 

The author has written a detailed and carefully planned textbook which 
is directed toward the needs and interests of not only the future major in mathe- 
matics, but also the engineer. Geometrical and physical interpretations of both 


1947] RECENT PUBLICATIONS 177 


differentiation and integration are introduced before the general processes of 
these subjects are discussed. Thus the student is given an immediate idea of the 
usefulness of the calculus before he is exposed to long lists of formulas. 

Many readers will enjoy the manner in which Duhamel’s theorem is avoided 
in the formulation of geometrical and physical problems. In fact, infinitesimals 
of higher order are not mentioned, nor does the need for this concept arise in 
the book. 

Throughout the book definitions and theorems are carefully worded and well 
displayed on the page. The chapter on limits is very thorough and the funda- 
mental theorems on limits are proved in an interesting and fairly rigorous man- 
ner. A figure or two would have helped to illustrate the general definition of a 
limit of a sequence. Moreover, the transition from the limit of a sequence to the 
limit of a function is a little abrupt. There is a good discussion of continuity, 
and throughout the book the author is careful to state what assumptions as to 
continuity are assumed and used. The average student, however, will find this 
chapter hard reading and much of the material will have to be broken down by 
the instructor. 

Chapter IX on partial differentiation comes before the chapters on integra- 
tion. Here the addition of figures illustrating functions of two variables and 
showing the geometrical meaning of the partial derivatives would have improved 
the discussion. There is no mention of directional derivatives. 

In Chapter XI the definite integral is first presented as a limit of a certain 
sum and is shown to be a function of its upper limit. Then it is shown analyti- 
cally to possess a derivative and hence the concept of an integral as an anti- 
derivative arises. In this way the student is taught at the outset that the definite 
integral need not necessarily mean an area. An example actually showing the 
calculation of a limit of a sum would have been a welcome addition to the 
chapter. 

There is a chapter on infinite series which includes Maclaurin’s Integral 
Test and Taylor’s Series with a remainder. The discussion of operations with 
power series is brief but to the point and the student is given ample warning 
about differentiating and integrating series. 

In the chapter on multiple integrals the author is careful to distinguish be- 
tween double integrals and iterated integrals. The applications mentioned here 
include most of the standard ones. There is a good discussion of the area of a 
surface. 

The book ends with a chapter on differential equations. Here the discussion 
of separation of variables could be more rigorous. Moreover the solution of differ- 
ential equations in series expansions is not included. 

A few matters of detail might be mentioned. Exercises 14 and 15, p. 32, 
would be better placed after motion in the plane curve on p. 125. There are no 
problems to go with the discussion of derivatives of parametric equations on 
p. 42. 

Some teachers will object to the introduction of the term infinitesimal on 
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page 7. Many modern texts are avoiding the term altogether. Also there will be 
disagreement with the discussion of differentials as presented, especially over 
the use of the equation dy=f’(x)Ax, with f(x) =x, to justify the taking of dx 
to be always equal to Ax. It is a mistake to give students the impression that dx 
is always equal to Ax. 

On page 66 hyperbolic functions are introduced as exercises and there is no 
discussion of these functions in the text. In Exercise 43 on that page the student 
is asked to show that sinh~1y=In(y-+»/1+42). Itis the reviewer’s experience that 
students need a text discussion as well as help from the instructor in order to 
work such problems with confidence. 

The discussion of maxima and minima does not include examples in which the 
critical point has an infinite slope. Nor are there problems in which the ab- 
solute maximum in a certain range occurs at a point for which f’(x) 40. 

The reviewer found few misprints and none of a serious nature. In places 
the text material looks a bit crowded and some of the discussions are too brief 
but considering the amount of material covered the author has written a clear 
and useful text and one in which applications are certainly not lacking. Answers 
are given to the odd-numbered exercises and those to the even-numbered ones 
are available. An appendix of algebra, geometry, trigonometry, and analytic 
geometry formulas is included. There are tables of the functions e*, e~*, In x, 
log x, as well as a fairly complete table of integrals. A table of differentiation 
formulas is needed, for nowhere are such formulas listed for easy reference. All 
the excellent features of the original edition have been retained. The changes 
have added desirable features and should increase the effectiveness of the text 
as a teaching instrument. 

C. D. OLDs 


NEW BOOKS RECEIVED 


Analytic Geometry and Calculus. By J. F. Randolph and Mark Kac. New 
York, Macmillan Co., 1946. 9+642 pages. $4.75. 

Basic Mathematics for Technical Courses. By C. E. Tuites. New York, Pren- 
tice-Hall Co., 1946. 14+344+4+132 pages. $5.00. 

Mathematical Atds for Engineers. By R. W. Dull. New York and London, 
McGraw-Hill Book Co., 1946. 12+346 pages. $4.50. 


CLUBS AND ALLIED ACTIVITIES 


EpITED BY L. F. OLLMANN, Hofstra College 


Send reports of all activities, such as club reports, special features, topics with references, 
student papers, and other material of interest to L. F. Ollmann, Hofstra College, Hempstead, 
New York. 


Of probable interest to members of mathematical clubs is the series of articles 
appearing in The Pentagon, official publication of Kappa Mu Epsilon, presenting 
bibliographies on subjects which are suitable for club programs. The bibliog- 
raphies thus far presented together with the issue in which they appear are: 

Women as mathematicians, vol. V, no. 2, Spring 1946 

The cattle problem of Archimedes, vol. V, no. 2, Spring 1946 

Paper folding, vol. V, no. 2, Spring 1946 

Mathematical prodigies, vol. VI, no. 1, Fall 1946 

Calculating machines, vol. VI, no. 1, Fall 1946 

The bee as a mathematician, vol. VI, no. 1, Fall 1946 

Some of the mathematics clubs have sent to the editor of this department 
their programs announcing coming events. Many of these programs have been 
very clever and stimulating. The editor is of the opinion that unusual effort in 
the advertising of events to students is well worth while in creating interest. 
Miss Marion Stark, Faculty Advisor of the Wellesley College Mathematics Club, 
contributes the following, which was mimeographed on a suitable folder: 

“The Wellesley College Mathematics Club, a member of the Intercollegiate 
Mathematics Clubs of Greater Boston, cordially welcomes you to join in this 
year’s activities. 

“Our purpose is to take Mathematics off the bookshelves, dust it off, and have 
fun with it. Mathematics has been scaring us long enough; we feel it’s time we 
put it in its place—and even play a few tricks on it. (Of course the joke may be 
on us, but that’s all part of the fun.) The members of the club include everybody 
taking second and third grade Mathematics, and all juniors and seniors taking a 
first grade course. 

“We'll keep you posted as to when and where the meetings will take place. 
We hope you'll come and help us make merry with deltas and epsilons. Remem- 
ber—no dues, no duties, no drudgery; just fun, food, and entertainment, and 
(who knows?) you might even meet a handsome Tech student!” 


CLUB REPORTS, 1945-46 
Delta-Y Club, D’Youville College 


As an increment to the courses in mathematics, the Delia-Y Club took as a 
general topic for study, History of Mathematics. At regular monthly meetings 
there were prepared papers and informal discussions on: 

Primitive mathematics by Marjorie Benzinger 

Mathematics takes wings by Jane Deckop 

René Descartes by Alice Staebell 
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A pollonius of Perga by Evelyn Kruse 

The problem of Apollonius by Mary Loretta Hoar 

Leibniz by Helen J. Hand 

The activities for the year ended in May with a social meeting and spread. 
Guest speaker was Mrs. Louis D. Copley. 

Officers for 1945-46: President, Mary Loretta Hoar; Secretary-Treasurer, 
Helen J. Rand. 


Kappa Mu Epsilon, Hofstra College 


The following papers were presented at regular meetings during the year: 

Mathematical problems of antiquity, by Ruth Mayer 

Atomic energy, by Wanda Scala 

Mathematics in chemistry, by Professor J. George Lutz 

Problems of mechanics, by Professor A. D. Capuro 

Mathematics and physics of the nerves, by Professor Otto Schmidt, formerly 
of the University of Minnesota, with demonstration of the lie detector in action. 

In April, a joint supper meeting was held at Adelphi College with the Adelphi 
Mathematics Club. At this meeting the following talks were given: 

Conic sections, illustrated with light projections, lantern slides, and string 
models, by Professor H. von Baravalle of Adelphi. 

Kappa Mu Epsilon, by Professor L. F. Ollmann 

The mathematical theory of spring fever, by Professor E. R. Stabler. 

At the annual initiation banquet the main address of the evening was: 

A comparison of American and English colleges, by Mr. E. Trudeau Thomas, 
Hofstra director of admissions. 

Other activities of the year included a Christmas square dance party, and a 
picnic in June at Belmont Lake State Park. 

Officers for the year 1946-47 are: President, Edward Ryder; Vice-President 
and Secretary, Leo Malone; Treasurer, Professor J. George Lutz; Corresponding 
Secretary, Professor Albert Capuro; Faculty Sponsor, Professor L. F. Ollmann. 


Mathematics Club, Wellesley College 


The club assisted the Department of Mathematics in the presentation of two 
exhibitions. The first was a model exhibition for which the club had a room of 
mathematical toys, games and puzzles. The second, an exhibition of rare books 
in the College Library, at which the club took charge of an international table, 
containing books by mathematicians from as many countries as possible. 

Students participated in two club programs by presenting talks on Mathemat- 
acs used in summer jobs which they had held, and Famous mathematicians of other 
countries, as part of a United Nations Program at the College. At other meetings 
the members sang songs composed by students and faculty. 

Early days in Wellesley’s mathematics was the subject of a talk by Miss 
Helen Merrill, Emeritus Professor of Mathematics. Professor W. R. Ransom 
gave a lecture to the club at another meeting. Appreciation of the service ren- 
dered by Miss Jennie Copeland, retiring chairman of the mathematics depart- 
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ment was expressed in the form of a supper meeting at the close of the year at 
which time a gift was presented to her. 

The officers for 1945-46 were: President, Ida Harrison; Vice-President, 
Eileen McGuire; Treasurer, Jean Marshall; Secretary, Patricia Peare; Junior 
Executive, Lois Wood; Faculty Advisor, Miss Marion Stark. 


Kappa Mu Epsilon, Texas Technological College 


Seven meetings were held during the year, including two formal initiation 
programs and a Christmas party. Eleven new members were initiated on No- 
vember 23, 1945 and fourteen on May 3, 1946. 

Among the several interesting papers presented during the year was one on: 

A mathematical theory of aeronautics by Assistant Professor Lida B. May. 

The officers for the year 1946-47 are: President, James Fergerson; Vice- 
President, Helen Robin; Secretary, Betty Jones; Treasurer, Joel Simmons; 
Faculty Sponsor, Miss Virginia Bowman; Secretary Descartes, Miss Lida B. 
May. 

Kappa Mu Epsilon, University of New Mexico 


Monthly meetings were held by the New Mexico Alpha Chapter of Kappa 
Mu Epsilon with an initiation each term. The main event of the year was the 
visit of Dr. Fraenkel of the University of Jerusalem to the campus. At an open 
meeting sponsored by the chapter, Dr. Fraenkel spoke on The recent controversies 
about the foundation of mathematics. 

Programs for the year included the following talks: 

Tesselations, by Mrs. Eupha Buck Morris 

Photogrammetry, by Mrs. Ruth Kendrick 

Our calendar, by Dr. Martin Fleck 

The Central Valley project, by Mr. Marvin May 

Functions of the polar planimeter, by Dr. Arthur Rosenthal 

How to win on the horses, by Dr. H. D. Larsen 

Magic squares, by Mr. Frank Lane. 


The officers for 1945-46 were: President, Bob Fox; Vice-President, William 
E. Dickerson; Secretary, Ted Hawley; Treasurer, Merle Mitchell; Faculty Spon- 
sor, Miss E. Marie Hove. 

The following officers were elected for 1946-47: President, Darrell Baker; 
Vice-President, Paul Barnhart; Secretary, Dorothy Lodter; Faculty Sponsor, 
Mrs. Eupha Buck Morris. 


NEWS AND NOTICES 


EDITED By B. W. Jones, Cornell University 


Readers are invited to contribute to the general interest of this department by sending news 
atems to B. W. Jones, White Hall, Cornell University, Ithaca, New York. 


THE SEVENTH WILLIAM LOWELL PUTNAM 
MATHEMATICAL COMPETITION 


The seventh annual William Lowell Putnam Mathematical Competition, un- 
der the sponsorship of the Mathematical Association of America, will be held 
on Saturday, May 24, 1947. This Competition, made possible by the Trustees 
of the William Lowell Putnam Intercollegiate Memorial Fund left by Mrs. 
Putnam in memory of her husband, is open to undergraduates in the United 
States and Canada who have not received a degree. 

The examination consists of two parts of three hours each. The questions 
will be taken from the fields of calculus (elementary and advanced) with applica- 
tions to geometry and mechanics not involving techniques beyond the usual ap- 
plications, higher algebra (determinants and theory of equations), elementary dif- 
ferential equations, and geometry (advanced plane and solid analytic geometry). 
Any college or university wishing to enter a team or individual contestants may 
secure an application blank from Professor George Mackey, Hunt Hall 12, 
Harvard University, Cambridge, Massachusetts, by a postcard request. All 
applications must be filed with Professor Mackey not later than May 1, 1947. 
If three candidates are presented from a college or university, they are to con- 
stitute a team; if more than three are presented from any one college or univer- 
sity, the team of three must be named on the application. 

The examination may be given at any place where a team, or at least three 
candidates, can be assembled. Exceptions to the rule may be made in cases of 
unusual necessity. Sealed copies of the examinations will be sent to the super- 
visor of the examination in time for the examination day and are not to be 
opened before the hour set. At the supervisor’s first opportunity after the after- 
noon examination, the books are to be sent by registered mail or by express to 
Professor Mackey, who will forward them to a qualified reader chosen by the 
Association. 

The prizes to be awarded to the departments of mathematics of the institu- 
tions with the winning teams are $400, $300, $200 and $100 in the order of their 
rank. In addition, there will be prizes of $40, $30, $20 and $10 awarded to the 
members of these teams according to the rank of the team; a prize of $50 to 
each of the five highest contestants, and a prize of $20 to each of the succeeding 
five highest contestants. Each of the winners will receive a suitable medal. 
Honorable mention will be given to several teams next in order after the four 
winning teams and to the fifteen individuals next in order after the ten individual 
winners. For further encouragement of the Competition, there will be awarded 
at Harvard University (at Radcliffe College, in the case of a woman) an annual 
$1000 William Lowell Putnam Prize Scholarship to one of the first five contest- 
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ants, this to be available either immediately or on the completion of the stu- 
dent’s undergraduate work. 

Reports on the six previous competitions and examination questions will be 
found in the Montuiy for May 1938, 1939, 1940, 1941 and 1942, and for 
October, 1946. 

BROWN UNIVERSITY 


The establishment of a graduate department of the History of Mathematics 
at Brown University has been announced. This department will be under the 
leadership of Professor Otto Neugebauer. Associated with him will be Dr. A. J. 
Sachs, who has been promoted to an assistant professorship. A course in Ori- 
ental History, by Professor Sachs, is planned for the academic year 1947-1948 
and it is expected that a seminar on selected topics in ancient astronomy and 
mathematics will be offered in cooperation with the departments of mathe- 
matics, astronomy and classics. 


PRINCETON UNIVERSITY 


A conference on the “Problems of Mathematics,” one of a series of confer- 
ences in celebration of the Bicentennial of the founding of Princeton University, 
was held at Princeton on December 17, 18, and 19, 1946. The participants in- 
cluded, besides the local mathematicians, 76 from elsewhere, among whom 12 
came from outside the United States. The conference was organized in the form 
of nine round tables on various subjects, with the discussion oriented as far as 
possible towards the formulation of problems for future work. The sessions were 
as follows: Algebra, chairman E. Artin, reporter G. P. Hochschild, discussion 
leaders G. Birkhoff, R. Brauer, N. Jacobson; Algebraic Geometry, chairman 
S. Lefschetz, reporter I. S. Cohen, discussion leaders W. V. D. Hodge, O. Zariski; 
Differential Geometry, chairman O. Veblen, reporter C. B. Allendoerfer, discus- 
sion leaders V. Hlavaty, T. Y. Thomas; Mathematical Logic, chairman A. 
Church, reporter J. C. C. McKinsey, discussion leader A. Tarski; Topology, 
chairman A. W. Tucker, reporter S. Eilenberg, discussion leaders H. Hopf, 
D. Montgomery, N. E. Steenrod, J. H. C. Whitehead; New Fields, chairman 
J. von Neumann, reporter V. Bargmann, discussion leaders G. C. Evans, F. D. 
Murnaghan, J. L. Synge, N. Wiener; Mathematical Probability, chairman S. S. 
Wilks, reporter J. W. Tukey, discussion leaders H. Cramér, J. L. Doob, 
W. Feller; Analysis, chairman S. Bochner, reporter R. P. Boas, discussion 
leaders L. V. Ahlfors, E. Hille, M. Riesz, A. Zygmund; Analysis in the Large, 
chairman M. Morse, reporter M. Shiffman, discussion leaders R. Courant, 
H. Hopf. 

It is planned to issue shortly a descriptive pamphlet, and later a more com- 
plete monograph, covering the work of the conference. The monograph will con- 
tain an extensive list of the problems proposed. 


THE UNIVERSITY OF NORTH CAROLINA 
The University of North Carolina completed in July 1946 the organization 
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of the all-University Institute of Statistics. Gertrude M. Cox is Director of the 
Institute, with W. G. Cochran and Harold Hotelling as Associate Directors in 
charge respectively of the Department of Experimental Statistics at Raleigh 
and the Department of Mathematical Statistics at Chapel Hill. 

The Department of Mathematical Statistics is concerned primarily with re- 
search in the theory of statistics and with graduate training for the Ph.D. degree 
of students who expect to teach or develop statistical theory. Courses offered 
by regular members of the Department during the present year, 1946-47, in- 
clude Statistical Inference, Mathematical Economics, and Least Squares and 
Time Series by Professor Hotelling; Correlation and Multivariate Analysis by 
Associate Professor P. L. Hsu; Introductory and Advanced Probability by Asso- 
ciate Professor Herbert Robbins; and Sequential Analysis and Rank Order Sta- 
tistics by Instructor Edward Paulson. M. S. Bartlett of Cambridge University, 
Visiting Professor for the first half of the academic year 1946-47, offered courses 
on Stochastic Processes and on Estimation and Testing Hypotheses. Professor 
Harald Cramér of the University of Stockholm gave a series of three lectures in 
December 1946 on the Theory and Application of Stochastic Processes. Associate 
Professor W. G. Madow, now in Brazil, will join the Department at the end of 1947. 

Students entering the Department of Mathematical Statistics must know 
mathematics through advanced calculus. Additional mathematics, including 
theory of functions and matrix algebra is required before the completion of their 
training. It is a fundamental principle of the Institute that students must 
acquire both a thorough knowledge of the mathematics of statistics and ex- 
perience in a specific field of application. The latter is provided at Raleigh 
where the large staff deals with many branches of applied statistics, including 
sampling survey techniques, analysis of economic data, industrial statistics, de- 
sign of experiments, and crop forecasting. Various research and consultation 
projects are in progress at Raleigh in which advanced students have an oppor- 
tunity to work under critical supervision. 


PERSONAL ITEMS 


Professor J. A. H. Duffie of Assumption College, University of Western On- 
tario has been appointed professor of chemistry at the University of Ottawa. 


Professor J. P. Everett of Western Michigan College has retired with the 
title of professor emeritus. 


J. E. Freund has been appointed to an assistant professorship at Alfred 
University, Alfred, New York. 


Assistant Professor F. S. Harper of the University of Nebraska has been ap- 
pointed to a professorship and head of the department of actuarial science at 
Drake University. 


M. A. Hyman is employed as a mathematician at the Naval Ordnance Lab- 
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oratory in Washington, D. C. He is not at Rutgers University as was erroneously 
reported in the December issue of the MONTHLY. 


Professor Oswald Veblen of the Institute for Advanced Study has been 
elected to membership in the Royal Danish Academy of Sciences and Letters and 
the Polish Academy of Sciences and Letters. 


Professor Hermann Weyl of the Institute for Advanced Study has been 
elected a corresponding member of the Ziircher Naturforschende Gesellschaft 
and a foreign member of the Royal Swedish Academy of Sciences. 


The following appointments to instructorships are announced: 

Harvard University: Dr. R. C. James 

Hofstra College: Frank Hawthorne 

Queens College (Tutors in mathematics): Louise H. Ercolano, Florence E. 
Gerhardt, Aida Kalish, Mrs. Charlotte L. R. Knag, Bernice J. Lehrman 

Northwestern University: Dr. A. O. Lindstrum 

The University of Maine: J. A. Harmon, Leo Lapidus, Mrs. A. D. Maw- 
hinney, Sutton Monro, Letitia Watson 

The University of Illinois: Dr. Joseph Landin 

Rider College: Emanuel Levine 


D. E. Marrs of Pittsburg, California died May 28, 1946. 


Dean Emeritus C. S. Slichter of the University of Wisconsin died October 4, 
1946. 


Associate Professor I. D. Stewart of Whitman College, Walla Walla, Wash- 
ington, died July 21, 1946. 


Professor G. B. Sweazey of Westminster College, Fulton, Missouri died 
August 10, 1946. 


THE MATHEMATICAL ASSOCIATION OF AMERICA 
Official Reports and Communications 
THE THIRTIETH ANNUAL MEETING OF THE ASSOCIATION 


The thirtieth annual meeting of the Mathematical Association of America 
was held at Swarthmore College, Swarthmore, Pennsylvania, on Thursday and 
Friday, December 26-27, 1946, in conjunction with meetings of the American 
Mathematical Society. About four hundred and ninety-eight persons attended 
the meetings, including the following two hundred and eighty members of the 
Association : 


C. R. ApAms, Brown University C. B. ALLENDOERFER, Haverford College 
Louise ApDAMs, High Point College H. E, ARNOLD, Wesleyan University 
V. W. ApDKIsson, University of Arkansas Emit ARTIN, Princeton University 


R. P. AGNEw, Cornell University SILVIO AurorA, Columbia University 
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FRANK AYRES, JR., Dickinson College 
H. C. Ayres, U. S. Naval Academy 
W. L. Ayres, Purdue University 


R. P. Bartey, U. S. Naval Academy 

N. H. Batt, U.S. Naval Academy 

D. H. BAtLou, Middlebury College 
JosHuA BarRLaz, Rutgers University 

P. T. BATEMAN, Yale University 

HELEN P. BEARD, Newcomb College 

H. M. Beatty, Ohio State University 

A. A. BENNETT, Brown University 
THEODORE BENNETT, Marietta College 
A. L. Brtiic, High School, Allentown, Pa. 
M. T. Brrp, Allegheny College 

W. E. Buietcx, U.S. Naval Academy 

P. Boas, Brown University 

. Botts, University of Delaware 

. Bourne, Johns Hopkins University 
. BowKER, Middlebury College 

W. BRINKMANN, Swarthmore College 
Foster Brooks, Kent State University 
H. Bruck, University of Wisconsin 

C. T. Bumer, Bureau of Ordnance 

R. S. Burincton, Bureau of Ordnance 
HERBERT BUSEMANN, Smith College 

J. H. Busey, Hunter College 

JEWELL HuGuHEs BusHey, Hunter College 


R, 
T.A 
S.G 
J.G 
H. 
R. 


S. S. CarirNs, Syracuse University 

ELEANOR CALxkins, College of William and 
Mary 

E. J. Camp, Macalester College 

H. H. CampaiGn_, U.S. Navy 

P, A. Carts, University of Pennsylvania 

W. B. Carver, Cornell University 

REv. J. E. Cass, St. Louis University 

F, L. CeELauro, Lehigh University 

J. O. CHELLEVOLD, Lehigh University 

W. F. CuHEeney, Jr., University of Connecticut 

RANDOLPH CuHuRcH, U.S. Naval Academy 

R. V. CHURCHILL, University of Michigan 

J. A. CLarKson, University of Pennsylvania 

J. W. CLawson, Ursinus College 

A. B. Coste, University of Illinois 

NATHANIEL Copurn, University of Michigan 

Nancy Cote, Connecticut College 

J. A. CooLey, University of Tennessee 

T. F. Cope, Queens College 

RICHARD CouURANT, New York University 

W. H. H. Cow es, Pratt Institute 

G. F. Cramer, U.S. Navy 

H. B. Curry, Pennsylvania State College 
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J. H. Curtiss, National Bureau of Standards 
E. H. Cutter, Lehigh University 


James ELMER Davis, Drexel Institute of Tech- 
nology 

L. J. Deck, Muhlenberg College 

F. F. DECKER, Syracuse University 

CarL DENBOWw, U.S. Naval Academy 

F, L. DENNIs, Ursinus College 

A. H. Diamonp, Oklahoma A. and M. College 

L. L. Dines, Smith College 

H. L. Dorwart, Washington and Jefferson Col- 
lege 

ARNOLD DRESDEN, Swarthmore College 

D. M. Drisin, War Department 

Roy Dusiscu, Syracuse University 

NELson DunrForp, Yale University 

Janet C. Duranp, Vassar College 


J. E. Eaton, Naval Research Laboratory 
E. D. Eaves, University of Tennessee 

Nat Epmonson, Johns Hopkins University 
SAMUEL ELENBERG, Indiana University 


W. H. Facrerstrom, College of the City of New 
York 

WILLIAM FELLER, Cornell University 

F, A, FICKEN, University of Tennessee 

N. J. Frne, Washington, D. C, 

DANIEL FINKEL, Amherst College 

L. R. Forp, Illinois Institute of Technology 

TOMLINSON Fort, University of Georgia 

R. M. Foster, Polytechnic Institute of Brook- 
lyn 

J. 5S. Frame, Michigan State College 


H. M. Geumany, University of Buffalo 

B. H. Gere, U.S. Naval Academy 

Rev. F. J. Gerst, Loyola University 

J. H. Giese, Ballistic Research Laboratories 

B. P. GILL, College of the City of New York 

J. W. Givens, Illinois Institute of Technology 

A. M. Gieason, Harvard University 

Mary Gorns, Marshall College 

MIcHAEL GOLDBERG, Bureau of Ordnance 

H. H. Gotpstin_E, Institute for Advanced Study 

R. A. Goon, University of Maryland 

A. W. Goopman, Columbia University 

S. H. Goutp, University of Toronto 

A. A. GRAU, University of Kentucky 

GEORGE GROSSMAN, DeWitt Clinton High 
School, New York 

C. C. Grove, University of Pennsylvania 
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V. H. Haaa, Hershey Junior College 
THEODORE HAILPERIN, Lehigh University 

R. W. HaAmminG, Bell Telephone Laboratories 
E. S. HAMMonp, Bowdoin College 

C. E. Herman, Syracuse University 

M. H. He1ns, Brown University 

G. C. HEtME, Pratt Institute 

T. H. HILpEBRANDT, University of Michigan 
EINAR HILue, Yale University 

R. P. Hosss, Rinehart and Company, Inc. 
D. L. Hott, Iowa State College 

T. R. HoLucrort, Wells College 

D. B. Houcuton, Franklin Institute 

E, Marte Hove, Hofstra College 

M. GwENEtTH Humpureys, Newcomb College 
W. A. Hurwitz, Cornell University 

H. D. HusxKey, University of Oklahoma 

W. R. Hutcuerson, Berea College 


J. E. IKENBERRY, Madison College 
M. H. INcranaM, University of Wisconsin 


E. D. JENKINS, Eastern Kentucky State Teach- 
ers College 

Fritz Joun, New York University 

ROBERTA F, JoHNsON, Wilson College 

R. P. Jounson, Carnegie Institute of Technol- 
ogy 

W.L. JoH#nson, Mississippi Southern College 

B. W. Jones, Cornell University 


Mark Kac, Cornell University 

IRvING KApPLANSKY, University of Chicago 
J. R. Kine, University of Pennsylvania 
H. L. Kray, Pennsylvania State College 
R. R. KUEBLER, JR., Dickinson College 
H. W. Kusn, Ohio State University 


Mary E. Labue, Barnard College 

GILLIE A. LAREw, Randolph-Macon Woman’s 
College 

J. A. LarrivEE, University of Vermont 

C. G. Latimer, University of Kentucky 

V. V. Latsuaw, Lehigh University 

SOLOMON LEFSCHETZ, Princeton University 

JosErH LEHNER, Hydrocarbon Research, New 
York 

MARGUERITE LEHR, Bryn Mawr College 

WALTER LEIGHTON, Washington University 

CAROLINE A. Lester, New York State College 
for Teachers 

Harry Levy, University of Illinois 
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AnnE L. Lewis, Woman’s College, University 
of North Carolina 

S. B. LirravEr, Newark College of Engineering 

A. T. Lonsetu, Northwestern University 


C. C. MacDurFF£E, University of Wisconsin 

SAUNDERS Mac Lang, Harvard University 

H. F. Mac NeEtsH, Brooklyn College 

Inco Mappaus, Jr., Naval Research Labora- 
tory 

J. D. MANcILL, University of Alabama 

F. L. MANNING, Ursinus College 

R. H. Marogutis, Ohio University 

M. H. Martin, University of Maryland 

W. T. Martin, Massachusetts Institute of 
Technology 

E. D. McCartuy, University of Detroit 

Sopuia L. McDona.p, University of California 

D. L. McDonovucu, High School, Philadelphia 

S.S. McNEary, Drexel Institute 

Mary E. MEapE, University of Maryland 

A. E. MEDER, Jr., Rutgers University 

EMANUEL MeEnr, Johns Hopkins University 

A. S. MERRILL, Montana State University 

H. L. MEvEr, Jr., University of Chicago 

A. N. Miteray, Institute for Advanced Study 

D. D. MILLER, University of Tennessee 

SOLOMON MITCHELL, Grinnell College 

E. E. Motse, University of Texas 

MARTIN MOLIvER, Martin College 

DEANE MontGOMERY, Yale University 

A. H. Moore, Pratt Institute 

Littian Moore, Far Rockaway High School, 
New York 

RICHARD Morris, Rutgers University 

IrMA R. Mosss, Temple University 

E. D. Mouzon, Jr., Southern Methodist Uni- 
versity 

C. W. MuNnsHowErR, Colgate University 

W. R. Murray, Franklin and Marshall College 


C. A. NEtson, New Jersey College for Women 
A. B. NEALE, Watson Laboratories 

J. J. NEwman, Harvard University 

C. V. Newsom, Oberlin College 

P. B. Norman, Pratt Institute 


C. O. OAKLEY, Haverford College 

L. F. OLLMANN, Hofstra College 

Isaac OpATOWSKI, University of Michigan 

F,. W. OweEns, Pennsylvania State College 
HELEN B. Owens, Pennsylvania State College 
J. C. Oxtosy, Bryn Mawr College 
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ARKER, University of Cincinnati 

. PATTERSON, University of Pennsylvania 
XxTON, Washington and Lee University 
EISER, Rutgers University 

ERISHO, McCook Junior College 

ETTIS, Yale University 

HALEN, College of William and Mary 
HELPS, Rutgers University 

ITCHER, Lehigh University 

RICE, University of Kansas 

UTNAM, University of Chicago 
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. RANDOLPH, Oberlin College 

. Rasor, Ohio State University 

. Raynor, Lehigh University 

. REYNOLDs, West Virginia University 

. RicHarpson, Brown University 
IDER, Washington University 

NEHART, Case School of Applied Science 
. Rosinson, Princeton University 

. Root, U.S. Naval Academy 

. RosenBAcH, Carnegie Institute of Tech- 
nology 

OUISE J. RosENBAUM, Reed College 

. A. RosENBAUM, Reed College 

. ROSENBLOOM, Syracuse University 

. Rosser, Cornell University 

. Rouse, University of Michigan 
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RAPHAEL SALEM, Massachusetts Institute of 
Technology 

HANS SAMELSON, University of Michigan 

R. G. SANGER, Kansas State College 

ARTHUR SARD, Queens College 

I, J. SCHOENBERG, University of Pennsylvania 

WLADIMIR SEIDEL, University of Rochester 

W. E. SEWELL, War Department, Army Educa- 
tion Branch 

W. P. SuHarp, Jr., Newark College of Engineer- 
ing 

L. W. SHERIDAN, College of St. Thomas 

D. T. SicLEy, Johns Hopkins University 

L. L. Smaiz, Lehigh University 

C. V. L. Smita, Raytheon Manufacturing Co. 

W. M. Situ, Lafayette College 

ERNST SNAPPER, University of Southern Cali- 
fornia 

ANDREW SosczyK, Watson Laboratories 

F. W. Souon, Georgetown University 

P, I. Speicner, Albright College 

E,. R. STABLER, Hofstra College 
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R. C, STaLEy, University of North Dakota 

E. P. STARKE, Rutgers University 

F. H. STEEN, Allegheny College 

H. W. StermnHaAus, Equitable Life Assurance 
Society, New York 

R. C. STEPHENS, Knox College 

ELLEN C. Stoxes, New York State College for 
Teachers 

M. H. Stone, University of Chicago 

HELEN F. Story, Pennsylvania State College 

IRVING SussMAN, University of Dayton 

J. L. Synce, Carnegie Institute of Technology 

Otto SzAsz, University of Cincinnati 

GABOR SZEG6, Stanford University 


FEODOR THEILHEIMER, Trinity College 

R. M. THRALL, University of Michigan 
LEONARD TORNHEIM, University of Michigan 
A. W. TucKER, Princeton University 

J. W. Tuxey, Princeton University 


G. L. WALKER, Temple University 

R, J. WALKER, Cornell University 

A. D. WALLAcE, University of Pennsylvania 

J. L. Wausu, Harvard University 

JEAN B. WALTON, University of Pennsylvania 

W. R. Wasow, Swarthmore College 

C. W. WATKEys, University of Rochester 

G. C. WEBBER, University of Delaware 

M. S. WEBSTER, Purdue University 

J. V. WEHAUSEN, David Taylor Model Basin 

MarieE J. Weiss, Newcomb College 

E. T. WELMERS, Bell Aircraft Corporation 

ANNA PELL WHEELER, Bryn Mawr College 

J. H. Warts, U.S. Naval Academy 

A. L. WHITEMAN, Navy Department 

E, A. WHITMAN, Carnegie Institute of Technol- 
ogy 

P. M. WuitTMAn, Tufts College 

G. T. WHyBurRN, University of Virginia 

W. M. Wuysury, Texas Technological College 

S. S. WILKs, Princeton University 

K. P. WILLIAMS, Indiana University 

Mary E. WILiiaMs, Skidmore College 

W. L. WituiaMs, University of South Carolina 

R. H. Witson, Jr., Temple University 

CLEMENT WINSTON, Department of Commerce 

H. A. Woop, Chance Vought Aircraft 

FRrANcEsS M. Wricut, Triple Cities College 


BERTRAM Yoon, Yale University 
J. W. T. Younes, Indiana University 
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Rooms for members of the organizations and their families were provided 
in the college dormitories, and meals were served in the college dining room in 
Parrish Hall. Tea was served on Thursday and Friday afternoons in the parlor 
of Bond Memorial Hall by the ladies of the Swarthmore College Department of 
Mathematics. An excellent program of chamber music was presented Friday 
evening in the auditorium of the Clothier Memorial Building by Phyllis Groff, 
Leona Gold, Helen Arens, Betty Benthin, Robert N. Hilkert, Ralph H. Fox, and 
Arnold Dresden. ( 

A dinner for the two organizations was held at 6:30 Friday evening in the 
college dining room. Professor C. O. Oakley acted as toast-master and intro- 
duced President John W. Nason of Swarthmore College who welcomed the visit- 
ing organizations in a few happily chosen words. He was followed by Professor 
W. T. Martin who spoke on the general subject of the post-war graduate student 
in mathematics. Resolutions were presented by Professor C. G. Latimer express- 
ing the thanks of the visiting organizations to President Nason and the Board of 
Managers of Swarthmore College, to the members of the Swarthmore Mathe- 
matics Department and their wives, and to the various members of the College 
staff who helped with the friendly and efficient arrangements which made the 
meeting so enjoyable. The resolutions were adopted by a rising vote. 

The American Mathematical Society held its sessions between noon Friday 
and noon Sunday. The Josiah Willard Gibbs lecture was delivered by Professor 
Subrahmanyan Chandrasekhar of the University of Chicago on Thursday eve- 
ning, his subject being “The transfer of radiation in stellar atmospheres”; and 
on Saturday at 2:00 p.M. Professor A. P. Morse of the University of California 
gave an address, by invitation, on “Derivatives and their integrals.” 

The Mathematical Association held its sessions on Thursday afternoon and 
Friday morning, the program having been arranged by a committee consisting 
of I. J. Schoenberg, chairman, D. W. Hall, and Ivan Niven. The following papers 
were presented: 


FIRST SESSION OF THE ASSOCIATION 


“Parallelism, solid angle and curvature,” by Professor C. B. Allendoerfer, 
Haverford College. 

“Mathematics in the Army Education Program,” by Colonel W. E. Sewell, 
Army Education Branch. 

“The theory of braids,” by Professor Emil Artin, Princeton University. 


SECOND SESSION OF THE ASSOCIATION 


“On the multiplication of series,” by Professor Antoni Zygmund, University 
of Pennsylvania. 

“Random walk and the theory of Brownian motion,” by Professor Mark Kac, 
Cornell University. 

Professor M. S. Knebelman of the State College of Washington was to have 
presented a paper on “The teaching of college mathematics today” at the Friday 
morning session, but he was unfortunately unable to attend the meeting. 
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MEETING OF THE BOARD OF GOVERNORS 


The Board met on Thursday at 7:30 p.m. in the News Bureau room in Par- 
rish Hall, seventeen members of the Board being present. 

Among the more important items of business transacted were the following. 

Ninety-two persons as listed below, were elected to membership on applica- 


tions duly certified: 


SIstER M. Anita, A.M.(Seton Hall Coll.) 
Instr., Caldwell Coll., Caldwell, N. J. 

D. L. ARENSON, Student, Illinois Inst. of Tech., 
Chicago, III. 

R. P. BatLtey, Ph.D.(Pennsylvania) Asso. 
Prof., U. S. Naval Acad., Annapolis, Md. 

DorotHEA M. Baumann, B.S. (Marquette) 
Teacher, Rufus King High School, Mil- 
waukee, Wis. 

Max BEBERMAN, B.S.(C.C.N.Y.) Teacher, 
Math. and Sci., Nome Territorial High 
School, Nome, Alaska 

PAUL BELGODERE, Agrégé de Math. (Paris, 
E.N.S.) Secrétaire Général, Intermédiaire 
des Recherches Mathematiques, 55 rue de 
Varenne, Paris 7, France 

J. H. Bett, Ph.D.(Wisconsin) Asst. Prof., 
Michigan State Coll., East Lansing, Mich. 

W. D. BerG, Ph.D.(Iowa) Visiting Asst. 
Prof., Kenyon Coll., Gambier, Ohio 

ARTHUR BERNHART, Ph.D. (Michigan) Asst. 
Prof., Univ. of Oklahoma, Norman, Okla. 

R. P. Brapy, M.S. (Chicago) Hunter Coll., 
New York, N. Y. 

W. H. Buncu, A.M. (Oregon) Head of Dept., 
High School, Adrian, Ore. 

J. J. Burcxuarpt, Prof., Univ. of Zurich, 
Zurich, Switzerland 

G. P. Burns, M.S. (W. Va. Univ.) Asso. Prof., 
Marshall Coll., Huntington, W. Va. 

Grace M. Canapa, A.M.(Columbia) Asst. 
Prof., East Central State Coll., Ada, Okla. 

H. N. Carter, B.S. (Northeastern Okla. St. C.) 
Asst. Prof., Univ. of Tulsa, Tulsa 4, Okla. 

C. L. Crarx, Ph.D. (Virginia) Asso. Prof., 
Oregon State Coll., Corvallis, Ore. 

W. W.S. Craytor, Ph.D. (Pennsylvania) Prof., 
Hampton Inst., Hampton, Va. 

NATHANIEL Cospurn, Ph.D.(Mass. Inst. of 
Tech.) Asst. Prof., Univ. of Michigan, 
Ann Arbor, Mich. 

BROTHER CyprRIAN LUKE (Roney), M.S. (Cath- 
olic Univ.) Head of Dept., Sacred Heart 
Coll., Las Vegas, N. M. 


ConstTANCE H. Davis (Mrs. Leslie). 238 Audley 
St., South Orange, N. J. 

R. B. DERFLINGER. Student; Asst., Geneva 
Coll., Beaver Falls, Pa. 

ALIcE B. Dickinson, A.M. (Columbia) Teach- 
ing Fellow, Univ. of Michigan, Ann Arbor, 
Mich. 

Mary P. Dotctana, A.M.(Cornell) Fellow, 
Cornell Univ., Ithaca, N. Y. 

Roy Dusiscn, Ph.D.(Chicago) Asst. Prof., 
Syracuse Univ., Triple Cities Coll., Endi- 
cott, N. Y. 

R. W. ENGEL. Hotel Kahler, Rochester, Minn. 

D. M. FRIEDLEN. Student, Illinois Inst. of 
Tech., Chicago, Ill. 

C. M. Futton, Ph.D.(Tech. Hochschule, 
Munich) Lecturer, Univ. of California at 
Los Angeles, Los Angeles, Calif. 

S. H. Gou.tp, Ph.D.(Yale) Asso. Prof., Vic- 
toria Coll., Toronto, Ont., Canada 

E. C. Gras, A.M.(Harvard) Instr., U. S. 
Naval Acad., Annapolis, Md. 

W. T. Guy, Jr., B.S. (A. and M. Coll. of Texas) 
Instr., Univ. of Texas, Austin, Tex. 

W. R. Hanson, M.S.(Chicago) Instr., San 
Francisco Jr. Coll., San Francisco, Calif. 

G. C. HELE, M.S. (Washington Univ.) Instr., 

- Pratt Inst., Brooklyn, N. Y. 

R. B. HERRERA, A.M.(U.C.L.A.) Instr., Los 
Angeles City Coll., Los Angeles, Calif. 

V. A. Hoerscu, Ph.D.(Iowa) Asst. Prof., 
Univ. of Illinois, Urbana, III. 

CarL Hottom, Ph.D.(Chicago) Asst. Prof., 
Purdue Univ., Lafayette, Ind. 

LeRoy Ho.usar, B.S.E.E. (Colorado)  Instr., 
Engg. Math., Univ. of Colorado, Boulder, 
Colo. 

R. E. Horton, A.B.(U.C.L.A.) Asso., Univ. 
of California at Los Angeles, Los Angeles, 
Calif. 

H. B. Hoye, Jr., A.M.(North Carolina) 
Prof., Head of Dept., Queens Coll., Char- 
lotte, N. C. 

P. L. Hsu, D.Sc.(London) Asso. Prof., Univ. 
of North Carolina, Chapel Hill, N.C. 
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ELAINE HUNDERTMARK, A.M. (Illinois) Instr., 
Univ. of Arkansas, Fayetteville, Ark. 

H. V. Hunexe, A.M.(Oklahoma) Instr., 
Northwestern State Coll., Alva, Okla. 
Mrs. Fay H. Jounson, A.B.(Howard Payne 
Coll.) Instr., Howard Payne Coll., Brown- 

wood, Tex. 

H. F. S. Jonan, Ph.D.(Purdue) Asso. Prof., 
Purdue Univ., West Lafayette, Ind. 

H. S. Kuzevat, Ph.D.(Cincinnati) Instr., 
Brooklyn Coll., Brooklyn, N. Y. 

W. J. Kuimczax, A.M.(Yale) Instr., Yale 
Univ., New Haven, Conn. 

J. T. Kratticer, A.M.(Southern Methodist) 
Instr., Univ. of Oklahoma, Norman, Okla. 

R. R. KueEsier, Jr., A.B.(Dickinson Coll.) 
Instr., Dickinson Coll., Carlisle, Pa. 

J. P. LaSatie, Ph.D. (Calif. Inst. of Tech.) 
Asst. Prof., Univ. of Notre Dame, Notre 
Dame, Ind. 

CHARLES LOEWNER, Ph.D.(Prague) Prof., 
Syracuse Univ., Syracuse, N. Y. 

G. P. LoweKe, Ph.D.(Berlin) Asst. Prof., 
Engg. Mech., Wayne Univ., Detroit, Mich. 

R. V. Lyncu, B.S.(Harvard) Instr., Phillips 
Exeter Acad., Exeter, N. H. 

R. A. Lytize, A.M.(Virginia) Adj. Prof., 
Univ. of South Carolina, Columbia, 5. C. 

A. L. Mayerson, B.S.(Michigan) Grad. Stu- 
dent; Teaching Fellow, Univ. of Michigan, 
Ann Arbor, Mich. 

Etna B. McBripeE (Mrs. J. S.), M.S. (Tennes- 
see) Asst. Prof., Memphis State Coll., 
Memphis, Tenn. 

A. W. McGauaGueEy, Ph.D. (Cincinnati) Prof., 
Chm. of Dept., Westminster Coll., New 
Wilmington, Pa. , 

W. K. McNass, A.M.(Michigan) Instr., The 
Hockaday School, Dallas 6, Tex. 

P. E. Meapows, A.B.(Carleton Coll.) Asst. 
Prof., Washington and Lee Univ., Lexing- 
ton, Va. 

SERGE MINo!s, Agrégation des Sci. Math. 
(Paris) Asst. Prof., Lyceé Lakanol e 
Sceaux. 7 rue Candelot, Bourg-la-Reine 
(Seine), France 

A. H. Moore, B.M.E.(Pratt Inst.) Instr., 
Pratt Inst., Brooklyn, N. Y. 

DorotHy J. Morrow, M.S. (Washington) 
Asst. Prof., Statistics, George Washington 
Univ., Washington, D. C. 

D. J. Myatt, B.M.E.(Univ. of Louisville) 
Asst. Engr., James Clark, Jr. Electric Co., 
Louisville, Ky. 
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(Miss) ANDREWA R. Nos Le, Ph.D. (California) 
Instr.. Montana State Univ., Missoula, 
Mont. 

A. M. Ostrowski, Ph.D. (Géttingen) Prof., 
Univ. of Basle, Basle, Switzerland 

A. O. QuaLLEy, A.M.(Iowa) Instr., Lehigh 
Univ., Bethlehem, Pa. 

Mary K. Rapp, A.M. (Illinois) Instr., [linois 
Inst. of Tech., Chicago, II. 

R. W. Rector, A.M. (Stanford) Instr., U.S. 
Naval Acad., Annapolis, Md. | 

Louis Ross, A.M. in Educ. (Univ. of Akron) 
Instr., Univ. of Akron, Akron, Ohio 

C. E. Ruscu, A.M. (Wisconsin) Prof., Mission 
House Coll., R.R. 3, Plymouth, Wis. 

R. F. SCcHWETYE. Chem. Engr., Mexican Zinc 
Co., Rosita, Coahuila, Mexico 

W. H. Simons, M.A. (Univ. of B.C.) Lecturer, 
Univ. of British Columbia, Vancouver, 
B. C., Canada 

Dorortuy E. Situ, B.S. in Educ.(N. Ill. St. 
T.C.) Teacher, Community High School, 
Erie, Il. 

MALCOLM SMITH. Student, Illinois Inst. of 
Tech., Chicago, Ill. 

L. C. Swnivety, M.S.E.E.(Colorado) Asst. 
Prof., Engg. Math., Univ. of Colorado, 
Boulder, Colo. 

O. S. Spears, M.S.(Ala. Poly. Inst.) Instr., 
Univ. of Oklahoma, Norman, Okla. 

J. C. Stewart, Ph.D. (Illinois) Asst. Prof., 
Lawrence Coll., Appleton, Wis. 

IRVING SUSSMAN, B.S.(Columbia) Asst. Prof., 
Univ. of Dayton, Dayton, Ohio 

MARGARET O. Taytor, M.S. (Pittsburgh) 
Mathematician, Gulf Research and De- 
velopment Co., Pittsburgh, Pa. 

W. B. Tempe, A.M. (Louisiana State) Asst. 
Prof., A. and M. Coll. of Texas, College 
Station, Tex. On leave. Instr., Univ. of 
Texas, Austin, Tex. 

FEODOR THEILHEIMER, Ph.D.(Berlin) Asst. 
Prof., Trinity Coll., Hartford, Conn. 
LEONARD TORNHEIM, Ph.D.(Chicago)  Instr., 
Univ. of Michigan, Ann Arbor, Mich. 

G. R. Vick, A.M.(Sam Houston, St. T.C.) 
Asst. Prof., Sam Houston State Teachers 
Coll., Huntsville, Tex. 

B. M. Watt, A.M.(Sam Houston, St. T.C.) 
Asso. Prof., Sam Houston State Teachers 
Coll., Huntsville, Tex. 

Mrs. LILtLig C. WALTERS, A.M. (Colorado) 
Instr., Engg. Math., Univ. of Colorado, 
Boulder, Colo. 
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W. R. Wasow, Ph.D. (New York Univ.) Asst. FLORENCE A. WIRsCHING, A.B.(N.J.St.T.C., 


Prof., Swarthmore Coll., Swarthmore, Pa. Montclair) Instr., Purdue Univ., West 
G. C. WEBBER, Ph.D. (Chicago) Asso. Prof., Lafayette, Ind. 
Univ. of Delaware, Newark, Del. L. G. Wortuincton, A.M. (N. Tex. State T.C.) 
HELEN R. Wuite, A.B. (North Carolina) Sta- Instr., Univ. of Texas, Austin, Tex. 
tistician, Bureau of Census, Dept. of Com- C.B. Wricut, Ph.D.(Pittsburgh) Prof., East 
merce; Grad. Student, George Washington Texas State Teachers Coll., Commerce, 
Univ., Washington, D. C. Tex. 
A. L. WHITEMAN, Ph.D. (Pennsylvania) Math- H. M. Zerrpse, M.S.(Pennsylvania State) 
ematician, Office of Chief of Naval Opera- Instr., Pennsylvania State Coll., Hazleton 
tions, Washington, D. C. Undergraduate Center, Hazleton, Pa. 


Mrs. Beryt W. WIiiAMs, A.M. (Maine) 
Instr., Agric. and Tech. Coll., Greensboro, 
N.C. 


The Secretary reported the deaths of the following members of the Associa- 
tion: 


Josepu ALLEN, Associate Professor of mathematics, Retired, College of the City of New York. 
(March 4, 1946) 

DANIEL ARANY, Professor emeritus of mathematics, Royal School for Industry, Budapest. 

Harry BATEMAN, Professor of mathematics, California Institute of Technology. (January 21, 
1946) 

L. M. BERKELEY, Lawyer, New York, N. Y. 

H. F. BuicHFetpt, Professor emeritus of mathematics, Stanford University. (November 16, 
1945) 

A. A. BLUMBERG, Assistant Professor of mathematics, A. and M. College of Texas. (October 
21, 1945) 

A. L. Canby, Professor emeritus of mathematics, University of Nebraska. (July 18, 1945) 

F. H. Ciurz, Professor emeritus of civil engineering, Gettysburg College. (December 30, 1945) 

A. R. Conepon, Professor emeritus of secondary education, University of Nebraska. (Novem- 
ber 11, 1945) 

A. R. Cratuorne, Professor emeritus of mathematics, University of Illinois. (March 7, 1946) 

FLETCHER DuRELL, Head of department emeritus, Lawrenceville School, New Jersey. (March 
25, 1946) 

C. W. Emmons, Professor of mathematics, Simpson College. (December 29, 1945) 

FEDERIGO ENRIQUEs, Professor of mathematics, Retired, University of Rome. (June 14, 1946) 

A. M. Freeman, Director of mathematical laboratory, Boston Fiduciary and Research Asso- 
ciates. (May 20, 1946) 

Hans Friep, Lecturer in mathematics, Swarthmore College. (December 23, 1945) 

C. F. Gummer, Professor of mathematics, Queen’s University, Kingston, Canada. (January 
21, 1946) 

LAURENCE HADLEY, Professor of mathematics, Purdue University. (March 21, 1946) 
Dunnam Jackson, Professor emeritus of mathematics, University of Minnesota. (November 
6, 1946) : 

D. E. Marrs, Teacher, Senior High School, Pittsburg, California. (May 28, 1946) 

A. S. McMaster, Assistant Professor of engineering mathematics, University of Colorado. 
(May 24, 1946) 

T. A. Prerce, Professor of mathematics, University of Nebraska. (August 18, 1945) 

R. G. M. SABEL, Teacher, Bristol (Connecticut) High School. (February 24, 1946) 

I. D. Stewart, Associate Professor of mathematics, Whitman College. (July 21, 1946) 

G. B. SwEAZzEY, Dean, Westminster College, Fulton, Missouri. (August 10, 1946) 
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ALTHEOD TREMBLAY, Professor of mathematics, Laval University, Quebec, Canada. (March 1, 


1946) 
E. E. WHITFORD, Professor emeritus of mathematics, College of the City of New York. (May 3, 


1946) 


The Board voted to accept the invitation from the University of Wisconsin 
to hold the Summer Meeting of 1948 at Madison, Wisconsin, and the invitation 
from the University of Colorado to hold the Summer Meeting of 1949 at Boulder, 
Colorado. Also it was voted to hold the Annual Meeting of 1948 in New York 
City in conjunction with the meetings of the American Association for the Ad- 
vancement of Science. 

On nominations by the Executive Committee the Board elected C. B. Allen- 
doerfer as Second Vice-President for the two years 1947-48; also G. T. Whyburn 
as Representative on the National Research Council for the term July 1947 to 
July 1950, and W. T. Martin as Representative on the Council of the American 
Association for the Advancement of Science for the two years 1947-48. 

The Board approved of the appointment by President MacDuffee of a Nomi- 
nating Committee for 1947 consisting of W. F. Cheney, Jr., W. M. Whyburn, 
and L. L. Dines, chairman. 

The Board voted to resume the making of exchange arrangements between 
the MontTHLY and other mathematical periodicals, a practice which had been 
discontinued by action of the Board on September 12, 1943. Also the Board 
approved of the plan to place H. M. Gehman in charge of all such exchange 
arrangements, including the matter of the disposal of all periodicals received by 
exchange. 

The Board appointed C. V. Newsom, R. M. Foster, J. F. Randolph, and 
W. B. Carver as a committee with power to make a new contract for the printing 
of the MONTHLY. 

On the nomination of the Editor-in-Chief, C. V. Newsom, the Board elected 
the following Associate Editors of the MONTHLY for the year 1947: 


C. B. ALLENDOERFER H. P. Evans W. T. Martin 
E. F. BECKENBACH HOWARD EVEs L. F. OLLMANN 
L. M. BLUMENTHAL B. F. FINKEL R. F. RINEHART 
N. B. CONKWRIGHT B. W. JONEs E. P. STARKE 
H. S. M. CoxETER N. H. McCoy E. P. VANCE 


ANNUAL BUSINESS MEETING OF THE ASSOCIATION 


The annual business meeting of the Association was held on Friday at 
9:30 a.m., President MacDuffee presiding. 

The following results of the balloting for officers was announced: 

L. R. Ford, Illinois Institute of Technology, was elected President for the 
term 1947-48. 

D. H. Lehmer, University of California, and W. T. Martin, Massachusetts 
Institute of Technology, were elected Governors at Large for the term 1947-49. 
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The Secretary also announced the election by the Board of C. B. Allen- 
doerfer as Second Vice-President for the term 1947-48. 

Upon recommendation by the Board of Governors the following changes in 
the By-laws of the Association were adopted: 


ArtIcLE III, Section 8 (a). The words “by this membership in constituencies (hereinafter 
called ‘Regions’) established by the Board” shall be replaced by the words “by the membership 
in the Sections of the Association or by the membership in constituencies authorized by the Board 
for territory where Sections do not exist.” 

ArticLe III, Section 8 (c). In the first sentence the word “Region” is to be replaced by the 
word “Section,” the word “biennially” by the word “triennially,” and the word “two” by the word 
“three.” The second sentence is to be replaced by the sentence, “For these elections, at least two 
nominations shall be submitted to the members by a committee appointed for that purpose by the 
Chairman of the Section.” 

ARTICLE ITI, Section 8 (g). At the end of the first sentence the phrase “by the Board” shall be, 
replaced by the words “by the President with the approval of the Board.” In the second sentence 
the words “two months” shall be changed to “six months.” In the third sentence the word “Board” 
in both places where it occurs is to be replaced by the words “Nominating Committee.” 

ARTICLE IV, Section 2. The whole first sentence is to be replaced by the sentence, “The Board 
shall hold a meeting each year immediately preceding the annual meeting of the Association.” 

ARTICLE V, Section 2. At the end of the sentence there shall be added the phrase, “except as 
the Board may provide.” 

W. B. Carver, Secretary-Treasurer 


CALENDAR OF FUTURE MEETINGS 


Twenty-ninth Summer Meeting, New Haven, Conn., September 1-2, 1947. 
Thirty-first Annual Meeting, Athens, Georgia, January 1, 1948. 
The following is a list of the Sections of the Association with dates of future 


meetings so far as they have been reported to the Secretary. 


NEBRASKA, Lincoln, May 3, 1947 
NORTHERN CALIFORNIA 


ALLEGHENY MountTAIN 
ILLINo!Is, Peoria, May 9-10, 1947 


INDIANA 

Iowa, Cedar Falls, April 18-19, 1947 

Kansas, Wichita, April 19, 1947 

KENTUCKY 

LovIsIANA-MississiPri, Hattiesburg, Mis- 
sissippi, April 25-26, 1947 

MARYLAND-DIsTRICT OF COLUMBIA-VIR- 
GINIA 

METROPOLITAN NEw York, Brooklyn, 
April 19, 1947 

MICHIGAN 

MINNESOTA 

MIssouRI 


Ox10, Columbus, April 3, 1947 

OKLAHOMA 

Pacitric NORTHWEST, Vancouver, British 
Columbia, April 10-11, 1947 

PHILADELPHIA 

Rocky MOunNTAIN 

SOUTHEASTERN, Columbia, S. C., April 18— 
19, 1947 

SOUTHERN CALIFORNIA 

SOUTHWESTERN 

TEXAS 

Upper New York State, Rochester, May 
10, 1947 

Wisconsin, Madison, May, 1947 


ROSENBACH-WHITMAN: College Algebra, 
in Great 
Trigonometries 
SMITH-GALE-NEELLEY: New Analytic 
Mathematics, Revised 


GRANVILLE-SMITH-LONGLEY: Elements of 
Books 
Revised 
ROSENBACH-WHITMAN-MOSKOVITZ 
De mM a n d BALLOU-STEEN Trigonometries 
STEEN-BALLOU: Analytic Geometry 
Geometry 
MILNE-DAVIS: Introductory College 
WELCHONS-KRICKENBERGER Geometries 
HAWKES-LUBY.TOUTON Algebras 


Ginn and Company 


Boston I7 New York 11 Chicago 16 Atlanta 3 
' Dallas | Columbus 16 San Francisco 5 Toronto 5 


Back Vumbers Wanted 


For a limited number of copies, forty cents a copy will be paid (in stamps 
for amounts less than one dollar) for any of the following issues of the 
AMERICAN MATHEMATICAL MONTHLY: 


1910, May 1931, Dec. 

1913, Apr., May, June, Oct. 1940, Jan. 

1914, Jan., Apr. 1946, Jan., Feb., Mar., Apr., May, June- 
July, Aug.-Sept. 


Anyone having for sale volumes 1 to 11 inclusive, or odd copies of these 
volumes, will please communicate with the undersigned. 


W. B. Carver, Secretary-Treasurer 
MATHEMATICAL ASSOCIATION OF AMERICA 


McGraw Hall, Cornell University 
ITHACA, NEw YORK 


HOLT announces 


Intermediate Algebra 


Revised Edition 


Henry L. Rietz, Arthur R. Crathorne, and 
Loviney J. Adams 


e@ Hundreds of drill prob- e Pointed towards analytic 
lems geometry 


e Thorough treatment of 
second and third order ® Applications of algebra in 


determinants science and engineering 


Designed to present algebra as a living subject with applications to science and 
engineering, this book helps develop understanding and insight on the part of 
the student, rather than reducing algebra to a series of rule-of-thumb directions. 
The excellent basic material and numerous drill problems assure the student of 
a thorough working knowledge of algebra. 


about 250 pp. Spring 1947 probable price $2.00 


257 Fourth Ave., New York 10 HENRY HOLT 


TEXTBOOK NEWS 


Raymond W. Brink’s 


A FIRST YEAR OF COLLEGE 
MATHEMATICS 


A WELLKNOWN, standard text which presents a rich, complete, and unified 
course in college algebra, trigonometry, and analytical geometry. 


A FIRST YEAR OF COLLEGE MATHEMATICS 
WITH SPHERICAL TRIGONOMETRY 


HIs edition of the above text includes all of the material in the author’s recent 
textbook, SPHERICAL TRIGONOMETRY, a systematic and clear treat- 


ment of right and oblique spherical triangles, 


D. APPLETON-CENTURY COMPANY 
35 West 32nd Street, New York 1, New York 


Announcing 


WILLIAM L. HART’S 
COLLEGE ALGEBRA 


Third Edition 
Ready this spring 


* THIS NEW EDITION of Professor Hart’s widely used College 
Algebra retains all the characteristics which have made the Revised 


Edition such an outstanding success: 


1. A leisurely review of elementary algebra from a mature point of view 


iw} 


. Carefully organized review exercises for students who need only a brief 
review of elementary algebraic technique 


. Complete coverage of the essentially collegiate parts of the content 
. Emphasis on applications 


3 
4, 
5. High standard of logical accuracy 
6. Abundance of illustrative examples 
7. Numerous well-graded problems 

8 


. Flexibility for adjustment to the needs of students of widely varying 
abilities and preparation 


9. Interesting optional material] relating to the algebra of statistics 


NEW FEATURES: 


1. Changes in the location of a few optional chapters and various supple- 
mentary sections to increase the accessibility of the essential course 
content without omissions or digressions 


2. Fresh exercises in the main portion of the book, except for the retention 
of unique problems and certain routine drill exercises 


3. Numerous minor alterations in the text that were suggested by the 
classroom use of the preceding edition 


4, Pleasing new format, with clear type on a page of generous size 


About 360 pages of discussion and exercises 


* The former Revised Edition will remain available for 
classes through the school year 1947-48. 


D. C. HEATH AND COMPANY 


Boston New York Chicago Atlanta San Francisco Dallas London 


Check List of Important McGraw-Hill Books 


The Theory of Functions of Real 
Variables 


By LAwreNce M. GRAVES, The Uni- 
versity of Chicago. 321 pages, $4.00 


College Algebra 


By A. ApRIAN ALBERT, The Univer- 
sity of Chicago. 278 pages, $2.75 


Differential and Integral Calculus 


By Ross R. MippLemiss, Washing- 
ton University. Second edition. 497 
pages, $3.25 


Analytic Geometry 


By Ross R. MippLemiss. 306 pages, 
$2.75 


Mathematical Theory of Elasticity 
By I. S. SokoLnrkorF, University of 


California at Los Angeles. 373 pages, 
$2.75 


Higher Mathematics for Engineers 
and Physicists 
By I. S. SoKoLNikorr and E. S. 
SOKOLNIKOFF. Second edition. 587 
pages, $5.00 


Applied Mathematics for Engineers 
and Physicists 


By Louis A. Pipes, formerly of Har- 
vard University. 618 pages, $5.50 


Plane Trigonometry 


By E. RicHArp HEINEMAN, Texas 
Technological College. 253 pages, 
$1.60. With tables, $2.25. Tables alone, 
85¢ 


Algebra. A Second Course 


By R. Ortn Cornett, Oklahoma Bap- 
tist University. 313 pages, $2.20 


Rudimentary Mathematics for 
Economists and Statisticians 
By W. L. Crum and Joserpn A. 


SCHUMPETER, Harvard University. 
203 pages, $2.50 


College Algebra 


By Paut K. Rees, Southwestern 
Louisiana Institute, and Frep W. 
SPARKS, Texas Technological College. 
Second edition. 403 pages, $2.50 


The Development of Mathematics 


By E. T. Bett, California Institute 
of Technology. Second edition. 637 
pages, $5.00 


Send for copies on approval 


McGRAW-HILL BOOK COMPANY, Inc. 


330 West 42nd Street 


New York 18, N.Y. 


. me = 


CALCULUS Revised Edition 


@ A rigorously accurate text of great thoroughness for a 
By 2- or 3-semester introductory course in the calculus, such 
as: Differential and Integral Calculus; First, Second, and 
EOR . F. . . . 
GEORGE E. F Third Courses in Calculus (by semesters}, occasionally called 
SHERWOOD Mathematical Analysis. 


and In revising their text the authors have stringently preserved 


ANGUS E. TAYLOR its famous mathematical accuracy and precision in keeping 
with modern standards of rigor. The book remains a lively 
text emphasizing the understanding of applications of the 
calculus above mere manipulative skill. 


COMMERCIAL ALGEBRA 


(Part | of Mathematics of Finance) 
By 


THOMAS M. @ Available for the first time in a separate edition for a 
SIMPSON, three-hour, one-semester course covering the fundamental 
PIRENTAN. principles of algebra that have a practical application in 
and business. Includes illustrative examples, diagrams, and a 
BOLLING H. plentiful supply of exercise problems. 
CRENSHAW 
By @ Chapters on the Stieltjes Integral and the Laplace Trans- 


form, never before available in elementary form, are wel- 
come innovations in this new work, An added feature is the 
unusually clear treatment of Line Integrals and Green's 
Theorem. ~ 


PLANE TRIGONOMETRY 


@ An amazingly simple, efficient text showing the principles 


DAVID V. WIDDER 


By 
FRED W. SPARKS 


of Plane Trigonometry and their application. During the 
past decade the authors worked daily to increase clarity 

and for the student. Every page of this revision has been proved 
PAUL K. REES successful in the classroom. 


SEND FOR YOUR APPROVAL COPIES 


a PRENTICE-HALL, INC. 70 FIFTH AVENUE, NEW YORK 11 


NEW MATHEMATICS TEXTS 


Analytic Geometry 


and Calculus 
By RANDOLPH & KAC 


This new text presents an exceptionally well-unified and well- 
balanced treatment of analytic geometry and calculus, topically and 
typographically arranged so as to be suitable for either a short or a 
long course. Among the notable features of the book are: the early 
introduction of integration; a review of some fundamental algebraic 
concepts; and the strong emphasis of the functional notation. 
Throughout the text the authors have taken special care in presenting 
ideas which so often confuse the average student. The book is 
printed in two sizes of type. The text in the larger type constitutes 
a fairly formal presentation of the topics usually covered in analytic 
geometry and calculus, while the text in small print is of a more 
advanced nature. Well-chosen exercises are abundantly supplied 
throughout the book and are graded according to difficulty. $4.75 


College Algebra 
Alternate Edition 


By PAUL R. RIDER 


Identical with the original edition in its textual content, this new 
alternate edition is equipped with a completely new set of exercises. 


By using both editions the teacher is given an opportunity to alter- 
nate assignments and thus keep succeeding classes from becoming 


too familiar with either group. 
To be published in March $2.50 (probable) 
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MATHEMATICS IN THE ARMY EDUCATION PROGRAM 
COLONEL W. E. SEWELL, Washington, D. C.* 


1. Introduction. The purpose of this paper is to present the facts with regard 
to mathematics in the Army Education Program and some of the implications 
which can be derived from these facts. In particular, I shall consider the ques- 
tion: How much demand for mathematics can be expected from the veteran? 

Mathematics has been one of the most popular subjects in the curriculum 
of the Army Education Program. In order that the reader may understand the 
full significance of this popularity, some of the pertinent points of the Army 
Education Program should be explained. This program was begun prior to our 
entry into World War II, and had as its purpose the furnishing to the serviceman 
of educational opportunities to fit his needs or desires, or both. In particular, the 
subjects offered were selected (1) to enhance the value of the individual to the 
Army, (2) to prevent a complete interruption of the serviceman’s education, 
(3) to satisfy intellectual interests, and (4) to prepare the serviceman for his 
return to civilian life. The method used at first was the furnishing of correspond- 
ence courses and lesson service to individuals upon their request. The program 
was gradually enlarged to include self-study courses, off-duty and on-duty 
classes, and university extension courses from some seventy-five colleges and 
universities. The curriculum begins with literacy training, and includes, in ad- 
dition to the academic courses, a wide variety of vocational subjects. The United 
States Armed Forces Institute at Madison, Wisconsin, is the principal installa- 
tion in the implementation of this program. The Institute is in reality a large 
correspondence school, a testing agency, and a supply depot, and is operated 
jointly by the War and Navy Departments. . 

There is one feature of this program which should be emphasized, namely, 
that participation has always been voluntary on the part of the soldier. It is 
_ this fact which makes the popularity which courses in mathematics enjoyed 
especially startling. When a man becomes a member of the student body of the 
United States Armed Forces Institute, he does so simply because he wants to 
learn something that he does not know, and for this reason alone. There is no 
social prestige, no football team, no paternal alma mater involved in his deci- 
sion. Of course, men are encouraged to take advantage of the opportunities 
offered and are given counsel and guidance in the selection of subjects. About 
ten percent of the personnel participate in the program, and this is encouraging 
because the surroundings, environment, and facilities are not particularly con- 
ducive to study. There are no well-lighted comfortable classrooms, no warm 
inviting study halls with instructional help and ample library facilities. During 
hostilities the conditions were particularly difficult, and official duties left time 
for little else. During the period of demobilization there was much more time 
available, but the facilities for study were largely improvised and the environ- 
ment far from ideal. 


* Chief, Education Branch, Information and Education Division, War Department. 
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2. Courses offered in the program. As stated above, the curriculum runs the 
gamut of mathematics. It begins with literacy training in which the most ele- 
mentary principles of arithmetic are taught. In the high school category such 
books as Basic Mathematics by Betz, Algebra by Wells and Hart, and Trigonome- 
try by Curtiss and Moulton are the texts. Hart’s College Algebra, three standard 
trigonometries, Love’s Analytic Geometry, Granville, Smith and Longley’s Cal- 
culus, and Murray’s Differential Equations are examples of the college texts. 
These books show what type of subject matter the servicemen have been choos- 
ing; certainly they are texts designed for learning and not for amusement. The 
above courses are offered by the United States Armed Forces Institute itself. 

Further courses in mathematics are available to the serviceman through the 
extension divisions of the universities and colleges under contract with the In- 
stitute. However, in this paper only Institute courses are considered. 

It should be mentioned here that most of the books used in the Army Educa- 
tion Program were bound in paper for reasons of economy in purchase price and 
shipping space. The majority of the texts are identical in content with the high 
school or college edition. Some have been revised by the insertion of additional 
explanation, exercises, and reviews, so as to enable the student to understand 
and absorb the subject matter without the aid of an instructor. The purpose is a 
“self-teaching text.’’ It was the Army’s plan to provide self-teaching texts for 
all subjects amenable to such treatment; however, the project was curtailed 
after V-J Day. Consequently, of the total number of texts in the curriculum of 
the United States Armed Forces Institute, only a few are “‘self-teaching.”’ 


3. Popularity of courses. In considering the popularity of books and courses, 
the wide variety of offerings is important. The curriculum included more than 
400 courses when these figures were compiled. There were courses in everything 
from “Learning to Read” to ‘‘Shakespeare,” from ‘‘Pork Production’’ to ‘‘Art 
Through the Ages.” 

Of the twenty most popular books, seven are mathematics, all high school 
texts, and four others are bookkeeping and accounting. The most popular book 
of all is Auto- Mechanics; second is Bookkeeping and Accounting; third is A First 
Course in Algebra, Part I; and fourth is A First Course in Algebra, Part II. The 
only college level books among the twenty most popular are Principles of Ac- 
counting and Modern Electric and Gas Refrigeration. All of the books except the 
last two are “‘self-teaching.”’ 

Of the twenty most popular high school correspondence courses, five are 
mathematics. The most popular course is Beginning Algebra; second is Review 
Arithmetic; and third, Bookkeeping. Trigonometry is ninth on the list. Twenty 
percent of all those enrolled in high school correspondence courses are taking 
mathematics. The second most popular field is bookkeeping, which has fifteen 
percent of the enrollees. Of those studying mathematics, six percent are taking 
arithmatic, five percent algebra, and four percent plane geometry. 

Of the twenty most popular college correspondence courses, four are mathe- 
matics. The most popular course is College Algebra and Trigonometry; second 
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Introduction to Accounting; and third, English Composition. Differential Cal- 
culus ranks tenth; Differential Equations is twenty-eighth;and Integral Calculus, 
thirty-sixth. Twenty-four percent of all those enrolled in college correspondence 
courses are taking mathematics. The second most popular field is accounting, 
which has twelve percent of the enrollees. The mathematics course with the 
highest percentage enrollment is College Algebra and Trigonometry; nine per- 
cent of all the enrollees are taking this subject. Differential Calculus enjoys a 
surprising demand; five percent of those enrolled are taking this course. 

A poll taken in July of this year shows that eighteen percent of the men in 
the Army have signed up for USAFI correspondence courses. Over 75,000 men 
have enrolled for mathematics courses at the Institute. Of the courses currently 
being distributed, about nine percent are mathematics courses. Sixteen percent 
of the active enrollees, as of July 1, 1946, were taking mathematics. Of total 
completions, as of July 1, 1946, approximately eight percent were in mathe- 
matics courses. 


4, Reasons for the popularity of mathematics. Now, what do all these figures 
mean? The first question is why such a horrible subject as mathematics should 
be so popular? Why should so many men of their own free will and accord elect 
to study algebra or the calculus? One reason is certainly that military operations 
require quantitative thinking. The old maxim of Nathan Bedford Forrest that 
the way to win a battle is ‘‘to get there fustes with the mostes men’’ is still 
pertinent with slight revision, say, ‘‘to get there fustes with the mostes power.” 
Every part of this statement involves quantities. Power means men, ammuni- 
tion, guns, equipment, vehicles, fuel, and so on. Time and distance and speed 
are involved. In fact, a military operation involves figures from start to finish. 
Every man in the operation works against these figures, and there are very few 
participants who are not acutely conscious of their part in a colossal mathemati- 
cal problem. It is undoubtedly true that many men were so continuously bom- 
barded with figures and calculations that they resolved to learn something about 
arithmetic and algebra in order to better understand the task before them. 
Others saw this lack of knowledge hampering them in the job they were doing or 
preventing them from being promoted. Certainly the military environment 
encouraged the study of mathematics, and accounts for some of the popularity 
which the subject enjoys. 

But this is not the predominant factor. Many of the men who took these 
courses enrolled at a time when the fighting was nearing its end and when they 
were looking forward not to spending much more time in the service, but to 
getting out of the Army and going back to school or to work. It is true that their 
recent years of Army life had emphasized quantitative thinking and this had its 
effect on their choice of subjects. On the other hand, their post-war career was 
uppermost in their minds. Many men were planning to go back to school, and 
they realized that they did not have the mathematical background which they 
needed. They were more interested in what was valuable for their future than in 
what credits they needed to get a diploma. 
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5. Decrease in emphasis on mathematics. This brings up a point which is 
very important to every mathematician. It is the decreasing mathematical con- 
tent of the high school and college curricula during the past twenty or thirty 
years. Twenty-five years ago, every student was required to take two years of 
good, sound algebra in order to graduate; in addition, two more years of mathe- 
matics were offered as electives and had many subscribers. Moreover, two years 
of mathematics were required for an A.B. degree in many colleges. The present 
situation is a far cry from that, even in the most conservative institutions. 
Mathematics has gradually been removed from the various curricula until there 
is very little left that is useful or even recognizable. Many of the courses which 
are called mathematics are a disgrace to the name. They are designed for amuse- 
ment, and anything which might be thought-provoking is carefully avoided. 

It is difficult to understand why such a purge could take place in the face 
of the trend of modern civilization. The old arguments for studying mathematics 
.were that it developed logical processes which were useful in practically every 
walk of life and that it was indispensable for many trades and professions. These 
arguments are certainly just as valid today as they ever were. Furthermore, the 
present emphasis on science and technology makes a knowledge of some mathe- 
matics necessary if one is to understand, even superficially, the foundation of 
modern progress. 

Notwithstanding, arithmetic and algebra have been placed in the high school 
museum, and college courses in mathematics have been retained for those few 
who want to study science or engineering. The only way to put the subject back 
in its proper place in college is to replace it in the high school curriculum. It 
was removed from the high schools because it was reputed to be dry, difficult, 
and impractical. As a matter of fact, this reputation was probably deserved in 
many cases, and no doubt the very instructors who were handling the subject 
admitted just that. Certainly mathematics is difficult for many students; it 
cannot be made easy and still be mathematics. On the other hand, there is no 
reason why it should be dry and impractical if it is presented properly. Proper 
presentation means suitable textbooks and capable teachers, and these are forces 
which can stem the present tide, a tide which will lead inevitably to the virtual 
extermination of mathematics as a universal subject. 

In the years before the war, professors of mathematics in colleges, and es- 
pecially in engineering schools, saw the effect of the diminishing mathematical 
knowledge of freshmen. It was obvious after two or three weeks that a high 
percentage of the entering students did not know enough arithmetic, much less 
algebra, to pursue the course in college algebra. There were only two solutions: 
(1) to eliminate those who could not make the grade, or (2) to go back and teach 
them arithmetic and high school algebra. Of course, the second solution was 
preferable for very obvious reasons: the number was too large to eliminate, such 
action would result in an indefensible waste of talent, and many boys who were 
capable but just poorly trained would be done a rank injustice. By establishing 
a course in arithmetic and high school algebra, many colleges were able to sal- 
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vage those who had the ability and determination to do the work; however, the 
students involved lost a semester which had to be made up at a later date. More- 
over, much college faculty time was devoted to teaching high school mathemat- 
ics. If such a situation is allowed to continue, one of two things must happen: 
either the mathematics once belonging to the secondary school category must 
be reclassified as college mathematics and the level lowered, or else the colleges 
must extend their courses beyond the present four years. In any event, college 
professors can expect more and more of their time to be devoted to teaching 
what they now consider high school mathematics. 


6. A correction of this situation. This situation can be corrected, and the 
way mathematics has fared in the Army Education Program is an indication 
of why it should be corrected and it shows that now is the time. Many thousands 
af GI’s who, as high school students, were allowed to skip over mathematics 
without learning it, registered for arithmetic, algebra, and geometry courses in 
the Army. They resent having been allowed to omit as superfluous something 
which later proved to be essential. They know now that it is inadvisable to allow 
a high school student to take only those subjects which he selects, because they 
are easy or because he likes them. They saw themselves faced with problems for 
which they had not been properly prepared, even though they could and should 
have been prepared in the normal course of events. As men, they realized that 
their judgments as boys were not sufficiently developed to rely upon in vital 
areas. These men believe in mathematics and the type of mathematics which 
has content. They are allies in putting the subject back in its place in the schools 
and colleges. 

This means better teachers and better texts, and it is up to the mathema- 
ticians to develop them. It also means educating the public to the advantages 
of a knowledge of mathematics and to the disadvantages of an ignorance of the 
subject. The public is ready to listen to this explanation because it is now in- 
filtrated with millions of men who saw the necessity for such knowledge during 
the war and with thousands who did something about it by studying on their 
own time and of their own volition. 

But replacing arithmetic and algebra in the high school curriculum is only 
part of the job. Many of those men who became interested in mathematics while 
they were in the Army will never become full-time students again. They left 
school years ago, and circumstances do not permit them to return at this late 
date. However, they know what mathematics has to offer and they would wel- 
come an opportunity to pursue the subject further. But the opportunity must 
be real; it should be an invitation. Such men are not likely to become engrossed 
in the contents of an algebra book written for the adolescent, geared to average 
student indifference, and dependent upon instructional explanation. They will 
respond to texts designed for self-teaching and directed to the adult in explana- 
tion, in illustrations, and in speed. This does not mean watered-down subject 
matter designed to be amusing. In fact, it means just the opposite; it means 
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real, down-to-earth mathematics designed to be interesting and practical. The 
text should be challenging and hence should be built around the average adult’s 
experiences. Unless such books are made easily available and those who are in- 
terested encouraged to make use of them, many prospective customers will be 
lost. 

The aim is to get mathematics into the adult education programs now gain- 
ing impetus in this country. This will require in addition to suitable books a 
concerted effort toward informing the public. The author will probably be criti- 
cized for calling for an advertising campaign, but mathematics is an article 
which is worth advertising and which can be sold. When one considers how many 
customers there were among the GI’s without particular effort on anyone’s part, 
one naturally wonders what could be done intentionally, knowing that startling 
results were obtained incidentally. All of the participants in the Army Education 
Program are adults and they were using books designed for high school and col- 
lege students. How many more participants would there have been if there had 
been sufficient time to develop more suitable texts! 


7. Continuation of the Army Education Program. Finally, it should be added 
that the Army Education Program will continue and that mathematics will be 
given as much opportunity in the future as in the past. The program will follow 
about the same principles as heretofore. Due to the decreased size of the Army, 
the numbers involved will be much smaller. Also, now that the draft has been 
suspended and emphasis is on voluntary enlistments, the educational level has 
dropped. The demand is centering on high school and vocational courses, and 
many of the college courses are no longer sufficiently popular to be retained in 
the curriculum. In fact, at the last meeting of the War-Navy Committee on the 
United States Armed Forces Institute it was decided to drop from the Institute 
offerings all courses above the freshman college level except those of particular 
value to the military. It is interesting to note that in this streamlining, the only 
mathematics course to be deleted was Differential Equations; even Differential 
and Integral Calculus were retained because they are still, in the reduced Army, 
very much in demand. Of course, every type of college course still remains avail- 
able to Army personnel through college extension courses. As far as mathematics 
is concerned, the Army will continue to offer a wide choice of subjects directly 
from the Institute and in classes, and there is every reason to expect that the 
GI will continue to study everything from arithmetic through the calculus. 


ESTIMATING ELECTROSTATIC CAPACITY* 
G. POLYA, Stanford University 


' 1. Introduction. To find the electrostatic capacity of a given solid is a clear- 
cut, relatively simple problem of applied mathematics. 

It is indeed a clear-cut problem. In order to solve it, we have to find first an 
integral of a differential equation under given boundary conditions (a function 
satisfying Laplace’s equation outside the solid, that reduces to 1 on the boundary 
of the solid and to 0 at infinity). Then, we have to pick out a coefficient from the 
expansion of the integral we have found (the coefficient of 1/r in the expansion 
into spherical harmonics valid at sufficiently great distance from the origin). We 
can take the value of this coefficient as the definition of the electrostatic capacity 
of the solid if we are pure mathematicians. 

To find the electrostatic capacity so defined, though difficult enough, is a 
problem that is simple in comparison with several others in applied mathe- 
matics. There are at least a few cases (ellipsoid, lens, spindle, anchor-ring) in 
which an exact solution can be found. That is, in these cases we can express 
the capacity as an integral or an infinite series whose numerical evaluation may 
still be quite difficult. In a very few cases, however, the expression of the capac- 
ity is simple, and it is quite simple in case of the sphere whose capacity is 
numerically equal to its radius. Yet for many familiar solids (as cube, right 
circular cylinder, and so on) we do not know the capacity, and have little hope 
of obtaining an exact expression for it. f 

Yet “even when analysis fails to give a solution in the mathematical sense, 
we need not be altogether in the dark as to the magnitudes of the quantities 
with which we are dealing.” | We may still obtain approximate formulas or defi- 
nite bounds. Helped by a grant from the Office of Naval Research and a few 
collaborators, Mr. Szegé and the author undertook to explore systematically 
bounds for, and approximations to, the electrostatic capacity. We regard the 
evaluation of capacities as a sort of test case, hoping that some of the methods 
may have a wider scope and be used also for related problems of applied mathe- 
matics. Of the various results that we found some will be outlined in what fol- 
lows. The methods of proof, however, cannot even be suggested in this short 
communication. § 


2. Volume-radius. Capacity has an intuitive meaning for the physicist, but 


* Presented at the meeting of the Northern California Section of the Mathematical Association 
of America, San Francisco, January 25, 1947. 

+ It was related by Jacobi and Kirchhoff that Dirichlet, shortly before his death, solved the 
problem of distribution of electricity on a rectangular parallelepiped. This solution appears to be 
lost. 

t Lord Rayleigh, The Theory of Sound, 2nd ed., vol. 2, (1896) p. 180. 

§ All new facts outlined in the following result from the joint work of Mr. Szegé and the pres- 
ent author, undertaken in September 1946, as a sequel to the work presented in the paper, G. Pélya 
and G. Szegé, Inequalities for the capacity of a condenser, American Journal of Mathematics, 
vol. 67, (1945) pp. 1-32. 
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another interpretation of the same quantity may appeal more to people less 
familiar with electrical experiments. We imagine a body embedded in a uniform 
infinite medium whose temperature at infinity is 0. If the surface of the solid is 
kept at a constant temperature (as the skin of a man or a cat approximately is) 
a steady flow of heat will pass from the body into the medium. Let 1 be the con- 
stant temperature of the boundary. Then the amount of outgoing heat per unit 
time is called the thermal conductance and this quantity is, except for a constant 
factor depending on the nature of the medium, equal to the electrostatic capacity 
of the embedded body. 

Now we can all observe what a cat does when he prepares himself for sleeping 
through a cold night: he pulls in his legs, curls up, and, in short, makes his body 
as spherical as possible. He does so, obviously, in order to minimize the thermal 
conductance or, what is the same thing, his capacity. Thus, he seems to have a 
sort of knowledge of the following general theorem: Of all solids with a given vol- 
ume, the sphere has the minimum capacity. 

This theorem can actually be proved,* and since the capacity of a sphere is 
known, it can be restated as follows: 


THEOREM. The capacity of a solid is never less than the radius of a sphere with 
equal volume. 


Let C denote the capacity and V the volume of the solid. Then the fact just 
stated can be expressed by the inequality 


3V \18 


Tv 


which is valid unless the solid is a sphere. The quantity on the right side of (1) 
may be called the volume-radius of the solid having the volume V. Thus, for any 
solid, the ratio of the capacity to the volume-radius is greater than 1. Examples 
show that this ratio can be arbitrarily large. The volume-radius yields a simple 
lower bound but no upper bound for the capacity. 


3. Surface-radius. If the area of the surface of a solid is S, the radius of a 
sphere with the same surface area is (.S/47)'/?, and we call this quantity the 
surface-radius. The ratio of capacity to surface-radius can attain any given posi- 
tive value if the solid is appropriately chosen. In other words, this ratio varies 
between 0 and o. Thus, the surface-radius yields no usable upper or lower 
bound for the capacity. 

This situation changes, however, if we restrict ourselves to the consideration 
of convex solids. Then the ratio in question has a positive lower bound, and we 
conjecture that of all convex bodies, witha given surface area, the circular disk has 


* The theorem was discovered by H. Poincaré, Figures d’équilibre d’une masse fluide, Paris, 
1903, pp. 17-22, yet without a complete proof. The first complete proof was given by G. Szegé, 
Uber einige Extremalaufgaben der Potentialtheorie, Mathematische Zeitschrift, vol. 31 (1930) 
pp. 583-593. 
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the minimum capacity. This rather plausible conjecture is expressed by the in- 
equality 


(2) C> . (—) 


v An 


which we expect to be valid unless the convex body becomes a circular disk. In 
case of the disk, the two members of (2) become equal. 

Our conjecture is not without a certain basis. We have verified it in various 
special cases and, although we did not prove (2), we did prove the weaker in- 
equality 


| 2 /S\2 
(2’) C>— (=) , 


w \4q 


+. sca radius. Here we restrict ourselves from the outset to the considera- 
tion of convex solids. The distance between two parallel tangent planes (or, more 
generally, “supporting” planes) is called the width of the solid in the direction 
perpendicular to those planes. Integrating over all directions (over the uni- 
formily covered surface of the unit sphere), we find the average width of the solid, 
and we call one half of the average width the mean radius. As we can see immedi- 
ately from a formula due to Minkowski, the mean radius of a “smooth” convex 
solid is also equal to M/4m, where M denotes the surface integral of the mean 
curvature extended over the whole boundary of the solid. The mean radius can 
easily be computed for any convex polyhedron. For instance, it is 3a/4 for a 
cube with edge a. 

In general we have the following inequalities between the three radii here 
defined: 


3V \148 S\i? M 
@ Ge) <(G) <s 

An Air Air 
unless the convex solid is a sphere, in which case all three radii become equal. 
This is a restatement of classical results. The first of these inequalities expresses 
the “isoperimetric” property of the sphere; the second is due to Minkowski.* 


We come now to the following result} which is not so easy to foresee intui- 
tively as inequalities (1) or (2): 


THEOREM. The capacity of a convex solid is never superior to the capacity of a 
prolate ellipsoid whose major semi-axis is the mean radius of the solid and whose 
minor semt-axis ts the surface-radius. 


* See H. Minkowski, Gesammelte Abhandlungen (1911) vol. 2, pp. 103-279, or W. Blaschke, 
Kreis und Kugel (1916), or T. Bonnesen and W. Fenchel, Theorie der konvexen Kérper(1934), 
expecially p. 66 and p. 110 of the last quoted work. 

+ G. Szegé, Uber einige neue Extremaleigenschaften der Kugel, Mathematische Zeitschrift, 
vol. 33 (1931) pp. 419-425. The formulation here given is new. 
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This states that, unless the solid is a sphere, 


M 2€ 
(4) — ——————) 
Ar 1+ e 
log 
1—e 


where the positive quantity (eccentricity) € is defined by the equation 
4nS 
Mu? 


ev =1— 


From (4), we can derive the weaker inequality 


M S\t/2 
£23 
Ar Ar 

< + 


4! 
(4’) 3 
and the still weaker relation 
M 
(4’”) C < __. 
4a 


Joining the inequalities (1) and (4’’), we obtain 


3V \13 M 
(5) (=) <C<— 
4 4 


Tv 


unless the convex solid is a sphere. A comparison of (3) and (5) reveals a remark- 
able parallelism between the surface-radius and the capacity.* 


5. Conformal radius. The following consideration is restricted to solids of 
revolution. A plane passing through the axis of revolution intersects the solid 
in a closed curve which we call the meridian section. Thus, the meridian section 
is a plane curve having an axis of symmetry. 

We map the infinite part of the plane exterior to the meridian section onto 
the exterior of a circle of radius 7, so that the points at infinity correspond to 
each other and the linear magnification at infinity is 1. As is well known, the 
quantity 7 is uniquely determined. We call 7 the conformal radius of the solid 
of revolution. 

The ratio of capacity to conformal radius can be arbitrarily small but it cer- 
tainly cannot be arbitrarily large. We conjecture that 


4 - 
(6) C<—? 
T 
* For further remarks about this see the joint paper by G. Pélya and G. Szegé, quoted above, 
On the capacity of a condenser, Bulletin of the American Mathematical Society, vol. 51 (1945) 
pp. 325-350. 
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unless the solid of revolution becomes a circular disk and its meridian section a 
straight line-segment. We cannot prove this conjecture yet, but we did prove 
that 


(6') C < 1.27547 
which is not so bad numerically since 
4 
— = 1.2732---. 
Tv 


A simply closed plane curve which has two axes of symmetry perpendicular 
to each other can be rotated about each of these axes and thereby generates two 
solids of revolution which are, in general, different. Let C and C’ denote the 
capacities of these two solids, respectively, and let 7 stand again for their com- 
mon conformal radius. We conjecture that 


(7) C+C' < 27 


unless the meridian section becomes a circle and the two solids of revolution 
become equal spheres, in which case C=C’=7. Again we did not prove (7) but 
we did prove that 


(7’) C+C' < 2.0827. 


6. Numerical applications. The foregoing results are not only of great gen- 
erality and simplicity, but also are readily applicable. Take any convex solid. 
We can compute V, S, and M incomparably more easily than C. For solids of 
revolution we should also compute #, a quantity which is of more intricate nature 
than V, S, or M, but still more accessible than C. Applying the bounds consid- 
ered in the foregoing discussion, we often can find an acceptable estimate for C. 
Let us consider just two examples. 

EXAMPLE 1. For a cube with edge a, we find 


62211¢ <C < .71055a. 


The upper estimate is based on (4). The lower estimate is based on the hypotheti- 
cal (2), but the well established (1) gives an estimate not much worse, namely, 
.62033a. 

EXAMPLE 2. Consider the right circular cylinder obtained by rotating a 
square with side a about the line joining the midpoints of two opposite sides. 
We find 


.97236a <C < .59017a. 


The lower estimate is based on (1), which in this case is better than (2). The up- 
per estimate is based on the hypothetical (7). Observe that in the present case 
C=C". 

We see that in case of the cube we can derive an approximate value for the 
capacity differing by less than 7% from the unknown correct value. In case of 
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the cylinder just considered, the difference between obtainable approximation 
and unknown correct value is only about 1.5% of the latter. 

I may venture the opinion that it would be desirable to treat other physical 
quantities in the same manner as the capacity was treated in the foregoing dis- 
cussion. We should establish general bounds readily applicable to special cases 
and yielding estimates with errors of only a few percents. This is not easy, and 
the outlined theory needs considerable further work even in the relatively simple 
case of the electrostatic capacity here discussed. 


A TRIGONOMETRIC INFINITE PRODUCT 
R. P. AGNEW anp R. J. WALKER, Cornell University 


1. Introduction. Seventy years ago, Dobinski [1]| gave a curious trigonomet- 
ric formula which we shall discuss. The Dobinski formula is 


(1) (tan x)(tan 2x)1/*(tan 4x)1/4(tan 8x)1/8.-- = 4 sin? x??. 
Assuming that the individual factors are unambiguously defined, the left side 


of (1) is an infinite product, and the meaning of (1) is the following: if P,(x) is 
the product of the first ~ factors of (1), namely, 


(2) P,(*) = (tan #)(tan 2x%)1/*(tan 4x)1/4-- + (tan 2%) 1/20, 
then 
(3) | lim P,,(x) = 4 sin? x. 

n—- 0 


The two question marks in (1) are intended to question the manner in which the 
factors are defined and the validity of the formula. 

Let A denote the set of real numbers x not of the form ha/2*, where h is an 
odd integer and & is a positive integer. When x is in A, no one of the arguments 
x, 2x, 4x, 8x, +++ is an odd multiple of 7/2 and the tangents in (1) all exist. 
Dobinski gave two “proofs” that (1) holds for each x in A. It appears that he 
gave two proofs because he considered each to be interesting, and not because 
he considered each to be defective and hence needed the support of the other. 
We shall present his first “proof,” with appropriate remarks required to clarify 
the formula. 


2. Validity of the formula. The “proof” is based on the identity 
2 sin? 0 
tan 6 = ————__ + 
sin 20 
Taking @ to be successively x, 2x, 4x, --- , 2"x, we obtain 
2 (sin x)? 


tan «+ = ; — 
(sin 2x) 
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21/2(sin 2%) 

(sin 4x)1/? 

21/4(sin 44) 1/2 
(sin 8)1/4 

2%-"(sin 2%%)2 


(sin 2™+1y)?™ 


(tan 2x)1/2 = 


(tan 44)1/4 


(tan 2%x)?” 


Multiplication and simplification give 


— ° 
[QitU/2ti/4t---+2™ sin? x | 


@) Pala) = (sin 2™+1y)?" 


Since the quantity in brackets converges to 4 sin? x as n—, (1) holds if and 
only if* 
(5) lim (sin 24x)?" = 1. 
n— 0 

At this point we pause to look at (1) more critically. It is easy to show that 
for each x in A not of the form mz, m an integer, some of the arguments 
2x, 4x, 8x, +--+ lie in the second or fourth quadrants and hence have negative 
tangents. Thus (1) involves roots of negative numbers. As we shall see in Sec- 
tion 3, (1) will hold only in trivial cases if we define g/", when g<0 and 7 is an 
even positive integer, in the simplest and familiar unambiguous way by the 
formula 


(6) g/t = exp [(1/r)(log | q| + 74)]. 


Hence we shall see what can be done by allowing the symbol qg’/? to stand for 
any one of the pth roots of g which we decide to select. 

Choose a value for each of the factors and consider the sequence of complex 
numbers P,(x). For P,(x) to converge to 4 sin? x it is necessary and sufficient 
that 
(7) lim amp P,,(x) = 2mz, m an integer, 


(8) lim | P,(x)| = 4 sin? x. 
no , 
We first consider (7). Suppose amp(tan kx)/*, k=2, 4, 8, + + + , is confined to the 
interval —7<4X7, and let amp P,(x) have the value, 
amp P,(«) = amp tan x + amp (tan 2x)!/?-+--- -- amp (tan 2"x)?", 
Then (7) is equivalent to 


* Here Dobinski’s argument breaks down, as his “proof” of (5) involves an unjustifiable inter- 
change of two limit processes. 
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(9) >> amp (tan 2%%)2" = 2m. 

n=0 
That the terms of this series can be chosen to make the series converge to the 
proper value is evident from the fact that the amplitudes of (tan 2"x)?” are 
equally spaced at intervals of 27/2". Thus in particular we can make successive 
choices so that we always have 


20 
0S amp P,(x*) S Bn 


thereby satisfying (9) for m=0. 

In discussing condition (8) we shall confine our attention to those values of x 
in A which lie in the interval 0<x<7/2. The extension of our results to other 
values of x in A isasimple matter. Putting absolute values in the formulas lead- 
ing to (5), we see that (8) is equivalent to 


lim | sin 2"+1y|7" = 1, 


or 
(10) lim 2-* loge | sin Qnty | = 0. 
nu— 0 


Any number x in the interval 0<x<7/2 can be expressed in the dyadic form 
(11) x = 9m(.dide--+d,---), 


each d; being 0 or 1. The values of x for which there are only a finite number 
of 1’s, or of 0’s, are precisely those which were excluded from the set A, and 
sO we may assume that the expression for x contains an infinite number of both 
0’s and 1’s. 
We have 
Qty = 1(d3d2 - es dn On41dn42 7 ee ); 


and 
| sin Qnty | = sin T(.dnsidniz>+: ). 


CAsE I. dayi=0. For this case, 


wT 
0< 1(.dn41dn42 . ee ) < 7 ° 


Now when 0<6<7/2, it can easily be proved that 


2 sin 6 
—< 
T 0 


Hence 
| sin Qnty | = A,(%)r(.Odnsodnig--:), 


1947] A TRIGONOMETRIC INFINITE PRODUCT 209 


where A,(x) is a number between 2/m and 1. Taking the logarithm of each mem- 
ber gives 
logs | sin Qnty | = loge A,(x%)m — Sn — dn; 


where 2, is the number of 0’s following d, before the first 1 makes its appearance, 
and @¢, is a number between 0 and 1. Thus 


2-” loge | sin Qnty | = 2-"(loge An(x)m — bn) — 277Sn. 


Now 
lim 2—"(loge An(x)r — on) = 0, 


and so (10) cannot hold unless 


(12) lim 2—*z, = 0. 


ne 


CasE II. drsiy=1. In this case, 


sin r(.1dnyednag +++) = sin (1 — .Oenpeengs:*: ) 
= sin m(.O0€ns2€na3°°° ) 
where e,+d,=1, R=n+2, n+3, +--+. The argument of Case I can now be ap- 
plied to show that (10) cannot hold unless 
(13) lim 2-"w, = 0, 


n— 2 


where w,, is the number of 1’s following d, before the first 0 makes its appearance. 
Thus (12) and (13) are necessary conditions for (10). Taken together they are 
also a sufficient condition, for each value of comes under one of the two cases. 
To sum up, we can say that Dobinski’s formula (1) holds for a real number x 
provided that 
A. x does not have the property that 2x/z, expressed as a dyadic fraction, 
has such phenomenally long blocks of 0’s or 1’s that (12) or (13) fail to hold. 
B. The values of (tan 2")? " are suitably chosen complex numbers. 


3. Failure of (1). Each subinterval of the interval 0<x<7/2 contains points 
of the form hi /2* where h is an odd integer and & is a positive integer; for such 
values of x, at least one of the tangents in (1) is undefined and the formula fails 
to hold. The analysis of the preceding section shows that each subinterval con- 
tains additional points (some of the points of the set A defined above) for which 
(1) fails to hold. In fact, for each subinterval there is an integer k such that the 
subinterval contains points 


X= an(.dide eee AyG h+1 «ee ) 


where the numbers dz, dei, -- - form a sequence consisting in order of m=2* 
zeros, Ny=2*+"! ones, ng3=2*+™1+"2 zeros, and so on. For each such x, (12) and 
(13) fail to hold, and hence also (8) and (1) fail to hold. 

Suppose now that x does not have the form hw/2* where h and & are integers, 
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so that the tangents in (1) all exist and are all different from zero. When the 
roots in (1) are determined unambiguously by use of (6), the series of ampli- 
tudes in the left member of (9) becomes 


Qe a3 a4 
(14) r(at Se Sst.) 


where each a@ is 0 or 1 and the a’s are neither all 0 nor all 1. The series (14) 
necessarily converges to an amplitude between 0 and 27. Accordingly (7) and 
Dobinski’s formula (1) fail to hold, except in trivial cases, when the roots are un- 
ambiguously determined in the simplest and usual way. 


4, Application of Borel’s theorem on dyadic expansions. Borel [2] showed 
that for each x in 0<x<1, except for those in a set having Lebesgue measure 
zero, the dyadic expansion of x, namely, 


x= .d10od3 7 oe 
has the following property: if p, is the number of zeros in the first places, then 
n iL 
(15) lim Pn = — 
noo 
If (15) holds, then 
on n 
lim — = 0, lim —- = 0; 
no WL no =) 
and a fortiors 
Zn Wn 
lim — = 0, im = 0. 
no 2” no 2” 


It follows that (8) holds for each x in the interval 0<x<7/2 except for a set 
having measure zero and that, under the proviso B above, Dobinski’s formula 
(1) also holds. 


5. Complex values of x. We finally consider the behavior of (1) when x is 
complex. Let 0=a+7b. Then 


| sin 0 | = | sin @ cosh 6 + i cos a sinh 5 | 
= [sin? a cosh? 6 + cos? a sinh? bt? 
[sin? @ cosh? 6 + cos? a(cosh? b — 1) ]1/2 
[cosh? 6 — cos? a]?/? 
cos? a J}/2 
cosh? | 


cos? a J1/2 
= $e(1 + €) E — | . 


cosh? 6 


ll 
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Putting 0=2"*t!x, where x=p-+7q, ¢¥0, we get 
1 , , cos? 27t1 1/2 
E ad fete) (1 _ foe ) | 


cosh? 2"+1q 


1 , cos? Qari 1/2 
en] (1 + 2") € _ an) | 


cosh? 2"+1q 


97" 


| sin 27414 [2 


9” 


Hence 


lim | sin 27414 |2" = ¢%4, 
n—- © 
. Combining this with an obvious modification of the argument following equa- 
tion (9), we obtain the following general theorem. 
Let x be any complex number, and @ any real number. Then values of 


. (tan 2"%)?™ for n=1, 2, - - + can be chosen so that 
lim tan «(tan 2”)1/2(tan 4”)1/4-- + (tan 2%)? = 4¢% (+0 sin? x, 
nu—- 0 


provided that x does not belong to a certain set of measure zero on the real axis. 
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ORTHOPOLAR AND ISOPOLAR LINES IN THE 
CYCLIC QUADRILATERAL 


R. GOORMAGHTIGH, Bruges, Belgium 


1. Introduction. According to a theorem given by Servais [1], the orthopoles 
of a straight line / with respect to the four triangles formed by three out of four 
vertices of any quadrilateral are on a straight line ZL, called the orthopolar line 
of ] for the given quadrilateral. McBrien [2] has proved the same property and 
also mentioned several interesting envelopes of orthopolar lines in the case when 
the quadrilateral is cyclic. 

It will be shown that these last results and some others may all be easily de- 
rived from two simple properties of the orthopolar line, which will also be ex- 
tended to the isopolar line. 


2. Two principal directions. Using complex coérdinates, let t, te, ts, tg be the 
turns corresponding to the vertices of a cyclic quadrilateral 414243A,4, inscribed 
in the base circle T having the center O, while Q is the unit-point, and denote by 
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71, T2, Os, o4 the elementary symmetric functions of the #;; that is, 


01, = > hi, 03 = > tte, 03 = > tilots, 1.,= >» bilotst,. 


Parallels drawn through Q to A142 and A3A,4 cut I’ again at tt, and ffs, so 
that the mid-points of the arcs on I between these two points are to21/?. 

This shows that the bisectors of the angles between two opposite sides, or 
between the diagonals of the quadrilateral are parallel to two perpendicular 
directions A, A’, which isa well known property [3], and that, if OQis parallel 
to A, A’, o,=1.* 


3. Properties of the orthopolar lines. The projection of A on the straight 
line Jt ; 


eing 


the orthopole of / with respect to A142A3 is 


1 Eylel3a 
= 5 (ethththt ) 


a 
or — 
1 ao4 
=> (eta- n+) 
2 at, 
and, as 
1 o 1 at 
2 C4 4 aos 


the elimination of t, leads to the equation of the orthopolar line Z, namely, 
2ax + 2do.% = ao1 + doz + a? + o44?. 
Suppose now that OQ is parallel to A or A’; then the last equation becomes 
2ax + 24% = a(o1 + a) + &(61 + 4). 


Hence, we have two simple properties of the orthopolar line: 

A given line | and its orthopolar line L for the cyclic quadrilateral have sym- 
metric directions to those of the bisectors of the pairs of opposite sides and diago- 
nals. 


* These directions are those of the axes of the equilateral hyperbola circumscribed to the 
quadrilateral. 
1 @is the conjugate to u. 
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Further, Z passes through the point o:/2+a/2; but 01/2 is the center w of 
the equilateral hyperbola circumscribed to the quadrilateral, and a/2 is the pro- 
jection of Oonl. 

The orthopolar line L contains the extremity of the segment equipollent to the 
distance from O to l, having as origin the center w of the equilateral hyperbola cir- 
cumscribed to the quadrilateral. 


4. Envelopes of orthopolar lines. Suppose that / envelopes a curve of which 
the pedal curve as to O will be denoted by C. Let wX and wY be two straight lines 
forming angles with A and A’ equal to 7/4. If, for the center w and the ratio 2, 
C’ is homothetic to the curve derived from C by a translation of vector Ow, 
then the envelope of LZ is also the envelope Cy of the straight line joining the 
projections on wX and wY of a point moving on C’. 

Various particular cases of this last envelope are well known. Some of these 
are listed below. 

If a line 1 passes through a fixed point, C is a circle passing through O, and the 
orthopolar line L of | for the quadrilateral envelopes a deltoid. 

When 7 passes through O, then Z passes through ow. 

It is also easy to prove that Cy will reduce to a point when C’ and C are 
equilateral hyperbolas passing respectively through w and O and having their 
asymptotes parallel to wX and wY. 

When I envelopes the antipedal curve as to O of an equilateral hyperbola passing 
through O and having its axes parallel to A and A’, L passes through a fixed point. 

Finally, according to a well known definition of the astroid, we find a gen- 
eralization of a property given by McBrien [2]; namely, 

When | envelopes a circle concentric to the circumcircle of the quadrilateral, L en- 
velopes an astroid having wX and wY for cusp-iangents; the constant segment cut 
off by these on L is equal to the diameter of the circle, the envelope of I. 


5. Extension to isopolar lines. The two properties of the orthopolar line, 
given in Section 3, may be extended to the isopolar line. 
The straight lines, 


% x 
T=h ==? 
% % 
form an angle 6 such that \=e?*; hence a straight line through Ai, forming an 


angle @ with /, cuts ] at the point 


(— Aa + fy + an / at) 
(1 — 2) ) 


Further, the equation of the line through that point forming an angle 7 — 0a 
with A»sAs: is 


bol3X ar tot lots Atylot 
(1 =») («+ Sn) = ah ++ ats babs bab 
r aly r ty ar 
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The isopole of / for the angle @ as to A142Az3 has, therefore, as codrdinate 


(1-2) 


or 
(— an + Oy — bg — Go./ants) 


4 = 
(1 — A) 


and, since 
(@ — Xo, + r/ta +- an*t,/ do.) 
(1 =») ) 
the elimination of ¢, shows that the isopoles of / for the four triangles of the quad- 
rilateral lie on the straight line 
(— a3 + Go. + anr2o, — G@\o101) 
ons + é648 = —— 
(1 — d) 
when OQ is parallel to A or A’, the equation of the isopolar line becomes 
ax + a&& [ao, — a + G(a — da1)/d?| 
2 (1 — 2) 
The tsopolar line for the angle 0 of a line 1 forms an angle 2(¢ —@) with the sym- 


metric of Las to the principal directions A and A’ of the quadrilateral. 
Further, as the isopolar line passes through the point 


(o4 — an) 
(1—2) 


x= 


we have the following property: 

The isopolar line passes through the wmage of O in the point of the axts of the 
segment between w and the projection of O on 1, from which thai segment subtends 
an angle 20. 
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MATHEMATICAL NOTES 


California, Los Angeles 24, California. 


In the figure the triangle ABC is equilateral. The altitude AD is bisected 
at EL. The line BE is produced to F and then to G so that BF=2BC, and 
FG =3BE. The points H and J are taken on BE so that BH = BD, and BI =1BC. 
The point J is taken on BC so that HD, IC, and JG are concurrent. The side BC 


AN APPROXIMATE CONSTRUCTION FOR e 
H. F. Sanpuam, Trinity College, Dublin, Ireland 


is produced to K so that CK =2BC. 


Then JK/BC is approximately equal to e. 
G 


COMPUTATION. 
Since 


we have 


From 


3 3 
ap =~ Bc pe=w aC 
7 
pea! KC 
4 
7 
BF = 2BC, FE = vi BC, 
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it follows that 


BG = (2+~2) BC. 


Also 
5 7 
GI = (= + vt) BC. 
Now — 
(BJ/JC):(BD/DC) = (BG/GI):(BH/H]I). 
Hence’ 
BI w+v7 
JC 3(200+- V7) - 
Therefore 


JK 228+10177 4711+ 377 
— = 228 + Uv7 = amit + 3v7 = 2.718,281,828,(30). 


BC 84+4/7 1736 
Thus since ¢=2.718,281,828,(46), the error is approximately 0.000,000,000, 16. 


THE TRAJECTORY IN VACUO 
J. M. THomas, Duke University 


R. J. Walker, An artillery problem, this MONTHLY, vol. 54, 1947, pp. 33-34, 
has shown how to construct geometrically the angle of departure, the angle of 
fall, and the time of flight for a projectile fired in vacuo, the muzzle velocity %, 
the acceleration of gravity g and the positions of gun and target being known. 
His construction employs a fixed hyperbola. The present note gives for the above 
and related quantities ruler-and-compass constructions which the author used 
in lectures given during the late war. The discussion here is limited to a descrip- 
tion of the constructions because elementary, simple proofs are easily made. 

Let R be the maximum range. Use an accent to distinguish quantities be- 
longing to the upper trajectory from those belonging to the lower. Denote by 
(a, b, r) the circle with center (a, 6) and radius 7. In a system of rectangular 
cartesian coérdinates (see figure) plot the gun at G=(0, 0) and the target at 
T =(%0, Yo). The distance GT is the slant range r. Let A, A’ with ordinates a, a’ 
be the intersections of (x,»—r, R, R—¥y.) with the vertical «=x. Let B, B’ be 
the points (0, a—¥y.), (0, a’—7.), which are most easily constructed by trans- 
ferring the distances 7A, TA’. Then GA, GA’ and TB, TB’ are the tangents to 
the trajectories at G and T, respectively. The times of flight are the lengths GA, 
GA’, if the unit of length is made » in reading them. 
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c' 


46D 6D D 


The intercepts of the trajectories on the x-axis are found by continuing GA, 
GA’ until they intersect the circle (0, R, R) in C, C’ and then projecting C, C’ 
onto the x-axis at D, D’. 

Through the intersection of x =4GD and GA draw a horizontal line. Its inter- 
section with x =4GD is the summit E£ of the trajectory. 

Once D and E have been found, the familiar projective construction em- 
ployed in mechanical drawing can be used to find any number of points on the 
trajectory as the intersections of corresponding rays of a pencil of equally spaced 
vertical lines and a pencil of rays drawn from the summit to equally spaced 
points on the vertical through G and that through D. ; 

The envelope of the trajectories is the parabola which has vertex (0, 3R), 
has focus (0, 0), and passes through (R, 0). Points within or on the envelope are 
within range and can be hit. Points outside the envelope cannot be hit. 

Let (£, 7) be the point of contact of the lower trajectory with the envelope. 
Let GA meet y=R in F. Let the line of departure complementary to GA meet 
the vertical through F at H. Then £ is the abscissa of F and 7 is $HF. 

The circle (0, yx—a, GA) is a curve of constant fuse setting. As the point 
(Xo, Yo) describes a trajectory, the center of this circle behaves like a particle 
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_ freely falling from rest at the gun. When the trajectories have been drawn, these 
circles can be used to parametrize them. Simultaneous positions of shells fired 
simultaneously on two trajectories can be compared by means of these circles. 

There are other interesting loci connected with the problem. The envelope 
of the curves of equal fuse setting is the same as the envelope of the trajectories, 
the point of contact being imaginary if uot <R. The locus of summits is the ellipse 
with vertices (+3R, +R), (0, 0), (0, $R). 


A NOTE ON INTERPOLATION 


P. M. HumME., University of Alabama 
In a recent article* the following theorem was proved: 


Let f(x) be a function which together with tts first three derivatives 1s continuous 
throughout the interval aSxSb. Moreover let f’'(x) and f’''(x) be of constant sign 
throughout the interval. If a, b, f(a), f(b), and x are given and f(x) 1s determined 
by linear interpolation, the error} satisfies the nequaltives 


(6 — x)(x — a) 


(a) [f(s) — f(a) — (6 — a) f’(a) | 


< error < CAE 
(b — a)?’ 


or these inequalities reversed, according as f'''(x) 1s positive or negative. 


[(o — a)f’(b) — f(b) + f(a], 


While the inequalities above give rather sharp limits for the error, they look 
somewhat formidable. The purpose of this note is to give alternate limitations 
for the error. 

Using Taylor’s finite expansion, one readily verifies that 


f(b) — f(a) — (6 — a)f'(a) = 3(b — a)?f’(1), a<0<b, 
(b — a)f'(b) — f(b) + f(a) = 3(b — a)*f"(62), a<0.<b. 


When these results are substituted into the inequalities in the theorem, and 
obvious simplifications are made, we get 


(1) 3(b — x)(x — a)f’'(61) S error S 3(b — x)(% — a)f’'(O2), a < 1, 02 < B. 
Since f’’(x) is continuous, there exists a value 0, between 0, and 42, such that 
(2) error = 3(b — x)(x — a)f’’(9), ax<6d<b. 


Equation (2) is an exact expression for the error, and, by use of the extreme 
values of f’’(x) in the interval (a, 6), gives limits for the error. This expression 
can be simplified further, though slightly weakened, by using the fact that the 


* P. M. Hummel, The accuracy of linear interpolation, this MONTHLY, vol. 53, 1946, p. 364. 
} The error due to interpolation is defined as error = interpolated value —true value. 
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quadratic factor (b—x)(x—a) has a maximum value of $(b—a)?. This fact en- 
ables us to write 


(3) | error | <2" rel, a<6<b. 


The relations (1), (2), and (3) are usually not as sharp as the inequalities 
given in the theorem, but in many cases are easier to use and are certainly easier 
to remember. 

Finally it should be noted that all these results, including the inequalities 
in the theorem, do not include the error due to rounding off. Thus if f(a) and 
f(b) are not exact values but contain an error due to rounding off, then the inter- 
polated value of f(x) likewise contains an error due to rounding off. It is easy to 
show, however, that the rounding off error in f(x) lies between the rounding off 
errors in f(a) and f(b). 


NOTE 


It has been pointed out by Paul D. Thomas that the method of evaluating 
Ie e-*'dx presented by H. F. Sandham, this MonTuHLy, vol. 53, 1946, p. 587, had 
been found previously, and appears, for instance, in W. E. Byerly, Iniegral 
Calculus, second edition, 1888, p. 99.—E. F. B. 


CLASSROOM NOTES 


EDITED By C. B. ALLENDOERFER, Haverford College 


All material for this department should be sent to C. B. Allendoerfer, Haverford College, 
Haverford, Pennsylvania. Contributions are invited on topics of immediate interest to teachers 
of undergraduate mathematics such as: fresh approaches to standard material, analyses of 
common textbook shortcomings, descriptions of visual and mechanical aids to teaching, outlines 
of new types of courses, and discussions of the role of mathematics in the revised curricula 
being adopted by many institutions. Rejoinders to earlier notes are encouraged. 


DERIVATION OF THE EQUATIONS OF CONICS 
F. HAWTHORNE, Hofstra College 


In most analytic geometry texts the equations of conics are derived by use 
of the distance formula. Alternative derivations which do not involve radicals 
seem to provoke some student interest. The procedure can be illustrated by the 
following derivation of the equation of the ellipse. 

Let the foci be the points (+c, 0); and let R be the distance from a point 
on the curve to the left-hand focus and 7 be the corresponding distance to the 
right hand focus. Then by definition: 


(1) R? = y? + (x+¢)*, and 
(2) r? = y? + (x — c)*, 
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Adding and subtracting we have: 


(3) R? + 7? = 2(y? + 2? + ¢?), and 
(4) R?— r= 4cex = (R+r)(R—-71). 
But by definition of the ellipse 
(5) R+r= 2a. 
Hence from (4) and (5) we have that 
(6) R—r = 2cx/a. 
Adding and subtracting (5) and (6) gives: 
(7) R=a-+cxz/a, and 
(8) r=a—cx/a. 
Putting the results of (7) and (8) into (3) gives: 
C2 2 
(9) ap Het e+ 9%, 


from which the standard equation is found by putting b?=a?—c?. The expres- 
sions for the focal radii in terms of the eccentricity may be pointed out in equa- 
tions (7) and (8). 


A SUBSTITUTION FOR SOLVING TRIGONOMETRIC EQUATIONS 
R. W. Wacner, Oberlin College 


The substitution ¢=tan (0/2) which is used in the calculus to integrate 
some expressions containing both sin @ and cos @ can also be used to advantage 
in the solution of equations in which the unknown appears only as the argu- 
ment of one or more trigonometric functions. The usefulness of this substitution 
arises from the fact that the trigonometric functions of @ are simple rational 
functions of ¢. From 


tan (0/2) = 4, | 
one gets, by using the double angle formula, 
tan 6 = 7, 
(1 — #) 
and hence that 
2t 2t 


Vaie+d—-P? ite 
There is no ambiguous sign in this last equation. For sin 6 and ¢ have the same 
algebraic sign. Also, one gets 


sin 9 = 
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1i-?#? 
1+ ? 


The neatness of this method of solution will be shown by applying it to an 
example: 


cos 9 = 


EXAMPLE. Find the angles between —a and m radians such that 
5 sin @ — 21 cos 6 = 10. 
On making the above substitutions one gets 
10 tne 
i+? i+? 
When this equation is cleared of fractions and terms collected the result is 


112+ 10¢ — 31 = 0. 


= 10. 


Hence, 

— 10 + V/100 + 1364 
22 

1.285 or — 2.194. 


From a table of trigonometric functions in radian measure one finds that 
6/2 = 0.910 or — 1.143, 
and that 
6= 1.820 or — 2.286 radians. 


The main advantage of this method of solving the given equation lies in the 
fact that there is no difficulty in determining the quadrant in which an angle 
may lie. It is easy to bear in mind that negative values of ¢ correspond to negative 
angles and positive values of ¢ correspond to positive angles. 


EVALUATION OF A TRIGONOMETRIC INTEGRAL 
J. P. Hoyt, United States Naval Academy 


The purpose of this note is to present a quick and easy method for evaluating 
f sin?” x cos?* xdx, where m and m are positive integers. No table of formulas is 
required. 

To illustrate the method consider the integration of f sin* x cos® xdx. Since 
sin nx = (1/24) (e"* —e-*"*) and cos nx =}(e"*-+e-*), we let y=e**, and find 
that sin nx =(1/27)(y"—1/y) and cos nx = }(y"+1/y"). Then. 
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If we notice that the powers of y decrease by 2 from term to term, we may write 
this expression in the following symbolic form: 


1-44+6-441 
24 ) 


sin‘ x = 


Now instead of expanding cos® x in the same manner and then forming the 
product, it is easier and quicker to multiply the expansion of sin‘ x by the ex- 
pression for cos x six times in succession. For the coefficients of each expansion 
are obtained from the coefficients of the preceding one in the same manner as 
the coefficients of (a-+b)"*t! are obtained from the coefficients of (a+b)*; that 
is, in the form used in Pascal’s Triangle. 

The successive expansions appear as follows in the symbolic notation: 


sint x = (1—44+6—4+ 1)/2! 

sint xcosx = (1-—3+4+2+2—3+41)/25 

sint¢ x cos?x = (1-2-—1+4-—1-—2+41)/28 

sint x co§ x = (1-1-—34+3+3-—3-—14+41)/27 

sint x cost¢x = (1+0-—4+0+6+0-—4+0 +4 1)/23 

sint¢xcos'x = (1+1-—4-—4+4+6+6-—4-—4+141)/29 

sint x costa = (1+2—-3-84+241242—-8-—342+41)/20 
or 
sin* x cos® x 
2 8 3 2 41 

= (9! + 298 — 39" Byt + at +--+ 42) / ou 


Regrouping the last expression we obtain: 


1 1 1 
sint cost «= [( y+) 42 (s+ )73 ("+ <) 
¥y ¥y ¥y 
1 1 
~8 (y+) 4 (044) 4 0] Jo 
ys ye 
which can be rewritten: 


sin‘ x cos’ x = (cos 10x + 2 cos 8% — 3 cos 6x — 8 cos 4x + 2 cos 2x + 6)/2°. 


So immediately we have the final result: 


f sin’ x cos® xdx 
E 10x sin&8x _ sin6x 
10 4 


— 2sin de + sin 2a + 62 [2 +6. 


ELEMENTARY PROBLEMS AND SOLUTIONS 


EDITED BY HowarpD EvVEs, Oregon State College 


Send all communications concerning Elementary Problems and Solutions to Howard 
Eves, Mathematics Department, Oregon State College, Corvallis, Oregon. This depariment 
welcomes problems believed to be new, and demanding no tools beyond those ordinarily fur- 
nished in the first two years of college mathematics. To facilitate their consideration, solutions 
should be submitted on separate, signed sheets, within three months after publication of 
problems. 


PROBLEMS FOR SOLUTION 
E 759 [1947, 107]. Corrected. Proposed by Theodore Running, Ann Arbor, 
Michigan 
Show that x«*—(x—a)" can be expressed as the difference of two squares in 
at least one way for all positive integral values of n, x, and a, a less than x, not 
counting the obvious way when 7 is even. 


E 766. Proposed by H. E. G. P. 


Professor Umbugio, who was introduced to our readers in our foregoing April 
number, invented a remarkable scheme for reviewing books. He divides the time 
he allows himself for reviewing into three fractions, a, 8, and y. He devotes the 
fraction a of his time to a deep study of the title page and the jacket. He devotes 
the fraction 8 to a spirited search for his name and for quotations from his 
works. Finally, he spends the fraction y of his alloted time in a proportionally 
penetrating perusal of the remaining text. Knowing his characteristic taste for 
simple and direct methods, we cannot fail to be duly impressed by the differen- 
tial equations on which he bases his scheme: 


(1) dx/di = y — 2, dy/di=2— 4%, dz/di = «x — y. 


He considers a system of solutions x, y, which is determined by initial condi- 
tions depending on a (small) parameter e, independent of ¢. Therefore x, y, and z 
depend on both ¢ and ¢e, and we appropriately use the notation: 


The functions (2) satisfy the equations (1) and the initial conditions 
(3) f(0, e«) = 1/3 —«, 2(0, e) = 1/3, h(O,«) = 1/3 +. 


Professor Umbugio defines his important fractions a, 8, and y by 


lim f(2, €) =a, lim g(5, €) = B, lim h(279, «) = ¥. 
e—0 e—0 e—0 


Deflate the Professor! Find a, 8, y without much numerical computation. 


E 767. Proposed by Milton Schwartz, Temple University 


From any point P on BC of parallelogram ABCD line segments are drawn to 
A and D. From any point Q on AD line segments are drawn to B and C. Through 
the intersections of these four segments (PA, PD, QB, QC) a line is drawn meet- 
ing AB in Rand CD in S. Prove that BR equals DS. 
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E 768. Proposed by Irving Kaplansky, University of Chicago 
A number n has the property that for any p<q<n, 


S=pt(ptit--- +49 
is never divisible by ”. Show that this is true if and only if is a power of 2. 


E 769. Proposed by Victor Thébauli, Tennte, Sarthe, France 


In a plane quadrangle ABCD, the perpendicular at A to side AB cuts the 
opposite side CD in M, and the perpendicular at A to side AD cuts the opposite 
side BC in NV. Show that the radical axis of the circles described on AM and AN 
as diameters coincides with the tangent at A to the equilateral hyperbola cir- 
cumscribing the quadrangle. 


E 770. Proposed by Norman Miller, Queen's University, Canada 

A function f(x) has the following definition, n being a positive integer, 
f(x) = x" sin x/x, x ¥ 0, 
f(0) = 0. 


Show that, if n=2m or 2m-+1 (m a positive integer), then at x=0 the function 
possesses a derivative of the mth but no higher order, and that, at x=0, f™(x) 
is continuous or discontinuous according as n=2m-+1 or n=2m. 


SOLUTIONS 
A Characteristic Root 


E 733 [1946, 394]. Proposed by E. D. Schell, Arlington, Va. 


Show that a square matrix of order n, whose elements form a magic square, 
has a characteristic root equal to n(n?+1)/2. 


Solution by the Proposer. Denote the vector consisting of a row of m ones by u. 
Since the sums s of the 2 columns of the matrix A are equal, uA =us. This may 
be written as u(A —sJ) =0, where J is the identity matrix. Hence s is a character- 
istic root of A. 

The sum of the first n? integers is n?(n?+1)/2, which is the sum of all 1 col- 
umns of the matrix. Hence the sum of a single column is s=n(n?+1)/2. 

Also solved by D. W. Alling, Alfred Brauer, and Daniel Finkel. 

Alfred Brauer points out that this problem is a special case of the following 
theorem proved in his paper, Limits for the characteristic roots of a matrix (Duke 
Mathematical Journal, vol. 13 (1946), pp. 387-395). 

Let A =(aa) be a square matrix of order n, R,=) "24 | axy| , and R=max(R1, 


Ro, +++, Rn). The absolute value of one of the characteristic roots of A equals 
R only if 
(1) Ri = Ro =---=R,=R 


and 
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(2) arg (a4) = 6 + dk — hr, 


where ¢ and ¢i, $3, ° ++, a are arbitrary real numbers. If (1) and (2) hold, 
then Re* is a characteristic root. 


Non-Linear Spring Problem 


E 734 [1946, 394]. Proposed by Henry Scheffé, University of California at 
Los Angeles 

A body in the form of a plate is supported by a smooth horizontal surface, 
which we take as the x, y-plane. A vertical peg is fastened to the body through its 
center of gravity. Two similar springs of natural length J run from this peg to 
pegs fixed in the plane, one at (0, /), and the other at (0, —J), the springs being 
parallel to the plane. The body is released from rest in a position where its center 
of gravity is on the x-axis. Assuming the forces exerted by the springs propor- 
tional to their elongations, and the masses of the springs negligible, show that 
for small oscillations the frequency is proportional to the amplitude. 


I. Solution by P. T. Bateman, Yale University. Let k be the constant of each 
spring, m the mass of the body, and v the velocity of the body. If the body is at 
the point (x, 0), the force of each spring is 

Ri (x? + ]2)1/2 — i}. 
The components in the y-direction cancel, but the components in the x-direction 
add up to 
—x% —2kx? 


(x? 4 J2)1/2 — { (x? 2) 1/2 1} (x? +. J2)1/2 . 


Thus for small « we have approximately 


2k{ (x? + 12)1/2 — 7} 


Integration gives v? = k(at —x*) /(2ml), where a is the amplitude. Thus the period 
corresponding to the amplitude a is 


r af ax 4 (= yf ax 
a 0 { k(a4 — ac) /(2ml?) } 1/2 7 k 0 (at — x4)1/? 


r 4 2m mee dx 4 (=) idw To 
‘fa (=) 0 (tat — wf)3/2 7 k 0 (tat — ttwt)1/2 4 


II. Solution by Elmer Latshaw, ACF-Brill Motors Co., Philadelpa, Pa. Let 0 
be the angle between an extended spring and its initial or free position, and 
R/2 the scale of a spring. Then the resultant of the tensions in the stretched 
springs is along the x-axis and is equal to 
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/2¢ 4n/2ef 
A ~ T¢)!? ~ gil? ; 
where f is the frequency. Thus, for small oscillations, the frequency is propor- 
tional to the amplitude. 
Also solved by W. J. Nemerever and T. H. Simester. 
This problem furnishes a simple example on small vibrations in which the 
frequency is not independent of the amplitude. 


Isosceles 1-Points 


E 735 [1946, 394]. Proposed by Paul Erdés, Stanford University 


Six points can be arranged in the plane so that all triangles formed by 
triples of these points are isosceles. Show that seven points in the plane cannot 
be so arranged. What is the least number of points in space which cannot be so 
arranged? 


Solution by L. M. Kelly, University of Missourt. We shall refer to a set of n 
points, each of whose triples forms an isosceles triangle, as an isosceles n-potnt. 
We propose first to establish that some point of a plane isosceles 6-point must 
have the property that at least three of the segments joining it to the remaining 
five points are equal. That is, that at least three of the segments radiating from 
some vertex are equal. 

Certainly some vertex, say 1, has at least two equal radiating segments. Let 
12=13=a, 14=x, 15=¥y, 16=2, and let us suppose that no vertex has the de- 
sired property. Then xa, ya, 2a. Furthermore, from triangle 124, we con- 
clude that either 24=a or 24=x. Similarly, from triangle 134, 34=a or 34=x. 
Both 34 and 24 cannot equal x, since then vertex 4 would satisfy the desired 
condition. Thus either 24 or 34 must equal a. No loss of generality is entailed if 
we assume 34=a. Then, in triangle 135, 35 must equal y. Again, triangle 125 
implies that 25=a, and triangle 136 implies that 36=2. Finally, triangle 126 
presents us with a dilemma, since 26 must equal a or 2, and in either case we 
have a contradiction of the assumption. Thus at least one vertex must have the 
announced property. That is, an isosceles 6-point must possess an isosceles tri- 
angle and its circumcenter. | 

We now wish to prove that a plane isosceles 6-point cannot contain certain 
special configurations. 

1. Three linear points. Suppose 1, 2, 3 linear, with 12 =23=a. Then 24 must 
equal a, otherwise angles 124 and 324 would both be base angles of isosceles 
triangles, which is impossible. This implies that angle 143 is a right angle and 
triangle 134 is right isosceles. Any other point 5, which together with 1, 2, 3,4 
forms an isosceles 5-point, must be the reflection of 4 in 13. We thus see that 
any plane isosceles 5-point containing a linear triple forms the vertices and 
center of a square. Clearly, then, no plane isosceles 6-point with a linear triple is 
possible. 

2. Equilateral triangle and circumcenter. Suppose 4 the circumcenter of equi- 
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lateral triangle 123. Set 12=13=23 =a, 14=24=34=b. Consider a fifth point 5 
forming, if possible, with 1, 2, 3, 4 an isosceles 5-point. Now 1525, since other- 
wise 3, 4, 5 would be linear. From triangle 125, either 15=a@ or 25=a. We may 
assume 25=a. Similar considerations show that either 35=a or 15=a, and in 
either case there results a linear triple. 

3. Two equilateral triangles with common base. Let 12 =23=13=43=14=a, 
24=b. Suppose, as before, a fifth point 5. Now 15=35 would imply a linear 
triple. So, from triangle 135, we conclude either 15=a or 35=a. Assume, with- 
out loss, 35=a. Also 4525 and, hence, either 45=6 or 25=b. We may again 
assume 45=b. Triangle 145 then demands that 15=b. Now triangle 125 pro- 
vides a contradiction, since 25 must equal a or b, which is impossible. 

4. Configuration with 12 =13=23=34=a, 14=24=b, b<a. Consider a fifth 
point 5. Now 1525, since otherwise 3, 4, 5 would be linear. Therefore, from 
triangle 125, either 15=a or 25=a. Assume, without loss, that 25=a. Now, 
from triangle 245, either 45=a or 45=b. If 45=a, 5 would be the reflection of 3 
in 42, and a simple computation shows that triangle 145 is not isosceles. Thus 
45=b. Triangle 345 compels 35=8, since if 35 =a configuration 3 would result. 
Finally, 15=b. Now the 5-point is completely labeled and can easily be seen to 
be impossible of realization in the plane. 

5. Configuration with 12 =13=23 =34=a, 14=24=b, b><a. Consider a fifth 
point 5. Now 1525, since otherwise configuration 1 would result, and 15=a 
or 25=a. Suppose, without loss, that 25 =a. Observe that 35 a, since otherwise 
configuration 3 would result. Thus, since 15a, we have, from triangle 135, that 
35=15. From this it follows that 45a, since otherwise angle 135 would be 
obtuse. From triangle 245, 45 must equal b. Hence 35=15=b. This causes 1, 3, 
4, 5 to form configuration 4. 

Characterization of plane isosceles 6-point. From our opening result we know 
that a plane isosceles 6-point must contain the circumcenter of one of the isos- 
celes triangles. Let 12 =13=14=a, 24=34=b, 23=c. We know that ab), since 
otherwise configuration 3 would result; ac, since otherwise configuration 5 
would result; cb, since otherwise configuration 2 would result. Also, 2535, 
since otherwise configuration 1 would result. Therefore, from triangle 235, we 
see that either 25 =c or 35=c. Suppose, without loss, that 35 =c. We now main- 
tain that 15 must equal a. For suppose not. Then, from triangle 135, 15 =c, and 
from triangle 125, 25=a. We now try to label 45. Triangle 245 implies that 
45=b or a; triangle 345 implies that 45 = or c; triangle 145 implies that 45 =a 
or c. These conditions are mutually impossible. Thus 15=a. Now 458, since 
otherwise 1, 4, 3 would be linear. Hence, from triangle 345, 45 =c. Finally, 25 =b. 
Examination of this configuration reveals that 2, 3, 4, 5 are four of the five 
vertices of a regular pentagon with 1 as its center. We can now conclude that 
the only possible sixth point must-be the remaining vertex, and we have charac- 
terized plane isosceles 6-points as the vertices and center of a regular pentagon. 

A’ necessary consequence of the above characterization_of plane isosceles 
6-points is that there can be no plane isosceles 7-points. 

In three space the above kind of analysis would become much more difficult, 
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However, we can show that the answer to the question for three space cannot be 
less than nine. For consider a regular pentagon and its circumcenter. Take a 
point above the plane of the pentagon directly over the center and at a distance 
equal to the radius of the pentagon from it. Also consider the reflection of this 
point in the plane. These eight points form a space isosceles 8-point. 


Editorial Note. Associated with the problem of characterizing the maximum 
isosceles m-points in euclidean spaces is the characterization of the maximum 
two distance sets in euclidean spaces, that is, the characterization of the maxi- 
mum number of points in a euclidean space such that the various distances con- 
sist of no more than two distinct numbers. Kelly has shown that the maximum 
two distance set in the plane consists of five points which form the vertices of a 
regular pentagon. This set, along with its circumcenter, constitutes a plane isos- 
celes 6-point, and, in the above solution, Kelly shows this set to be the maxi- 
mum plane isosceles n-point. From this one might be led to conjecture that the 
maximum isosceles n-point in euclidean r-dimensional space would be the ver- 
tices, constituting a two distance set, of an r-dimensional polytope inscribed in 
a sphere, along with the center of the sphere. H. S. M. Coxeter asserts that the 
polytopes of this kind in 3, 4, 5 dimensions which he believes to be the best 
possible are those called “pure Archimedean” in his first published paper: Proc. 
Camb. Phil. Soc., 24 (1928), pp. 1-9. (Coxeter remarks that these were de- 
scribed earlier by Thorold Gosset, Messenger of Math., 29 (1900), pp. 43-48.) 
The one in 3 dimensions is the equilateral triangular prism with square side- 
faces. The one in 4 dimensions has 10 vertices, the midpoints of the 10 edges 
of the regular simplex. The one in 5 dimensions has 16 vertices, which are alter- 
nate vertices of the 5-dimensional hyper-cube. A polytope of this kind in 6 di- 
mensions is the subject of a more recent paper (with some fine pictures) by 
Coxeter: The polytope 22, whose 27 vertices correspond to the lines on the general 
cubic surface, Amer. J. of Math., 62 (1940), pp. 457-486. 

Of course, the concluding paragraph of Kelly’s solution shows that the above 
conjecture is not true. Nevertheless, Coxeter’s examples for the higher spaces 
probably constitute the best results yet known for these dimensions. 


A Property of k Positive Integers 
E 736 [1946, 462]. Proposed by Paul Erdés, Syracuse University 


Let a1<ae< +++ <a,Sn, where k> [(n+1)/2], be & positive integers. Then 
a;+a;=a, is solvable. (Cf. No. 3739 [1937, 120].) - 


Solution by Leo Moser, University of Toronto. The k—1 positive integers 
dg—Q1, @g—1, + +, @,—d1, are clearly all distinct. These, together with the k 
given distinct a’s, give 2k—1>n positive integers, each not greater than n. 
Hence at least one integer is common to both sets, so that at least once 
Ap—Q1 = 4;, Or a;+a;—=<a,. 

Also solved by P. T. Bateman, P. A. Clement, William Gustin, J. B. Kelly, 
and the proposer. The proposer pointed out that the sequence 
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[n/2] + 1, [n/2]+2,---,m 
shows that for k= [(n-+1)/2] the result is false. 


Divergence of a Series 
E 737 [1946, 462]. Proposed by V. L. Klee, Jr., University of Virginia 


Establish the divergence of the series > ),.12~¢ cos (b log 7) for all values of 
a1, regardless of the value of b. 


Solution by Norman Miller, Queen’s University, Canada. If b=0, the series 
clearly diverges. Take +0. Then lim n +:0| b| log n= © and limn..|b log (n+1) 
—blog n]=0. Hence, given any positive integer M, we can find a positive integer 
b so large that between (p—1/3)a and (p+1/3)a there are at least M consecu- 
tive values of | b| log n. For all of these values cos(b log 2) has the same sign and 
| cos(d log n)| >1/2. Hence the sum of the corresponding M consecutive terms 
of the given series is in absolute value greater than Ly oct" -@ for some in- 
teger g. Since this sum can be made arbitrarily large by a proper choice of M, 
the series fails to satisfy the Cauchy criterion for convergence. 

Also solved by P. T. Bateman, Max Wyman, and the proposer. Wyman 
utilized the Cauchy integral test; Bateman and the proposer showed, some- 
what as above, that the Cauchy criterion for convergence is not satisfied. 
Bateman pointed out that the divergence of the given series implies the well 
known divergence of >/*_.~*, R(z) $1. This is easily seen since, for real }, 


> n-* cos(b log 2) => R { n— (atid) } . 
A Property of the Monge Point 
E 738 [1946, 462 |. Proposed by Victor Thébault, Tennie, Sarthe, France 


Show that the four spheres passing through the Monge point and the nine 
point circles of the faces of a tetrahedron are equal to each other. 


Solution by the Proposer. Let O, G, Q be the circumcenter, centroid, and 
Monge point of the tetrahedron ABCD, and let M, N, P, Q, S, T be the mid- 
points of the edges BC, CD, DB, AB, AC, AD. 

The symmetrics A’, B’, C’, D’, with respect to G, of the vertices A, B, C, D 
are vertices of tetrahedra A’MNP, B’'NST,--+-, inversely homothetic to 
ABCD in the ratio —1/2. The tetrahedron A’MNP is symmetric, with respect 
to G, to the tetrahedron ASTQ, whence the circumsphere of the first passes 
through Q, the symmetric, with respect to G, of the circumcenter O, and the 
points A’ and Q are diametrically opposite on this sphere. The theorem now 
follows. 

Otherwise, let A’’ be the point diametrically opposite to A on the circum- 
sphere. The A’Q is the transform of AA’’ under the homothety (G., —1/2), 
where G, is the centroid of the face BCD. Again the theorem follows. 

Editorial Note. The four equal spheres under consideration have radii equal 
to half that of the circumsphere, and are anologous to the circles B’OC’, C’OA’, 
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A'OB' of a triangle ABC, where O is the circumcenter and A’, B’, C’ are the 
midpoints of the sides BC, CA, AB. 


Inscribed Ellipse 
E 739 [1946, 462]. Proposed by L. M. Kelly, University of Missourt 


An ellipse inscribed in the triangle ABC is tangent to AB at D. Show that 
the midpoints of CD and AB are collinear with the center of the ellipse. 


I. Solution by H. E. Fettis, Dayton, Ohio. Let P and Q be the midpoints of 
AB and CD, and let O be the center of the ellipse. Draw the diameter DO of 
the ellipse and let the tangent at the other end, G, of this diameter cut AC in 
M and BC in N. 

AWN and BM intersect in a point S which lies on DG and also on CP. Then, 
if CG intersects AB in H, we have, from similar triangles, 


AD/GN = AS/SN = AB/MN, 
BH/GN = BC/CN = AB/MN. 


Therefore AD=BH, or P is the midpoint of DH, so that OP is parallel to GH 
and bisects CD at Q. 

Otherwise. The result may be considered as a special case of the well known 
fact that the centers of all conics inscribed in a given quadrilateral are collinear 
with the midpoints of the diagonals of the quadrilateral. In the special case 
when two sides of the quadrilateral coincide, we have that the centers of all 
conics inscribed in a given triangle, and touching one side of the triangle at a 
fixed point, are collinear with the midpoint of that side and the midpoint of the 
line joining the opposite vertex with the fixed point of contact. This last state- 
ment is equivalent to the proposition stated in the problem. 


II. Solution by Joseph Rosenbaum, Milford School, Connecticut. Project the 
ellipse orthogonally into a circle. We are then confronted with the corresponding 
theorem for a circle inscribed in a triangle. Preserving the lettering, consider 
the triangle A’B’C, where A’, B’ are the intersections with CA and CB of a line 
parallel to AB and tangent to the incircle (O) of ABC at E’. Since (QO) is the ex- 
circle of triangle A’B’C for the side A’B’, the intersection E of CE’ with AB 
is the point of contact of the excircle of triangle ABC for side AB. Hence the 
midpoint M of AB is also the midpoint of DE. This, together with the fact that 
O is the midpoint of DE’, implies the conclusion of the problem. 

Also solved by E. F. Allen, J. C. Currie, J. M. Kingston, J. H. Simester, the 
proposer, and jointly by J. H. Butchart, Ressa Olson, Jean Rowe, and Jacquelin 
Wilbanks. The joint solution and the solutions by Currie and the proposer em- 
ployed orthogonal projection as in solution II. The remaining solutions were 
analytic, Allen establishing the result for any central conic touching the three 
sides of a triangle. 


ADVANCED PROBLEMS AND SOLUTIONS 


EDITED BY E. P. STARKE, Rutgers University 


Send all communications concerning Advanced Problems and Solutions to E. P. Starke, 
Ruigers University, New Brunswick, New Jersey. All manuscripts should be typewrttten- 
with double spacing and margins at least one inch wide. Problems containing resulis belteved to 
be new or extensions of old results are especially sought. Proposers of problems should also en- 
close any solutions or information that will assist the editor. In general, problems in well 
known text books or results in readily accessible sources should not be proposed for this de- 
pariment. 

PROBLEMS FOR SOLUTION 


4244. Proposed by Victor Thébauli, Tennie, Sarthe, France 


Consider squares of 2n digits which can be formed by bringing together two 
consecutive n-digit numbers. Show that in every system of numeration there is 
at least one unending sequence of such squares. Show also that, if m and B are 
given and if x? is such a square, then y? is another where x+y =B*-+1 (provided 
squares with initial zeros are admitted). As a particular example let B=12, n=3. 


4245. Proposed by J. H. Buichart, Arizona State College 


The envelopes of two families of lines, PQ, PQ’, making angles of +30° re- 
spectively with the tangents to a deltoid at their points of contact P are two 
deltoids, larger than the given one in the ratio 31/2:1. Show also that PQ=PQ’, 
where Q, Q’ are the points of contact of PQ, PQ’ with the respective envelopes, 
and that the angles between the cusp tangents of the envelopes and the included 
cusp tangent of the given deltoid are +10°. 


4246. Proposed by J. A. Greenwood 


Evidently y’=x'Dy, y’’=(x''D+x"D*)y, - +--+, where D=d/dx and primes 
indicate differentiation with respect to 4. Find an explicit expression for y™. 


4247. Proposed by Leon Recht and Martin Rosenman, New York City 


The sequence 


‘e 


{a} = 1;2:1,2;2,1,2;1,2,2,1,2;--- 


is formed by writing down in succession sets of terms starting with 1 and such 
that every subsequent set is obtained from the preceding set by the substitution 
1—2;2—>1, 2. Show that: (1) the mth term a, is 


[k(n + 1)] — [kv], 


where k=3(4/5+1) and [x] is the greatest integer not exceeding x; (2) Each 
set of terms in {a}, beginning with the third, is a repetition of the terms of the 
two preceding sets; (3) {a} consists of sets of 2’s separated by 1’s, such that 
there are a, 2’s in the mth set of 2’s. 


4248. Proposed by Victor Thébault, Tennie, Sarthe, France 
Let ABCD be a given tetrahedron. Place a sphere (S) of given radius in such 
232 
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a manner that the volume of the polar tetrahedron of ABCD with respect to (S), 
will be a minimum. 


SOLUTIONS 
The Tangential Triangle 
4179 [1945, 523]. Proposed by J. R. Musselman, Western Reserve University 
The poles of the medians of a triangle A142A3 as to its circumcircle are three 


points of a line; those points where the external bisectors of the angles of the 
tangential triangle of 414243 meet the opposite sides of this tangential triangle. 


Solution by H. E. Fettis, Dayton, Ohio. The problem is not quite accurately 
stated unless A1A,A3 is an acute-angled triangle; for the statement to hold in 
general, the words “external bisectors” should be replaced by “angle bisectors 
(of the tangential triangle) not passing through the circumcenter of A,42A3.” 

Let the vertices of the tangential triangle be designated by Bi, Be, B3. Then 
By,M,, where M, is the midpoint of A2A3, passes through the circumcenter of 
A,A2A3, and B, is the pole of A2A3. If Pi is the pole of A1M, then BiM, and 
B,P, are polar conjugate lines relative to B,;A2 and B,A3, and are therefore har- 
monically separated from BA, and B,A3. . 

Therefore, since B,M, is a bisector of angle A2B,A3, ByP1 must be the con- 
jugate bisector. That is, the bisectors of angles of the tangential triangle not 
passing through the circumcenter of the given triangle pass respectively through 
the poles of the medians of the given triangle. These poles are obviously on the 
sides of the tangential triangle and since the medians are concurrent, their poles 
are necessarilly collinear. 

Solved also by J. W. Clawson, Howard Eves, R. Goormaghtigh, A. S. 
Howard, Ou Li, and A. Sisk. 


Editorial Note. Goormaghtigh calls attention to the following generalization: 
If A,A, ---A, isa polygon inscribed in a circle I having O as center, the poles 
of the joins of any of the vertices A; to the centroids G; of the remaining vertices 
are on a straight line; those points are the intersections of the tangents at the 
points A; to the circle I with the perpendiculars erected at the inverse points 
T; of the points G; as to I’ on the lines OT;. 

Goormaghtigh also refers to the remarkable equation given by J. H. Weaver 
(this MonTHLY, 1933, 91) for the straight line g containing the points of inter- 
section of the sides of the triangle B,B.B3 with the external bisectors of that tri- 
angle. If, in a system of complex coérdinates, A,A2A; is the base-circle and if o1 
is the sum of the coérdinates of A, Ae, A3, the equation of g is 


x01 + £01 = 6, 
a being conjugate to a. But the polar of a point a as to the base-circle x¥=1 is 
xa 4+- La = 2; 


hence g is the polar of the centroid o,/3. Corresponding to his generalization for 


234 ADVANCED PROBLEMS AND SOLUTIONS [April, 


the n-gon we have the following generalization of Weaver’s equation: If 
A;A2-+-+A,is a polygon inscribed in a circle I’ having O as center, and if G; 
is the centroid of the vertices other than A; and 7; the inverse of G; as to IT, 
the tangents to I’ at the points A; meet the perpendiculars erected at the points 
T; to the lines OT; on the straight line 


x01 + Xo1 = 2n, 


o, being the sum of the coérdinates of the vertices A; in a system of complex co- 
ordinates in which I is the base-circle. | 

The proposer suggests the following extension: The poles of the symmedians | 
of a triangle are the centers of the Appolonian circles and lie on the Lemoine axis. 


Envelope of Conics 
4182 [1945, 582]. Proposed by Cezar Cosnita, Focsani, Roumania 


Show that the envelope of the conics circumscribing a given triangle and 
such that the angle between the asymptotes is constant, is a curve of the fourth 
degree bitangent to the line at infinity at the circular points and having the 
vertices of the triangle for double points. 

I. Solution by G. A. Williams, Oregon State College. Let the equations of the 
asymptotes be y—mx+a=0 and y—m.v+ 8 =0 with the condition 

“Mme —- M1 


(1) ——— = constant = —> 
1 + Mmiyms k 


and let the vertices of the given triangle be (0, 0), (a, 0), (b, c). Then the equation 
of the conic may be written 


(2) (y — mx + a)(y — mx + B) =. 


Upon substituting the coérdinates of the given points in (2) and then eliminating 
A, a, 8, and m, a quadratic in me is obtained: 


(3) Am, + Bm +C = 0, 
where 

A = kex* — cxy — kacx + b(ka — kb + c)y, 

B= — cx* — 2kexy + cy? + acx + (0? — ab — c? + 2kbc)y, 

C = cxy + key? — c(ke + b)y. 
The eliminant of this quadratic and its partial derivative with respect to me 
equated to zero is 6=B?—4AC=0. Then as each of A, B, C vanishes for (0, 0), 
(a, 0), (b, c), it follows that ¢=0, 0¢/dx=0, 0¢/dy=0 are all satisfied at each 
point and hence the curve has a double point at each. 


Upon expanding @ we see that ¢=c?(x?+y?)? plus terms of lower degree. 
Hence the line at infinity meets the curve twice at each of the circular points. 
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As the curve can have no more double points than the three already obtained, 
the line at infinity must be tangent at each of the circular points. 


Il. Solution by L. M. Kelly, Uniwersity of Missourz. The proposed theorem is 
merely the result of applying the transformation by isogonal conjugates with 
respect to the given triangle to the following: The envelope of equal chords of 
the circumcircle is a circle concentric with the circumcircle. 

Under such a transformation the circumcircle goes over into the line at infi- 
nity. A family of equal chords goes into a family of similar and circumscribed 
conics. Since the transformation is a contact transformation the circle which is 
the envelope of the chords will go into the envelope of the conics. But a circle 
concentric with the circumcircle goes into a curve of the fourth degree. Since 
the circular points are isogonal conjugates with respect to any triangle and since 
two concentric circles are tangent at the circular points, we see that the desired 
locus is a fourth degree curve tangent to the line at infinity at the circular points. 
Finally, since the envelope of the chords cuts each side of the triangle in two 
points, the fourth degree curve must have double points at each vertex. 

Also solved by H. E. Féttis, R. Goormaghtigh, and G. B. Huff. 


Sums of Powers with Binomial Coefficients 
4183 [1945, 582]. Proposed by Cezar Cosnija, Focsani, Roumania 
Let p and g be non-negative integers and x a variable. Define 


fe pO = DX (— YiCKe — 1%, 


1=0 


where ,C; are binomial coefficients. Prove that f(x, p, g) equals zero if p>q; 
equals p! if p=q; and is a polynomial in x of degree q—p if p<q. 
I. Solutton by F. Underwood, University College, Nottingham, England. Put 
A= (e% — edt) p = epat — pC rel P-Aatd}t + pC el P—2)a+2b}t — see 
= ett — pcre edt + pore *-2)t — tee, 


in which we have substituted pa=x, a—b=1, (whence pb=x—>p). The coeffi- 

cient of #2 in the expansion of A in powers of ¢ is 
1 (x, D, 9) 
— [xt — ,Ci(x — 1)¢+ ,Co(x — 2)2—--- | _ Fb D | 
q! q! 

On the other hand A may be put in the form 


A [eco-b)t — 1] rerbt = (et — 1) Pele)! 


f? {3 p 
— — oe (a—-p)t 
it atat [- ; 


ie tat a0 (x — p)# 
t | tot otee | | +(e pp SIP. |. 
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In this form of A the coefficient of 4% is zero when p>g, unity when p=q, a 
polynomial of degree q—p in x when p<q. The equality of the corresponding 
coefficients completes the proof. 


Il. Solution by E. A. Hedberg, University of South Carolina. Let ay=0, 


di, a2, + + , dy be any set of distinct numbers, real or complex, and put 
a aj ae 
Gi = (— 1)#°T] ——, j#i,i=1,2,---,¢. 


j=l Gi — Gj; 


If we define 


Pp 
F(x, p,q) = 2 (— 1)* ,Gi(u% — a,)s, 

then F(x, p, q) is zero when p>g, equals | [{22a; when p=g, and isa polynomial 
of degree g—p in x when p<q. (The ,G; enjoy many of the properties of the ,C; 
and indeed reduce to them if we take a;=7. Thus the ,G; may be considered as 
a natural generalization of binomial coefficients.) The proof follows. 

F(x, p, Q) =) $23(—1)*,Gi(x% —a,)4 is identically equal to D,/De, where D; is 
the determinant 


xt (% —a1)* (x — de)® (% — as)? +++ (4 — ay)? 
1 1 1 1 ee 1 

0 a1 ae as ap 

0 ay ay a3 ay 

0 ay a2 as ap 


and D, is the determinant of Vandermonde which results when the first row and 
first column of D, are deleted. 

In case p>q, all elements of the first row of D, become zero if we subtract 
from it the products of the second row by x4, the products of the third row by 
— qCix*—}, of the fourth row by ,C2*%-?, and so on. Hence F(x, p, q) =0. 

In case p=, if the foregoing procedure is applied, and the proper interchange 
of rows is made to bring the first row into the position of the last, Di becomes 


1 1 1 cee ] 
0 a1 ae ay 
0 2 2 2 p 
a1 ao ay 
= [[ aD, 
jenl 
; oo ee @ oe @e@ oe ee ee ee ee 
p—1 p—1 p—1 
0 ay ae ay 


1947] ADVANCED PROBLEMS AND SOLUTIONS 237 


That is, F(x, p, p) =| [izia:. ~ 

When P<4 it is seen that the (q— b)th derivative of F(x, p, g) reduces to 
q(q—1) -- + (p+1)F(x, p, p) which is a constant not equal to zero. Hence 
F(x, p, qg) is of degree (¢—) in x. 

Also solved by David Alling, W. J. Combellack, Sidney Glusman, H. A. 
Luther, and the Proposer. 


Squares of Special Form 
4184 [1945, 582]. Proposed by Victor Thébault, Tennte, Sarthe, France 


In what systems of numbers with the base less than 10000 are there the great- 
est number of squares of four digits of the form aabb =(cc)?? Dedicated to E. P. 
Starke. 


Solution by Fritz Herzog, Michigan State College. Let m denote the base 
(m=22). Assume a, 6, c to be non-negative integers less than m such that 


(1) am’ +- am? + bm + b = (cm +c)’. 


We disregard the trivial solution 0000 =00? and assume a+ and ¢ to be posi- 
tive. (1) may be put in the form 


(2) a(m — 1) + (¢+ d)/(m+ 1) = 
Since 0<a+b<2m-+2 we conclude from (2) that 
(3) atb=m-+1. 
From (2) and (3) we obtain 

(4) am—1)+1= 0, 
(5) c? = 1 (mod m — 1). 
From (3) we conclude that a0, 1, and hence by (4) 
(6) c¥#1, Vm. 


It is easily seen, on the other hand, that any integer c (1 ScSm-—1) which satis- 
fies (5) and (6), together with a and 6b determined by (4) and (3), yields a solu- 
tion of the problem. Therefore, if we denote by A(m) the number ot solutions 
of the problem for the base m, we have 


(7) A(m) = Bim — 1) — 6, 


where B(n) denotes the number of solutions of the congruence x? =1 (mod 7), 
and 6 equals 2 or 1 according as m is or is not a perfect square (see (6)). If s de-_ 
notes the number of distinct odd prime factors of n, the value of B(n) is given by 


(8) B(n) = 28*?, 28t1, or 28, 
according as n=0 (mod 8), =4 (mod 8), or #0 (mod 4), respectively.* With (7) 


* See, for instance, Landau, Vorlesungen tiber Zahlentheorie, vol. 1, p. 47, Satz 88. 
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and (8) the number of solutions of the problem for each base is completely de- 
termined. 

For 1 <9999 we have s $4 (since 3-5-7-11-13>10000) and hence the great- 
est value of B(m) is 24+?=64 corresponding to n=8-3-5-7-11=9240. For 
m=n+1=9241, we have 6=1 and Alm) =63. Evidently all other m<10000 
give A(m) S31. 

Also solved by A. Barriol, Free Jamison, and E. P. Starke. 


Editorial Note. The original proposal set the upper limit of 100000 for m. 
However Barriol showed that there is no new value of m for which A(m) ex- 
ceeds 63. For the following numbers A(m) =63: 60061, 78541, 87781, 92421. 


RECENT PUBLICATIONS 


EpITED By H. P. Evans, University of Wisconsin 


All books for review should be sent directly to the editor of this department, American 
Mathematical Monthly, 531 West 116th Street, New York 27, N. Y., and not to any of the 
other editors or officers of the Association. 


Mathematics of Finance. By J. A. Northcott. New York, Rinehart & Co., Inc., 
1946. 9+252 pages. $3.00. 


In the author’s own estimate, this text is a “brief and simple development of 
a subject of great importance to students of banking and finance.” He feels that 
a defense is necessary for his presumption in adding another text to the field. 
The defense offered is that most of the standard texts place undue emphasis on 
a multiplicity of formulas—a policy that the present text seeks to supplant by 
the systematic use of a small body of fundamentals. 

The reviewer frequently overhears students discussing mathematics of 
finance. Their attitude is characterized by one admonition: “Don’t take that 
course! It’s all story problems and they have formulas this long!” To students, 
then, and to their instructors as well, an apology for a text which achieves, to 
any appreciable degree, brevity, simplicity and system, must seem pointless. 

The first two chapters comprise a résumé of progressions and logarithms. The 
treatment covers—with plenty to spare—all possible applications of these two 
topics to the subject at hand. 

The treatment of simple interest, which many writers draw out to needless 
length, covers less than six pages, and only one formula is introduced. It is note- 
worthy that the so-called simple discount rate d, that is, the interest per year 
per dollar of amount, is omitted. From the standpoint of minimum confusion 
to the student, this trifling detail d, whose sole excuse for existence is its aid to 
computation, might be profitably ignored. One usually hesitates, however, to 
deal so summarily with a concept as widely used as this one. Some authors 
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include, as exercises in simple interest, transactions involving cash payments 
made at different dates. The treatment of these problems by the methods of 
simple interest is both cumbersome and unnatural; the only satisfactory way 
of handling them is through equation of value with compound interest. Our 
author is to be commended for adhering to the latter policy. 

The author defines compound interest as simple interest in which the prin- 
cipal is converted at the end of each conversion period. Historically, this is 
probably the way that compound interest came into being, and it is certainly 
the popular conception of the topic. It is far neater, however, to define the com- 
pound interest law as a value-vs-time relation V(t) = V(4)k*-“, where V(é) is 
the value at date ¢ and & is constant. Then we need give no thought to “princi- 
pal” and “amount”; to whether we are going forward or backward in time; to 
whether the time interval is a whole number of conversion periods. Furthermore, 
when we speak of two equivalent rates (j, m) and (j’, m’), we are actually re- 
ferring to the same compound interest law, rather than to two laws which agree 
only at certain periodic dates. The popularly conceived form of compound inter- 
est is then easily introduced as a computational detail. The reviewer has found 
that this method of presentation, aided by graphical study, gives the student a 
better insight than the other approach. 

The powerful method of equation of value is given moderate emphasis—but 
still not enough. The author tacitly assumes that this method of solving a prob- 
lem (in which all items of investment are brought, at compound interest, to an 
arbitrary reference date, summed, and equated to a like sum for the returns) 
will give the same result as analysis by amortization schedule (a progressive, 
item-by-item study). These methods are conceptually distinct (the amortization 
schedule being prior to the other approach) and their equivalence should be 
demonstrated. It is surprising how many students sense this point and demand 
just such an explanation. 

The author foregoes the double superscript notation for annuity symbols. 
Asa result, the user of his text is thrown back almost entirely upon the geometric 
progression formula. This “roughing it” is undoubtedly healthy for the student— 
if he doesn’t lose heart and quit. Why not show the student once and for all 
how the progression formula gives rise to the more refined, mechanical procedure 
of the double superscript notation, and then let him put his progressions back 
on the reserve shelf? 

The author introduces no separate symbolism or formulas for the treatment 
of annuities due and deferred annuities. Unfortunately, however, he allots a 
section to each. This invariably deludes the student into thinking that here are 
two new topics which he must learn (with consequent injury to his morale). 
How is he to know that there is just as much point in classifying annuities as 
“due,” “immediate” and “deferred” as in distinguishing between the numbers 
16, 17-1, and 24-8? 

The treatment of bonds is typical of the average text. In order to correlate 
this topic with the mathematical tools previously developed, it is important to 
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prevent the reader from imagining that a bond is essentially different from any 
other set of investments and returns. The present text may fall slightly short in 
this respect. 

Sinking funds and amortization are presented together in the traditional 
way. This presentation effectively conceals an important characteristic of situa- 
tions involving sinking funds—namely, that they involve the interrelation of 
several distinct investors, each with his own investor’s rate and his own set of 
payments. 

A short chapter on depreciation and a chapter of miscellaneous review prob- 
lems complete the text portion. There are 105 pages of tables, including 5 place 
logarithms and tables for compound interest and annuity computations. 

The exercises are generally well fitted to the text, and they are stated with 
- better than average clarity. Some of them are taken from actuarial examina- 
tions. Answers are furnished for the odd-numbered exercises. 

' An instructional device that our author has not fully utilized is graphical 
representation. The line diagram, which he uses freely, is admirably adapted to 
the itemizing of investments and returns; but the concept of variation of invested 
value, which underlies the whole subject of investment mathematics, can be best 
imparted to the student through a series of two-dimensional graphs. For example, 
the student should be invited to draw a few graphs of items at simple interest, 
to show the linearity of the value law; of items at compound interest, to dis- 
tinguish the true and the approximate value; of bond price, to show the periodic 
variation and the general trend. 

On the whole, the author has succeeded moderately well in achieving his set: 
purpose of systematizing finance calculations. However, there are still many 
important principles that need enunciation. For example, what is the general 
method of treating commercial paper in analyzing a transaction? Perhaps the 
only way to change finance mathematics from an art to a science is to put it 
on.a mildly postulational basis, and to effect a small degree of formalization. 
Most authors, including the present one, make desultory attempts along this 
line, but invariably their precepts remain tacit. 


G. F. Rose 


Mathematician's Delight. By W. W. Sawyer. New York, Penguin Books, Inc., 
1946. 215 pages. $0.25. 


This book is the eighth in the new series of Pelican Books, a series of small 
inexpensive books planned to treat a wide variey of subjects. The book under 
review provides, in many repects, an excellent general introduction to elemen- 
tary mathematics. The title of the book is indicative of the author’s ingenuity 
and originality in departing from traditional and time-worn patterns. In his 
own words, the book is intended to “try to show what mathematics is about, 
how mathematicians think, when mathematics can be of some use.” Although 
intended chiefly for beginners, there is much in the book that will be of interest 
to the teacher as well. 
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In discussing the fear of mathematics which is held by so many laymen, the 
author contends that this is due not to the nature of the subject itself, but to the 
dull way in which it is so often taught. The thesis is developed that in many 
cases the student does not learn mathematics, but only an imitation of mathe- 
matics, which destroys his power to enjoy the real subject. In this connection 
Dr. Sawyer pays his respects to parrot-learning by quoting the pupil who wrote, 
“The abdomen contains the stomach and the vowels, which are A, E, I, O, 
and U!” 

The book contains an interesting chapter on geometry in which the value of 
experimentation is emphasized and a number of rather ingenious geometrical 
experiments are proposed. A chapter, The Nature of Reasoning, leads gradually 
to mathematical reasoning and to the nature of mathematical abstraction. In 
making generalizations the author may occasionally be guilty of over-simplifica- 
tion. For example, the statement that “The more one studies the methods of 
the great, the more common-place do these methods appear,” may require con- 
siderable qualification. An interesting discussion contrasting pure and applied 
mathematics is given and the point is made that all mathematics is tied, how- 
ever remotely, to problems which arose originally in the study of the real world. 
This will seem rather academic to those mathematicians who believe that many 
of these ties are very remote indeed. 

A chapter entitled The Strategy and Tactics of Study contains many interest- 
ing and sensible remarks. Subsequent chapters deal with arithmetic, logarithms, 
algebraic operations, functions, graphs, calculus, and trigonometry. All of these 
topics are introduced in an intuitive and discursive way, and in many cases 
quite unusual illustrative examples are used. The reviewer believes that in a few 
instances the ingenuity with which the author has rigged up his introductory 
illustrative examples may tend to make obscure to the beginner the mathemati- 
cal principles involved. This is believed to be particularly true in connection 
with the way in which logarithms are introduced, where the mathematical prin- 
ciple involved seems much simpler than the mechanical device used by the au- 
thor to provide a setting for the principle. 

The chapter on trigonometry goes as far as the differentiation of the sine and 
cosine functions and applies the results to the study of the motion of a particle 
in a circle. It seems unfortunate that the important application of trigonometry 
to wave motion is not discussed. Following the chapter on trigonometry are two 
concluding chapters, one entitled On Backgrounds, and the other The Square 
Root of Minus One. The former chapter emphasizes the importance of under- 
standing what lies behind the steps of a formal proof and in knowing what it is 
ali about. In the last chapter imaginary numbers are treated from an operational 
point of view. 

While in various places throughout the book the reader may not agree 
wholly with the author’s contentions, nevertheless the reviewer regards this 
little book as a worthy addition to the growing list of survey type books, which 
deal in an elementary and intuitive way with the nature and the scope of mathe- 
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matics while leaving its rigorous elaboration and methodology to the text-books 
and treatises. 
H. P. EvANs 


NEW BOOKS RECEIVED 


Advanced Mathematics for Engineers. Second Edition. By H. W. Reddick 
and F. H. Miller. New York, John Wiley and Sons, Inc.; London, Chapman and 
Hall, Ltd., 1947. 12+508 pages. $5.00. 

An Introduction to Mathematical Genetics. By Lancelot Hogben. New York, 
W. W. Norton and Co., Inc., 1946. 12-+260 pages. $5.00. 

Mathematics of Finance. By F. S. Harper. Scranton, Pa., International Text- 
book Company, 1946. 10-+327 pages. 

Science Since 1500. By H. T. Pledge. New York, Philosophical Library, 1947. 
357 pages. $5.00. 


CLUBS AND ALLIED ACTIVITIES 


EDITED By L. F. OLLMANN, Hofstra College 


Send reports of all activities, such as club reporis, special features, topics with references, 
student papers, and other material of interest to L. F. Ollmann, Hofstra College, Hempstead, 
New York. 


Epitor’s Note.—In line with the policy of this department to suggest methods or ways of 
creating interest in mathematics among students and to print suggestions or ideas which might 
be used as projects for clubs, the following contribution by Mr. Frank Hawthorne is presented. 
Mr. Hawthorne has been a frequent contributor to the Problems and Solutions sections of this 
MONTHLY. 


The editor of this department welcomes other suggestions which may be passed on to members 
of Mathematics Clubs. 


INCREASING STUDENT INTEREST IN MATHEMATICS 


One of the objectives stated or implied in the constitutions of most collegiate 
mathematics clubs is the fostering of increased interest in mathematics among 
the general student body. On most campuses there are many students who do 
not take mathematics courses or belong to mathematics clubs. Of course, some 
of these students contend that they “don’t like mathematics” and will resist 
any attempt to expose them to it but there are usually others who have some 
interest and ability along that line. An attempt to increase the interest of these 
particular students may result in a few pleasant surprises. 

As a possible means of reaching these people, selected problems whose solu- 
tion requires some thought but only very elementary technique may be posted 
upon the general bulletin board at regular intervals. Specific times and places 
for discussion of each set of problems should be arranged. The number and diver- 
sity of people who attend these meetings may indicate that mathematics does 
have a certain general appeal. Perhaps some of the problems might even interest 
a few faculty members from non-mathematical departments. At the very least 
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one may hope that a few students will realize that such problems compare 
favorably with crossword puzzles in providing mental exercise. 

Suitable problems are available in numerous books on recreational mathe- 
matics and additional] problems of a sufficiently elementary nature appear from’ 
time to time in mathematical journals. Consideration might be given to the fol- 
lowing problems which have appeared recently in this MONTHLY: 

E576 (1944, 95), E581 (1944, 166), E608. (1944, 531), E622 (1945, 96), 

F631 (1945, 219), E651 (1945, 397), E671 (1946, 41), E751 (1947, 38). 
FE. J. Moulton’s A Problem in Geography (1944, 216 and 220) intrigues many 
ex-navigators. The solution need not be complicated by the necessity for an 
argument about the non-existance of bears of any color in the Antarctic. 

In selecting problems, care should be taken to avoid using too many of the 
same type. There is little danger that problems will be “old stuff” to those for 
whom they are particularly intended. Certainly those people will not have seen 
them in the MONTHLY. 

Some problems simpler than those noted above should be used while an 
occasional relatively difficult problem might be included. Some examples (by 
no means new) follow: 

1. An electric toaster will toast two slices of bread on one side each simul- 
taneously. If three or any greater odd number of slices is desired, what procedure 
will use the least electricity? 

2. What digits can be final digits of perfect squares? Cubes? 

3. A cube three inches on an edge is made from white wood and all faces 
are painted black. It is then sawed into one inch cubes. 

a. How many saw cuts were necessary? 

b. How many small cubes will there be? 

c. How many small cubes will be all white? 

d. How many small cubes will have only one, only two, three black faces? 

4. A board has three holes, one circular, the second square, the third equi- 
laterally triangular. The diameter of the circle, the side of the square, and the 
altitude of the triangle are equal. Design a solid which will pass through each and 
fill each completely. 

Occasionally a mildly facetious problem might be proposed. Such “problems” 
as “If one man can see five miles, how far can three men see?” or “If one man 
can do a job in an hour, how long will it take five hundred men to do it?” might 
season the selection. Certain students might even answer the second of these on 
the basis of recent experience. Of course, trick problems whose solutions hinge 
on a double meaning of words or some other equally obnoxious device should be 
avoided. 

A general invitation to students to submit problems for posting and discus- 
sion at a later date should produce some results. Many of the problems so pro- 
posed may be unsuitable but some of them may prove helpful. It might be well 
to recall that many significant additions to mathematics have been made by 
persons whose interest was first aroused by some particular problem. 


NEWS AND NOTICES 


EpITED By B. W. Jones, Cornell University 


Readers are invited to contribute to the general interest of this department by sending news 
items to B. W. Jones, White Hall, Cornell University, Ithaca, New York. 


THE INSTITUTE OF MATHEMATICAL STATISTICS 


This society announces the election of the following officers: President, Wil- 
liam Feller; Vice-presidents, J. H. Curtiss and M. H. Hanson; Secretary, Paul 
Dwyer. ; 

SUMMER COURSES 


The following institutions announce courses in mathematics for the summer 
of 1947: 

Brown Uniwersity (Graduate Division of Applied Mathematics). From July 7 
to August 1 the following courses will be offered: by Professor Carrier, theory of 
structural stability; by Professor Lin, dynamics of viscous fluids. From August 5 
to August 30: by Professor Goldstein, dynamics of compressible fluids; by Pro- 
fessor Prager, theory of plasticity. 

The Catholic University of America. From June 27 to August 9 the following 
graduate courses will be offered: by Professor E. J. Finan, higher algebra; by 
Dr. V. McBrien, theory of equations; by Professor O. J. Ramler, college geome- 
try, differential equations and analytic projective geometry; by Professor J. N. 
Rice, statistics and advanced calculus. 

Columbia University. From July 7 to August 15 the following graduate 
courses will be offered: by Professor Eilenberg, homotopy theory; by Professor 
Kasner, survey of modern mathematics, geometry and dynamics; by Professor 
Lorch, theory of groups, Fourier series; by Professor Murray, differential equa- 
tions; by Professor Smith, theory of functions of a real variable. 

Northwestern University. From June 23 to August 23 the following advanced 
courses will be offered: definite integrals, functions of a complex variable, geome- 
try for teachers, history and teaching of mathematics, introduction to the theory 
of groups, introduction to the theory of numbers, seminar in analysis, theory of 
equations, theory of statistics, theory of tensors. 

Ohio State University. From June 17 to August 29 the following advanced 
courses will be offered: by Professor Alden, introduction to the theory of func- 
tions of a complex variable, differential equations; by Professor Helsel, advanced 
calculus, advanced geometry; by Professor Mann, fundamental ideas in algebra 
and geometry, theory of fields. 

Stanford University. From June 19 to August 30 the following advanced 
courses will be offered: by Professor Rademacher (of the University of Pennsyl- 
vania), elementary mathematics from a higher point of view, elliptic functions; 
by Professor Szegé, partial differential equations of physics and engineering, 
another course to be announced. 

Teachers College, Columbia University. From July 7 to August 15 the follow- 
ing courses will be offered: by Professor Clark, teaching algebra in secondary 
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schools, teaching arithmetic in the elementary schools; by Professor Fehr, pro- 
fessionalized subject matter in junior high school mathematics, professionalized 
subject matter in advanced secondary school mathematics; by Dr. Lazar, his- 
tory of mathematics, logic for teachers of mathematics; by Mr. Mirick, elemen- 
tary mechanics (statics), observation and participation in the teaching of geome- 
try; by Professor Reeve, teaching and supervision of mathematics—junior high 
school, teaching and supervision of mathematics—senior high school; by Pro- 
fessor Schlauch, business mathematics; by Professor Shuster, teaching geometry 
in secondary schools, field work in mathematics. In addition, on consecutive 
Thursdays beginning on July 10, there will be given five special lectures and dis- 
cussions in which all the instructors above and others will take part. 

The Unwersity of Colorado. In both terms (June 16 to July 17 and July 21 to 
August 22 respectively) the following advanced courses will be offered: by Pro- 
fessor Kempner, teachers’ course in mathematics (not a methods course); by 
Professor Hutchinson, functions of a real variable; by instructors not yet deter- 
mined, theory of equations, vector analysis. : 

The Uniersity of Michigan. From June 23 to August 15 the following ad- 
vanced courses will be offered in addition to the standard courses in differential 
equations, theory of equations, advanced calculus, mechanics and statistics: by 
Professor Bartels, vector analysis and hydrodynamics; by Professor Brauer, 
elementary matrices, theory of group representations; by Professor Coburn, 
operational mathematics; by Professor Copeland, foundations of mathematics, 
mathematical probability; by Professor Craig, significance tests and analytic 
sampling theory; by Professor Dushnik, theory of integration; by Professor 
Dwyer, computational methods; by Professor Hay, advanced mechanics; by 
Professor Kaplan, elementary functions of a complex variable with applications; 
by Professor Karpinski, teaching of geometry, history of algebra; by Professor 
Myers, functions of a real variable; by Professor Nesbitt, mortality studies; by 
Professor Rainich, introduction to differential geometry, higher geometry; by 
Professor Rainville, intermediate differential equations; by Professor Rothe, 
partial differential equations; by Professor Samelson, general spaces; by Profes- 
sor Thrall, algebraic theory. 

The University of Minnesota. From June 16 to July 25 the following advanced 
courses will be offered: by Professor Cameron, Fourier, Bessel and Legendre 
serles, course in reading and research; by Professor Hatfield, differential equa- 
tions, theory of numbers; by Professor Wegner, advanced calculus, solid ana- 
lytic geometry. From July 28 to August 29: by Professor Olmsted, vector 
analysis; by Professor Wegner, advanced calculus, theory of matrices. 

The University of North Carolina. From June 12 to July 22 the following ad- 
vanced courses will be offered: by Professor Browne, introduction to the theory 
of matrices; by Professor Cameron, introduction to higher algebra; by Professor 
Garner, history of mathematics; by Professor Henderson, finite groups; by Pro- 
fessor Hill, elementary mathematical statistics; by Professor Hobbs, theory of 
equations; by Professor Linker, differential equations; by Professor Mackie, ad- 
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vanced calculus. From July 23 to August 29: by Professor Brauer, theory of 
equations (continued); by Professor Hoyle, differential equations (continued) ; 
by Professor Lasley, synthetic projective geometry; by Professor Winsor, col- 
lege geometry; by Professor Wong, advanced calculus (continued). 

The University of Pennsylvania. From June 30 to August 23 the following 
graduate courses will be offered: by Professor Beal, analytic geometry of three 
dimensions; by Professor Caris, diophantine analysis; by Professor Clarkson, 
theory and practice of approximation; by an instructor not yet decided, higher 
calculus. 

The University of Virginia. From June 30 to August 23 the following ad- 
vanced courses will be offered: by Professor Hedlund, advanced calculus and 
applied mathematics, foundations of geometry; by Professor Harrold, transfor- 
mation topology. 

The Universtiy of Wyoming. From June 9 to August 16 the following semi- 
graduate and graduate courses will be offered: by Professor Barr, methods of 
teaching mathematics; by Dr. Bristow, projective geometry; by Dr. Schwid, 
ordinary differential equations; by Dr. Varineau, advanced college algebra. 
From June 23 to August 25: by Miss Neubauer, the history of mathematics; 
by Dr. Smith, college geometry. 


EXAMINATION ANNOUNCED FOR STATISTICIAN POSITIONS 

An examination has been announced by the Civil Service Commission for 
filling high-grade professional Statistician positions in Washington, D. C., and 
vicinity. The salaries range from $5,905 to $9,975 a year. 

To qualify, candidates must have had progressively responsible professional 
experience in statistical research. Graduate study with major work in statistics 
will be credited as being equivalent to professional work. No written test is re- 
quired; applicants will be rated on their experience and training relevant to the 
duties of the positions. The grade or salary level for which applicants are con- 
sidered qualified will be determined by the quality of their experience as shown 
by the scope and level of the responsibilities involved, their influence on policy 
and program, and the complexity of the problems handled. The age limit of 62 
years is waived for persons entitled to veteran preference. 

Applications will be accepted in the Commission’s Washington office until 
further notice. However, persons interested in being considered for positions 
which are to be filled immediately should apply within one month. Application 
forms may be obtained from first- and second-class post offices, from the Com- 
mission’s regional offices, or direct from the U. S. Civil Service Commission, 
Washington 25, D. C. 

PERSONAL ITEMS 

‘President L. R. Ford and his wife represented the Association at the Rock- 
ford College Conference on February 21-23, 1947. 

Professor P. K. Rees of Louisiana State University represented the Associa- 
tion at the installation of Robert Cecil Cook as president of Mississippi Southern 
College. 
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R. H. Beard, of the New York Telephone Company has received the 1947 
award of the Duodecimal Society of America. 

W. D. Lambert of the U. S. Coast and Geodetic Survey has been elected 
Corréspondent of the Paris Academy of Sciences (Institut de France) in the 
Section of Geography and Navigation. 

Associate Professors Garret Birkhoff and Saunders MacLane of Harvard 
University have been promoted to professorships. 

Associate Professor J. J. Barron of Marquette University has been appointed 
to a professorship at Marshall College, Huntington, West Virginia. 

Dr. O. K. Bower of the University of Illinois has been promoted to an assist- 
ant professorship. 

A. H. Bowker has been appointed to an assistant professorship at Stanford 
University. 

Professor Gregory Breit of the University of Wisconsin has been appointed to 
a professorship at Yale University. 

Dr. J. W. Calkin of the California Institute of Technology has been ap- 
pointed to an associate professorship at Rice Institute. 

Associate Professors E. A. Cameron and V. A. Hoyle of the University of 
North Carolina have been promoted to professorships. 

Dr. Harold Chatland of the University of Montana has been appointed to 
an assistant professorship at Ohio State University. 

Paul Cramer of Huron College, South Dakota, has been appointed to an 
assistant professorship at Monmouth College, Illinois. 

Professor Tobias Dantzig of the University of Maryland has retired. 

Professor J. L. Doob of the University of Ilinois has been appointed toa 
visiting professorship at Columbia University. 

Dr. R. H. Downing of Fleetwings, Inc., Bristol, Pennsylvania, has been ap- 
pointed to a professorship at the Army Air Forces Institute of Technology, 
Wright Field. 

Associate Professor C. M. Erikson of Michigan State Normal College has _ 
been promoted to a professorship. 

Dr. B. E. Gatewood has been appointed to an associate professorship at the 
Army Air Forces Institute of Technology, Wright Field, Dayton, Ohio. 

J. B. Greeley has been appointed chairman of the mathematics department 
at Utica College, Syracuse University. 

Assistant Professor J. F. Heyda of Franklin and Marshall College has been 
appointed research mathematician at the Naval Ordnance Plant, Indianapolis. 

Professor Theodore Lindquist of Michigan State Normal College has retired. 

Dr. A. N. Milgram has been appointed to an associate professorship at Syra- 
cuse University. 

G. J. O’Boyle of the Catholic University of America has been promoted to 
an assistant professorship. 

Associate Professor E. K. Paxton of Washington and Lee University has 
resigned. 
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Dr. Paul Reichelderfer has been appointed to an associate professorship at 
Ohio State University. 

Dr. R. W. Shephard of the University of California has been appointed to an 
assistant professorship at New York University. 

Dr. F. C. Smith of the Lincoln National Life Insurance Company has been 
appointed to an associate professorship at the College of St. Thomas, St. Paul, 
Minnesota. 

Henry E. Smith of Dickinson College has been promoted to an assistant 
professorship. 

Professor H. E. Spencer of Presbyterian College, Clinton, South Carolina, 
has been appointed to an assistant professorship at Virginia Polytechnic Insti- 
tute. 

Dr. George Tunell, on leave from the Carnegie Institution of Washington, 
has been appointed acting associate professor of mineralogy and metalliferous 
geology at California Institute of Technology. 

Professor H. S. Vandiver of the University of Texas will be visiting professor 
at the University of Indiana during the present term. 

Assistant Professor E. L. Welker of the University of Illinois has been pro- 
moted to an associate professorship. 

Assistant Professor L. B. Williams of Hamilton College has been appointed 
to an assistant professorship at Reed College. 

The following appointments to instructorships are announced: 

Catholic University of America: R. W. Moller, S. J. Rosenfeld 

Hunter College: Paul Brock 

Iowa State College: Mrs. R. S. Banton, Mrs. J. V. Carr, Bette L. Flatland, 
J. W. Markey, J. H. Watson 

Ohio State University: Dr. Marjorie Alden 

United States Naval Academy: B. H. Buikstra 

University of Buffalo: Helen M. Mazzuca, L. O. Ramer 

University of Illinois: W. A. Ferguson, J. E. Schubert, B. E. Meserve, Vivian 
R. Nuess 

University of Missouri: Dr. P. B. Burcham 

University of Oregon: Mrs. Ethel Lawrence, W. G. Scobert 

Professor H. M. Ackley of Western Michigan College died February 8, 1947. 

H. G. Avers of the United States Coast and Geodetic Survey died January 
19, 1947. 

Professor B. F. Finkel of Drury College died February 5, 1947. An account 
of his life and many services to the Association will appear in a later issue of this 
MONTHLY. 

Professor J. V. Uspensky of Stanford University died January 27, 1947. 

Reverend G. L. Winkelmann of St. John’s University, Collegeville, Minne- 
sota, died January 23, 1947. 


Current Fund (checking account) 
Savings Account (Ithaca Savings Bank) 
Savings Account (OberlinSavings Bank) 
Invested Funds (Cleveland Trust Company) 
Carus Fund........ 0.0... cc cece cece ees 
Chace Fund......... 0.0... ccc cee eee ees 
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Official Reports and Communications 


CALENDAR OF FUTURE MEETINGS 


Twenty-ninth Summer Meeting, New Haven, Conn., September 1-2, 1947. 
Thirty-first Annual Meeting, Athens, Georgia, January 1, 1948. 


The following is a list of the Sections of the Association with dates of future 


ALLEGHENY MOUNTAIN 

ILLINOIS, Peoria, May 9-10, 1947 

INDIANA 

Iowa, Cedar Falls, April 18-19, 1947 

Kansas, Wichita, April 19, 1947 

Kentucky, Lexington, May 10, 1947 

LovuIsIANA-MissIssIPPiI, Hattiesburg, Mis- 
sissippi, April 25-26, 1947 

MARYLAND-DISTRICT OF COLUMBIA-VIR- 
GINIA, Washington, D. C., May 3, 1947 

METROPOLITAN NEw York, Brooklyn, 
April 19, 1947 

MICHIGAN 

MINNESOTA 

MISSOURI 


meetings so far as they have been reported to the Secretary. 


NEBRASKA, Lincoln, May 3, 1947 

NORTHERN CALIFORNIA 

OHIO 

OKLAHOMA 

Paciric NORTHWEST 

PHILADELPHIA 

Rocky MountvAIN 

SOUTHEASTERN, Columbia, S. C, April 
18-19, 1947 

SOUTHERN CALIFORNIA 

SOUTHWESTERN 

Texas, Lubbock, April 25-26, 1947 

Upper New York STATE, Rochester, May 
10, 1947 

Wisconsin, Madison, May, 1947 


REPORT OF THE TREASURER FOR THE YEAR 1946 


The following report of the Secretary-Treasurer as Treasurer for the year, 


1946, has been approved by the Finance Committee and accepted by vote of 
the Board of Governors. 


I. ToTAL FuNDs OF THE ASSOCIATION ON DECEMBER 31, 1945 
(See Treasurer’s report, pp. 237-240 of the Montuty for April, 1946) 


Life Membership Fund.................... 
General Fund.......... 0.00. ccc eee eee ane 


Doce cceeueeeueeesneeeeneees $ 3,347.26 
ccc bvc ev eeueteeeueeeseneeeees 1,007.50 
voces euevesuceveueeneenenes 648 .96 
Coe cucausaveueues $ 9,455.75 
Lec cveueueeueces 9,733.84 
Loc cueeucaueueens 9,279.29 
coc eeeueeueeeean 658.85 
sce cuetaceueueees 718.09 


27,547.10 57,392.92 


$62,396.64 
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II. CURRENT FUND ACCOUNT FOR 1946 


RECEIPTS 


Subscriptions..............0006- 
Sale of back numbers MONTHLY. . 
Advertisements................ 


Interest on Chace Fund........ 
Interest on Houck Fund........ 
Interest on Chauvenet Fund.... 
Intereston Life Membership Fund 
Interest from Hardy Fund...... 
Sale of Archibald’s Outline...... 
Sale of monographs (Carus)..... 
Sale of Papyrus (Chace)........ 
Sale of exchange periodicals..... 
From Oberlin Savings Bank..... 
Miscellaneous sources.......... 
Transferred from General Fund. . 


$ 3,347.26 
9,786.02 


442.00 


3,139.45 


295.27 
726.00 
796.87 
273.61 
281.65 
268.49 
19.08 
20.78 
120.00 
231.40 
952.75 
158.00 
40 .00 
27.04 

2.28 


1,974.36 


$22,902.31 


EXPENDITURES 
MONTHLY 


Publication. ..........0.000. 
Reprints... ......... cece ee 
Editor-in-Chief’s office........ 
Secretary-Treasurer’s office 
Clerical help................ 
Postage... ccc cece eee ee ene 
Printing. ......... 2... cece 
Office supplies............... 
Bank fee. .... 2... ee eee 
Exec. and Finance Committees. . 
Regional Governors............ 
Sections... .... ccc ccc ee eee eee 
Subventions 
Amer. Math. Society......... 
Mathematical Reviews....... 
Back numbers MONTHLY....... 
MeetingS...........0seeee ees 
Coordinating Committee....... 
Coop. Committee on Sci. Teaching 
Amer. Council on Education..... 
To General Fund.............. 
Subscriptions to Annals........ 
B. F. Finkel (Hardy Fund)..... 
Register... .. 0... cece eee eee 
Bank charges 
Exchange fees.............6- 
Bad checks. ..........0.000- 
Transferred 
To Carus Fund.............. 
To Chace Fund............. 
To Houck Fund............. 


To Life Membership Fund... 
Balance, Dec. 31, 1946......... 


III. Savines Account, ItHaca SAVINGS BANK 


Balance, Jan. 1, 1946........... 
Interest. ....... ccc cece ee eee ees 


‘ 


Balance, Jan. 1, 1946........... 


$1,007.50 
15.16 


$1,022.66 


$ 648.96 


Balance, Dec. 31, 1946.......... 


IV. Savines Account, OBERLIN SAVINGS BANK 
$ 648.96 


Final Payment..............4.. 


Final loss on the account........ 


[April, 


$ 6,029.46 


227.92 
458.68 


3,502.35 


414.95 
305.01 
220.55 
100.00 
477.35 
200 .76 
213.43 


100.00 
350.00 
114.60 

21.09 
121.80 
106.82 
215.36 
500.00 

15.00 
120.00 
753.85 


$22 902.31 


$1,022.66 


$1,022.66 


$ 648.96 
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V. INVESTED FUNDS, CLEVELAND TRUST COMPANY 
Cash Balance, Jan. 1, 1946...... $ 279.92 Decrease in value of securities.... $ 1,022.62 
Market value of securities, Dec. 31, Market value of securities, Dec. 31, 
1: 5 57,113.00 1946... ccc ccc eee ee es 56,696.00 
From Current Fund............ 500.00 Cash balance, Dec. 31, 1946..... 174.30 
$57 ,892 .92 $57,892.92 
List OF SECURITIES 
Market Value 
; Par Value Dec. 31, 1946 
U.S. Savings Bonds, 1947........ 0. ccc ccc cc cece cece eee eeeees $ 700.00 $ 686.00 
U.S. Treasury Bonds, 2%, 1950...... 0... ccc cc ccc ce cee ce eees 3 ,000 .00 3,030.00 
U.S. Treasury Bonds, 2%, 1954...... 0... cc cece cece cee eee ees 2,000.00 2,060.00 
U.S. Treasury Bonds, 24%, 1969...... 0... ccc cc cece cece ences 2 ,000 .00 2 ,080 .00 
U.S. Treasury Bonds, 24%, 1972...... 0. ccc cece ce cece cee eees 1,000.00 1,030.00 
U.S. Treasury Bonds, 24%, 1962......... cc ccc cece ccc cee eeces 5 ,000 .00 5,100.00 
U.S. Treasury Bonds, 12%, 1948...... 0... ccc ccc cece cece cece 2 ,000 .00 2,020.00 
U.S. Savings Bonds, Ser. G, 24%, 1953.......... pce eee seeeees 3 ,000 .00 2 ,850 .00 
U.S. Savings Bonds, Ser. G, 24%, 1954. ... 0.0... cece eee eee 8 ,200 .00 7,790 .00 
U.S. Savings Bonds, Ser. G, 24%, 1958. ....... ccc ccc cece cence 3,000.00 2,970 .00 
Canadian Nat. Ry. Co. Bonds, 43%, 1956.......... ccc. ceeceeee 2,000.00 2,360 .00 
C. and O. Ry. Co. Ref. Bonds, Ser. D, 34%, 1996............... 3,000.00 3,180.00 
Columbus and So. Ohio Elec. Co. Bonds, 34%, 1970.. yee e eee eees 2 ,000 .00 2,200.00 
New York Steam Corp. 1st Mort. Bond, 33%, 1963.............. 1,000.00 1,060.00 
Amer. Tobacco Co. Bonds, 3%, 1969. ......... cc cee cee c ee ce eee 4,000 .00 4,240.00 
C. and O. Ry. Co. common stock, 25 shares.............000e000- 1,350.00 
Amer. Tel. & Tel. Co. common stock, 30 shares................. 5,160.00 
Standard Oil Co. New Jersey common stock, 20 shares.......... . 1,380.00 
Atch. Top., Santa Fe R.R. non cum. pfd. stock, 15 sh............ 1,590.00 
Commonwealth Edison Co. common stock, 80 shares............. 2,720.00 
Dana Corp. cum. pfd. stock, 20 shares. .............cc cece cease 1,840.00 
$56,696.00 
VI. Carus FunD 
Balance, Jan. 1, 1946........... $ 9,455.75 Decrease in value of securities.... $ 168.46 
Sale of monographs............. 952.75 
Interest... 0.0... ccc eee eee 273.61 Balance, Dec. 31, 1946.......... 10,513.65 
$10,682.11 $10 ,682.11 
VII. CHacze FunpD 
Balance, Jan. 1. 1946........... $9,733.84 Decrease in value of securities.... $ 173.43 
Sale of Papyrus................ 158.00 
Interest. ...... 0... cee eee 281.65 Balance, Dec. 31, 1946.......... 10 ,000 .06 
$10,173.49 $10,173.49 
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VIII. Houck FuNbD 


Balance, Jan. 1, 1946........... $9,279.29 Decrease in value of securities.... 
Interest... 0... cc ccc eee eens 268.49 Balance, Dec. 31, 1946.......... 
$9 547.78 


IX. CHAUVENET FUND 


Balance, Jan. 1, 1946........... § 658.85 Decrease in value of securities.... 
Interest... 0... 0... cece eee eee 19.08 Balance, Dec. 31, 1946.......... 
$ 677.93 


xX. LirE MEMBERSHIP FUND 


Balance, Jan. 1, 1946........... $ 718.09 To General Fund............... 
Interest... ... 0... ccc ce eee wees 20.78 Decrease in value of securities.... 
Balance, Dec. 31, 1946.......... 

$ 738.87 


XI. GENERAL FUND 


Balance, Jan. 1, 1946........... $27,547.10 Decrease in value of securities... . 

From Current Fund............ 500.00 Transferred to Current Fund..... 

_ From Life Membership Fund.... 76.82 Balance, Dec. 31, 1946.......... 
$28,123.92 


[April, 


$ 165.15 
9 382.63 


$9 547.78 


$ 489.78 
1,974.36 
25,659.78 


$28,123.92 


XII. ToTaL FUNDS OF THE ASSOCIATION, DECEMBER 31, 1946 


Current Fund (checking account).......... 0. e ccc cece eee eee ee eee e ee eens 

Savings Account (Ithaca Savings Bank)... 0.0.0... ccc cc ce cece ete n ee enes 

Invested Funds (Cleveland Trust Company) 
Carus Fund... 0... ccc cece cence eee ee enter en eeas $10 513.65 
Chace Fund... 0.0... ccc cc cc eee ene teen nenes 10,000.06 
Houck Fund... 1... . ccc eee tenn e en enes 9 , 382.63 
Chauvenet Fund... .... 0.0.0... ccc cee een ween ee eeees 665.58 
Life Membership Fund.......... 0... cece eee eee eee eee eees 648 .60 
General Fund...... 0.0... cece ec cece eect n eee tenes 25,659.78 


$ 6,348.92 
1,022.66 


$56,870.30 


$64,241.88 


Texts for College Freshman Courses 


By WILLIAM L. HART 


COLLEGE ALGEBRA, THIRD EDITION 


This revision retains all of the special features which made the 
previous editions so successful. Contains many fresh exercises; 
has a new, attractive format. Ready this spring. 


BRIEF COLLEGE ALGEBRA, REVISED EDITION 
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UNION TORSION OF A CURVE ON A SURFACE 
C. E. SPRINGER, University of Oklahoma 


1. Introduction. The definitions of the well known geodesic curvature and 
geodesic torsion of a curve on a surface involve the notion of the congruence of 
normals to the surface. One may ask for the analogues of these definitions rela- 
tive to a congruence of straight lines which are not normal to the surface. 

In a previous paper [1] the author studied union curves and gave a definition 
of union curvature of a curve on a surface relative to a given rectilinear congru- 
ence. The purpose of the present note is to exhibit a definition of the union tor- 
sion of a curve on a surface. The union torsion reduces to the geodesic torsion 
for the case in which the congruence is normal to the surface. It will be shown 
that a union curve is a plane curve if, and only if, it is tangent to one of the 
curves in which the developables of the congruence intersect the surface. 

The notation of Eisenhart [2] will be employed. Greek indices will always 
take the range 1, 2, and Latin indices the range 1, 2, 3. The summation conven- 
tion of the tensor analysis as to repeated indices will be observed. 


Z. Analytical development. Let the surface be represented by x‘=x‘(u!, u?), 
(t=1, 2, 3), referred to a rectangular cartesian system of coérdinates. The func- 
tions x‘(u1, u?) together with their partial derivatives to the second order, are to 
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be regarded as continuous at any point P of the surface under consideration. A 
unique line of the congruence is specified at each point P of the surface by the 
direction cosines 


(1) dé == ri(u!, 4”), (AX? = 1), 


where the functions A‘(u!, u?), with their first partial derivatives, are continu- 
ous at the point P. The functions \*(u!, u?) may be expressed in the form 


(2) Ai = px, a + qX', 


where p¢, (a=1, 2), are the contravariant components of a surface vector at P, 
gis a positive scalar function, x‘,, denotes the covariant derivative of x‘ with re- 
spect to u* based on the fundamental tensor gag =x*,.x',3, and X‘ are the direc- 
tion cosines of the normal to the surface at P. 

If @ is the angle between the lines with directions X‘ and \‘, multiplication 
of equations (2) by X‘ shows that g=cos @. For the angle @ between the tangent 
to a curve C: u*=u*(s) through P on the surface and the line of the congruence 
through P with direction \‘, we have 


4 


ax 
(3) cos @ = \t a (praia + qX*)xt oul? = gagpru's, 
5S 


where the prime indicates differentiation with respect to arc length s on C. 
Covariant differentiation of \‘, and use of the Gauss and Weingarten equa- 
tions, 


tap = dapX*, Xig = — dgrgrxt,,, 
lead to the expression 
(4) Ne = Wad yy + eX), 
where w7, and v, are defined by 
(5) He = Pa — Wdac8"%, Va = ya + PPdag. 


The curve C is a union curve relative to the congruence of lines with direc- 
tions \‘ in case the osculating plane to C at every point P of C contains the line 
of the congruence at P. The differential equation of the union curves on the sur- 
face may be written in the form [1, p. 688] 


(6) Cor(p°Kn — gp”) u’™ = 0, 


where é2=1, é1=—1, ¢11=¢2=0, K, is the normal curvature of C at P, and 
p’ are the contravariant components of the curvature vector of C at P. 


3. Torsion of a union curve. Let the direction cosines of the tangent, princi- 
pal normal, and binormal to the curve C at P be denoted by a‘, 6*, y#. Then. 
the determinant €,.0‘B*y' is equal to unity, and 


(7) vy? = e:n10*B". 
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If Cis a union curve, the principal normal to C lies in the plane of the lines 
with directions \* and at=dx*/ds. Hence 


dx’ 
(8) Bi = a— + Ddy;, 
ds 


where a and b are to be determined. Multiplication of equations (8) in turn by 
dx*/ds and B*, and use of equation (3) yield a= —cot ¢, b=csc ¢, so that 


dx 
(9) B* = csc ¢ ( — cos ¢ —). 
ds 


Use of B* from (9) in (7) gives 


adx® dx! dx 
(10) v* = CSC desz1 — ( — cos ¢ =) = CSC Pes~n3 —— AI. 
ds ds ds 


By the Frenet formulas, 
dy* 


| (11) ds. == 78°, 


where 7 is the torsion of the curve C at P. Multiplication of equations (11) by 6 
yields 


_ ay’ 
(12) T= Bi . 
Use of B* from (9) and of dy*/ds as computed from (10) in (12) gives 
(13) +r = csc? deni (0 — cos ¢ —) (- cot oo rE ha ail a + —n'). 
ds /. ds ds ds ds ds? 


On dropping the vanishing determinants in (13), one finds 


dx*® dy! dx d*x* 
(14) rT = csc? PEs KI ar ——— — COs r! 
S 


ds ds ds? 
or, by a permutation of the indices 2, k, 1, 
(15) 7 = csc? bende (= — cos¢ —). 
ds \ds ds? 
Now, by use of equations (3), (4), and the fact that 
d*xF 


ds* 


= prx* + K,X*, 


the expression in parentheses in equation (15) can be written in the form 


(16) [(u%e — pap?) X44 + (Va — pakn)X*|u'@. 
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On using the expressions (2) and (16) in (15), and on observing that [2, pp. 135, 
213 | 

e:niX *0*, x g = Cap & = Eas, 


one finds that the formula for r becomes 


(17) T = c8C? heral(p'ys — quta)u!eu'® + pe(qo" — p’Kn)u'eu’s, 
Because C is a union curve, equation (6) holds, and the formula for 7 reduces to 
(18) T = CSC? héra(povg — quT?) ulus, 


4. Union torsion of a curve. If the congruence is required to be normal to 
the surface, p’=0, (7 =1, 2);q=1, 6=7/2, the union curve C becomes a geodesic 
curve on the surface, and 7 becomes 7,, the geodesic torsion of the geodesic curve 
through P. By equations (5), equation (18) becomes, in the present case of a 
normal congruence, 


(19) Ty = Epad poe? “u's, 


which is equivalent to the formula for 7, as given by Eisenhart [2, p. 247]. 

Because the expression for 7 in (18) depends only upon a point and a direc- 
tion through the point on the surface, it is the same for all curves through a 
point with a common surface tangent. Thus, the uwnton torsion of a curve C on 
a surface may be defined as the torsion of the union curve on the surface in the 
direction of the curve C. 

The net of curves in which the developables of the congruence (2) intersect 
the surface is represented by the differential equation [3, p. 992] 


(20) Ear(p7vg — quts)dudu® = 0. 


The net given by equation (20) may be styled the intersector net. 

On comparing equations (18) and (20), one concludes that a union curve 
relative to a congruence 1s a plane curve if, and only tf, tt 1s tangent to a curve of the 
intersector net of the congruence. This theorem is a generalization of a classical 
theorem which states that a geodesic is a plane curve if, and only if, it is a line 
of curvature, and it also provides a metric analogue of a theorem stated by Lane 
[4, p. 107] for projective space. 
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THE CURVATURES OF THE POLAR CURVES OF A 
GENERAL ALGEBRAIC CURVE* 


EDWARD KASNER anp JOHN DE CICCO, Columbia University and 
Illinois Institute of Technology 


1. Introduction. In this paper we present a new theorem in the polar theory 
of a general algebraic curve C, of degree n. If the first polar C,_1 of degree (n—1) 
with respect to the algebraic curve C, of an ordinary point O on C, is con- 
structed, then C, and C,_1 are initially tangent. It is found that the curvatures 
at O are in general distinct. We study the ratio p,; of the curvature of the first 
polar C,_1 to that of C,; it is proved that this ratio pi is given by a simple ra- 
tional formula involving the degree alone. Thus p; is independent of the nature 
of the algebraic curve Cy. 

In particular, it follows from our theory that the polar conic C, of any ordi- 
nary point O of a cubic curve C3 not only touches C; but also has its curvature 
equal to one half of the curvature of C; at O. 

Since the 7th polar C,_, of degree (n—r) of a point with respect to the alge- 
braic curve C, may be defined by induction as the first polar of the same point 
with respect to the (r—1) polar C,,_,41 of degree (n—r-+1), our discussion is ex- 
tended quite readily to the case of the rth polar curve C,_, of an ordinary point 
O on C,. The two algebraic curves C, and C,-, are tangent at O. We show that 
the ratio p, of the curvature of the rth polar C,-, to that of C, is given by a » 
simple rational formula involving the positive integers m and r only. Therefore 
p, is independent of the polynomial equation defining C,. 

Although our new theorem is stated in metric terms, it is essentially a theo- 
rem of differential projective geometry. This is a consequence of the theorem 
of Mehmke-Segre which states that if any two curves are tangent at a given 
point O, then the ratio p of their curvatures at O is a projective invariant. 


2. The polar curves C,_, of an algebraic curve Cn. If (x) =(%1, x2, x3) denote 
homogeneous coérdinates of a point in the plane, then an algebraic curve C, of 
degree n is defined by the equation 


n gk 
(1) Crid, = f(x) = f(%, Xo; x3) = > Oi 414% = 0, 
. ititk=n 
where the summation extends over the indices (7, 7, k) such that 1+j-+k =n. 
The first polar curve Cn_1 of degree n—1 of the point (vy) =(11, yo, ys) with 
respect to the algebraic curve C, is defined by the equation [1 
of of of of 


= y+ y+ — = 0. 
dx, de, Om 


(2) Cantayds = A,f(e) = Dy 


By induction, the rth polar curve C,_, of degree —r of a point with respect 
to the algebraic curve C, may be defined as the first polar of the same point 
with respect to the (r—1) polar Cy_+41 of degree n—r-+1. The rth polar curve 


* Presented to the American Mathematical Society, February, 1947. 


263 


264 CURVATURES OF POLAR CURVES OF AN ALGEBRAIC CURVE [May, 
Ca-r is given by the equation 


Cyr Sdyon - Ay (x) =A (Ay f(x) 
(3) |r t ih a"f 
mE enn erence enna Ss ) 
aoe, | é [ile k M1y2ys Oxidxd x 


For the operator A, _ defined by equations (2) and (3), the identity 


n—?r 


1 
(4) i A,f(2) = Jnr 7 As f(y) 


_ may be proved by means of the Taylor series expansion of f(ax-+by) =f(axi+by, 
axe+ bye, axs-+bys). 

From relations (3) and (4), it is seen that the rth polar curve C,_, may be 
defined by either of the equations 
(5) Cori Gy, = Ayf(x) = 0, or dz Gy=Az f(y) = 0. 
In geometric language, this means that if (x) is on the rth polar C,_, of (y) with 
respect to the algebraic curve C,, then (y) is on the (n—r)th polar C, of (x) 
with respect to Cn. 

From (2), it is evident that the first polar passes through all the singular 
points of the algebraic curve C,. Hence any polar passes through all the singular 
points of the preceding polar. 


3. The non-homogeneous equations of the polars C,_,. In order to give a 
simple demonstration of our theorem, it is found advisable to obtain the equa- 
tions of the polar curves Cn_, in non-homogeneous coérdinates [2]. 

There is no loss in generality by assuming that (x, y) are cartesian coérdi- 
nates of a point where x«=4%:/x3 and y=x2/x3. The equation of the algebraic 
curve C, as given in the homogeneous form (1) is now of the form 


(6) Ciio(%, y) = xg (x1, x2, X3) = f(x, y, 1) = 0. 


Of course, ¢(x, y) is a general non-homogeneous polynomial of degree 1. 

From (6), we may obtain the partial derivatives of first order of f(x) 
=f(%1, x2, %3) with respect to (x1, x2, x3) in terms of (x, y) and its partial deriva- 
tives of first order with respect to (x, y). The appropriate relations are 

of n—~1 of n—1 of n—1 
(7) —— = 4% be ——- = 43 by —— = xX (np — Xbz — Yor). 
0X1 OXe OX: 

Upon placing X =y:/y; and Y=¥.2/ys; and using (7), we find that the first 
polar C,_1 of (X, Y) with respect to the algebraic curve C, is 


(8) Cr-uind — (x — X)b2 — (y — Y)d, = 0. 
This is also the polar line Ci of (x, y) with respect to Cn. 
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By finding the first polar of (X, Y) with respect to the algebraic curve (8), 
we find that the second polar C,_2 of (X, Y) with respect to the algebraic curve 
Cy is 
Cr2in(n — 1)6 — 2(n — 1)[(x — X)o2 + (y — Y)¢y] 

+ [(x — X)*bae + 2(x% — X)(y — V)day + (y — Y)*bzyy] = 0 
This is also the polar conic of (x, y) with respect to Cy. 


By repeating the above process, we see that the rth polar Cy_, of (X, Y) 
with respect to C, is 


(9) 


"cp 


Cort Pip — "Cj Pra (8 — x)= a (y — Y) | 


(2) 
+ Cy Prof (@ — x)= +O- Hs | b—eee 
(10) 


kr n—k (hk) 


+(-—1) Cy Pra (@ = X) 0-5 or 


+(-0[@-DE+0-NE] o-0. 


This is also the (n—r) polar C, of (x, y) with respect to C,. 


4. The ratio p; of the curvatures of C,_, and C,. The slope dy/dx=y’ at any 
point (x, y) of C,-1 as given by (8), is determined by the equation 


(11) (wn — 1)(o2 + by) — (x - X) (bez + yay) — (y¥ — VY) (bay + Wbyy) = O. 


If O(X, Y) is an ordinary point of the algebraic curve C,, then from (8), it 
is seen that by taking x =X and y= Y, the point O(X, Y) is on the first polar 
curve Cy_1. By (11), it is found that the slope y’ of C,z_1 at O is —¢./dy, which is 
also the slope Y’ of C, at O. Therefore C, and C,_1 are tangent at O. Hence all 
the polar curves of an ordinary point-O of C, with respect to C, are tangent to 
C, to O. From this follows the well-known result that the polar line of an ordi- 
nary point O of an algebraic curve C, is the tangent line of C, at O. 

Now we are in a position to state and prove our new proposition. 


THEOREM. The ratio p. of the curvature of the first polar Cy to that of the alge- 
braic curve Cn, constructed at an ordinary point O(X, Y) of Ca, ts 


n—2 


(12) p1 = 
n—1 
For example, the curvature of the polar conic section C2, with respect to a 
cubic curve C3 of an ordinary point O of C3, is 1/2 the curvature of C3. 
As another example, the curvature of the polar cubic Cs with respect to a 
quartic curve C, at an ordinary point O of C, is 2/3 that of Ci. 
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To prove our theorem, we proceed in the following manner. The second de- 
rivative d*y/dx?=y"’ at any point (x, y) of the first polar C,_1 is found by differ- 
entiating the equation (11) with respect to x. The result is | 


(n — 2)(bez + 2’ bay + WV *byy) + (n — dy’ 
(13) — (x — X) (beer + 2b aay + VY bevy + Wb wy) 
— (y — V)(bacy + 2y'bayy + VY byyy + VV byy) = 0. 


At the point O where x =X, y= Y, the second derivative y’’ of Cy_1 is given 
by the equation 


(14) (n — 2) (dex + 2'o xy + y *byy) + (n — L)oyy” = 0. 


We recall that the second derivative Y’’ of the algebraic curve Cnr:6(x, y) =0, 
is determined by the equation 


(15) Pax t 2V'day + V"*Oyy + oy" = 0. 


Hence using the fact that y’=Y’ at the point 0 where x=X, y=Y, we de- 
duce from the equations (14) and (15), the following result 


(16) (n — 1)y" = (n — 2)Y”. 
Finally since y’=Y’, the ratio p: of the curvature of the first polar curve 


C,-1 to that of C, at the point O(X, Y) is 


— Y 
(17) py" n—1 


This completes the proof of our theorem. 


“  n—-2 


5. The polar curves C,_, of the origin. Before giving an alternate proof of 
our theorem by the application of infinite series expansions, we shall develop 
the equations of the various polar curves C,_, of the origin O(0, 0) (which need 
not be on C,) with respect to the algebraic curve C,. 

By (1) and (6), any algebraic curve C, of degree can be written in the form 


(18) Cyt6(a, 9) = p Px(x, y) =0, 


where P;(x, y) is a homogeneous polynomial in (x, y) of degree k. 
By (8), it is found that the first polar C,_1 of the origin O with respect to C, is 


n—-1 


(19) Crit >, (n — k)Pi(x, y) = 0. 


k=0 


Upon finding the first polar of the origin with respect to this curve (19), we 
find that the second polar C,_, of the origin with respect to C, is 


(20) CaS (n — k)(n — k — 1)Pi(x, y) = 0. 
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By repeated application of the above process, we find that the rth polar 
curve C,_, of the origin with respect to C, is 


(21) Coat O(n — k)(n—k—1)---(n—k—7 4+ 1)Pi(x, y) = 0. 


Upon placing r=n—2 in the preceding equation, the polar conic C, of the 
origin is 


(22) Cotn(n — 1)Po + (m — 1) Pils, y) + Po(x, vy) = 0. 
The polar line Ci is 
(23) Ci:nPo + Pilz, y) = 0. 


By (18) and (23), it is deduced that the polar line C, may be defined geo- 
metrically as follows. Draw any line ZL through the point O. This line Z inter- 
sects the algebraic curve C, in the m points (Pi, Po,-+-+, Pa) which may be 
coincident or imaginary. Let P be the generalized harmonic mean of these n 
points; that is, let P be such that 1/OP =(1/n)>.%.11/(OP;). As L rotates about 
the point O, the point P describes the polar line Ci of O. 

Having defined the polar line C, of the point O geometrically, the first polar 
C,-1 of the point O is seen by (8) to be the locus of points whose polar lines 
pass through the point O. By induction, the rth polar C,_, of the point O is the 
locus of points whose polar lines with respect to the (r—1) polar C,_,.:1 pass 
through the point O. 

If C,-, is the rth polar of a point O with respect to C,, then on any line L 
passing through O, the generalized harmonic mean of the n intersections of L 
with C, coincides with that of the (n—r) intersections of L with C,_, [3]. 


6. Alternate proof of the theorem. Let O be an ordinary point of the alge- 
braic curve Cy. Then by (18), Py) =0 and the equation of the tangent line of C, 
at O is P(x, y) =0. By the formulas of the preceding section, it is verified that 
all the polar curves of O with respect to C, are tangent to C, at O. 

There is no loss of generality if we assume Pi(x, y) = —y. Let dzz have the 
value 2a) at the origin. By equations (18) and (19), we find that the expressions 
for y as power series in x of the algebraic curve C,, and the first polar curve Cy_-1 
are 


(24) Caiy = Geox? +--- 3 Carty = 
vf) — 


Therefore at the origin O, the ratio p; of the curvature of C,_; to that of C, is 


n—2 


220 

n—1 nm —2 

(25) pa = ——_————_ = . 
290 n—1 
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7. The ratio of the curvature of the rth polar curve C,_, to that of C,. By 
using the fact that the rth polar curve C,_, of a point O with respect to the alge- 
braic curve C, is the first polar curve of O with respect to the (r—1) polar curve 
Cr—r41 of O with respect to C,, we can extend our theorem in the following way. 


THEOREM. The ratio p, of the curvature of the rth polar curve C,—-+ to that of the 
- algebraic curve Cn, constructed at an ordinary point O of Cn, ts 


: n—-r-—l1 
(26) pr = ————— - 
n—1 


For example, consider a general quintic curve Cs. At an ordinary point O 
of Cs, construct the polar quartic C1, the polar cubic C3, the polar conic C2, and 
the polar line C,. The corresponding ratios of the curvatures are 3/4, 1/2, 1/4, 
and 0. 

Another proof of this theorem is the following one. In equation (18), Po=0, 
and we can take Pi(x, y) = —y. Let @s2 have the value 2az9 at the origin. By (18) 
and (21), the expressions for y as power series in x of the algebraic curve C, and 
the rth polar curve C,_2, are 


nm—-r—i 
(27) Chey = Goo x? + cee, Chori = e088 ar 
| ie 


Hence at the origin O, the ratio p, of the curvature of C,_, to that of C, is 


(28) be = = 


8. Concluding remarks. We have also studied the ratio p, of the departure 
of the polar curve C,_, to that of the algebraic curve C, from their common 
tangent line in the case where the order of contact is . We have found that this 
ratio p, is given by a simple rational formula involving only the positive integers 
(n, 7, p). In particular, this applies to inflections. 

Also we have given some consideration to the case where the point O on C, 
is a singularity. Both C, and C,_, have a singularity of the same qualitative 
nature at O. An analogous ratio p, can be constructed. We find that in many 
cases, this ratio p, depends on the coefficients of the polynomial defining the 
algebraic curve C,. 
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THE DETERMINATION OF THE COMPLEX ZEROS 
OF A POLYNOMIAL 


G. C. BEST, San Diego, California 


1. Introduction. In this paper a method is explained for the determination 
of the real parts of complex zeros of a polynomial once their moduli are known. 
The method discussed is intended for use with Graeffe’s method [1, 2, 3] of 
root squaring, and could very easily be treated in a class in the Theory of Equa- 
tions after Graeffe’s method for the real roots and the moduli of complex roots 
of real polynomials had been considered. Graeffe’s method, though very conven- 
ient when real roots alone are involved, begins to become awkward when com- 
plex roots appear, due to the difficulty in determining the arguments of such 
roots. The difficulty arises largely because of the lack of a method which can be 
extended easily to cover cases involving many complex roots. The following 
procedures are offered in the hope of reducing some of these difficulties. 


2. The general method. Let us consider the polynomial 
P(x) = do + a,x + dex? + agx? +--+ + a,x" = 0, 


in which a)+0. Moreover, let us assume that the modulus 7 of a pair of complex 
roots is known. Let r?=8. Then we consider the factor x?-+ax+8, where —a/2 
equals the real part of either complex root in question. Let u=—a/B and- 

= —1/8, and expand the fraction P(x)/(1—ux —kx?) in ascending powers of x. 
The coefficient of x", r=1, 2, -- +, in this expansion is a polynomial p,(u) of 
degree rv in u. A study of the process of synthetic division applied to the above 
fraction shows that the p,’s are connected by the relationship: 


Po = 
a) ae ee 
Pr = UP,y—1 + kpr—2 + (7 = 2, 3, see ). 


THEOREM. A necessary and sufficient condition that the coefficients of x" and 


x"! be zero is that 1—ux—kx? or, what amounts to the same thing, B+ax-+x? ts 
a factor of P(x). 


To show that this condition is necessary, consider the coefficients of x” and 
x"-1 zero. Then by relation (1), all coefficients p, (r >) also equal zero, it being 
understood that a,=0 for r>n, that is, there is no remainder. Therefore, 
B+ax-+x? is a factor. 

To show that the condition is sufficient, assume that B-+ax-+x? is a factor 
of P(x). In this case the quotient will be a polynomial of degree (n —2), and there 
will be no remainder; hence all coefficients p, for 7>(n—2) will be zero, in par- 
ticular, those of x* and x«"—1. 

The greatest common divisor of p, and py_1 is then obtained by the usual 
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process. This common factor, set equal to zero, will then give the desired value 
of u, for the argument of the complex number involved is easily determined 
from u. 

If, when determining the zeros of P(x) by Graeffe’s method, it is found that 
s pairs of complex roots have the same modulus 7, then the greatest common 
divisor of p, and pr_1 will be a polynomial of degree s, and it will have real zeros. 
The determination of these zeros can be made by Graeffe’s method if necessary. 
If the formulas for the determination of a shown in Table I are employed, 
consideration must be given to multiple moduli, for if an s-fold modulus exists, 
the formulas for (s—1)-fold or less will give the result 0/0. 


TABLE I. FORMULAS FOR a@ FOR KNOWN 8 


Number of identical 


Degree n of P(x) moduli Formula from which to determine @ in factor «? + ax + B 
ee ae —— _ 
3 \ ye 18 = 486? 
ao 
4B — 438? 
1 Q = ————_——_— 
4 a 
feet = (a8 ex — (008 — 08? F au") = 0 
, oy = 2018 — G08? + axas6 — auasb® 
F _ G0 = 20048? + a1a58° — age 
2 Apa? — (418 — a58?)a — (ao8 — a26? + asB*) = 0 


3. The derivation of formulas for n =3, 4, 5. Consider the first division in the 
usual algorithm for the determination of the greatest common divisor of p,(u) 
and py_i(u). Since pa(u) = Upa_1(u) + RPp_o(u)+an, evidently RPn-2(u) +a, is the 
first remainder. (The first quotient is uv.) Any common factor of p, and pr_1isa 
factor of 


(2) RPn—2(H) + An. 


If 2=3, the polynomial (2) is linear, and must give the common root u thatis 
desired. This gives 


Ba — Bas 


a0 


a = 
The next step in the greatest common divisor algorithm, unnecessary when 
n =3, calls for dividing p,1(u) by the polynomial (2). Since 
Pn—-1(U) = Upn—_2(U) + Rpn—3(u) + Gn-1, 
we have 
(3) Rpn—1(") — | kPn—2(u) + Dr | = Rk? pn_s(ut) + kdn—1 — Gntt, 


where the dividend f,-:(u) has been multiplied by the constant k, a procedure 
that is permissible in the algorithm. The right member of (3) is the desired linear 
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common factor when n=4, s=1, and is a polynomial of degree (x —3), divisible 
by the greatest common divisor of p, and p,-1 when n=5. The next step in the 
algorithm results in 


(4) Re bn—s(u) + Rane + Ran — Ronit + an. 


The process will not be carried farther as the resulting formulas become imprac- 
ticably complicated. Equations (1).to (4) yield the results shown in Table I 
for polynomials up to the fifth degree. The ,’s can be developed from equation 
(1) with the substitutions w= —a/B and k=—1/8 made to obtain the final 
forms indicated. 

When determining the arguments for complex zeros of polynomials of degree 
higher than the fifth, it is suggested that each time a pair of complex zeros is 
completely determined P(x) be divided by the associated quadratic factor, thus 
reducing its degree and the amount of labor involved in determining the remain- 
ing zeros. When the resulting polynomial is eventually reduced to one of fourth 
or fifth degree, use can be made of the equations of Table I, thereby greatly 
facilitating the completion of the work. 


4. Tabular method. As an illustrative example, consider the polynomial 
x5 + 8x4 + 9x3 — 22x72 — 364 — 72'= 0. 


Assume it is known that the moduli of one pair of complex zeros of this poly- 
nomial have the product 2. Then B=2 and k= —1/2. 

A tabular method based upon equation (1) is illustrated in Table II. The 
coefficients of P(x) are arranged in ascending powers of x across the top of the 
table. In column 3 the degree 7 of the resulting polynomial in u is indicated. 
The coefficients for the polynomials in u are arranged in horizontal rows for 
descending powers of wu. For example, for r=3, reference to row 6 reveals the 
polynomial 


— 7248 — 36u? + 50u + 27. 
This polynomial is the coefficient of x? in the expansion of 
x5 +. 8x4 + 9x3 — 22x? — 36x — 72 
ee ee 


Mention should be made of the shift of columns horizontally in connection 
with the explanatory equations shown in column 2. For instance, the elements 
of row 3, designated as R3, are equal to kp; or —4$R,, moved two columns 
to the right. A similar shift is involved in Rs, R7, and Ro. Each number in a row 
for p, is the sum of the two numbers above it. The coefficients a, across the top 
line are added to the elements in the corresponding lines p,. The elements of 
row 10 correspond to ;; at that point the procedure for building #,’s is 
stopped. The process thereafter is that of determining the greatest common di- 
visor of p, and ps. Row 11, for example, is —up, so as to match the highest 
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powers of uw. Row 12 =ps—up,. Subsequent processes are similar, namely, 
that of shifting columns to match highest powers of u and multiplying by con- 
stants to equate corresponding coefficients, continually reducing the degree of 
the difference. In row 21 the equation 2u-+1=0 is indicated. Hence u= —1/2, 
and since u= —a/f, 


a= — Bu= —2(—3)=+1. 
Therefore the quadratic factor sought is x?-++x-+-2, and the complex roots finally 
obtained are 
—-1iVJ7i 
— 


X= 


TABLE IJ. COMPUTATION OF 4 FOR KNOWN & 


21 Re0/224: 2 | 1 


* This result is to be moved two rows to the right. 
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The method, though occupying considerable space, is fairly simple to follow 
and proceeds rather rapidly. If the zeros are required to many decimal places, 
a vertical arrangement would be superior. Also if a calculating machine is used, 
the operations corresponding to rows 3, 5, 7, 9, and so on, in Table II 
may be made upon the machine and omitted from the table. 

If 8 is known only approximately, the assumption that the coefficients of 
x"-! and all higher powers of x are zero is slightly in error. Consequently, a 
precise common factor will not exist; since, however, the degree of the desired 
common factor is known, that is, the multiplicity of the modulus, there is no 
ambiguity as to when to stop the greatest common divisor algorithm. The re- 
sulting a will, in such cases, also be approximate. 
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MATHEMATICAL NOTES 


EpITED By E. F. BECKENBACH, University of California 


Material for this department should be sent directly to E. F. Beckenbach, University of 
California, Los Angeles 24, California. 


A SLOWLY DIVERGENT SERIES 
R. P. AGnNEw, Cornell University 


It is well known, and is easily proved by the integral test for convergence and 
divergence of series, that the series 


1 1 1 
(1) > 7” > 


nlog n- n log n log log 


are all divergent. These are classic examples of slowly divergent series, each one 
after the first diverging more slowly than its predecessor. The following theorem, 
which is a simple corollary of a theorem of B. Pettineo,* gives a series which 
diverges more slowly than any of those in (1). 


* B. Pettineo. Estensione di una classe di serie divergenti. Atti della Reale Accademia Na- 
zionale dei Lincei, Rendiconti, Classe di Scienze Fisiche, Matematiche e Naturali. Series 8, vol 1 
(1946), pp. 680-685. 
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- THEOREM. For each x>0, let P(x) denote the product of x and all of the numbers 


(2) log x, -log log x, log log log x,--- 
which are greater than 1. Then the series 
(3) yt 

nat P(n) 


is divergent. 


Following a method different from that of Pettineo we shall use the integral 
test, proving that (3) is divergent by proving that 


f 5S dx = 0, 


The function 1/P(x).is continuous and decreasing over the infinite interval 
-x 21. Over the interval 1 Sx Se, 1/P(x) is 1/x; hence 


é 


| 
J dx = tog 2 | = 1. 
1 P(x) 1 


Over the interval eSx Se.=e*, 1/P(x) is 1/(x log x); hence 


9 1 €9 
dx = loglogx| = 1. 
J P(x) cee it 


Over the interval e2 Sx Se3=exp e:, 1/P(x) is 1/[x(log x) log log x]; hence 
f ° I ade = log log | ii i 
x = log log log x| = 1. 

eg P(x) eg 


Continuation of this process gives an infinite set of intervals (of rapidly increas- 
ing lengths) over each of which the integral of 1/P(x) is 1. The results follow 


from this. 


RESIDUE OF o;(x) MODULO 2 
A. R. Nasir, Talim-ul-Islam College, India 


Let o:(n) =>, a/nd*, so that o,(m) denotes the sum of the &th powers of the 
_ divisors of n. By entirely elementary methods we prove two theorems which 
completely determine the residue of o;(7). 


TueoreM A. If n=27 [ pnf?4, a0, 0:20 for every i, 1SiSm, and p’s are 
distinct primes >2, then o:(n) =1 (mod 2). 


It is sufficient to consider the case when a>0 and 6b;>0 for every 7. Write 


soy = (1-4 E28) Fis + Eo) 


t= 1 y=1 
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Now > z?pv*, for i=j, represents the sum of an even number of integers 
each =1 (mod 2). 

Therefore the factor of o;,(”) corresponding to any p is congruent to 1 (mod 
2). The factor corresponding to 2 evidently is congruent to 1 (mod 2). Hence 
our result follows. 


THEOREM B. If n=2°p*| [;nq°, a0, b an odd integer >0, cs=0 for every i, 
1<Sism, p and q’s all distinct primes >2, then o1(n) =0 (mod 2). 


Here the factor corresponding to p is congruent to 0 (mod 2). For, >921,p% 
represents the sum of an odd number of integers each =1 (mod 2). 


NAGEL POINT IN THE TETRAHEDRON 
V. THEBAULT, Tennie, Sarthe, France 


1. A well known property. In a triangle ABC, the lines joining the vertices 
A, B, C to the contact points D,, Ey, F. of the ex-circles J., Ib, J, with the sides 
BC, CA, AB, respectively, between B and C, C and A, A and B, meet at the 
Nagel point N of the triangle; and the points Da, Bo F, divide the perimeter 
of the triangle in equivalent parts 


AB+ BD, =D.C+CA = BC+CE, = EA + AB 
=CA+ AF, = F,.B+ BC 
BC +CA + AB 
a | 
2 


and conversely. Further, the Nagel point is the in-center of the anticomple- 
mentary triangle A:1BiC;, and its associates Nu, No, N. have similar properties. 


2. Analogue in space. Let T=ABCD be any tetrahedron, a and a’, b and D’, 
c and c’ the lengths of the edges BC and DA, CA and DB, AB and DC; 
A, B, C, D the areas of the faces BCD, CDA, DAB, ABC; ha, hn, he, ha the alti- 
tudes from A, B, C, D; r the radius of the in-sphere; V the volume. A point A’ 
in the plane BCD is such that 


(A+B+C+D) 


(1) D+ BCA’ = B+CDA' =C+DBA' = 
if and only if 
ax cy ‘ b's A+B+C+D 
D+—=B+—=C+4+ — = — 
2 2 2 3 


x, y, 2 being the distances from A’ to the edges BC, CD, DB. It follows that 


Taha = (5 ~) = Oe 


3 2 ha 3r 


ax = 
2 ha 
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by circular permutations we find similar values for c’y, b's; and we have also 
similar relations for the points B’, C’, D’ in the planes CDA, DAB, ABC. | 

These barycentric coérdinates (ax, c’y, b’z), - - - , of the points A’, B’, C’, D’, 
in the triangles BCD, CDA, DAB, ABC, are proportional to the barycentric 
coérdinates A(ha—3r), B(d»—3r), C(h-—3r), D(ha—3r) with respect to T, of 
the center J, of the in-sphere of the tetrahedron 71:=A1BiC.D1, anticomple- 
mentary to 7’, and whose distances to the faces of JT are h,—3r, h, —3r, h.—3r, 
ha—3r. The lines AL1, Bli, Cli, DI, meet the faces BCD, CDA, DAB, ABC, 
of J at the points A’, B’, C’, D’ corresponding to the above relations (1) and 
to the other similar ones. Hence we have the following theorem. 


THEOREM. In any tetrahedron T=ABCD, the lines AA’, BB’, CC’, DD’ join- 
ing the vertices to the points A’, B’, C’, D', corresponding to the relations (1) and to 
the other similar ones, meet at a point (Nagel point) which ts also the center, Ih, 
of the in-sphere of the anticomplementary tetrahedron T1. 


To the point J; correspond seven associated points coinciding with the centers 
of the four escribed spheres contained in the trunks and the three escribed 
spheres contained in the roofs. These seven points correspond to the sets of 
points (A’’, B’’, C’’, D’’) and (A’"’, B’"’, C’"’, D’"’) in the planes BCD, CDA, 
DAB, ABC. Thus we have the relations between areas, 

A-—-B-C-—D 

— D+ BCA” = — B+CDA" = — © + DBA® = 3 see 
similar to (1), corresponding to the center of the escribed sphere of T; contained 
in the trunk opposite to the vertex A. 

It is to be noted that, generally, the lines AA’, BB’, CC’, DD’ do not pass 
through the contact points of the escribed spheres with the faces of the tetra- 
hedron T. 


CLASSROOM NOTES 


EDITED BY C. B. ALLENDOERFER, Haverford College 


All material for this department should be sent to C. B. Allendoerfer, Haverford College, 
Haverford, Pennsylvania. Contributions are invited on topics of immediate interest to teachers 
of undergraduate mathematics such as: fresh approaches to standard material, analyses of 
common textbook shortcomings, descriptions of visual and mechanical aids to teaching, outlines 
of new types of courses, and discussions of the role of mathematics in the revised curricula 
being adopted by many institutions. Rejoinders to earlier notes are encouraged. 


FOUR USEFUL BLACKBOARD AIDS 
R. M. Sutton, Haverford College 
In the teaching of physics, I am constantly aware of the enormous part 
played by mathematics in the development of that science. It is therefore with 


satisfaction that I make a partial payment of my debt to mathematics in these 
suggested simple, physical teaching aids. 
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1. A protractor and slope indicator. Next to a piece of chalk and an eraser, 
I find the most useful article for blackboard use is a straight edge with a plumb- 
bob and protractor. That may sound complicated, but it is really very simple. 
For the past five years I have used a homemade gadget like the one shown in 
Figure 1. This figure is approximately one fifth the actual size. It consists of a 


Fic. 1 


straight edge about 30 inches long, equipped with a circular scale. At the center 
of the scale is a pivot on which turns a loaded disk whose center of gravity is 
well below the pivot. As the straight edge is tilted, this disk remains fixed with 
respect to the earth and it therefore turns relative to the zero point on the scale. 
A vertical arrow on the disk points to 0° on the scale when the edge is horizontal. 
It likewise indicates the inclination of the edge in any other orientation. 

The upper half of the scale is graduated from —90° to +90°. For analytic 
geometry, a second arrow pointing downward traverses another scale on the 
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lower half of the circle. This second scale is graduated directly in slope, positive 
on the left, negative on the right. 

The protrusion on the side of the straight edge makes a convenient handle 
by which to grip the instrument while chalk is being run along the drawing edge. 
If the disk rotates freely, the error in setting the instrument does not exceed 
one degree. 

Among the uses of the instrument are: drawing accurately parallel, vertical 
or horizontal lines, or lines at any desired inclination, drawing parallelograms, 
equilateral triangles, or other regular polygons in any orientation; drawing or- 
thogonal coérdinate axes in any orientation, especially good for showing trans- 
formation of coérdinates; and drawing components of a vector resolved along 
arbitrarily chosen axes. With a few minutes practice, excellent five-pointed stars 
can be drawn. The ease and accuracy with which the instructor can produce 
accurate figures is sufficient justification for the expenditure of the few extra 
seconds required to set the directed straight edge on the blackboard. 


2. Slides for projecting codrdinate systems. In the teaching of coérdinate 
geometry, the instructor either wastes time drawing accurate codrdinate sys- 
tems on which to locate specified points or lines (Instrument #1 may improve 
this part of his work), or he may draw a slap-dash figure that later embarrasses | 
him and leaves the class with a low estimate of his muscular ability. A simple 
technique is available for obtaining a codrdinate system almost instantly: use 
a projection lantern and an appropriate slide. Simply prepare a transparent slide 
for the kind of codrdinate system desired and project it on the blackboard. Cur- 
tains do not have to be drawn. Like the use of black chalk on a blackboard 
(which sounds absurd, but is actually quite feasible), the use of a slide makes 
the coédrdinate system show up clearly. The lines of the system are not erasable, 
a feature which is very convenient when changes in the figure are to be made. 
The only disadvantage is that the system disappears from view under the 
shadow of the instructor’s hand or body, but this may help to remind him to 
stand out of the way of his work whenever he wants students to see what he has 
drawn. 

Suggested slides for use in the projection lantern are: plane cartesian coérdi- 
nates with origin at center of field of view; cartesian system for first quadrant 
only; plane polar coérdinates; semi-logarithmic coérdinates; log-log coérdinates; 
plane representation of three-dimensional cartesians or polars, and so forth. 
Slides may be either made photographically from systems drawn on paper, or 
they may be prepared by drawing with India ink on cellophane. 


3. An improved compass. The simplest and least expensive blackboard com- 
pass is a string tied to a piece of chalk. For many purposes this is quite satisfac- 
tory. My previous experience with mechanical blackboard compasses leaves me 
with a low opinion of those that I have seen. The one described here has some 
advantages not offered by others, and it is recommended where precise drawings 
are desired. 


1947] CLASSROOM NOTES 279 


The basic element of the compass shown in Figure 2 (approximately full 
size), is an ordinary 6-foot steel tape-measure which rolls into a circular holder 
about 2 inches in diameter. This holder is modified by the addition of a handle, 
pivot, and suction cup. The suction cup establishes the center on the blackboard. 
Moreover, the holder is provided with a narrow channel through which the tape 
is pulled out and pushed in. This channel offers enough friction to prevent the 


HANDLE 


WEG MN 


BRASS 
TUBE 
INNER 
ROD 


CHALK 


oo ewe ow ewe aw te a ae > eee GD Ee OD ©e Se © om CF om OD OO OD a ae om oe @ 
ta 


CHANNEL 


STEEL TAPE 


SUCTION 
CUP 


Fic. 2 


tape from moving unless the operator chooses to change its length. A tubular 
fixture is soldered to the end of the tape to hold a piece of chalk. The radius of 
the circle for which the tape is set can be read immediately from a fixed reference 
point. 

The instrument offers compactness, ease and precision of setting, convenience 
in drawing, and a long radius (arm’s length). It is not very.good for circles under 
five or six inches in radius but it is excellent for larger circles. For drawing a 
series of concentric circles of specified radii, as in diagrams pertaining to gravita- 
tional or electric potential or to spherical wave patterns, it is invaluable. 

Only one precaution is needed in using the instrument. The tape may be 
pulled out easily, but care must be exercised in pushing it back into the holder. 
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It is not very rigid under compression and may be damaged by sharp bends. 
Therefore, the operator should push back only two or three inches at a time to 
prevent buckling under compression. 


4. Templates for drawing sine curves. Almost too trivial to mention, yet 
very useful, is a set of templates cut from thick cardboard or from }-inch ply- 
wood for drawing sine and cosine curves. I have seen only one mechanical black- 
board sine curve machine. It was complicated, expensive, and not very satisfac- 
tory. It would be desirable to have such an instrument constructed in such a 
manner that there would be no limitation to the possible range of amplitude 
of the curve and in the scale of length per cycle, but there does not seem to be 
any simple and satisfactory design. However, it is easy to make a set of tem- 
plates, any one of which can be held against the blackboard to serve as a pattern 
for a portion of a sine or cosine curve. These templates may differ in amplitude 
and length of a cycle. I find them useful when drawing figures to accompany 
the discussion of simple harmonic motion and wave motions. Particularly when 
matters of phase difference or interference are involved, they are far superior to 
free-hand drawings. 

Three styles will cover most needs: 

(a) a full cycle of amplitude A and length /. 

(b) two half cycles of different A and /; these may conveniently form the 

upper and lower edges of the template. 

(c) a half cycle of A sin 6 and a full cycle of A sin? 6, again forming the 

upper and lower edges of the same template. 
It is convenient to give each template a handle, to indicate on it the value of A 
and J, and to mark the ordinate at every 15 or 30 degrees. 


ELEMENTARY PROBLEMS AND SOLUTIONS 


EDITED BY Howarp Eves, Oregon State College 


Send all communications concerning Elementary Problems and Solutions to Howard 
Eves, Mathematics Department, Oregon State College, Corvallis, Oregon. This department 
welcomes problems believed to be new, and demanding no tools beyond those ordinarily fur- 
nished in the first two years of college mathematics. To facilitate their consideration, solutions 
should be submitted on separate, signed sheets, within three months after publication of 
problems. 


PROBLEMS FOR SOLUTION 


E 771. Proposed by C. C. Carter, Bluffs, Illinois 


A die bearing the numbers 0, 1, 2, 3, 4, 5 on its faces is repeatedly thrown 
until the total of the throws first exceeds 12. What is the most likely total that 
will be thus obtained? 
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E 772. Proposed by D. H. Browne, Buffalo, N. Y. 

What is the number of shortest paths between two points in an n-dimensional 
lattice? 

E 773. Proposed by A. L. Rubinoff, University of Toronto 


Suppose that noughts and crosses are played on an n-dimensional cube of side 
k. Show that there are precisely 


(k +2)" — k” 
2 
rows, columns, diagonals, - - - on which a win may be scored. 


E 774. Proposed by Norman Anning, Ann Arbor, Michigan 


Consider points on the median of a triangle. Through the centroid no straight 
line can be drawn which will cut off one-third of the area. Through a point four- 
fifths of the distance from vertex to base, four such lines can be drawn. Find 
points on the median at which the number of possible lines changes. 


E 775. Proposed by R. P. Boas, Jr., Brown University 


Consider a determinant of order n whose elements are x on the main diagonal, 
+1 elsewhere. Find the smallest positive number a such that for x >a the de- 
terminant is positive for all choices of the + signs. 


— 


SOLUTIONS 


Cupid’s Problem 
E 740 [1946, 462]. Proposed by Esther Szekeres, Shanghai, China 


Let there be given five points in the plane. Prove that we can select four of 
them which determine a convex quadrilateral. 


~ 


I. Solution by P. T. Bateman, Yale University. Let W be the boundary of 
the convex hull of the five points. If all five points lie on W, then either all five 
points are collinear or else any non-collinear set of four of the points has the de- 
sired property. If exactly four of the given points lie on W, then these four points 
have the desired property. 

If exactly three of the given points A, B, C lie on W, then A, B, C are the 
vertices of a triangle enclosing the other two points D and E. Now the line DE 
cuts the interior of at most two sides of triangle ABC. Consider a side whose 
interior DE does not cut. Then D, E, and the two vertices on this side have the 
desired property. 

The general case of this problem is discussed by Erdés and G. Szekeres in 
an article in Compositio Mathematica, vol. 2 (1935), pp. 463-470. From nine 
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points in the plane we can select five which determine a convex pentagon, but 
whether or not it is possible to select ” points from any given 2*-2+1 points in 
the plane in such a way that the 2 points determine a convex n-gon is unknown. 


II. Solution by D. K. Pease, University of Connecticut. We will consider the 
generalized problem: Let there be given (x+3) points in an n-flat. Prove that 
we can select (7-++-2) of them which determine a convex polytope. 

We exclude cases where any (m-+1) points lie in an m-flat. 

Choose any (1-+1) of the points. These determine an n-simplex. Now choose 
either of the remaining points. There will be three cases: (A) The point is within 
the simplex. (B) The point is within a vertical angle of the simplex. (C) The 
point determines, with the (7+1) points of the simplex, a convex polytope. 

For (C) there is nothing further to show. 

(B) isin the same situation as (A) since the point at the vertex angle is within 
a simplex determined by the (7+ 2)nd point and the other 7 points. 

We now have a simplex with a point inside. The point inside, together with 
any n points of the simplex, determines (7-+1) sub-simplexes. 

Now consider the (1-+3)rd point. It will also fall into cases (A), (B) and (C) 
with respect to the simplex. For case (A) the point will be within one of the 
sub-simplexes. This sub-simplex is made up of the vertical angles of the m other 
sub-simplexes. For case (B) the vertical angle of the simplex is made up of the 
vertical angles of of the sub-simplexes. So, for (A) or (B) the (n+3)rd point 
will be in case (C) for (n—1) of the sub-simplexes. 

Also solved by Paul Brock, William Gustin, Frank Hawthorne, J. B. Kelly, 
Norman Miller, and C. R. Perisho. 


A Pythagorean Inequality 
E 741 [1946, 532]. Proposed by William Scott, Columbus, Ohio 


_ Prove that in a (non-degenerate) right spherical triangle with hypotenuse c 
and legs a, b we have a?+b?>c?. 


I. Solution by the Proposer. We may assume 0<asSb<7m, 0<c<z. Also, we 
have cos c=cos a cos b. | 

If c27/2, then cos cS0. Therefore, for this case, cos bS0, cos c2cos J, 
cb, and a?+b?>c?. , 

Thus we may take c<7/2 <+/8. Let b be fixed and note that 


dc/da = (sin a cos 6)/sin c > 0. 
Let }<c<+/2d. Then, since 0 <c <+/8, 
(sin c)/c > 1 — c2/6 > 1 — c2/4 + c4/96 > cos (c/+/2) = cos b. 


Therefore 
d(a? + b?)/da = 2a > 2c cos b sin a/sin c = d(c?)/da. 


Since c=b when a=0, this shows that a?+b2>c? for b<cS+/2b. Hence if 
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c=+/2b, then a>b. Therefore, since da/dc>0, if c>+/2d, then again a>b. 
Hence a?+6?>c? for any 6 and all a such that 0<@s), and the proof is 
complete. 


II. Solution by L. M. Kelly, University of Mtssourz. The announced relation 
follows quite nicely from a theorem of L. M. Blumenthal: If a spherical triangle 
ts reproduced congruenily in the plane (that 1s, with length of sides preserved), each 
angle of the plane triangle 1s less than the corresponding angle of the spherical irt- 
angle. In the particular case at hand, reproduction of the right spherical triangle 
in the plane yields a plane triangle in which angle C is acute, from which it 
follows, by the cosine law, that c?<a?+-b?. . 

It might be well to indicate a simple proof of Blumenthal’s theorem which, 
it would seem, should be better known than is the case. 

Let ABC be the spherical triangle and A’B’C’ the corresponding plane tri- 
angle, where BC=B’'C’ =a, CA =C'A’=b), AB=A'B’=c. Now 


_ A! (/< — b6)(s — c) 
sin — = a; 
2 be 


A /— (s — b) sin (s — c) 
sin = —_______— - 


sin b sin c 


Since A/2 and A’/2 are certainly less than or equal to 7/2, the theorem will be 
proved if we can show that the right member of the first equation is less than 
that of the second. This we can do in the following way. First note that (sin x) /x 
is a montone decreasing function for 0<x«<7/2. Furthermore, since a<b-+c, 
s—b<ce. Similarly s—c<b. Thus 


sin(s— 6) sin(s—c) sind’ sine 
s—b S—C b C 
or 
sin(s — b)sin(s—c) (s—bd)(s—c) 
sin 5 sin ¢ > bc ) 


In a precisely analogous fashion we may prove that reproduction in the 
plane of a pseudo-spherical triangle (a geodesic triangle on the pseudo sphere) 
results in correspondingly larger angles. These results may be phrased, of course, 
in terms of congruent imbedding in spherical and hyperbolic spaces. Further- 
more, these.two results have been extended by Blumenthal as follows: Jf a 
“shortest distance” triangle on a surface having everywhere positive curvature be re- 
produced congruently in the plane, the angles of the plane triangle will each be less 
than the corresponding angle of the surface triangle. A similar result holds for sur- 
faces of everywhere negative curvature. It is necessary to make a careful distinction. 
between geodesic and shortest distance triangles, since they are not always the 
same. 
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Some Tangent Circles of a Triangle 


E 742 [1946, 532]. Proposed by B. F. Laposky, Cherokee, Iowa 


Let ABC be a'triangle, LMN the median triangle, DEF the orthic triangle, 
O the circumcenter, J the nine-point center, and 7, U, V the other intersections 
of the medians AL, BM, CN with the nine-point circle (J). Now there are two 
sets of circles tangent to the circumcircle at the vertices A, B, C and also tan- 
gent to (J). Show that the circles of one set have their centers at the intersec- 
tions of OA, OB, OC with the corresponding sides of LMN and touch (J) at 
D, E, F; the circles of the other set have their centers at the intersections of 
OA, OB, OC with the lines JT, JU, JV and touch (J) at T, U, V. 


Solution by B. R. Leeds, Brooklyn, N. Y. Let S; be the intersection of DJ with 
OA, and P the other intersection of (J) with AD. Then, if H is the orthocenter, 
HJ=JO, and PJ is parallel to OA. Therefore XOAD=XJPD=<X JDP, 
whence S;4 =SiD. Now MN is the perpendicular bisector of the altitude AD, 
and therefore passes through .S;. Thus 5S; is the center of a circle (.S;) passing 
through A and D. Since Si, J, D are collinear, (.S:) is tangent to (J) at D. 
Similarly, since S:, O, A are collinear, (S:) is tangent to (O) at A. In a similar 
manner circles (S2), (Ss) can be constructed tangent to (J), (O) at EZ, B and 
F, C respectively. 

Let C; be the intersection of JT with OA. Since ADB is a right angle, PJ, 
which is parallel to OA, passes through Z, and XGiAT=XTLP=<XLTJ 
= <CiTA. Thus C, is the center of a circle (Ci) passing through A and T. 
Since Ci, T, J are collinear, (C1) is tangent to (J) at T. Similarly, since Ci, O,A 
are collinear, (Ci) is tangent to (O) at A. In a similar manner circles (C2) ,(Cs3) 
can be constructed tangent to (J), (O) at U, B and V, C respectively. 

Also solved by E. R. Stabler and the proposer. 


Number of Real Solutions of a Transcendental Equation 


E 743 [1946, 532]. Proposed by E. P. Starke, Ruigers University 


Determine the conditions on the constants a and b such that 
log x —ax+b=0 
shall have two real solutions, one real solution, or no real solutions. 


I. Solution by Norman Miller, Queen’s University. The question is that of the 
the points of intersection of the line y=ax —b with the curve y=log x. Inspection 
of the curve shows that any line with negative or zero slope cuts it in one point 
only. If a>0, three cases arise. The tangent with y-intercept —b is found to 
be y=xe>-*— b. It follows that, if a=e>—!, the given equation has one real root, 
-which may be regarded as a double root; if a>e>—!, the equation has no real 
root; if 0<a<e>"!, the equation has two real roots; if a0, the equation has 
one real root. 
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II. Solution by C. F. Pinzka, North Plainfield, N. J. Let 
y = log x — ax+ 8, 


then y’=1/x—a and y’’ = —1/x?, the latter being always positive. If aS0, y’ is 
always positive and, since y increases from — © to + ©, there is one real solu- 
tion. If a>0, y’=0 for x =1/a, and a maximum exists at y=b—1—log a. Hence 
there are no, one, or two real solutions if a>0 according as b—1-—log a is less 
than, equal to, or greater than zero. 

Also solved by D. W. Alling, P. T. Bateman, R. G. Blake, Paul Brock, F. L. 
Celauro, N. J. Fine, I. M. Gardoff, R. T. Hood, Meyer Karlin, L. M. Kelly, 
R. J. Koch, Sidney Kravitz, LeRoy Pietsch, C. F. Pinzka (also like I), A. Sisk, 
C. W. Topp, and the proposer. 


A Set of x Positive Integers 
E 744 [1946, 532]. Proposed by Paul Erdés, Syracuse University 


Let ai1<a,.< +--+ <a,S2n ben positive integers such that the least common 
multiple of any two is greater than 2n. Then a> [27/3]. 


I. Solution by N. J. Fine, Washington, D. C. It is clear that no one of the 
numbers can divide another. Hence, writing a;=2?*A;, A;odd, we see that the 
A; are all different. Since there are of them, they coincide in some order with 
the set of all odd numbers less than 2n. 

Now consider a,=27!A,. If a1S [2n/3], then 3a1=27!-3A1S2n and 3A,<2n. 
Hence 34:1=A; for some j, and a;=277-3A,. The least common multiple of a: 
and a; is either 271-3A,=3a;S2n or 27i-34A,=a;S2n. This contradiction proves 
the theorem. © 


II. Solutton by the Proposer. Suppose aiS [2n/3], then 3a:2n. Consider 
201, 301, de, ***, Gn, a set of nm+1 integers no one of which divides another. 
This is impossible, whence the theorem. 

Also solved by Murray Barbour, P. T. Bateman, N. Kaufman, and J. M. 
Zucker. 

A Theorem on Arithmetic Progressions 
E 745 [1946, 532]. Proposed by Victor Thébault, Tennie, Sarthe, France 


If, in an arithmetic progression of m terms and common difference d, n is 
prime to each term, then 1 is not prime to d. 

Solution by P. T. Bateman, Yale Universtty. Suppose n were prime to d. 
Then, if the first term of the arithmetic progression is a, the numbers a, a-+d, 
a+2d,--+-,a+(n—1)d would have different residues modulo n, and thus one 
of them would be divisible by , which contradicts the hypothesis. 

Also solved by Murray Barbour, Paul Brook, N. J. Fine, William Gustin, 
R. T. Hood, V. L. Klee, Jr., C. F. Pinzka, Robert Seall, E. D. Schell, David 
Wellinger, and the proposer. A number of solvers pointed out that this is merely 
a rewording of a theorem known to Euler. See Dickson, History of the Theory of 
Numbers, p. 113, and Introduction to the Theory of Numbers, Theorem 9, p. 6. 


ADVANCED PROBLEMS AND SOLUTIONS 


EpDITED BY E. P. STARKE, Rutgers University 


Send all communications concerning Advanced Problems and Solutions to E. P. Starke, 
Ruigers University, New Brunswick, New Jersex. All manuscripts should be typewritten, with 
double spacing and with margins of at least one inch wide. Problems containing results believed 
to be new or extensions of old results are especially sought. Proposers of problems should also 
enclose any solutions or information that will assist the editor. In general, problems in well 
known text books or results found in readily accessible sources should not be proposed for this 
department. 


PROBLEMS FOR SOLUTION 


4249. Proposed by W. B. Campbell, Philadelphia Textile Institute 


A body is projected from a point O in a plane making an angle A with the 
korizontal, the direction of projection being in a vertical plane containing a line 
of greatest slope of the plane, and making an angle B with the upward direction 
of that line. If the plane be smooth and the body perfectly elastic, derive expres- 
sions for /,, the time consumed in the nth flight, and for x,, the coérdinate of the 
point of impact at the end of the nth flight. Will it ever strike O again, and will 
any of its flights be vertical? What is maximum x,? 


4250. Proposed by Richard Bellman, Princeton University 
If 


n n k 
Sn = >, dy, m= (1- ) ox, 


k=1 k=1 
and 


> | sn — on lt < a, 
n=.1 


for any k>0; prove that >. 12y 1S convergent. 


4251. Proposed by Victor Thébault, Tennie, Sarthe, France 

In an orthocentric tetrahedron the lines joining the symmedian points 
(Lemoine points) of the faces to the midpoints of the corresponding altitudes, 
are concurrent at a point such that the sum of the squares of its distances to the 
planes of the faces is a minimum. 

4252. Proposed by Paul Erdés, Syracuse University 

It is well known that 2n!/n!(n+1)! is always an integer. Prove that for 
every k there are infinitely many n’s such that 2n”!/n!(n+k)! is an integer. 

4253. Proposed by G. T. Williams, Cambridge, Massachusetts 


Given two tangent unit circles, C; and C2, and their common external tan- 
gent, 7. A third circle, C3, is drawn tangent to Ci, Co, and T; C4 is then drawn 
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tangent to Ci, C. and C3; and so on, each Cj4; being tangent to Ci, C2, and C;. 
Find the total area of the aggregate of circles, Ci, C2, Cs, «+ - 


SOLUTIONS 
Polars and a Family of Circles 


3962 [1940, 323]. Proposed by Victor Thébault, Tennie, Sarthe, France 


A circle (C) with a given radius rolls on a fixed circle (C’). Find the form of 
the locus of the points of intersection of (C) with the polar of a fixed point with 
respect to (C). Consider the cases where (C’) reduces to a point, or a straight line. 


Fic. 1 


Solution by R. Bouvaist, Vincelles, Saéne-et-Loire, France. The origin is the 
center O’ of the fixed circle (C’). The axis O’X is directed through P, with 
O’P =a. The locus of the center of (C) is a circle with center O’: let R be its ra- 
dius, and let r be the radius of (C). The family of circles (C) is then given by 

(x — Rcos ¢)? + (y — Rsin ¢)? = r?, 


The points of contact of the tangents to (C) through P are on the circle of di- 
ameter PO (O being the center of (C)) whose’ equation is 


(x — a)(x — Rcos¢) + y(y — Rsin d) = 0, 
whence the desired locus has the parametric representation 
(1) x—Keos@ y—Ksing © +r . 
y a— % [(a — a)? + y?]1? 


Translating the origin to P, and using polar codrdinates, we obtain the equation 
of the locus in the form 


(op + acos 6)? =(R—rtasin6)(R+r Fasin6). 
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This equation defines a tricircular sextic having three double-points at a 
finite distance on O’X: P and the points A and B symmetric with respect to O’ 
and such that O’A =O’B = (R?—r?)!/2, Furthermore the curve has O’X as axis 
of symmetry. It is not difficult to sketch. Figure 1 shows such a curve for the 
case r<R<a<R-+r. P becomes an isolated double-point when either a<R—r 
or a>R-++1; the latter case is shown in Figure 2. If the radius of (C’) is zero, 
so that R=r, the two double-points A and B are brought into coincidence at 
O’ so that the two branches of the curve are tangent to O’X at O’. If R<r, all 
three double-points are isolated and the locus degenerates into two separate 
ovals. The resulting figures are easy to visualize from those shown. 

When the circle (C’) is replaced by a line (Z), analysis similar to the above 
yields the equation 


(a? + y2)(e— 7 + a)? = ry? 
or 
pcosé=r(1 + sin @) — a, 


where the origin is taken at P and (ZL) is the line x-+-a=0. This circular quartic 
has double-points at P and at A:(r—a, 0), and has the lines x+a=0 and 
x-+a=2r as asymptotes. Figure 3 shows the locus for the case r<a@<2r. If 
a>2r or a<0, then P becomes an isolated double-point. 


Pp 


A 
O 


Fic. 3 


The Lost Hunter 
4185 [1946, 44]. Proposed by B. M. Stewart, Michigan State College 


In an unexplored region known as Wild Basin, a hunter found himself lost. 
But he had on hand a compass, and there were visible on two distant peaks fire 
ranger stations, A and B, whose bearings from his own cabin, O, he knew. From 
one observation point, C, the hunter took bearings on A and B; walking to 
another observation point, D, nearby, he took bearings on A, B, and C. Some- 
how he felt these seven bearings ought to enable him to find the direction home- 
ward, that is, the bearing from D to O. 

Show that the hunter’s problem may be solved if he has either (1) mathe- 
matical tables or (2) a straightedge, in this case using the compass card as a 
protractor. 

Note. Suggested by a correspondent of M. H. Ingraham, University of Wis- 
consin. 
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Solution by E. S. Keeping, University of Alberta, Edmonton. Let 6 be the 
bearing of O from D; a, B, the bearings of A, B from O; au, 61, the bearings of 
A, B from C; ae, Be, Y2, those of A, B, C from D. We seek to determine 6. 

(1) All the angles of the triangles ODA, DAC, DCB, ODB are determined in 


terms of the seven known bearings and 6. The sine law and the identity 
OD _ OD DA DC 
DB ~ DA “DC ‘DB 
give 
sin (68 — Bo) sin (a — a) sin (a1 — 2) sin (61 — Bs) 


ORAS St eR Ne 


sin (0 — B) sin (9 — a) sin (a1 — a@e) sin (Bi — ys) 
whence 
sin (9 — a) = k sin (6 — 8B), 
_ sin (B — Be) sin (a, — ae) sin (Bi — 72) 
gin (a — ae) sin (Bi — Be) sin (ay — V2) , 
From these results the required bearing 6 may be obtained. We find 


sina — ksin B 
tan @ = ———_——___ - 
cosa — kcosB 

(2) Without tables, but with a protractor and straight edge, the problem 
may be solved by the following easy construction. Lay off CD of any convenient 
length. The lines CA, DA, CB, DB locate points-A and B. Then the lines AO 
and BO determine O, whereupon the bearing of DO can be read. 

In two cases, there is no solution by construction, and the trigonometric 
equation becomes indeterminate: (1) if CD is collinear with A (or B), or (2) if O 
is collinear with AB. If no further facts are available, the hunter may still take 
the long way home: follow the known bearing to A (or B) and then from there 
home to O. 

Solved also by M. H. Ingraham, Vladimir Karapetoft, W. A. Rees, R. H. 
Urbano, and the Proposer. 


Monge Point and Circumcenter of a Tetrahedron 


4187 [1946, 45]. Proposed by Victor Thébault, Tennie, Sarthe, France 


For a given tetrahedron the ratio of the distances of the Monge point and 
of the circumcenter to the common perpendicular to two opposite edges is equal 
to cos 0, where @ is the angle between the two edges. 

Solution by P. D. Thomas, Navy Department, Washington, D. C. If ABCD 
is the given tetrahedron, let the feet of the common perpendicular to the sides 
AB, CD be P, Q, respectively, and take PQ =2a, AP=d, PB=b, DQ =e, QC=c. 
At S, the midpoint of PQ, construct a plane ¢ perpendicular to PQ. Let the inter- 
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nal and external bisectors of the angle @ between the projections of AB, CD 
upon ¢ be the x- and y-axes, respectively. PQ is then the z-axis. The coérdinates 
of the vertices are then ; 

A(— dcos R, — dsin R, a), B(b cos R, b sin R, a), 

C(c cos R, — c sin R, — a), D(— ecos R, e sin R, — a), 
were R= $6. 

Let the Monge point and the circumcenter be respectively M(x, 41, 21), 
O(x2, Ya, 22). Then dj, de, the distances to PQ (the z-axis) from M, O, respectively, 
are given by 

2 2 2 2 2 2 
dy = X1 + V1, do = X2 + Ye. 


The coérdinates of O and M are easily determined as 


a 


b+c—e-d ct+td—b—e ce — bd 
M | ————————— sec RK cos 2R, 7 ese cos 2R, ) 


Hence x,=x2 cos 2R, yi= ye cos 2R, and the desired result follows at once. 

Solved also by M. R. Blanchard, R. Bouvaist, and the Proposer. 

Editorial Note. The proposer remarks that the distance from the circumcenter 
to the common perpendicular of the two edges AB and CD, multiplied by sin @, 
is equal to the projection on a plane parallel to AB and CD of the line joining 
the midpoints of AB and CD. A similar statement holds in which we replace 
the circumcenter by the Monge point and the factor sin 6 by tan @. In case the 
tetrahedron is orthocentric, so that cos @=0, we come back to a known property. 
(See N. A. Court, Modern Pure Geometry, p. 63.) 


Orthogonal Sets of Integers 
4190 [1946, 103]. Proposed by Norman Anning, University of Michigan. 


If a, b,c, Rare integers such that a?+6?+c? = R?, solve in integers the simul- 
taneous equations 
x? 4 y2 4 22 = R? 
ax + by+cz2= 0. 
There are at least four solutions 
Solution by Fritz Herzog, Michigan State College Since the stated equations 
are homogeneous it is evidently sufficient to consider the case in which a, 8, ¢ 
have no common divisor, that is, 


(1) (a,b,c) = 1. 


We may as well assume that abc ¥0, for if one, say c, vanishes, we have at once 
the desired solutions, namely, x= +b, y= Fa, z=Oand x=0, y=0,2=+R. 
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Let x, y, 2 be a solution of the problem. We have then 
(2) z= — (ax + by)/e, 
(3) c?(x? + y?) + (ax + by)? = c®R? 
Multiplying (3) by b?+c?,-we obtain, after simple algebraic changes, 
c?R%x? + [aba + (6? + c2)y]? = (b? + c%)c®R?. 


We put 

(4) Yer —_ abx + (b? + c*)y 
’ cR , 

so. that 

(5) X*?+ VY? = $? + c?, 


It is easily seen that, on the other hand, any solution in integers X, Y of (5) 
leads to values x, y, 2, determined by (4) and (2), which will solve the problem 
provided only that the value of y from (4) is integral, that is, 


(6) abX = cRY (mod b? + c?). 


By (2) and (3), g will then be an integer. It is also clear from (4) that two differ- 

ent solutions X, Y of (5) and’ (6) will lead to two different pairs of values x, y 

and thus to two different solutions x, y, zg of the problem. It remains therefore to 

show that there are at least four pairs of integers X, Y which satisfy (5) and (6). 
To show this, we begin with the congruence 


(7) a®h? = — ¢?R2 (mod b? + c?), 


which follows at once from a?=R? and 6?= —c? (mod b?+c?). Now the greatest 
common divisor of a2b? and b?+c? must be a square. For if this were not the 
case there would exist a prime » and a positive integer 7 such that p?’~' is the 
highest power of » which divides b?+c?, while p? divides a?b?. Since by (1), p 
could not be a prime divisor of both a and b, we would have p” divides either a? 
or b?. However, the latter would imply that »?*-' would be the highest power 
of » that divides c?, while the former (together with b?+-c? = R?—a?) would imply 
that p?*! is the highest power of p that divides R®. Both of these alternatives 
are impossible. 
We may therefore write (a2b?, b+ c?) =d? and obtain from (7) 


. ; b2 + c2 
(8) (ab/d)? = — (cR/d) (mod 7 ). 


Since (ab/d) is relatively prime to the modulus, we can determine \ such that 


b? + Cc? 
(9) \(ab/d) = (cR/d) (mod - ). 
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From (8) and (9) we conclude that 
b2 2 
2? = — 1 (od — 
a? 


Therefore, according to a well-known theorem,* it is possible to find integers u 
and v such that 


b? 2 

(10) wt+ys " : ’ 

; | b? 2 

(11) a (mod ~-), 

da? 
From (9) and (11) we have 
b? 2 

(12) (ab/d)u = (cR/d)o (mod t : ) 


Multiplying (10) and (12) throughout by d? and putting ud=X and vd=Y, we 
obtain the fact that X, Y is a solution of (5) and (6). Finally, since the four pairs 
(u,v), (—u, —v), (v, —u) and (—z, u) are easily seen to be four different solutions 
of (10) and (11), we obtain from them the four solutions (X, Y), (—X, —Y), 
(Y, —X) and.(—Y, X), respectively, of (5) and (6). 

Solved also, partially, by Murray Barbour, Mary A. English, and the Pro- 
poser. 

Editortal Note. From equations (2) and (4) of the above solution we easily 
derive 


cy — bz 
yer”, 
R 
Put Y=-—x’, and by analogous argument obtain the integers 
Cx — a2 ay — bx 
yy’ = ’ g = ° 
R R 


It is now easy to show that the determinant 


abe 
(13) x yy 8B 
a! yy! g! 


has the following properties: the sum of the squares of the elements in any row 
or column is R*, any two rows or two columns are orthogonal, the cofactor of 
each element a;; equals Ra;;, the value of the determinant is R®. It follows that 
+x, ty, t2and +x’, +y’, +2’ provide four solutions of the original problem. 


* See, for instance, Landau, Vorlesungen iiber Zahlentheorie, vol. 1, p. 101, Theorem 160. 
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The general solution in integers of the equation 
a? + 62+ ¢? = R? 
is given by 
a= Hert g?—mt—n), b= np — mg, 
c= mp+ng, R= 4 +g? + mt 2%). 


(See Carmichael, Diophantine Analysis, pp. 35-44.) In terms of m, n, p, and q, 
it is now easy to find explicit expressions for the elements of (13). They are 


e=np+tm, y= z(n*+g?—m— p?), z= mn— pq 

a= mp—ng, y =mn+ pq, 2! = 3(m? + g? — n® — p). 

The Proposer noted that essentially this same determinant is mentioned in 
Coxeter, Non-Euclidean Geometry, p. 126; and in Kovalevski, Determinanten, 
p. 177. 

The interesting possibility of extension to higher orders invites further in- 
vestigation. The determination of x; 1=1, 2,---,m, for given a; where 
> G@ = R?, such that }oajx;=0 and >-x? = R? is always possible when 1 is even, 
in at least a trivial way. Among the examples that have come to hand, the 
smallest value of 2 for which x; do not exist for certain a;, is n=9: if the a; are 
all odd (e.g. 3, 3,1, 1,1, 1,1, 1,1) there must be an odd number of odd x;, whence 
Dd aix; cannot be zero. 


RECENT PUBLICATIONS 


EDITED By H. P. Evans, University of Wisconsin 


All books for review should be sent directly to the editor of this department, American 
Mathematical Monthly, 531 West 116th Street, New York 27, N. Y., and not to any of the 
other editors or officers of the Association. 


Analytic Geometry and Calculus. By J. F. Randolph and Mark Kac. New York, 
The Macmillan Co., 1946. 642 pages (including tables and answers). $4.75. 


This text for a unified first course is designed to present the basic notions of 
the calculus as early as possible. After a brief treatment of the straight line and 
circle it proceeds to functions, derivatives and their applications, differentials, 
definite integrals, and the fundamental theorem, dealing always with explicit 
algebraic functions. This development occupies the first third of the book. Only 
after this does it take up conics, change of codrdinates, and even such topics 
as perpendicularity and the angle between two lines. Parametric equations and 
polar coérdinates come still later. 

This arrangement of material has two advantages. It makes the elements 
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of the calculus available for use in science and engineering courses much earlier 
than the conventional order, and it permits a more satisfactory treatment of 
some topics in analytic geometry, notably asymptotes and general properties of 
graphs. Most of the usual material in analytic geometry is covered, but the treat- 
ment is very condensed; for example, tangents and focal properties of conics are 
left as exercises. 

The text is printed in two sizes of type. The sections in large print constitute 
a fairly formal presentation. More rigorous proofs and a good deal of material 
commonly left to more advanced courses are included as sections in small print 
intended for the student who wishes to go deeper. The authors suggest that 
10 semester hours should suffice to cover the sections in large print. Chapters 
on Taylor’s theorem, solid analytic geometry, partial derivatives, and multiple 
integrals are included, but not on infinite series or differential equations. 

The exposition is for the most part very clear, and a sincere effort is made to 
distinguish between what is proved and what is assumed. Problems are grouped 
according to difficulty and tend to avoid technical complication. 

A number of more or less novel features may be noted. The symbols Ax and 
dx are defined as arbitrary numbers, not necessarily equal, which are distin- 
guished by their specific uses, Ax as a number to be added to a value of the inde- 
pendent variable, dx as a number to be multiplied by f’(x). Anti-derivatives 
are introduced very early, but the integral sign is not used until the definite 
integral is defined. Area and arc length are defined from the outset by limiting 
processes. The emphasis at the very beginning on algebraic manipulation of in- 
equalities and absolute values is an excellent feature, as is the varied use of the 
“greatest integer” function [x]. The notation In x for log x is adopted. 

One feature of the arrangement that may be criticized is the postponement 
of the formula for the derivative of a composite function until very late (page 
207). As a result, the method of integration by substitution cannot be properly 
justified when it is first used, the rule for differentiating implicit functions is 
given without its rational explanation, and the formula for the derivative of u?, 
for fractional p, has to be assumed without proof for many chapters. Another 
questionable feature is the presentation of the notion of definite integral in sim- 
plified form, with equal subdivisions and the value of the function taken at an 
end-point of each. The more general formulation is mentioned in’small print 
but is seldom used. With the less flexible definition one is not free to take the 
approximating sums equal to the quantity being computed, and this tends to 
obscure somewhat the precision of integral calculations. The general definition 
is just as easy to teach and is superior both in theory and application. Of course, 
these features can be corrected by a teacher if he wishes. 

As a whole, this is definitely a superior text that should prove especially use- 
ful where early introduction to the calculus is desired. It should also be noted 
that the text can be adapted to a course in calculus for students who have al- 


ready had a course in analytic geometry, as the authors point out in the preface. 
J. C. OXTOBY 
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An Introduction to College Mathematics. By C. V. Newsom. New York, Prentice- 

Hall, Inc., 1946. 8-+344 pages. $3.50. 

The problem of how and what to teach the non-specialist student who takes 
one year of college mathematics and no more has long rested uneasily upon the 
conscience of most teachers of mathematics. What information, what ideas 
should such a student carry away from his last contact with mathematics? Most 
of us would agree wholeheartedly with the objectives set forth forty years ago in 
the Meran curriculum: 

“1. A scientific survey of the systematic structure of mathematics. 

2. A certain degree of skill in the complete handling, numerical and graphi- 
cal, of problems. 

3. An appreciation of the significance of mathematical thought for a knowl- 
edge of nature and for modern culture.” 

To these we might add Godfrey’s statement that ie want to make boys be- 
lieve that mathematics is indispensable in their daily life and not something 
which they will have to do in hell.” 

That the traditional course of algebra, trigonometry, and analytic geometry, 
either seriatim or in any “unified” permutation, leaves something to be desired 
in aiding the attainment of these objectives can hardly be questioned. Several 
text-books of the “cultural” type have been written in a laudable attempt to 
solve the problem of imparting at least the rudiments of a liberal mathematical 
education in one year. At present, however, even the existence of a solution of 
this problem has yet to be convincingly demonstrated. Nevertheless, each new 
text that is written for the non-specialist student does make its peculiar contribu- 
tion toward the solution of the problem, and the text under review is a welcome 
and valuable addition to the lists. 

Professor Newsom states that his book “has been written for the student 
and not for the instructor.” Knowing that the student’s view of the course will 
depend in large measure upon the problems he works, the author has expended 
unusual effort and care in devising over 800 problems. The field of application 
in the many practical problems ranges from cometary orbits to chimney area, 
from the velocity of ants to that of the circulation of money. Many of the ex- 
ercises “are important in the development of the argument,” and the student 
is warned not to omit these. 

The choice of material is a matter on which there has been, perhaps fortu- 
nately, little unanimity among authors of “cultural” texts. Professor Newsom 
explains that “No topic has been chosen simply because of some special appeal 
to the author or because of a traditional prejudice among mathematicians in 
favor of it. In fact, all material introduced was examined critically for its possible 
value to the non-specializing student. ... Considerable material proposed for 
the course was discarded when it was found that students generally were unable 
to appreciate its significance.” About 12 per cent of this rather slim book (301 pages 
plus tables, answers, index) is devoted to topics such as logic, bases of numera- 
tion, infinite sets, that are not ordinarily encountered in the traditional first-year 
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text. The choice and order of the subject matter are indicated by the chapter 
headings: 1. The Nature of Mathematics, 2. Number and the Operations of 
Arithmetic, 3. The Arithmetic of Numbers in the Exponential Form, 4. The 
Arithmetic of Measurement, 5. Logarithms, 6. Some Topics in the Mathematics 
of Finance, 7. Progressions of Numbers, 8. Combinations and Probability, 
9. Functional Relationships, 10. Variation, 11. The Circular Functions, 12. The 
Equation, 13. Some Common Curves. Some will quarrel with the author’s de- 
cision to discuss compound interest and annuities before taking up geometric 
progressions. 

An Introduction to College Mathematics has none of the florid rhetoric with 
which some texts are made obscure. Both chapter and section headings are clear 
and helpful signposts and not coy conundrums set by the author. Professor New- 
som writes lucidly in a pleasingly informal, conversational style; his book will 
be welcomed by all teachers of non-specialist students. 


R. D. SPEcHtT 


NEW BOOKS RECEIVED 


Cosmic Radiation. Fifteen Lectures. Edited by W. Heisenberg. Translated 
from the German by T. H. Johnson. New York, Dover Publications, 1946. 
192 pages. $3.50. 

Cours Complet de Mathématiques Elémentaires. Tome 1. Arithmetique. By 
J. Haag. Paris, Gauthier-Villars, 1945. 6+105 pages. 80 Fr. 

Eléments de Calcul Infinitésimal. By Adrien Grosrey. Paris, Gauthier- 
Villars, 1945. 192 pages. 280 Fr. 

Eléments de Mathématiques Supérieures. By P. Gaudiot. Paris, Editions Leon 
Eyrolles, Librairie de l’Enseignement Technique, 1944. 381 pages. 182 Fr. 

Essential Business Mathematics. By L. R. Snyder. New York and London, 
McGraw-Hill Book Co., Inc., 1947. 12+434 pages. $2.75. 

Introduction to Mathematical Statistics. By P. G. Hoel. New York, John Wiley 
and Sons, Inc.; London, Chapman and Hall, Ltd., 1947. 10-+258 pages. $3.50. 

Matrix and Tensor Calculus with Applications to Mechanics, Elasticity, and 
Aeronautics. By A. D. Michal. New York, John Wiley and Sons, Inc.; London, 
Chapman and Hall, Ltd., 1947. 134-132 pages. $3.00. 

Meson Theory of Nuclear Forces. By W. Pauli. New York, Interscience Pub- 
lishers, Inc., 1946. 7+69 pages. $2.00. . 

Vorlesungen iiber Differential- und Integralrechnung. Erster Band. Funkttonen 
einer Vartablen. By A. Ostrowski. Basel, Birkhauser, 1945. 12-+-373 pages. 


CLUBS AND ALLIED ACTIVITIES 


EpITED BY L. F. OLLMANN, Hofstra College 


Send reports of all activities, such as club reports, special features, topics with references, 
student papers, and. other material of interest to L. F. Ollmann, Hofstra College, Hempstead, 
New York. 


Epitor’s Note.—A letter asking for a report of club activities for 1946-47 has been sent by 
the editor of this department to the sponsors of the various mathematical clubs and societies. A 
general invitation is hereby extended to all the readers of this section to submit articles, suggestions, 
and papers to the editor which might be of interest to the members of mathematical clubs. Informa- 
tion on sources of mathematical films, slides, and models as well as bibliographies on topics suitable 
for discussion in meetings are particularly desired. This material will be collected for dissemination 
to individuals upon request and will be summarized in this department of the MONTHLY at inter- 
vals. 


CLUB REPORTS, 1945-46 
Pi Mu Epsilon, University of Illinois 


The theme for the activities of the I/linois Alpha chapter of Pt Mu Epsilon 
was The use of mathematics in other departments. Staff members of various col- 
leges of the University of Illinois addressed the forty-five graduate and under- 
graduate members on this theme as it applied to their respective fields. 

The annual Spring banquet and initiation was held on May 16, at which 
time thirty-two students were initiated. The group was addressed by Professor 
Neiswanger of the Economics Department as he contributed to the general 
theme with the topic The use of statistical methods in price control. The annual 
Pi Mu Epsilon scholarship award was presented at this banquet to John Schu- 
macher. 

The officers for 1945-46 were: President, Clarence Phillips; Vice-President, 
Mildred Brannon; Secretary, LaVerne Bloomberg; Treasurer, Aileen Hostinsky ; 
Faculty Advisor, Professor E. Welker. 


Mathematics Club, Mount Mary College 


The project for the year of the Mathematics Club of Mount Mary College 
was a survey of prospects in the business, scientific, educational and other fields 
for graduates with interest and ability in mathematics. Reports on results were 
given at each monthly meeting of the club. The average attendance at the 
meetings was twenty-seven. New members were initiated into the club after 
each had presented a summary of the life of a great mathematician. 

The topics of the guest speakers appearing during the year include: 

The atomic bomb, by Reverend Joseph F. Carroll, head of the Physics De- 
partment at Marquette University. 

A search for perfection, by Dr. Harvey P. Pettit, head of the Mathematics 
Department of Marquette University. This topic dealt with a phase of the 
development of mathematics. 

At another meeting a motion picture was shown which demonstrated Ein- 
stein’s theory of relativity. The members of the club were hostesses for the an- 


297 


298 CLUBS AND ALLIED ACTIVITIES [May, 


nual meeting of the Wisconsin Section of The Mathematical Association which 
was held at Mount Mary College on May 4. Sister Mary Felice of the Mount 
Mary College Mathematics Department was the presiding officer at this meet- 
ing. 
Officers for 1945-46 were: President, Patricia O’Neill; Secretary-Treasurer, 
Marilyn Welsch; Club Adviser, Sister Mary Felice. 


Mathematics Society, Brooklyn College 


After a period of suspended activities, the Mathematics Society of Brooklyn 
College resumed meetings in February, 1946. The activities of the club centered 
around lectures on different phases of mathematics and the allied fields given by 
various members of the society. The topics were: 

Summation of infinite series, by Dr. H. F. MacNeisch 

Foundation of the number system, by Arthur Zeichner 

Real sequences, by Julian Keilson 

Transcendental numbers, by George Shapiro 

Bruns method in the theory of numbers, by Gerard Washnitzer 

Aerodynamics, by Dr. Moses Richardson 

Various topics in mathematics, by Dr. R. A. Johnson 

Vector and function spaces, by Gerard Washnitzer 

Finite geometry, by Dr. James Singer 

Prominence of Brooklyn College graduates in the field of Mathematics, by Dr. 
H. F. MacNeisch 

Topology, by Daniel Waterman 

Symbolic logic, by Melvin Hausner 

Sense in curves, by Dr. Samuel Borofsky 

Topics in mathematical logic, by Dr. Ira Rosenbaum of the Department of 
Philosophy. 

A social evening in the form of a party was held with the Physics Society 
as one of the meetings. A semi-annual Integration Contest among the students 
of integral calculus was conducted by the club. The fourteenth edition of The 
Math Mirror, in which the high standard of the previous issues was maintained, 
was published in the Spring of 1946. 

The officers for the February term of 1946 were: President, Gerard Wash- 
nitzer; Vice-President, Arthur Zeichner; Secretary, Cecile Pollack. 

The officers elected for the September, 1946 term were: President, Julian 
Deilson; Vice-President, George Shapiro; Secretary, Rita Schwartz. 


NEWS AND NOTICES 


EpITED By B. W. JONEs, Cornell University 


Readers are invited to contribute to the general interest of this department by sending news 
items to B. W. Jones, White Hall, Cornell University, Ithaca, New York. 


CANADIAN: CONGRESS 


The Canadian Mathematical Congress is planning a Summer Seminar to be 
held at the University of Toronto from August 15 to September 14, 1947. This 
year the Seminar will center on Algebra and Theory of Numbers and have as 
its object the stimulation of research in these fields on the part of younger 
mathematicians. Professor L. J. Mordell of Cambridge University, Professor 
Saunders Mac Lane of Harvard University, and Professor Paul Dubreil of the 
University of Nancy, will each give a series of eight lectures. The seminars in 
Algebra and Theory of Numbers will be presided over by Professor Richard 
Brauer of the University of Toronto and Professor Gordon Pall of the Illinois 
Institute of Technology, respectively. 

The Seminar will be open to all qualified mathematicians on payment of a 
fee of $10.00. Arrangements will be made if possible for the accommodation of 
mathematicians and their families in one of the residences of the University at 
a moderate rate. Inquiries may be directed to the Secretariat, Canadian Mathe- 
matical Congress, Engineering Building, McGill University, Montreal, or to the 
secretary of the local committee, Professor G. de B. Robinson,. Department of 
Mathematics, University of Toronto. 


CONFERENCE ON ALGEBRA 


The University of Michigan announces a Conference on Algebra to be held 
from Friday to Monday, July 25-28, 1947. Those who wish to present papers 
at the Conference, or who wish further information about it, are invited to 
communicate with R. M. Thrall, Department of Mathematics, University of 
Michigan. The program will feature papers by E. Artin, R. Brauer, S. Eilenberg, 
N. Jacobsonand S. Mac Lane, and will have room for a considerable number of 
shorter papers. The time allotted to each paper will depend upon the total 
number of participants, but will in no case be less than 20 minutes. A limited 
number of dormitory rooms will be available to those attending the conference. 


SUMMER COURSES 


The following institutions announce courses in mathematics for the summer 
of 1947: 

Case School of Applied Science. From June 30 to August 8 the following ad- 
vanced courses will be offered: by Professor Agnew (Cornell University), infinite 
series and summability; by Professor Morris, introduction to higher geometry; 
by Professor Rinehart, introduction to algebraic theories. 

Iowa State College. From June 16 to July 23 the following advanced courses 
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will be offered: by Professor Daniells, teaching of secondary school mathematics; 
by Professor Homeyer, design of experiments; by Dr. Mood, mathematical sta- 
tistics; by Dr. Sealander, advanced calculus; by Professor Snedecor, statistical 
methods I. From July 24 to August 29: by Professor Kempthorne, advanced 
design of experiments, sampling methods; by Professor Snedecor,. statistical 
methods II. From June 16 to August 29: by Dr. Anderson, advanced mathe- 
matics for engineers; by Dr. Gaskell, boundary value problems; by Dr. Rock, 
vector analysis; by Dr. Thielman, theory of functions of a real variable. During 
this twelve weeks’ term a seminar in non-linear mechanics will be conducted 
and, if registration warrants, an additional graduate course will be offered. 

Massachusetts Institute of Technology. From August 4 to September 19 there 
will be a special summer session program in applied mathematics in which the 
following graduate courses will be offered: by Professors P. D. Crout, F. B. 
Hildebrand, W. Prager, H. Reissner, J. L. Synge: advanced topics in applied 
mathematics; by Professors Hildebrand and E. Reissner, theory of plates and 
shells; by Professor C. C. Lin and E. Reissner, theoretical hydromechanics; by 
Professor D. J. Struik, tensors in mechanics. 

Oklahoma Agricultural and Mechanical College. During the summer session 
the following series of lectures will be offered: by Professor Neugebauer of 
Brown University, history of mathematics; by Professor Lonseth of North- 
western University, theory of errors. 

The University of Southern California. From June 23 to August 1 the following 
advanced courses will be offered: by Professor D. G. Bourgin (Illinois), Fourier 
series, partial differential equations; by Dr. Tobias Dantzig, history of mathe- 
matics; by Professor D. H. Hyers, differential equations; by Professor Ernst 
Snapper, theory of equations; by Professor D. V. Steed, tensor analysis; by 
Professor P. A. White, analytic geometry of space; by Professor R. L. Wilder 
(Michigan), mathematical analysis, seminar in topology. 

The University of Wisconsin. From June 2 to September 20 the following 
graduate courses will be offered: advanced calculus, advanced college algebra, 
calculus of variations, college geometry, differential equations, higher algebra, 
higher analysis, modern theory of differential equations, vector analysis. From 
June 20 to August 15: advanced analytic geometry, differential geometry, higher 
analysis, introduction to the theory of probability, survey of the foundations of 
algebra. During the first period (summer semester) the following staff members 
will teach: Professors Allen, Bing, Everett, Gould, Kleene, Langer, MacDuffee, 
and Doctors Colvin, Sokolnikoff. During the second period (eight weeks’ session) 
the following staff members will teach: Professors Arnold, Bing, Fullerton, 
Gould, MacDuffee, Whaples. 


PERSONAL ITEMS 


Professor Arnold Dresden of Swarthmore College was the delegate of the 
Mathematical Association at the meeting of the UNESCO at Philadelphia on 
March 24, 25, 26. 
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Professor Cristébal de Losada y Puga of the Catholic University of Peru 
has been nominated by the President of the Republic of Peru as Minister of 
Public Education. 

Professor Marston Morse of the Institute for Advanced Study was awarded 
the degree of Doctor (honoris causa) by the University of Paris on the recom- 
mendation of the Faculty of Science of the Sorbonne. 

Assistant Professor Gordon Walker of Temple University will be the repre- 
sentative of the Mathematical Association at the meeting of the American 
Academy of Political and Social Science. 

Dr. P. H. Anderson has been appointed economic analyst with the Market- 
ing Division, Office of Domestic Commerce, Department of Commerce, Wash- 
ington, D. C. 

Assistant Professor Herbert Busemann of Smith College has been appointed 
to a professorship at the University of Southern California. 

Assistant Professor Lola M. Christy of Westminster College, New Wilming- 
ton, Pennsylvania, has retired. 

Assistant Professor B. H. Gere of the United States Naval Academy has been 
appointed to an associate professorship at Hamilton College. 

Professor L. E. Gurney of the University of Southern California has retired. 

Professor R. L. Krueger of Wittenberg College, Springfield, Ohio, has been 
appointed coordinator of the Division of Natural Sciences. 

Associate Professor J. C. C. McKinsey of Oklahoma Agricultural and Me- 
chanical College has been promoted to a professorship. 

Assistant Professor E. N. Oberg of the University of Iowa has been promoted 
to an associate professorship. 

The following appointments to instructorships are announced: 

Queens College (tutorship): Jack Moshman 

University of Arkansas: E. L. Eagle 

Westminster College: W. A. Gibson 


William Orange of Los Angeles City College died December 9, 1946. 
Professor Emeritus W. A. Moody of Bowdoin College died February 3, 1947. 
He was a charter member of the Mathematical Association. 


THE MATHEMATICAL ASSOCIATION OF AMERICA 


Oficial Reports and Communications 
APRIL MEETING OF THE IOWA SECTION 


The thirty-third regular meeting of the Iowa Section of the Mathematical 
Association of America was held at Grinnell College, Grinnell, Iowa, on Friday 
and Saturday, April 19 and 20, 1946, in conjunction with the regular meeting 
of the Iowa Academy of Science. Professor E. N. Oberg, Vice-Chairman of the 
Section, presided. 

There were thirty-five persons in attendance, including the following twenty- 
one members of the Association: E. W. Anderson, T. A. Bancroft, J. W. Beach, 
F. A. Brandner, E. W. Chittenden, W. M. Davis, Cornelius Gouwens, D. L. 
Holl, O. C. Kreider, F. M. McGaw, J. V. McKelvey, E. E. Moots, E. N. 
Oberg, H. V. Price, Fred Robertson, W. J. Rusk, E. R. Smith, L. W. Swanson, 
H. P. Thielman, Henry Van Engen, Roscoe Woods. 

At the business meeting the following officers were elected for the coming 
year: Chairman, L. W. Swanson, Coe College; Vice-Chairman, H. V. Price, 
State University of lowa High School; Secretary-Treasurer, Fred Robertson, 
Iowa State College. 

The following papers were presented: 


1. College entrance requirements and thetr effect upon high school mathematics 
teaching, by Professor Henry Van Engen, Iowa State Teachers College. 

The speaker gave an illustration to show how the usual examination empha- 
sizes operational procedure in solving problems. He urged that an understanding 
of the ideas involved should be stressed. 


2. Progress of demoted and promoted students in mathematics at Iowa State 
College, by Professor Fred Robertson, Iowa State College. 

Professor Robertson explained how the two groups (the demoted and the 
promoted) were selected, and presented tables showing the academic progress of 
these groups at his institution for the years 1936-1944 inclusive. 


3. Notes on some functional equations, by Professor H. P. Thielman, Iowa 
State College. 
It was shown that the equation 


f(x) -o(y) = X(% + y + nay), n> 0, 


can be reduced to f(x) -f(y) =f(0) -f(«+y+nxy), and that all solutions of these 
equations, continuous for x>—1/n, are of the form f(x) =a(1+nx)*, where a 
and 6 are constants. Two functions, c(x) and ¢(x), were defined as follows: 


C(x) = | 10) +4(- —-)|. (a) = s|i@ ~ £(; Fan) | 
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where f(x) =(1-+nx)*. These functions were shown to possess many properties 
analogous to those of cos x and sin x. 


4. Topological Groups, by Professor Bernard Vinograde, Iowa State College, 
introduced by the Secretary. 

This paper consisted of a description of the axiomatic foundations of topolog- 
ical group theory, and some immediate consequences and basic theorems. 


5. The converse of a certain theorem in analytic geometry, by Professor Roscoe 
Woods, University of Iowa. 

Professor Woods started with the well known fact that the three lines 
axtby+c,;=0,72=1, 2, 3, meet in a point if the determinant | ardecs| vanishes, 
and conversely (if the assumption is made that parallel lines meet in an ideal 
point). He then showed that by subjecting a given determinant | A:B2Cs| to 
the so-called elementary transformations, there are transformations induced 
upon the coédrdinates x and y. These transformations represent the general col- 
lineation in the plane, so that any point associated with a given determinant 
| arbecs| =() may be transformed into any other point in the plane. 


6. The algebra of four functional operators on Boolean algebra and its charac- 
terization, by Professor E. W. Chittenden, State University of Iowa. 

This paper is to be published in the Proceedings of the Iowa Academy of Sci- 
ence. 


7. Approximate formulas for rad1 of circles including a proportion p of errors 
subject to a normal bivariate distribution, by Professor E. N. Oberg, State Univer- 
sity of Iowa. 

This paper dealt with approximate formulas for the determination of the 
radius of a circle that includes a proportion p of errors from a normal bivariate 
distribution. 


8. Some new and old properties of the incomplete beta function, by Professor 
T. A. Bancroft, Iowa State College. 

Professor Bancroft gave several recurrence formulas relating to the incom- 
plete “normalized” beta function. The possibility of their use in the extension 
of the Incomplete Beta Function Tables of Karl Pearson was discussed. 


9. Secondary mathematics in the post-war years, by Professor H. V. Price, 
State University of Iowa High School. 

It was stated that, in the opinion of the Commission on Postwar Plans of 
the National Council of Teachers of Mathematics, the first purpose of the high 
school mathematics program is to guarantee functional competence to all who 
can possibly achieve it. To attain this goal a combined program of conventional 
and general mathematics seems to be the answer. 


10. Some properties of differential equations of the Thomas- Fermi type, by Dr. 
G. H. Wannier, State University of Iowa, introduced by Professor E. N. Oberg. 
The speaker discussed differential equations of the type 
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qd? d 
it —(n+m— a+ nmp = rxipit?, 


Such equations occur in the study of potential distributions in the presence of 
space charge. Particular cases are the equation of Thomas-Fermi, 
a*p 


7 = f3/2q—-1/2, 
x 


and the equation of Langmuir, 


11. Second solutions of certain differential equations associated with the theory 
of orthogonal polynomials, by Professor L. W. Swanson, Coe College. 

In solving a certain differential equation associated with orthogonal polyno- 
mials, a second solution had been omitted. The paper dealt with this second solu- 
tion of the differential equation. 


12. Mathematics teaching procedure in the light of our expertence with the army 
and navy schools, by Professor O. C. Kreider, lowa State College, Professor 
T.A. Bancroft, Iowa State College, and Professor W. M. Davis, Cornell College. 

The speakers discussed the purpose, organization, difficulties, and successes 
of the army university centers and the navy educational programs overseas. 


FRED ROBERTSON, Secretary 


ANNUAL MEETING OF THE ROCKY MOUNTAIN SECTION 


The twenty-ninth annual meeting of the Rocky Mountain Section of the 
Mathematical Association of America was held at the University of Colorado, 
Boulder, Colorado, on April 19 and 20, 1946. 

The attendance was one hundred and twenty, including the following 
twenty-three members of the Association: H. H. Alden, C. F. Barr, William 
Betz, J. R. Britton, A. G. Clark, J. R. Everett, J. C. Fitterer, H. T. Guard, 
D. F. Gunder, Marian S. Gysland, Leota C. Hayward, I. L. Hebel, C. A. 
Hutchinson, A. J. Kempner, Claribel Kendall, A. J. Lewis, M. L. Madison, 
A. E. Mallory, W. K. Nelson, Greta Neubauer, O. H. Rechard, A. W. Recht, 
G. A. Whetstone. 

The following papers were presented: 


1. Spherical trigonometry by projection on a plane, by Professor I. L. Hebel, 
Colorado School of Mines. 


2. A compatibility relation in the flow of an incompressible ideal fluid, by Dr. 
G. A. Whetstone, Amarillo College. 
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By applying the procedures developed by Riquier for the study of partial 
differential equations to the usual four equations 


Ou; Ou: Ou; Ou; 1 oP . 
= f2,—-——) (i = 1,2, 3) 
p Ox; 


and 


0x1 OXe 0X3 


under the assumption p=constant, the author was lead toa necessary and sufh- 
cient compatibility condition. 


3. Teaching mathematics in the army, by Professor H. T. Guard, Colorado 
State College. 

This paper consisted of a description of the curriculum and the methods of 
instruction in the United States Military Academy. 


4. On the definition of functions of a complex variable, by Professor A. J. 
Kempner, University of Colorado. 


5. Tables for the power function for tests of hypotheses relating to Potsson dis- 
tributions, by Professor A. G. Clark, Colorado A. and M. College. 

The speaker discussed devices, including recursion formulas, which serve to 
reduce the labor of computation in constructing tables for the function specified 
in the title. Such tables are useful in the construction of efficient sampling ex- 
periments. 


6. The present educational situation and the crisis in mathematics, by William 
Betz, Public Schools of Rochester, N. Y. ; 

The speaker rehearsed the role of mathematics in the recent war effort. He 
referred to the mathematical deficiencies of millions of our young men, first 
pointed out by Admiral Nimitz, and later substantiated by selective service 
tests. It was suggested that there be a re-examination of the controversy between 
“education” and mathematics. On the basis of significant quotations it was 
shown that the educational scene is one of confusion bordering on chaos. Mathe- 
matics cannot be adjusted to the prevailing educational philosophies without 
giving up its real purposes. Fortunately, a healthy reaction against the destruc- 
tive forces in our educational policies is now in the making. In conclusion, the 
speaker outlined the remedial steps that seem to be necessary if we wish to help 
improve the situation. 


7. The Laplace transformation, by Professor J. R. Britton, University of Colo- 
rado. . 

Professor Britton gave an expository talk on the Laplace transformation 
and its applications to the solution of boundary value and initial value prob- 
lems. Some of the simpler transforms were derived, and application was made 
to the problem of a two mass, two spring vibrating system. A mechanical model 
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served to demonstrate the types of behavior indicated by the previously ob- 
tained solution. 


8. The necessary reconstruction of mathematics in the light of war experiences, 
by William Betz. 

This was an invited address, delivered at a joint session with the National 
Council of Teachers of Mathematics and the Mathematics Section of the Colo- 
rado Education Association. The speaker holds the position of specialist in 
mathematics for the public schools of Rochester, N. Y. The address dealt with 
the reports of various committees which have issued pronouncements on the 
problem of mathematical instruction in the post-war period. He presented a 
check list of mathematical objectives, and suggested methods for attaining these 
objectives. 

J. R. Britton, Secretary 


ANNUAL MEETING OF THE LOUISIANA-MISSISSIPPI SECTION 


The twenty-third annual meeting of the Louisiana- Mississippi Section of the 
Mathematical Association of America was held at Louisiana Polytechnic Insti- 
tute, Ruston, Louisiana, on Friday and Saturday, March 22 and 23, 1946. Pro- 
fessor I. C. Nichols was elected temporary chairman and presided at the Friday 
afternoon and Saturday morning sessions. Professor P. K. Smith presided at the 
dinner meeting. 

There were fifty in attendance, including the following twenty-one members 
of the association: W. G. Banks, N. A. Court, J. C. Currie, W. L. Duren, Jr., 
L. M. Garrison, F. C. Gentry, R. V. Guthrie, Jr., J. A. Hardin, W. L. Johnson, 
H. T. Karnes, C. G. Killen, A. C. Maddox, Dorothy McCoy, B. E. Mitchell, 
I. C. Nichols, W. V. Parker, P. K. Rees, F. A. Rickey, H. F. Schroeder, C. D. 
Smith, H. L. Smith, P. K. Smith, V. B. Temple, J. F. Thomson, B. A. Tucker, 
Marelena White. 

At the business meeting the following officers were elected for the coming 
year: Chairman, W. V. Parker, Louisiana State University; Vice-Chairmen, 
W. L. Johnson, Mississippi Southern College, Z. L. Loflin, Southwestern Louisi- 
ana Institute; Secretary-Treasurer, F. C. Gentry, Louisiana Polytechnic Insti- 
tute. Invitations to meet at Mississippi Southern College in 1947, and at 
Southwestern Louisiana Institute in 1948 were accepted. 

The following papers were presented at the Friday afternoon program: 


1. Esthetic and moral implications of the ark of the covenant, by Professor B. E. 
Mitchell, Millsaps College. 

The purport of the speaker’s remarks was that if the golden rectangle 
(length/width =1.618) and the Platonic rectangle (length/width =1.732) have 
esthetic value as polygonal forms, then the Mosaic rectangle (length/width 
= 1.667) has also, since it differs from the arithmetic, geometric, and harmonic 
means of the other two by 0.008, 0.007, and 0.006 of a part, respectively. 
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2. The smoothing effects of linear oscillators, by Professor W. L. Duren, Tulane 
University. 

It was recalled that forced linear oscillators, which can be realized as simple 
R-C-L electrical circuits, or as mechanical couplings having mass, spring, and 
dashpot, have a solution whose principal term may be regarded as a smoothed 
and damped response to the input voltage or force. In contrast to the usual ele- 
mentary treatment which admits a forcing function which is either a constant 
or A sin wt, the speaker discussed by elementary and intuitive methods the 
nature of the separate smoothing effects due to inertia, capacitance, and resist- 
ance when the forcing function is general in form. 


3. The future importance of secondary mathematics is now in the hands of the 
college teacher, by Professor H. T. Karnes, Louisiana State University. 

Professor Karnes discussed contemporary problems in the field of secondary 
mathematics. He commented upon the scarcity of qualified teachers and the 
shaky place of mathematics in the curriculum. Suggestions were offered for the 
improvement of the position of mathematics in the schools, and the responsi- 
bilities of college teachers in this connection were pointed out. 


4. The presentation of certain application problems in the calculus, by Profes- 
sor P. K. Smith, Louisiana Polytechnic Institute. 

Professor Smith stated that definitions of mechanical terms in calculus texts 
are often so presented that the student fails to appreciate the basic physics in- 
volved. His paper was primarily concerned with the need of requiring students 
to understand the physical meaning of the center of mass. A simple procedure 
based on the law of levers was demonstrated as a means of enabling students 
to appreciate the physical significance of the center of mass. 


5. Topics in applied mathematics, by Professor C. D. Smith, Mississippi 
State College. | 

In this address it was remarked that editors of magazines should place em- 
phasis both on new mathematics and new uses of mathematics. A recent article, 
Mathematics of a Nut Cutter, in the National Mathematics Magazine was used as 
an illustration. 


Professor N. A. Court of the University of Oklahoma was present as the 
guest of the Section and the Branch of the National Council. At the joint dinner 
Friday evening he spoke on The Motionless Arrow, the address being a discussion 
of the history and implications of Zeno’s paradox. This paper is to be published 
in the Scientific Monthly. At the Saturday morning meeting Professor Court de- 
livered a paper entitled On a Pencil of Ruled Quadrics, which was later published 
in the Duke Mathematical Journal. 

F. C. GENTRY, Secretary 
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FALL MEETING OF THE INDIANA SECTION 


The twenty-fourth annual meeting of the Indiana Section of the Mathemati- 
cal Association of America was held at Indiana State Teachers College, Terre 
Haute, Indiana, on Friday, October 18, 1946, in conjunction with the fall meet- 
ing of the Indiana Academy of Science. Professor W. L. Ayres presided. 

Thirty-four persons registered at the meeting, including the following sixteen 
members of the Association: W. L. Ayres, Juna L. Beal, W. H. Carnahan, G. E. 
Carscallen, Olive M. Draper, W. E. Edington, P. D. Edwards, Rufus Isaacs, 
M. W. Keller, J. P. LaSalle, P. M. Pepper, J. C. Polley, M. E. Shanks, W. O. 
Shriner, F. C. Smith, and C. P. Sousley. 

At the business meeting the following officers were elected for the coming 
year: Chairman, G. H. Graves, Purdue University; Vice-chairman, H. E. Wolfe, 
Indiana University; Secretary-Treasurer, M. W. Keller, Purdue University. It 
was decided to hold a spring meeting in 1947 at a time and place to be deter- 
mined by the officers. 

The following papers were read: 


1. The American University at Shrivenham Barracks, by Professor P. D. 
Edwards, Ball State Teachers College. 

Shrivenham American University, although created by army personnel 
awaiting redeployment, was a true American University operated on foreign 
soil. The faculty of more than 220 members represented 149 American institu- 
tions of higher education. About 150 were civilians who were sent to England 
for this purpose. The University was divided into eight sections which corre- 
spond to the usual division of an American university into schools. The faculty 
of the mathematics branch included fourteen civilians and seven members of the 
army, all of whom were college teachers in civil life. The enrollment was ap- 
proximately 4000 each term. Approximately three-fourths of the student body 
had had actual combat experience. An elective system prevailed, and under it 
the mathematics branch was exceeded in size by only one other branch. In spite 
of the unusual difficulties which prevailed, very gratifying results were obtained. 


2. The American University at Biarritz, by Professor J. C. Polley, Wabash 
College. 

The speaker discussed the mathematics program in the American University 
at Biarritz, and his experiences while there. 


3. Applications of the linear transformation, by Professor J. P. LaSalle, Notre 
Dame University. 

Several applications of the linear transformation (az+6)/(cs+d) to problems 
in electrical engineering were presented by Professor LaSalle. A clear geometric 
picture of the variation of power transfer to a load with change of load or gen- 
erator impedance, and of the condition for maximum power transfer, was ob- 
tained by means of the transformation (1—2)/(1+2z). The “circle” diagram 
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which relates impedance to the reflection coefficient can be used for this purpose. 
Though the concepts of reflection and transmission coefficients appear to be 
more natural than those of impedance and the resulting equivalent circuits, par- 
ticularly for wave guides, only limited use of the former concepts have been 
made. This may be due to difficulties in applying the general linear transforma- 


tion. Algebraic identities which simplify the application of this transformation 
were given. 


4. The force of mortality function, by Dr. F. C. Smith, Lincoln Life Insurance. 

In this paper, the author discussed the definition of the force of mortality 
function p, and some of its properties. Several methods of approximating the 
values of this function were also presented. The importance of this function in 
the field of actuarial mathematics was stressed, and the effects of assuming the 
Gompertz and Makeham hypotheses were shown. 


5. Recent progress in the theory of compressible fluids, by Professor Rufus 
Isaacs, Notre Dame University. 

Recent developments make the need for a workable theory of compressible 
fluids imperative. In the past, progress has been checked, first, by the complex- 
ity of the theory, and, second, by the formidable amount of numerical computa- 
tion needed to apply what theory is extant. The new approach of Bergman to 
the methods of Chaplygin now yields a usable theory when used in conjunction 
with such modern computational devices as the Aiken machine at Harvard Uni- 
versity. A research program-under Professor Von Mises is now under way at 
Harvard. 

In two-dimensional incompressible flows, the stream function (a function 
whose values completely determine the flow) satisfies the Laplace equation. Thus 
each flow pattern can be determined from an analytic function of a complex 
variable by taking the imaginary part. In distinction, for compressible fluids the 
differential equation satisfied by the stream function is non-linear. But Chaply- 
gin showed that in the hodograph plane (where the velocity components are 
the independent variables) the equation becomes linear although complicated. 
Bergman has developed an operator for this equation, wherein a flow can again 
be obtained for each analytic function. This operator requires knowledge of a 
certain function sequence which may be (and now is being) calculated once and 


for all. With this apparatus, all flow patterns may be obtained with compara- 
tively little labor. 


6. The achievement of large classes in mathematics (preliminary report), by 
Professors H. F. S. Jonah, and M. W. Keller, Purdue University. 

The authors discuss in this paper the achievement of large classes in mathe- 
matics in comparison with achievement of small classes, as measured by uniform 
objective tests. These preliminary results indicate that for mature groups and 
selected instructors, large classes are as effective as small classes for teaching 
algebra and trigonometry. 
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7. Hodograph methods for compressible flow, by Professor M. E. Shanks, Pur- 
due University. 

Professor Shanks discussed the types of hodographs obtainable from flow 
past an airfoil, and pointed out problems unsolved even for incompressible 
flows. The case of supersonic flows and the method of characteristics were also 
discussed. 


8. Engineering applications of spherical trigonometry, by Professor P. M. 
Pepper, Notre Dame University. 

In this paper Professor Pepper describes some of the engineering applications 
of spherical trigonometry. Since its inception, spherical trigonometry has been 
applied principally to the sciences of astronomy, geodesy and navigation. It is 
little known that spherical trigonometry can be useful to the tool engineer, first, 
to derive the usual formulas for “compound angles” and, second, to solve atypi- 
cal problems of this nature. Certain of the compound angle formulas are identi- 
fied with Napier’s rules for right spherical triangles, whereas certain of the non- 
standard problems lead to the laws of oblique spherical triangles. 


M. W. KELLER, Secretary 


CALENDAR OF FUTURE MEETINGS 


Twenty-ninth Summer Meeting, New Haven, Conn., September 1-2, 1947. 
Thirty-first Annual Meeting, Athens, Georgia, January 1, 1948. 


The following is a list of the Sections of the Association with dates of future 
meetings so far as they have been reported to the Secretary. 


ALLEGHENY MOUNTAIN NORTHERN CALIFORNIA, Berkeley, Janu- 
ILLINOIS ary 24, 1948 
INDIANA OHIO 
Iowa OKLAHOMA 
KANSAS PaciFic NORTHWEST 
KENTUCKY PHILADELPHIA, Bryn Mawr, November 
Lourstana-MississIprPi 29, 1947 
MaRYLAND-DIsTRICT OF COLUMBIA-VIR- Rocky Mountain 

GINIA SOUTHEASTERN 

SOUTHERN CALIFORNIA, Redlands, March 

METROPOLITAN NEW YORK 13, 1948 
MICHIGAN SOUTHWESTERN 
MINNESOTA TEXAS 
MIssourlI Uprer New York STATE 


NEBRASKA WIsconsINn, Madison, May, 1947 


Outstanding New Editions 
By WILLIAM L. HART 


COLLEGE ALGEBRA, THIRD EDITION 


This revision retains all of the special features which made the pre- 
vious editions so successful. Contains many fresh exercises; has an 
attractive new format. Ready this spring. 


BRIEF COLLEGE ALGEBRA, REVISED 


A rapid review of elementary algebra and a thorough treatment of 
classical college algebra. Has many new exercises. Reset in a fresh, 
attractive format. In press. 


INTRODUCTION TO COLLEGE ALGEBRA, 
REVISED 


A review of elementary algebra and a complete, mature treatment of 
intermediate algebra. Has five new chapters, new exercises, and a new 
format. In press. 


Present editions of the Algebras will 
be available for next year’s classes. 


MATHEMATICS OF INVESTMENT, 
THIRD EDITION 


A first course in the theory and applications of annuities certain 
and the mathematical aspects of life insurance. This edition has been 
particularly designed to adapt the major sections of the material to 
the needs and the ability of the typical student in a college of business 
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BENJAMIN FRANKLIN FINKEL 


BENJAMIN FRANKLIN FINKEL 


Professor Benjamin Franklin Finkel, founder of the AMERICAN MATHEMATI- 
CAL MONTHLY, was born July 5, 1865, and died February 5, 1947. He studied in 
the rural schools of Ohio and taught in the schools of Ohio and Tennessee, with 
short periods of study at a normal school, until he became an instructor in math- 
ematics and astronomy at Kidder Institute, Kidder, Missouri, in 1892. During 
these years he had become keenly aware of the poor instruction given in elemen- 
tary mathematics, and he had indulged his natural bent for solving problems 
by contributing solutions to several mathematical and educational journals. 
While at Kidder Institute he published his well-known Mathematical Solution 
Book, and proposed to establish a journal “devoted solely to mathematics and 
suitable to the needs of teachers of mathematics in these schools” (high schools 
and academies). 

In 1895, he was made Professor of Mathematics and Physics in Drury Col- 
lege, Springfield, Missouri, and continued in that position, with periods of study 
at the University of Chicago and the University of Pennsylvania, until his re- 
tirement in 1937. After his retirement he published a history of American mathe- 
matical journals in 1940, and he taught army classes in the University of 
Missouri during 1944. He received the degrees of A.M. and Ph.D. from the 
University of Pennsylvania in 1904 and 1906, respectively, and was honored 
with the degree of LL.D. by Drury College in 1923. 

The first number of the MONTHLY appeared in January, 1894, and Professor 
Finkel continued to bear the sole responsibility for the editorship and the busi- 
ness management of the journal until he was joined by L. E. Dickson in October, 
1902, by H.E. Slaught in January, 1907, and by G.A. Millerin January,1909. The 
MonrTHLY was formally transferred in January, 1913, to a board of editors repre- 
senting fourteen colleges and universities. Then, in January, 1916, the magazine 
became the official journal of the Mathematical Association of America. Pro- 
fessor Finkel remained one of the editors of the department of Problems and Solu- 
tions through 1933, and was still a member of the board of editors at the time 
of his death. 

The present writer has known perhaps thirty individuals who are the for- 
tunate possessors of a full set of the volumes of the MONTHLY; thirty-five li- 
baries have the full set, according to the Union List of Periodicals, and a few 
other libraries have the first volumes. Most of these early issues are accessible, so 
that those who wish to study the history of the journal may readily do so. A 
perusal of the first volumes will show the uneven character of the contents but, 
withal, a steady advance toward a journal of high grade. Quite early it was evi- 
dent from the list of subscribers that there was little response from high school 
instructors and that the more fertile field was to be found in the colleges and 
universities. 

The very first issue contained an article by a young graduate student in the 
University of Texas, who was later to be known as Professor L. E. Dickson. In 
the first three volumes, to go no further, appeared contributions by such well- 
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known mathematicians as R. J. Aley, Fletcher Durell, Arnold Emch, George 
Bruce Halsted, Alexander Macfarlane, Artemas Martin, G. A. Miller, E. H. 
Moore, R. E. Moritz, I. J. Schwatt, D. E. Smith, and B. F. Yanney. 

During the first fifteen or twenty years of the MoNTHLY’s existence there 
were great financial and technical obstacles; a picture of these difficulties was 
vividly presented by Professor Finkel in an address given at the meeting of the 
Association in Cleveland, January 1, 1931, and published in the MonTHLY for 
June-July of that year. American mathematics is indebted to him for his imagi- 
nation and his persistent courage in establishing and promoting a journal which 
has become most important in the field of mathematics. His zeal, inteiligently 
directed as it was along useful lines, has earned for him a unique place in the 
history of mathematical publications. 

- WILLIAM DEWEESE CAIRNS 


THE NEW SECRETARY-TREASURER 


At the end of the present calendar year the term of office of our Secretary- 
Treasurer, Professor Walter B. Carver, will come to an end. Professor Carver 
accepted this position during the difficult period of the war with the understand- 
ing that he would be relieved at the end of his five-year term. After his long 
service to the Association, which includes five years as Editor-in-Chief and two 
years as President, he has well merited a respite from its labors. 

On behalf of the officers and Board of Governors of the Mathematical As- 
sociation of America I am happy to announce the election of Professor Harry M. 
Gehman, Chairman of the Department of Mathematics of the University of 
Buffalo, as Secretary-Treasurer for the five-year term beginning January 1, 1948. 

LEsTER R. Forp, President 


REMARKS ON ANALYTICITY AND INTEGRATION 


A. D. PERRY, Purdue University 
J. W. T. YOUNGS, Indiana University 


1. Introduction. The theory of functions of a complex variable makes implicit 
use of Stieltjes integration in defining the concept of the integral of a continuous, 
complex-valued function along a rectifiable curve. To be more precise, suppose 
that f(z) is a complex-valued function, defined and continuous at the points 
z=2(f) =x(t)-+7y(é), where x(#) and y(#) are two real-valued continuous functions 
for aStsb. If u(x, y) and v(x, y) are the real and imaginary parts of f(z), let 
a(t) =u[x(t), y(t)] and a(t) =2[x(4), v(é)], aStSb. Then the integral of f(z) 
along z(t), aStSb, written faf(z)dz, is simply [a(t)dx(t)—f2a(ddy(é) 
+i f2a(t)dx(t) + /2a(t)dy(t)], these four terms being Stieltjes integrals. Con- 
sequently, the functions x(#) and y(é) are normally assumed to be of bounded 
variation which is the same thing as assuming that the curve z=2(t), aSiSb is 
rectifiable. It is true that Stieltjes integration is rarely mentioned explicitly in 
the development; but be that as it may, the condition that the curve is rectifiable 
is invariably imposed. 

In contradistinction to this approach, it is convenient to record the usual 
process employed. A partition, 7, of aStSb, is a sequence of numbers 


to, To, 41, °° * y tea, Te, be, °° +, tea, Te, te SUCH that: (4) a=hh<h< ++ <tu<t; 
<i ee ty<t,=b, and (4) ts.187:Sit;fort=1,---,k. The symbol | ar | is used 
to indicate the maximum of the numbers (¢;—#;_1) for 7=1, +--+, k. The com- 


plex number J[7, 2(#), f] is defined to be >°#.,[2(r;) | [2(¢;) —2(ts-1) ]. The usual 
procedure is to say that if limj),;.0J[7, 2(¢), f] exists, then this limit is defined to 
be Jiwf(z)dz, and is called the integral of f(z) along the curve z=2(t), aStSb. 
The assumption that the curve is rectifiable simply guarantees the existence of 
lim s|0J[7, z(t), fl. 

It is to be noticed that the remarks to this point merely call for the definition 
of f(z) along the curve z=2(#). Suppose that f(z) is defined and continuous for 
zeG, where G is a region (=connected open set) on the complex z-plane. Then, 
of course, as soon as a curve 3=32(f), aid, is given with the property that: 
(2) 2(t)eG, aS<tS), (iz) 2(f) is rectifiable, then the integral of f(z) along the curve 
z=2(t) exists. Moreover, if f(z) is analytic in G, while z=2,(é), aSiSb, n=0, 1, 
2,°°+, is a sequence of curves, each having the above pair of properties, and 
Zn(£)—320(t), aStSb, (=2,(é) converges uniformly to zo(f) for aStSb) then 
lim fe nctyf(2)d2 =f 24ctf(2)dz. This classical result shows that the integral is, so to 
speak, a continuous functional of the curve of integration. 

This note was initiated by an interest in this continuity property, and is an 
attempt to analyze several details of the situation. For example, it is shown that, 
relative to the continuity property, the requirement that the limit curve be 
rectifiable is not necessary. That is, g9(¢) need not have property (iz) above, and 
it is nevertheless true that the sequence of complex numbers /;,:»f(z)d% con- 
verges. One can no longer say, of course, that the limit of this sequence of 
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complex numbers is /,,,f(z)dz, inasmuch as this term is normally undefined 
unless 29(é) is rectifiable. 

This continuity result is certainly not startling and the proof is recorded here 
merely for the sake of completeness. On the other hand, it is shown that the con- 
tinuity property is not only necessary but also sufficient for the analyticity of 
f(z). In fact stronger theorems are proved, in that several weaker conditions are 
shown to guarantee the analyticity of f(z). 

It will become apparent in the proofs that the necessity argument makes 
active use of the Cauchy Theorem, while for sufficiency, the Morera Theorem 
supplies the key. From one point of view, therefore, these results may be de- 
scribed as generalized Cauchy-Morera Theorems. 


2. Preliminary concepts. It will not have escaped attention that the term 
curve has been used as synonymous with the term continuous function 2=2(t), 
asisb. It is often convenient to use an equivalence relation in the family of 
continuous functions and consider a curve as an equivalence class. Such a pro- 
cedure would, in fact, be rather convenient in some of the proofs, and has not 
been employed here merely because the standard texts on the subject do not 
explicitly employ this device. 

In this paper, therefore, a curve C is simply a continuous function 2=2(t), 
astsb. The point 2(a) is said to be the first point, while 2(b) is known as the 
last point of C. A second continuous function z =2(#), a S$tSb is another curve C, 
distinct from C, unless 2(t) =2(¢), aStSb. The curve C: s=2(t), aStSb, is said 
to be contained in a point set G, if 2(t) isin Gfor every ¢ in the interval aSfSb. 
(Notation: CCG or GDC.) In the event a curve C: zg=2(¢), aStSb, has the 
property that z(t) is a constant, ¢, for every value of ¢ in the interval aStSb, 
then ¢ is sometimes used to denote the curve C. A sequence of curves, {C,}, 
is said to converge to a curve Cp if C, is a continuous function z=2,(¢) defined 
on the same interval aSisb for every n, and 2,(f)—320(t), aSt<b, where C> is 
the continuous function 29(t), aStSb. (Notation: C,—C».) A curve C: z=2(t), 
a<tsb, is said to be closed if 2(a) =2(b), that is, if the first and last points are 
the same. 

It is convenient to have a specific notation for rect:fiable curves and these 
are designated by the German letter ©, in contradistinction to C which stands 
for a general curve. | 

For convenience in printing, if f(z) is defined and continuous in a region G, 
while €:2=2(t), aStSb, is a rectifiable curve in G, then I(G, f) will replace 
Jucwf(Hdz. In fact, if the function f(z) is fixed in the course of an argument, then 
the above notation will be abbreviated to J(€). As usual, the symbol |Z ()| 
stands for the absolute value of the complex number /(@€). In accordance with 
the usual convention, the symbol J(C) has meaning only for rectifiable curves C. 


3. The theorems. A complex-valued function, f(z), defined and continuous 
for z in a region G is said to have property: 
eA If it is analytic in G, that is, if it has a derivative at every point of G. 
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C If ©,-Cy) and CoCGDEG,, n=1, 2, 3, +--+, imply that lim J(€,) exists. 
Z If ©,-¢ and ([CGDGy, n=1, 2, 3, +--+, imply that lim 7(€,) =0. 
B® If €,—-¢ and ¢CGDG,, n=1, 2,3, - - +, imply that there is a real number 
B associated with the sequence {G,} such that |J(€,)| <B, n=1, 2, 
3,008, 
It will be shown that these four properties are equivalent. 


THEOREM 1. e/4 implies (. 


Proof. Since ©€,—Co, each ©, is a function z=2,(¢) on an interval aSiSbd, 
while 2,(é)—20(f), aStSb, and Cp is the function 2o(t), aStSb. The set of points 
given by the formula z=2,(t), aStSb, is closed, and as CoCG there is a 6 >0 
such that the set of points, z, determined by the inequality | z—z0(t) | <6 lies 
in G for asitsSb. Moreover the function 20(¢), aStSb, is continuous on a closed 
interval, and hence is uniformly continuous. Consequently, there is a sequence 
of t’s, a=ton<th< +++ <ty-1<t,=b, such that | 2o(¢) —20(t,)| <6/2 for tiiStSki, 
t=1,---,k. 

Let R; be the set of points, z, determined by the inequality | z—z0(ts) | <6, 
i=1,---, k. Then R;CG. Define ©, to be the curve z=2,(t), buiStSti; 
i=1,---,k;n=1,2,3,---+. (Theuse of the German letter is justified because 
this curve is rectifiable.) 

The curve 4,22 =2n(ts) + [fn4p(ts) —2n(ts) |t, OS*S1; n=1, 2,3,--+3 p>0; 
i=0,---,k, is sometimes called the directed segment from 2,(t;) to 2n4p(ti). It 
is certainly rectifiable but need not lie in G. 

On the other hand, since 2,(#)—220(t), aStSb, there is an mo such that for 
n> No, 


| en(é) — 20(#) | < 8/2, as<tsb. 

Hence for n> np, 
CCR, i=1,---,k, and 
Wp CR: DUnp i=1,---, hk. 


But f(z) is analytic in Ri, a simply connected region, fort=1,---, k; hence 
the Cauchy Theorem implies that there is an analytic function F;(z), in Ri, 
i=1,---,k, such that if ©: s=z(t), cStSd is a rectifiable curve in R,, then 
I(€) = F,[2(d) ]— Fi[z(0) J. 

Therefore, I(G,) + IQ) — I(Greo) — TQM’) = Filen(ti)] — Filer (tia) ] 
+ Fi [2n¢p(te) | —Filen (ts) ]— Filento(ts) |4+Filensn (tea) ]— Fi lens (tea) + Fi [2n(te-) ] 
=(, 

(This device is employed because the symbol (€,+%M%»—Gis»p—Unp) has not 
been defined. Without using an equivalence relation it is not possible to define 
such a formal sum as a closed curve and use the Cauchy Theorem directly. An — 
alternative device is to define the above symbol as a chain and consider integra- 
tion over chains. In this connection the reader may consult the elegant develop- 
ment of Artin [1].) 
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To return to the argument, >-1.47(@) —>-h.il (Gap) = 1M) —1(Mz,) ; but 
> Li (Ci) =1(C,), for any n, hence 


| (Gn) — I(Cn+e)| S| Lr) | +] Tn») | S| Filen(a)] — Filensn(a)] | 
+ | Fi[en()] — Fe[en+p(d)] |. 


The continuity of F, and F, together with the fact that lim z,(¢) =2(t) for t=a 
and b, guarantees that, for any e>0 there is an 71 > such that if n>, then 


| [(Gn) — ICs») | <e for p > 0. 


Hence lim I(€,) exists. 
THEOREM 2. @ implies Z. 


Proof. Since €,—¢ it is clear that the sequence Gi, £, G2, £, + + - -&. Hence 
the sequence J(@:), [(), [(@:), (0), - + - converges. But [(¢) =0, therefore the 
limit must be zero, showing that lim J(€,) =0. 


THEOREM 3. Z implies B. 
This is quite obvious. 
THEOREM 4. B imblies oA. 


Proof. lf f(z) is not analytic in G, then it fails to be analytic at some point 
¢ in G. Suppose that the distance from ¢ to the boundary of G is greater than 
5>0. Let R, be the set of z’s determined by the unequality |z—¢| <6/n, 
n=1, 2, 3,---+. For each n, R,CG and is simply connected. If Z(€) =0 for 
every closed curve © CR, then by the Morera Theorem, f(z) is analytic in Rp. 
Hence there must be a closed curve ©,: 2=2,(t), dn S¢Sb, such that [(€,) +0, 


n=1, 2,3, ---+.For each z there is an integer k, >0 such that k,- | Z(G.) | >n. 
Let 4(t) be the unique linear mapping such that J, [(i—1)/Rna] =an and i,(i/kn) 
=bn;n=1,2,3,--+;i=1,-+-+, k,n. Consider the curve G: 2=2,(t) =2,[2(2) |, 
(i—1)/kn St Si/kn, it is easy to see that the integral of f(z) along ©, is equal to 
the integral of f(z) along ©, n=1, 2,3,--+;a=1,---+, Ry. 

For each n, let 2,(¢) be the function defined on 0S#S1 as equal to 2,(#) for 
(t—1)/k, StSt/k,,t=1, +++, k,. Then, as each 2,(¢) is closed, 2,(¢) is a continu- 


ous function on 0 $#S1, and so is acurve ©,. Moreover, 


=ka|I(Gn)| >, n= 1,2,3,+°-. 


kn . 
| 1G.) | = 2X I(Gs) 


On the other hand ©, CR, and hence |2,(t) —{¢| <6/n,0StS1. Consequently 
€,—¢, and by hypothesis there is a number B such that | Z(Cn)| <B, n=1, 2, 
3,006, 

This contradiction shows that f(z) must be analytic in G. 
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4. General comments. The first theorem makes it possible to define a com- 
plex number I*(C, f) for any curve, C, and a function, f(z), analytic in a region, 
G, containing C. In fact, let {€,} be a sequence of rectifiable curves such that 
@,—C. Such sequences certainly exist: in particular each ©, may be taken to be 
a polygon inscribed in C. Moreover, it may be assumed that ©,CG, n=1, 2, 
3,°>++. Let I*(C, f) =lim I(G,, f), which is known to exist by Theorem 1. In 
the event €,—C, then the sequence G1, ©:, G2, G2, - + - —-C, from which it fol- 
lows that lim I(G,, f) =lim I(€,, f). In other words I*(C, f) depends only on C 
and f. This number may be called a continuous extension of the ordinary integral, 
since it is but a remark to show that it agrees with the ordinary integral in the 
event C is rectifiable. Moreover, it enjoys all the common properties of the ordi- 
nary integral; in particular it is a continuous functional of the curve of integra- 
tion. Indeed, it may be spoken of as the continuous extended integral, since any 
extension of the ordinary integral which is a continuous functional of the curve 
of integration must agree with this particular extension. In view of these com- 
ments it is possible to state— 


THEOREM 5. A function f(z) which is continuous in a region G ts analytic in G 
af and only if the continuous extended integral of f(z) exists along every curve C in G. 


It should be pointed out that, if f(z) is analytic in a simply connected region 
R, then the continuous extended integral of f(z) along a curve C in R may be 
defined as a trivial consequence of classical results. For, if f(z) is analytic in R 
then, as has been noted in Theorem 1, there is an analytic function F(z) in R 
such that, if @: z=2(¢), a$tSb is in R, then I(G, f) = F[z(b) | — F[z(a) |. Conse- 
quently, if C: z=Z(t), dStS5b is a general curve, then the continuous extended 
integral I*(C, f) = F[z(5) |] — F[z(a) | and may be so defined, a@ priori. For a region 
G which is not simply connected this artifice will not always work, as in general 
no such function F(z) exists. The method outlined in this paper is, in a sense, 
simply one device which extends this trivial remark to general regions. 

A question of some interest is concerned with the following observation. Sup- 
pose G is a region and § the totality of functions each of which is defined and 
analytic on G. If C is a curve lying in G, then what properties of C are necessary 
and sufficient for the usual process (noted in the introduction) to yield an in- 
tegral of f(z) along C for every f(z) in §? (The condition that € is rectifiable is 
sufficient for the purpose, but it is not necessary.) The question has been com- 
pletely answered by Zorn [2]. 

Let C: g=2(t), aStSb be any curve in G and m: to, 71, hy + > + , tei, Tr, bp 
be a partition of the interval aSisSb. The symbol 7(C) is defined to be 
Does | 2(ts) —2(ts1)| 2. The symbols | «| and J|7, z(t), f] have been defined in the 
introduction. For temporary convenience, the curve C will be called quasi-recti- 
frable if lim;s;.or(C) =0. 

The result of Zorn is that lim J[z, 2(4), f] exists if and only if C is quasi- 
recitfiable. There are curves which are quasi-rectifiable without being rectifiable; 
on the other hand, not every curve is quasi-rectifiable. 
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In conclusion, it is noted that, if f(z) is in § and C is a quasi-rectifiable curve 


in G, then lim J[z, z(t), f] =I*(C, f). 
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COLIN MACLAURIN 
H. W. TURNBULL, St. Andrews University, Scotland 


On June 14, 1946, honor was paid to the memory of Colin Maclaurin when 
members of the Edinburgh Mathematical Society laid a wreath beside his grave 
in Greyfriars Churchyard at Edinburgh on the occasion of the bicentenary of 
his death. At a special meeting of the Society in December, 1946, a vivid tribute 
was paid by Dr. Robert Schlapp, a former President of the Society, who de- 
scribed the life and work of Maclaurin. I was fortunate to be present to hear the 
address, and am much indebted to what I heard in what follows. 

Colin Maclaurin was born at Kilmodan, Argyll, in February, 1698. He was 
one of three sons. John, the eldest, following in his father’s steps, became a minis- 
ter; he was a public spirited man of profound learning, and corresponded with 
Jonathan Edwards, the American metaphysician. The second son, Daniel, died 
young after having given signs of extraordinary genius. Colin was the youngest. 
His father died when Colin was six weeks old, and nine years later he lost his 
mother. The care of the children thereafter devolved entirely upon their uncle. 
At the age of eleven Colin followed his brother to the University of Glasgow 
where he came under the influence of Robert Simson, Professor of Mathematics, 
from whom he gained a lifelong interest in Euclid and ancient geometry. He 
graduated at the age of fifteen when he wrote and publicly defended a thesis, 
On the power of gravity. After spending a year reading Divinity he left Glasgow 
to live with his uncle in their highland home beside Loch Fyne, reading mathe- 
matics, philosophy, and the classics, wandering on the hills, actively searching 
out the scientific secrets of their stones and plants. Unfinished scraps in his 
notebooks reveal the sensitivity of his nature as he would sometimes break out 
into poetic rhapsody on the beauties of the scene and the perfections of its Au- 
thor. Such was the background of the startlingly mature work upon the organic 
description of plane curves which he completed in 1719, at the age of twenty-one. 

Maclaurin was the third and greatest of three scholars who, mcre than any 
others, made a critical and understanding study of the Principia of Newton, 
that had been published at Halley’s prompting in 1687. David Gregory, astrono- 
mer and mathematician, was the first; Roger Cotes, the second, died in 1716 
at the age of 34. Cotes helped Newton prepare the second edition of the Prin- 
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cipia, and Newton once wrote, “Had Cotes lived we might have known some- 
thing.” Cotes left a confused heap of manuscripts from which one particular 
geometrical theorem was extracted by his cousin Robert Smith (who later be- 
came Master of Trinity College, Cambridge) and sent to Maclaurin. It led to 
his second great work which has proved to be the foundation stone of the theory 
of plane cubic curves, 

At the age of nineteen Maclaurin was appointed to the Chair of Mathemat- 
ics in the Marischal College, Aberdeen, where honor was shown to his memory 
at a special lecture given in the College on February 4, 1947. He first met Sir 
Isaac Newton the next year in London, where he left his Geometria Organica to 
be printed, and was admitted a Fellow of the Royal Society. In 1722 he under- 
took a Continental journey as the tutor to the son of Lord Polwarth, and ac- 
tually extended his absence from his Chair to three years. During the tour he 
was mathematically active, and for a thesis upon the percussion of bodies he 
was awarded a prize by the French Academy. Other awards, the same year, 
were made to Leonard Euler and Daniel Bernoulli. Maclaurin returned to Aber- 
deen after the sudden death of his pupil in France, and expressed his regret at 
his long absence without leave! In the following January his Chair was declared 
vacant, but meantime he had moved in November to Edinburgh where he 
deputized for the ageing Professor James Gregory, the nephew of his more 
famous namesake. Eventually and on the recommendation of Newton he suc- 
ceeded to the Edinburgh Chair, which he occupied with great distinction. His 
classes were we!l attended, and his books on algebra and fluxions were models 
of lucid, careful elaboration from the very beginnings to the latest and deepest 
discoveries. Maclaurin laid the actuarial foundations that have borne fruit in 
the well known insurance societies of Edinburgh. He was the prime mover in 
the formation of a scientific gathering that sprang from the Medical Society, 
and soon grew to be the Royal Society of Edinburgh. In 1733, he married Anne, 
the daughter of Mr. Walter Stewart, Solicitor General for Scotland. Of their 
seven children, two sons, John and Colin, and three daughters, survived him. : 

Maclaurin was an able experimentalist. He proposed an observatory for Scot- 
land, took an active part in improving the maps of Orkney and Shetland, and 
was prepared to embark on a voyage to discover a North Polar passage, should 
the opportunity occur. In 1745, when a Highland army marched on Edinburgh, 
Maclaurin took a leading part in rallying the townsfolk against the Jacobites 
and organizing the defenses of the city. Night and day he planned and supervised 
the hastily erected fortifications, a task of devotion which damaged his health. 
When the city was taken, he escaped and withdrew to England, reaching York 
where he became the guest of Thomas Herring, the Archbishop. “Here,” wrote 
Maclaurin, “I live as happily as a man can do who is ignorant of the state of his 
family, and sees the ruin of his country.” He returned the next year to Edin- 
burgh, but the rigors of the journey broke his health, and in 1746 he died at the 
early age of forty-eight. Only a few hours before his death he was engaged in dic- 
tating a concluding passage for his work on the Philosophy of Newton; the 
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argument in favor of a future life contained in the last sentences is now well 
known; it proceeded from the lips of a dying man. After speaking of the beautiful 
scheme of nature and how imperfectly it can be apprehended in man’s present 
state, “this,” he says, “naturally leads us to consider our present state as only 
the dawn or beginning of our existence, and as a state of preparation or probation 
for further advancement.” 

The first mathematical work of Maclaurin was his Geometria Organica sive 
Descriptio Linearum Curvarum Universalis (London 1720), many of the proper- 
ties therein contained being discovered while he was in his teens. The book not 
only bore the imprimatur of Sir Isaac Newton but took its rise from Newton’s 
method of generating a conic or a cubic by rotating two angles of fixed sizes 
about their vertices S and C as fixed pivots. 

If, as in Figure 1, Q, the intersection of two of the legs, lies on a fixed straight 
line AE, then P, the intersection of the other two legs, describes a conic which 
passes through S and C. Maclaurin proved this by expressing g, the ordinate of Q, 


E 


N M 


R gl 


Pp 
Fic. 1 Fic. 2 


bilinearly in terms of x and y, where C is the origin and CS is the axis of x, and 
again where S is the origin and SC the axis of x. The two values of 2 gave him a 
second degree equation in x and y. The free use of several origins within one 
geometrical figure, and the persistent use of the same parameters x and y to 
express all the necessary magnitudes, is typical of his work throughout. He ad- 
vances step by step, always using his two pivots S and C until he reaches highly 
elaborate properties such as those involved in the consideration of Figure 2. 
In Figure 2, let CNRTQ be a succession of given angles CNR, NRT, and so 
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on, whose vertices N, R, T move on given lines (straight or curved) as guides, 
while C is a fixed point. Let SMLKQ be a similar succession, where S is a fixed 
point. Let the first legs CN and SM reckoned from C and S meet at P, let the 
rth leg from S and the sth leg from C meet at O, while the mth from S and the 
nth from C meet at Q. (The figure, of course, requires m =n=4.) If Q moves ona 
guiding curve, then the point O describes a curve of order lkitbuz X (ms-+nr+s+r) 
where the single letters denote the several orders of the curves described by 
QO, N, R, T, M, L, K. In particular, if all the guides are straight lines andr=s=1, 
the locus of P is a curve of order m+n-+2. 

A vast number of properties are worked out, and all the rudiments of higher 
plane curves are dealt with, their nodes and cusps, intersections and freedoms, 
the number $(z—1)(n~—2) for the maximum number of nodes on an n-ic, and 
the mn intersections of general curves of orders m and n. He printed a proof 
of this last important result in a sequel a few years later, but apparently did 
not publish it. 

In 1722, Maclaurin learned from Robert Simson the beautiful property of 
Pappus, his porism, that if each of the three sides of a variable triangle is made 
to pivot on a point while two of the vertices describe straight lines, then the 
third vertex also will describe a straight line, provided that all three pivots are 
collinear. This suggested to Maclaurin a sequel to the above, by relaxing the 
constancy of the moving angles but, instead, constraining each leg (not merely 
the first and the last) to pivot on a fixed point. He obtained a formula analogous 
to the above, for the locus of O or P, and also found that the order of the locus 
of P was halved when all the pivots were collinear. From the triangle and three 
non-collinear pivots he obtained a variant of Pascal’s Theorem, which he proved 
while he was at sea on his memorable journey to the Continent in July, 1722. 

His second great geometrical work, the De Linearum Geometricarum Pro- 
prietatibus Generalibus, published as an appendix to his treatise on Algebra, after 
his death, was inspired by Cotes’ Theorem, and laid the foundation for the gen- 
eral theory of cubic curves. The work shows what can happen when two distinct 
ideas are perfectly blended. One idea came from Newton, and one from Cotes. 
From Newton came the property that the ratio of PA-PB-PC to Pa-Pb-Pc 
is constant when two lines through a variable point P cut a curve of order n in 
the points A, B, C and a, b, c, respectively, while remaining parallel to two fixed 
lines. From Cotes came the property 2PA~!=nPQ-1, where Q is the point at 
which any line through P cuts the polar line of P with regard to the curve. The 
latter formula suggested logarithmic differentiation of the former, whence by a 
beautiful argument Maclaurin arrived at the property that if the tangents at 
the points A, ---, on the variable chord through P cut a fixed chord at the 
points K, +--+, and this chord cut the curve at D,---, then 


ZPD" = TPK, 


By applying this result to the cubic, taking P at an inflexion, or at another point 
of the curve, or again elsewhere, he discovered an immense number of properties, 
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many being reminiscent of the harmonic properties of conics. Typical examples 
are that four tangents can be drawn from a point of the curve, three only if the 
point is an inflexion, in which case the points of contact are collinear, and that a 
chord through two inflexions necessarily passes through a third. 

The Treatise of Fluxions (Edinburgh, 1742) is a masterpiece of reasoning, in 
which Maclaurin gave a systematic account of Newton’s theory, set out in both 
geometrical and analytical form, with a wealth of applications and many dis- 
coveries. It was written in answer to an attack which Bishop Berkeley made in 
The Analyst against the use of infinitesimals. In point of rigor it is a worthy link 
between the ancient method of exhaustions and the subsequent work of Cauchy 
and of Weierstrass. Maclaurin extended Newton’s work on the gravitation of 
spheres to that of ellipsoids, and incidentally introduced the idea of confocal 
conics. The power of the work moved Clairaut to abandon analysis and attack 
the problem of the figure of the earth by pure geometry. Lagrange who, after 
Maclaurin, took the next great step forward in the theory, by developing the 
idea of potential, described this passage of Maclaurin as “le chef d’oevre de 
geometrie qu’on.peut comparer a tout ce qu’ Archimedes nous a laisse de plus 
beau et de plus ingenieux” (Mem. de l’Acad. de Berlin, 1773). The Treattse of 
Fluxions contains a theoretical and practical discussion of infinite series, includ- 
ing his well known integral test for convergence, the Maclaurin series, which he 
states to be a consequence of Brook Taylor’s series (1715), and the summation 
formula discovered independently and nearly contemporaneously by Euler and 
Maclaurin. Perhaps the finest part of the whole work is that upon lines of swift- 
est descent and the isoperimetrical problems. 

Maclaurin continued and developed the great work which Newton had be- 
gun, and today we are indebted to him for the discoveries and processes with 
which he enriched our mathematical heritage. Among his contemporaries in 
Scotland, Stirling alone was his equal in analytical power; and in geometry, 
Braikenridge alone contributed something new to his organic description of plane 
curves. The true significance of Maclaurin’s geometrical power is seen in what 
it led to in the work of Poncelet, Steiner, Grassmann and Salmon. 


Published Works by Maclaurin 


1. Geometria Organica (dedicated in November, 171, to Sir Isaac Newton), London, 1720. 

2. Treatise of Fluxions, 2 vols., Edinburgh, 1742. 

3. A Treatise of Algebra, with an Appendix De Linearum Geometricarum Proprietatibus 
Generalibus 1756, English translation of fifth edition, 1788. Published by Maclaurin’s literary 
executors, Martin Folkes and Andrew Mitchell, M. P. of Abingdon, and John Hill, chaplain to 
Thomas Herring, Archbishop of York. 

4. An account of Sir Isaac Newton’s Philosophy, published by subscription by Patrick Mur- 
doch for the benefit of Maclaurin’s children, and prefaced by a memoir of Maclaurin. (First draft 
prepared by Maclaurin in 1728.) 

5. Various communications mostly embodied in the above, and first published in the Philo- 
sophical Transactions, London, Nos. 356, 359, 394, 408, 439, 467, 469; A rule for finding the meri- 
dional parts of a spheroid, No. 461, and of the basis of the cells wherein the bees deposit their 
honey, No. 471. 


THE TEACHING OF COLLEGE MATHEMATICS TODAY* 
M. S. KNEBELMAN, State College of Washington 


1. Introduction. I believe that I should apologize for the title of my paper 
as it will be concerned primarily with a critique of the role the Association is 
playing in mathematical education. About two years ago the Board of Governors 
of the Association authorized its president to appoint a committee for the “co- 
ordination of studies in mathematical education.” I have the honor to be a mem- 
ber of this committee under the highly capable and constructive chairmanship 
of Professor C. V. Newsom.f I must mention, and without any false modesty, 
that my own contribution to the progress of this committee’s work has been 
minor indeed. I have, however, learned a few things about conditions and trends 
in present day mathematical education on the secondary and college levels so 
that my own ideas about these matters have become either modified or com- 
pletely changed. 

For these reasons I should make it clear that I speak for the committee 
only in part; most of what I have to say is an expression of my own discontent 
brought to an acute stage by the war and postwar conditions. This is not to say 
that we need look upon present day mathematical education with any great 
alarm; its main current flows in the right channel and the temporary fads and 
fashions can deflect it only temporarily. Nevertheless, we should attempt to 
remove all obstructions and impediments to its progress. Thus, as you know, 
during the war “acceleration” was all the rage and many of us “covered” the 
mathematical gamut from algebra to calculus in twelve weeks. As you also know, 
“acceleration” died a silent, but far from painless death; our chickens are coming 
home to roost now, and I think it is a regrettable fact, but a fact nevertheless, 
that most of that accelerated training was rather unsatisfactory. Now the height 
of style is “integration” and even if it persists, I do not believe it will leave a 
profound effect on mathematical education. My reason for this belief is that 
these integrated programs were in the main designed by humanists and educa- 
tionists; mathematicians and other scientists were busy with war work at the 
time. I’ve attended a few meetings of such groups and I cannot say that their 
general ideas about mathematics are either very sound or very clear. It comes 
almost as a comic relief to read in a recent, widely accepted and publicized report 
of one of our foremost colleges, a comparison of the educational process with the 
three foci of an ellipse! 

As I mentioned at the beginning it is not my purpose to tell you how to teach 
mathematics either on the secondary or on the college level. Neither will I pre- 
sume to state what the most essential elements of any course are or, in my 
opinion, should be. Both of these things have recently been done in the pages of 
this MoNTHLY, and any proposals I might make would lack the self-confidence 


* Prepared for the Annual Meeting of the Association at Swarthmore, Pennsylvania, Dec. 26- 
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that these papers seem to display. What I have in mind is an attempt to make 
mathematical instruction on the two above mentioned levels sufficiently thor- 
ough and useful to our students, and make a suggestion as to what the Associa- 
tion can do to improve the general mathematical atmosphere in which we live. 


2. Two main trends. There are two main trends in present day mathe- 
matical education; the first is to reduce the content of a course to barest essen- 
tials. In many schools the approach is almost technological in nature. The justi- 
fication for this was expressed to me by a colleague in the following terms: “If 
you want to teach a person how todrive a car, you do not try to teach him ther- 
modynamics or the theory of internal combustion engines; you teach him how to 
push levers.” And just as pushing levers will not design a better engine, so will 
the type of training indicated above be a very poor foundation for further study 
and development. It is the most difficult part of our job to make students grasp 
the full significance of a mathematical definition or concept; it is so much easier 
to learn a number of rules of procedure. I regard this type of training undesirable 
because the student neither obtains much useful information nor does he receive 
any mental stimulus or development from it. 

The other trend is to relegate to lower levels instruction that traditionally 
was or is on a higher level. From my point of view this is a healthy trend that 
indicates progress in mathematical education. It is only a question of how 
rapidly this transition should be made, for experience and observation show that 
too rapid a transition is likely to prove injurious. There seems to be a desire in 
many quarters to start instruction in the calculus in the freshman year; such a 
development would relegate all preceding instruction to the high school. It 
seems to me that at least for the present this is not very realistic for the vast 
majority of high schools; also there is still the question of the maturity of the 
student. I don’t know how desirable it would be to teach Fourier series or the 
Laplace Transform in the sophomore year. At any rate such reforms and prog- 
ress must evidently be the joint effort of high school and college teachers of 
mathematics. Then, too, we receive our students from high school, and we have 
to build on the foundations laid down in the high school. That these foundations 
are often poor no one denies, but the college teacher, as a rule, does nothing to 
remedy these defects. We are too prone to criticize and condemn; in fact, quite 
recently, one of our eastern colleges held a symposium devoted to this pas- 
time. Another group that teachers of mathematics are in the habit of damning 
is the group of professional educationists, the product of teachers’ colleges. Quite 
naturally we resent the fact that there are state laws requiring teachers to “take” 
a certain number of educational courses in psychology and methodology; in some 
cases the ratio of the time spent in these courses to that spent on mathematics Is 
4 to 1. I know of no state law that requires a mathematics teacher to take a 
course in projective geometry or in number theory. It is a rare case indeed where 
a state board of education contains a mathematician or a person whose mathe- 
matical interest outweighs his general democratic educational interests. What 
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we refuse to admit is that all these groups are just as sincere in their efforts to 
do a good job, as we are, and are just as anxious to improve their work. In fact 
I am not at all sure that the college does a better job than the high school. This 
may sound like treason coming from a college teacher, but I know of more than 
one college where a student can graduate with a B.A. in mathematics without 
advancing any further than a first course in the calculus. I have seen their 
transcripts! At least the high school teachers have shown through the National 
Council of Teachers of Mathematics their sincere desire to improve secondary 
mathematical training. The Second Report of the Commission on Post War 
Plans which proposes “double-tracking” the high school curriculum so as to serve 
most effectively the various divisions of high school population is good evidence 
of this. And while I personally do not agree entirely either with their premises 
or their conclusions, nevertheless I believe that everyone of us should actively 
support their efforts. Iam glad to say that through the efforts of Professor C. V. 

ewsom we are cooperating with the National Council closely and harmoniously 
not only in this matter but also in the matter of secondary school teacher train- 
ing. Our committee is working on a program of teacher training which will im- 
prove mathematics teaching, but the adoption of the program will not come to 
pass unless the Association applies all the pressure it can in support of it. 


3. Need for cooperation with the other fields. Another point, of the same 
nature, that I would like to bring to your attention is the fact that in our col- 
leges by far the great majority of students who take courses in mathematics are 
primarily not students majoring in mathematics. They are usually engineers, 
physicists, chemists, and so forth. The mathematical part of their curriculum 
is almost never designed or controlled by departments of mathematics. Consider 
the case of E.C.P.D. (The Engineers’ Council for Professional Development). 
They require engineering students to have had a course in solid geometry, either 
in high school or in college, and this quite frequently leads to a situation where 
a junior or a senior, after having taken a course in analytic geometry and cal- 
culus, is required to revert to his high school days. So far as I know they do not 
require any training in differential equations or Fourier series or any other math- 
ematical discipline beyond a most rudimentary course in the calculus. Now while 
it is true that many colleges have introduced a more up-to-date mathematical 
program in their engineering curricula, in many cases efforts in this direction 
have met with failure and in some cases have led to a split so that we find in 
some colleges two departments of mathematics—one for engineers, the other for 
the rest of the college. The A.S.E.E. (The American Society for Engineer- 
ing Education) has more to say about mathematical instruction for engineers 
than we have. The point I am trying to make is that cooperation with such an 
organization as E.C.P.D. or A.S.E.E. seems to offer the best chance for improve- 
ment and progress, and I believe that such cooperation must originate with the 
Association or it will not come about. Of course even all this will not insure more 
than better labels for our courses. It will not insure us against dull, poor, shallow 
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textbooks or dull, poor instruction. I’ve seen a book on high school geometry 
in which the only definition of a sphere I was able to find was the statement that 
a sphere looks like a baseball, and of course a picture of a baseball; notice the 
psychological approach! I have also seen a book on the calculus in which dx is 
defined as a small piece of x. My harsh criticism of this was parried by the re- 
joinder that the definition was perfectly all right since the book was written 
primarily for engineers. It is my belief that the Association can exert an influe 
ence for better books either by not pulling punches in its reviews or by reviewing 
only books that are sound. I do not mean to say that we do not have many 
excellent books on mathematics, but these books are not the ones that have the 
widest adoption. | 


4. Conclusion. Finally it seems to me that if the Association, in collabora- 
tion with other groups interested in mathematical education, would work out a 
fairly general program of study for high schools and colleges and express its dis- 
approval of any program that is far short of it, there would be many ways of 
introducing such programs in various schools, or at least express its approval 
of those schools that are maintaining reasonable standards of training. This 
may sound like the establishment of an accrediting agency for mathematics but 
it need not be that at all. Moreover, I have seen many improvements, in other 
fields, that were due to the existence of such an agency. One way of insuring 
decent standards in mathematical education is by means of cooperative tests 
in achievement. As a rule administrations do not oppose that; state colleges 
and universities may oppose entrance examinations and, in fact, they may be 
illegal, but examinations in course are accepted without resistance. I do not 
mean that the Association should engage in the business of designing and dis- 
tributing tests; there is now a Cooperative Educational Testing Commission 
under the chairmanship of President J. B. Conant, its aim being the study and 
improvement of testing procedures in all areas of learning. What I do mean is 
that the Association should have a clear and rather loud voice in all matters 
pertaining to the teaching of mathematics. It should condemn or fail to approve 
any outmoded or archaic practices, and it shculd wield all its prestige and power 
necessary to insure progress and improvement in mathematical education. I 
know of no better organization to do this, and I know there are many schools 
where an official stand taken by the Association would be sufficient to enable the 
Department of Mathematics to introduce the necessary reforms. 


THE HERVEY POINT OF THE GENERAL n-LINE 
R. GOORMAGHTIGH, Bruges, Belgium 


1. Introduction. An arbitrary four-line determines four triangles and if, in 
each of these triangles, the perpendicular bisector of the segment joining the 
orthocenter to the circumcenter is drawn, then a well known theorem states that 
the four bisectors meet in a point which has been called the Hervey point [1] 
of the four-line. V. Thébault, however, has pointed out [2] that S. Kantor [3] 
mentioned the theorem two decades before Hervey announced it. In this 
Monrtuty, J. R. Musselman [4]| has extended the Hervey theorem to the case 
of n straight lines tangent to a parabola. Using the notation and methods of 
inversive geometry as developed by the Morleys [5], [6], we propose to obtain 
a generalization for an arbitrary n-line. 


2. Centric center of the n-line. Given mn straight lines A;, Ae,---, A, 
and, in a system of complex codrdinates having O as origin and ® as base-point, 
let x1, %2, °° * , X_, be the codérdinates of the images of O in these lines. Denoting 
the conjugate of c by é, we note that t;= —#,/x; is a turn. If now we consider 
the k lines Ai, Ag, - « - , Az, it is easily shown that the expression 


ai = witi/ (th — te) (ty — ts) +--+ (ti — Ex) 
+ aete/ (to — t1)(t2 — ts) +++ (te — te) 


foeee, 
satisfies the relations 
(1) Ohi = Oreisga — be10n41,3 
and “ 
(2) Gi = (— 1) *onay,ns-1, 
where o,=file + + * tx. 


Since the equation of the line A; is 

&=tj(a — x4), 
the point of intersection of lines Ay and A; is given by the expression @e,1, or, 
using (1), we have 

Ze = 2,1 = 03,2 — t3d3,1.* 

Hence the intersection @2,; lies on the circle whose parametric equation is 

x = 3,2 — 743,1, 
7 being a turn. Since a3,2 and a@3,1 are symmetric with respect to the three lines 


* To avoid confusion, it may be noted that generally a;,; is not the intersection of lines A; 
and A,. 
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Ai, Az, As, it follows that this circle circumscribes the triangle formed by the 
three lines; its center is the point a3. 
Again, using (1), we may write 


Z3 = A3,9 = G4,3 — ba4,2, 


and from the symmetry of the expressions @4,3 and @4,. with respect to the four 
lines Ai, Ao, A3, A, we see that the circumcenters of the four triangles, formed by 
taking the four lines three at a time, lie on a circle, called the centric circle of 
the four-line. The center of the circle is the point a4 and is called the centric 
center of the four-line. ) 

Proceeding as before, we find that the centric centers of the five four-lines, 
obtained by omitting one of the five lines Aj, Ao, - - - , As, lie on a circle. This is 
the centric circle of the five-line and its center is the point a5,4, which is called 
the centric center of the five-line. Continuing in this manner, we arrive at the 
theorem of de Longchamps [7], according to which the m centric centers of the 
(n —1)-lines belonging to an arbitrary n-line are concyclic. This circle is the cen- 
tric circle of the n-line and its center 


bn = An,n—1 
is the centric center of the n-line. 


3. Centric focus of the n-line. The parametric equation of the centric circle 
of the (n—1)-line Ai, As, - + + , An-1 is 


(3) KH = Gn—1,n—2 —~ TAn—-1,n—3; 


where 7 is a turn. Moreover, it follows from (1) and (2) that the ratio 


_ (tn ~~ Gn ,2/Gn,1) 2 (1 — tnOn,n—3/On,n—2) 


is a turn and for this value of 7 the corresponding point on the circle (3) has 
the codrdinate 


(4) Yn = @n,n—1 — Gn ,28n n—2/ An ,1- 


This expression being symmetric with respect to the codrdinates x1, %2, «+ * , Xn, 
it follows that the m centric circles of the (n—1)-lines belonging to the given 
n-line pass through the point yn. 

In the case of the four-line, the point , is easily identified as the focus of the 
inscribed parabola; for this reason the point y, is called the centric focus of the 
n-line. In the case of the four-line, the centric focus lies on the centric circle. 


4. Orthocenter of the n-line. The orthocenter of the three-line may be 
thought of as the extremity of the resultant of the three vectors drawn from the 
circumcenter to the vertices of the triangle. Similarly, we define the orthocenter 
of the n-line to be the extremity of the resultant of the 2 vectors drawn from the 
centric center of the n-line to the centric centers of the (n—1)-lines belonging to 
the given n-line. 
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The vector having O for origin and equal to the vector joining the centric 
center of the n-line to the centric center of the m—1 lines Aj, Ae, «+ + , An_1 is 
determined by | 


On—1n—2 — Inyn—1 = — bnGnn—2- 
Hence, it follows that the codrdinate h, of the orthocenter of the n-line is given 
by 
(5) lin = Gnyn—1 — SnOnsn—2; 
where 
Sn = ty the tees thn. 


5. The Hervey point of the n-line. Let us now consider the distances 
d and 6 from the orthocenter of the n-line to the centric center and the ortho- 
center, respectively, of the (7n—1)-line Ai, Ae, ++ +>, Ant. 

The centric center of the (n—1)-line is given by 


Bn—1 = Gn—1,n—2 = Onn—1 — bnOnn—2, 
and, using (5) and (1), we find for the orthocenter of the (z—1)-line 
hin—1 = Gn—1yn—2 — Sn—1Gn—1,n—3 
= Onn—1 — bn@nyn—2 — Sn—1(Gnin—2 — bn@nn—s) 
= Onn—1 — SnOnn—2 + bnSn—108n n—2- 
Combining these expressions with (5) and using (2), we get 
d? = (In — %n—1) (In — Fn~1) 
= (— 1)"onSn—15n—148n 18 n—2, 
and 
= (Tn _ n—1) (An — hin~1) 
= (— 1)"onSp—15n—14n,22n n—3, 


and, therefore, their ratio is found to be 


2 2,.2 
An =d /6 = Gn,18n,n—2/ On ,24n,n—8) 


which is symmetric with respect to the n coérdinates x1, %2, + * , Xn. 
Moreover, in the given n-line, the square of the radius of the centric circle is 


(6) Bn n—24n n—2 = (— 1) "on@n,12nn—2; 
while the square of the distance from the centric center to the centric focus is 
(7) Bn ,20nn—24n,24nn—2/On,140,1 = (— 1) "Onn ,20nn—3 


and the ratio of these two squares is precisely \3. Thus we have the result: 
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THEOREM. The distances from the orthocenter of an n-line to the centric center 
and the orthocenter of an arbitrary (n—1)-line, obtained by omitting one of the given 
lines, are in a constant ratio. This ratio equals that of the radius of the centric circle 
of the n-line to the length of the segment joining the centric center to the centric focus. 


In particular, when n=4, the centric focus lies on the centric circle and 
A4=1. Thus our result reduces to Hervey’s theorem, the orthocenter of the four- 
line being the Hervey point. 


6. Tangents to a parabola. Let the n given lines be tangent to a parabola. 
If the focus is taken as origin O and if the base-point Q is the projection of O 
on the directrix, then the equation of the directrix is 


ae+#=2 

and, since the image of O in the tangent A; lies on the directrix, it follows that 

x; = 2/(1 — ¢;). 

Introducing the notation 
wm, = (1—t)(1 — te) --- (1 — &), 

we can easily show that 

Ze = de = 2/1. 
Again, since the parametric equation of the centric circle of the three-line is 

% = 23,2 — 73,1 = 2(1 — 7)/ms, 

we find 

3,2 = 43,1 = 2/3. 


In asimilar way, we get 


G43 = G42 = 2/74. 
Also, from (1), it follows that 
23,1 = G40 — b4d4,1 
and, solving for @4,1, we have 
G4,3 = 44,2 = 41 = 2/t4. 
Continuing in this manner, we finally obtain 


Qnn—-1 = Onn F 8s = a1 FE 2/tn. 


From (4) it now follows that y,=0, which means that the centric focus of the 
n-line is the focus of the parabola; moreover, it is on the centric circle and, 
therefore, \,,=1. Thus we have the theorem: 
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THEOREM. If n straight lines are tangent to a parabola, then the segments joining 
the centric centers to the orthocenters of the (n—1)-lines, formed by omitting one of 
the lines, are such that the perpendticulars erected at their mid-points meet 1n a point 


[4]. 
This point is the orthocenter of the n-line and, from (5), its codrdinate is 
In = 2(1 — Sn)/tn. 


7. Tangents to a deltoid. Given nm lines tangent to a deltoid. If the in-circle 
is taken as base-circle and if Q is the symmetric image with respect to O of an 
apse of the curve, then the line A; is given by the equations 


2 — &/t; = t; — 1/t; 
and 
47 = bj _ 1/t;, 


where #; is the mid-point of the segment cut off on the line by the deltoid. 
By direct computation and using (1), we find 


Go,1 = ty + te + 1/tite = Se + 1/02, 
Gs,o = ty + te + ts = Sz, G31 = 1 — 1/titets = 1 — 1/os, 


Ga,3 = Sa, G42 = i, Gai = 1/o4. 
Continuing in this manner, we are able to prove that, when 225, 
Onm—1 = Sny  Onn-2 = 1, Anns = 0. 
These results combined with (5) lead to the theorem: 


THEOREM. Four or more tangents to a deltoid form an n-line, whose orthocenter 
coincides with the center O of the deltoid. 
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MATHEMATICAL NOTES 
EDITED BY E. F. BECKENBACH, University of California 


Material for this department should be sent directly to E. F. Beckenbach, _ University of 
California, Los Angeles 24, California. 


SOME REMARKS ON EULER’S TOTIENT 
V. L. KLEE, Jr., University of Virginia 


Ratat [1] and Goormaghtigh [2] have recorded values of » for which 
o(n) =o(n+1). A list of all such values of 1 <3000, found from Glaisher’s table 
[3] follows. 

o(n) =d(n-+1) for n=1, 3, 15, 104, 164, 194, 255, 495, 584, 975, 2204, 2625, 
and 2834. 

The last five entries are new. It is noteworthy that for all the stated values 
except 1 and 3, whichever of and n-+1 is odd is divisible by 15. 

Ratat [1] also noted that for n<125, 6(2n+1) =¢(2n). We list here all val- 
ues of #<1500 for which this inequality fails to hold: 

b(2n—1) <o(2n) for n= 263, 293, 368, 578, 683, 743, 788, 878, 893, 908, 998, 
1073, 1103, 1208, 1238, 1268, 1403, and 1418. 

o(2n+1) <(2n) for n=157, 262, 367, 412, 577, 682, 787, 877, 892, 907, 997, 
1072, 1207, 1237, 1312, and 1402. 

Now if p is an odd prime and 2/—1 is prime, then ¢(n) =d¢(n+2) for 
n=2(2p—1). There are also the following values of n<3000 for which ¢(n) 
=o6(n-+2) although nm and n+2 are not related in the manner just indicated: 
4,7, 8, 32, 70, 308, 512, 572, 635, 728, 2170, and 2695. 

Finally, we note that if 7<3000 and ¢(n)+2=¢(n-+2), then either » and 
n-+-2 are prime or 7 has the form 4p, where p and 2p-+1 are prime. 
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GAUSSIAN MEANS 


WiL.iaM GusTIN, University of California, Los Angeles 


Let 
A = (a1,°**, Gn) 
be a sequence of 1 positive real numbers, and let 
Q = (qu +++ 5 Qn) 


be another sequence of » positive real numbers, called weights, such that 


Ya 


du= 1] 
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For any real number ¢ the mean of order ¢ of the sequence A weighted by the 
sequence Q is defined as 


—1 * 
Mt, AQ) = 63'| Ladies | 
im 
where the function ¢; with inverse $;" is given by 
log a, t= 0, 


oa) = | a‘, +t ,0, 


for every positive real argument a. It is known that IN(t, A, Q) is a nondecreasing 
continuous function of ¢ whose g.l.b. is min A and whose |.u.b. is max A [1]. 
We now generalize this mean of order ¢ to a mean of order T, where 


T = (41°: +, ty) 


is any sequence of 2 real numbers. Let the sequences 


k 


A =(ai,-*+,4,), (k = 0,1, 2,---), 
be defined recursively as follows. Put 
A° = A, 
Then determine the elements of the sequence A*+! from the sequence A* by the 
formula 
a; = M(t; A’, O), (i= 1,+++,n;k2 0). 


We shall prove that for a fixed index 7 the infinite sequence 
A; = (ai, ai, +++) 


has a limit independent of ¢. We call this common limit the mean of order T 
of the sequence A weighted by Q, and denote it by 


M(T, A, Q). 


It is our purpose here merely to establish the existence of this mean and not to 
investigate its properties. 
The particular mean 


m[(0, 1), (a1, aa), (3, 1) ] 


is known as the arithmetico-geometric mean of a; and da»; it was first investigated 
by Gauss in connection with a problem in potential theory [2]. The special 
methods which have been employed to prove the convergence of the infinite se- 
quences A; and Age to the arithmetico-geometric mean of a; and a2 do not carry 
over to the more general mean discussed here. 

For convenience we permute the indices of each of the sequences T, A, Q 
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so that T is nondecreasing. Thus, in particular, 


hsist. 


Since the mean of order ¢ is a nondecreasing function of ¢, we see that 


(1) a<aSa, (k = 1). 


Therefore, the sequence A* is bounded below by aj and is bounded above by az, 
so that 


a, SM(h, A",0) =a, San = Mh, 4,0) San, (k= 1). 


The bounded nondecreasing infinite sequence A: then has a limit a1, and simi- 
larly the bounded nonincreasing infinite sequence A, has a limit a,. Taking in- 
ferior and superior limits of (1), we have 


‘ k . k -—— k ——— k 


From (2) and the fact that the function ¢,,(a), written below as ¢(a), is a con- 
tinuous strictly increasing function of a provided 4:20, we obtain the following 
extended inequality: 


(ox) = o(limp.. a1 ) 


= limp (a1 ) 


° = k 
= Tims +00 > gib(a:) 


t=1 


n k 
= >) qib(lims.o ai) 
t==1 


n—l 


= do qib(a1) + gno(an) 


t=] 


= > qib(a1) + qn[o(an) — $(a1)] 


t=] 
= (a1) + qnlo(an) — (01) ] 
= (a). 
Subtracting ¢(a1) from this inequality we get 
0 = gnlo(on) — (a1) | 2 0, 


whence a1=Qpn, if h20. If 4 <0, the function ¢(a) is a continuous strictly de- 
creasing function of a, and a similar argument, in which we use superior limits 
and reverse the inequality signs, also shows that a, =a,. Finally we see from (2) 
that this common limit w=a,=a, is the limit of each of the infinite sequences 
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A;, so that 
a = I(T, A, Q). 
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OBJECTIVES IN CALCULUS 
C. C. MacDuFFEE, University of Wisconsin 


What should be the objectives in a beginning course in the calculus? That is a 
question which many college teachers ask themselves, and to which it is difficult 
to frame an answer. Calculus is the course for which the student has long been 
preparing through college algebra, trigonometry and analytics, and for many a 
student it is the last mathematics course which he will ever take. The amount 
of interesting and valuable material which is at that point open to him is large 
and beyond the capacity of the time available for its complete presentation. 
What gems shall be presented and which omitted is a problem which we all have 
to face. 

Our problem is complicated by the fact that no two students have exactly 
the same backgrounds, interests, personalities or plans for the future. Education 
should be a very personal matter between Professor A and Student X. The ideal 
college would give to each student a tailor-made course fitted to his exact needs 
and capacities, allowing him to proceed as rapidly and deeply as his abilities 
allow. But such methods under competent teachers are too expensive for any 
modern college so that the student must be fitted as best he may with a ready- 
made suit of clothes. The problem is to design the suit so that it will fit the 
largest number of students reasonably well. 

The first objective in a course in calculus has to be the basic techniques of 
differentiation and integration. Just as the fundamentals of spelling and gram- 
mar have to be learned before one can compose literature, so these techniques 
have to be acquired before one can use the calculus. Any student who can qualify 
to enter a class in calculus can with patience master these techniques. The pity 
of it is that so many students get not much else for their labors. 
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Beyond the fundamental techniques, there seems to be a difference of opinion 
as to the best procedure. There seems to be one school of thought which would 
have the student solve large numbers of problems in mechanics and physics 
without much attempt at incisive reasoning or rigor, apparently with the idea 
that after enough experience the student’s subconscious mind will take over and 
set up the problem for him. This is known as “standard engineering practice.” 

There is another school which tends to minimize the applications and to 
teach the calculus as a pure and lofty discipline of the mind. Most of the class 
time is spent on real variable theory, and afew students may even learn to throw 
e’s and 6’s around with what the teacher believes (until the day of the final ex- 
amination) to be a fair degree of intelligence. This method is in great favor with 
young Ph.D.’s. It is not in favor among deans. 

The ideal method obviously lies in neither of these directions. The mathe- 
matician cannot afford to forget that the calculus was developed for the purpose: 
of solving problems in mechanics and physics, and that its greatest glory even 
now is in connection with the applications. The engineer too must remember that 
Newton and Laplace and the Bernoullis were deep and incisive thinkers whose 
intuitions were merely the manifestations of careful and rigorous thinking. 

If we grant that the education of a scientist consists in the development of 
the power to do, we must admit that our proper goal in the calculus is to de- 
velop the student’s ability to interpret the physical world in mathematical 
terminology. This presupposes of course that he shall be able to speak the lan- 
guage of mathematics, that he shall have a command of the techniques and also 
of the theory behind these techniques. But over and beyond this fluency, he 
must have achieved an intuitive feeling for the elementary concepts of mechanics 
and physics, and his thinking along these lines must be in the language of mathe- 
matics. This is a large order for a first course in calculus, and obviously incapable 
of complete achievement. But I believe it is a measuring rod upon which the 
success of such a course must be judged. 

There is a pedagogical sequence for the presentation of ideas which seems to 
be inherent in the human animal, and which seems to be quite unrelated to what 
we consider the logical order. Successful teaching respects this pedagogical order. 
Thus the modern foundations of the calculus, which make the concept of limit 
a purely static concept without appeal to the notions of time or motion, is mag-: 
nificent. Every graduate student should be required to master it. But it should 
not be the calculus teacher’s one and only god. 

One of the weaknesses of American universities is their intense departmental- 
ization. Nature does not recognize the fine distinctions between what belongs to 
mathematics, what to physics, and what to chemistry. Neither did the great 
universities of Europe to the extent that we do. We sometimes teach calculus 
with no applications to physics, we frequently try to teach physics without using 
mathematics. What is perhaps even more demoralizing to the students, our 
mathematics teachers sometimes demonstrate an incompetence in physics and 
vice versa. 
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There have been attempts to coérdinate the teaching of calculus and me- 
chanics to the extent of preparing textbooks in the two courses which can be used 
in the two courses simultaneously, the calculus being available by the time it is 
needed in mechanics, and the problems in mechanics ready to illustrate the 
theorems of the calculus. Perhaps by the time our elective system has been 
modified so that the average student does not have an irregular program, this 
scheme will be more widely tried. 

In these days of educational experimentation, various combinations of 
courses are being tried which have never been tried before. What could be 
more natural than a combination course of basic physics and calculus? This 
course would probably have to be spread over two years if it were to contain a 
complete course in both physics and calculus. It would have to be given by a man 
who is competent in and sympathetic toward both courses. He could not be a 
physicist who teaches a little mathematics as a “tool,” nor a mathematician who 
“runs in a few illustrations from physics.” But he would be able to develop 
physicists to whom mathematics is a mother tongue. Can you think of a better 
background for scientists of the present age? 

Regardless of the framework in which it is taught, the first course in calculus 
must be handled with a fine sense of balance. It should be rigorous up to the 
capacity of the student to appreciate rigor, and this rigorous treatment must be 
extended to the problems, not merely confined to the proof of the existence of 
the definite integral. But the fundamental and basic problem is to develop the 
student’s intuitions so that mathematics is to him a spoken language. Then and 
only then is he in a position to appreciate the meaning of rigor. For is rigor any- 
thing else than clarity? 


FORMULA FOR THE AREA OF A TRIANGLE 
M. K. Fort, JR., University of Virginia 


We prove in Theorem 1 that a certain determinant is an invariant. Theorem 1 
is then used to prove the well known formula 


1 vy it 
A= 1/2 %2 Ye 1 
x3 vs 1 


for the area of a triangle. 


THEOREM 1. If Pi, Po, P3 are points in a plane, and these points have coérdi- 


nates (x1, yi), (x2, ye), (xs, Ys) and (af yh, (ed; ye), (xg ' ya\) respectively an rec- 
tangular codrdinate systems Cand C’ (which we shall assume to have the orientation 
commonly used in analytic geometry texts); then 


“1 Yi 1 x1! yi 1 
Xe ve Ll\|=| ae ye 1 


xj Ys 1| lags ys 1 
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The transformation from the C’ system to the C system is given by equations 
of the form 


x=mxe—ny' +h 


y=nx'+my' +k 
where m?-++-n?=1. Therefore 
1 WM «(1 mxi —nyi th nei +myi tek 1 
xe ve Ll=| maf —nyd +h ned +myi +h 1 
x3 ys 1 mxy —nyg +h nog +mys +k 1 


The determinant on the right side of the above equation can be simplified by 
subtracting the proper multiples of the last column from the first two columns. 


If we do this we get 


“1 1 1 mxi —nyi nx +myt 1 
vx. yo 1|= | meg — nyt nad +mye 1 
%3 ys 1 mug —nys neg +mys 1 


The determinant on the right is equal to 


af wi 1 
(m2? +n?) | «2 yd 1 
ts ys 1 
Since m?-+-n? =1, we see that 
41 yi 1 xi yi 1 
to Ye Ll=| a ye 1 
%3 ys 1 ve ys 1 


THEOREM 2. If Pi, Po, Ps are the vertices of a triangle and the cyclic order 
P,P2P3P; induces a counter-clockwise orientation on the boundary of the triangle, 
then the area A of the triangle 1s given by 


%1 Yi 1 
As 1/2 X2 Ye 1 
%3 Ys 1 


Choose a coérdinate system C’ so that P; is at the origin and P? is on the posi- 
tive x’-axis. It follows from the fact that P,P.Ps3P, induces a counter-clockwise 
orientation, that P3 must be in either the first or second quadrant. For this choice 
of C’ we now see that x/ =y/ =yz =0, that x7 is the length of the side PiP2, 
and that 3 -is the length of the altitude perpendicular to this side. Thus the area 
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of the triangle satisfies 2A =xd\yj. We now apply Theorem 1 and obtain 
V1 Vi 1 0 0 1 


ve ye Ll=|] af O 1] = ae yg = 2A. 
Xs ys 1 “ge ys 1 
Therefore 
1 wm («1 
A=1/21| «. vy. 1 
Xs ys 1 


In a similar fashion we can prove: 


THEOREM 3. If Pi, Pe, Ps are the vertices of a triangle and the cyclic order 
P,P2P3P, induces a clockwise ortentation on the boundary of the triangle, then the 
area A of the triangle 1s given by 


X41 Vi 1 
A=— 1/2 X%2 Ye 1 
%3 V3 1 


ELEMENTARY PROBLEMS AND SOLUTIONS — 
EDITED By Howarp Eves, Oregon State College 


Send all communications concerning Elementary Problems and Solutions to Howard 
Eves, Mathematics Department, Oregon State College, Corvallis, Oregon. This department 
welcomes problems believed to be new, and demanding no tools beyond those ordinarily fur- 
nished in the first two years of college mathematics. To facilitate their consideration, solutions 
should be submitted on separate, signed sheets, within three morths after publication of 
problems. 


PROBLEMS FOR SOLUTION 
E776. Proposed by L. R. Ford, Illinois Institute of Technology 


“Are those your children that I hear playing in the garden?” asked the 
visitor. 

“There are really four families of children,” replied the host. “Mine is the 
largest, my brother’s family is smaller, my sister’s is smaller still, and my cousin’s 
is the smallest of all. They are playing drop the handkerchief,” he went on; 
“they prefer baseball but there are not enough children to make two teams. 
Curiously enough,” he mused, “the product of the numbers in the four groups is 
my house number, which you saw when you came in.” 

“I am something of a mathematician,” said the visitor, “let me see whether 
I can find the numbers of children in the various families.” After figuring for a 
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time he said, “I need more information. Does your cousin’s family consist of a 
single child?” The host answered his question, whereupon the visitor said, 
“Knowing your house number and knowing the answer to my question, I can 
now deduce the exact number of children in each family.” 

How many children were there in each of the four families? 


E 777. Proposed by C. R. Pertsho, McCook Junior College 


Find the number of permutations of n objects with the restriction that in no 
arrangement may an object be adjacent to either of its neighbors in the original 
order. 


E 778. Proposed by Victor Thébault, Tennie, Sarthe, France 


For a given tetrahedron ABCD, find the point P in space such that the short- 
est paths separating P from each of the vertices A, B, C, D, after having touched 
the opposite faces BCD, CDA, DAB, ABC, are equal to each other. 


E 779. Proposed by P. A. Pizé, San Juan, Puerto Rico 
Let x, y, 2 be three positive integers and set 
a=xet+y, b=x+2, c= axt+tyte. 
Show that for any prime exponent p>2, 
(ab)? — (cx)? — (ya)? 
is divisible by the product pabcxyz. 
E 780. Proposed by G. Pélya, Stanford University 


A lampshade has the shape of a frustum of a right circular cone. Its perimeter 
is P at the bottom, p at the top, and its slant height is s. Show that such a lamp- 
shade can be cut out in one piece from a rectangular sheet of paper with dimen- 
sions 


P and s+ p(P — 6)/8s. 


You can even save paper for a flap to glue the two ends together, except in the 
limiting case where P=, when not a bit of paper is wasted. 


SOLUTIONS 
Bounds for Finite Harmonic Series 
E 746 [1946, 591]. Proposed by H. F. Sandham, Trinity College, Ireland 


Show that for all positive integers r 
rid — (n+ 1)-r} < 1/1 +1/2 +--+ +1/n S r(n* — 1) +1. 


I. Solution by J. H. Simester, University of Louisville. We shall use the func- 
tion 


fm) =1+1/2+---+1/n—n(1+n), 
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(whose limit when n— © is Euler’s constant). A property of f(m) is that 
0<f(n)<1-—1/(1+n), 
from which it follows that, for n>1, 
fin —1) + 1/n <1-—1/n4+1/n = 1. 


l+n l+n 
f f-Urdgt< f fidt = In (14 n), 
1 1 


Now, from 


it follows that 
(1) ry1— (A+ nr} <144/2+---+1/n 
for any positive integral values of r and n. Also, for n>1, 


1+1/2+---+1/n=Inn+ {f(n—1)+1/n} <Inn+1 
-{ tH dt+1 < fora + 1=r(n'/r? — 1) +1, 
1 


1 
whence, for all positive integers r and n 
(2) 1+1/2+---+1/n S rin" — 1) +1. 
Results (1) and (2) are the desired inequalities. 
II. Solution by the Proposer. The identity 
(m+1)—m 


r 
ES (m + 1)! tty (—-D) Ir 
(m + 1)1/7 —_ mir i-1 


gives 
_iat om <S r(mt+ 1)!" < rim I), m= 0. 
(m + 1)1/r — mir 7 
Similarly 
1 1 
m mt+i rf 4\lilr 1 (i-1)[r 
Tap aye 7 EG) Ger) 
(=) m+ ) 
gives 
1 1 
m m+i1 r r 
Taye ty wer ee 
(~.) 7 m -+- :) 


342 ELEMENTARY PROBLEMS AND SOLUTIONS [June, 


Hence, for m20, 
r{(m + 1)-ur — (m + 2)-1ir} <i/m+i)s r\(m + 1)1/7 — mir}, 
Summation with respect to m now leads to the required result. 


IIT. Solution by Barney Bissinger, Fitchburg, Massachusetts. The left hand 
member of the inequalities is equal to the area under the curve y= (x+1)7-!, 
above the x-axis, and between the ordinates at x =1 and x =n. This area is obvi- 
ously less than >071/i. 

Similarly, the right hand member of the inequalities is equal to 1 plus the 
area under the curve y=x7!t"/", above the x-axis, and between the ordinates at 
*=1 and «=n. This area is clearly greater than 1+) 31/2; equality occurs only 
whenr=n=1. 

Also solved by Paul Brock, Ragnar Dybvik, and Norman Miller. 


Diophantine Vectors 
E 747 [1946, 591]. Proposed by H. W. Becker, Omaha, Nebraska 


Can we decompose an integer force F into n integer forces Fi, - - - , F,, such 
that the sum of any number of the components is also an integer force, where 
n>2? 


Editorial Note. The answer is yes. For consider a tetrahedron ABCD in which 
A C=AD =BA=BC=BD = 3, and CD =4. Consider the three vectors fF} =AB, 


F, = BC, F; =CD. Then it is easily seen that Fi+ Fo-+ Fs, Fo-+ Fs, Fst+ Fi, Fit Fe 
all have integral magnitudes. Other solutions are of course possible. 

Becker has also proposed the problem of determining the existence or non- 
existence of n>2 mutually orthogonal integer vectors such that the sum of any 
number of them will also be an integer vector. This problem seems much more 
difficult and possesses a considerable associated literature. 


Lateral Area of an Oblique Cone of Revolution 
E 748 [1946, 591]. Proposed by George Pélya, Stanford University 


Let a be the angle between the axis and any element of a right circular cone. 
If the cone is cut through by a plane (not necessarily perpendicular to the axis) 
show that the lateral area of the part remaining between the plane and the vertex 
is given by 7AG sin a, where A and G are respectively the arithmetic and the 
geometric mean of the longest and the shortest remaining elements. 


Solution by G. K. Klausner, Cooper Union Institute of Technology. The re- 
quired area S is easily shown to be E csc a, where E is the projection of S on a 
plane perpendicular to the axis of the cone. From geometry the semi-axes of the 
ellipse EZ are found to be 4(a+5) sin a and ~/ad sin a, where a and 0 are the 
lengths of the longest and shortest elements. Since A =i(a+b) and G=~/ab, 
E=7AG sin? a and S=7AG sin a. 
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Also solved by F. Ballantine, D. H. Browne, H. E. Fettis, Free Jamison, 
D. W. Matlock, R. K. Morley, D. K. Pease, C. F. Pinzka, P. W. A. Raine, 
J. H. Simester, A. Sisk, P. D. Thomas, R. H. Urbano, and the proposer. Thomas 
noted that this problem occurs as example 13, p. 380 of Bowser’s Differential 
and Integral Calculus (1910). 


A Cone Inscribed in a Sphere 
E 749 [1946, 591]. Proposed by Victor Thébault, Tennie, Sarthe, France 


In a given sphere inscribe a right circular cone whose lateral area is equal to 
the area of the zone beneath its base. Show that the total area of the cone is 
equal to the area of the zone in which it is inscribed. 


Solution by the Proposer. Let S be the vertex of the cone, SH =x, its altitude, 
piercing the sphere again at D, and SA any arbitrary element of the cone. Let d 
be the diameter of the sphere. The lateral area of the cone is given by 


a(HA)(SA) = m/au(d — x)dx - 


and that of the zone beneath the cone by 
q(DA)? = rd(d — x). 
The relation r(ZA)(SA) =7(DA)? gives the equation 
an/d(d — «) = d(d — x), 
which reduces to 
x“? — d(d — x) = 0. 


Without the need of solving, this last equation shows that the point H divides 
the diameter SD of the sphere in mean and extreme ratio. There is thus a classical 
geometrical construction of the point H, and consequently a construction of the 
required cone. 

The second part of the problem follows from the relations 


w(HA)(SA) + 2(HA)? = dx = r(SA)?. 


The solution of this problem implicitly contains the solutions of the follow- 
ing problems: 

1. To inscribe in a given sphere a right circular cone such that the lateral 
area and the total area have a sum equal to the area of the sphere. 

2. To cut a sphere by a plane such that the area of the section will be equal 
to the difference of the areas of the zones determined by the plane. 

3. To cut a sphere by two parallel planes such that the area of each section 
will be equal to that of the zone intercepted by the planes. 

4. The pole P, with respect to the sphere, of the base of the cone is such that 
PH = 2d, and the distance PD =d(4/5-+1)/2 is equal to twice the side of a regu- 
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lar 3/10 star inscribed in a great circle of the given sphere. 

Also solved by W. E. Buker, G. Y. Cherlin, Ragnar Dybvik, D. H. Erkile- 
tian, Jr., R. B. Herrera, B. R. Leeds, D. K. Pease, C. F. Pinzka, P. W. A. 
Raine, C. D. Smith, and P. D. Thomas. 


Remarks by C. D. Smith, Mississippi State College. The problem of finding 
the inscribed right circular cone with a volume equal to that of the spherical 
segment below leads to the cubic 


2h? + Rh? — 4R°*h+ R3 = 0, 


where R is the radius of the sphere and / is the distance from the center of the 
sphere to the base of the cone. Removing the undesired root h=R, we find 
h=R(A/17—3)/4. The similar distance # for the given problem is R(\/5—2). 
Using these values of # to calculate the radii of the bases of the cones for the two 
problems we find that these radii differ from each other by only (approximately) 
0.012R. 

More surprising is the case of a spheroid with axis of rotation 2R. If we take 
the inscribed cone with altitude R+h along the axis 2R, and insist that the vol- 
ume of the cone be equal to that of the segment beneath the base, we find the 
sarfie cubic as for the sphere. This equation is independent of the eccentricity 
of the generating ellipse, and hence we have cones of equal altitudes for all 
spheroids having axis of rotation equal to 2R. 


Editorial Note. It might be apropos to mention here a curiosity sent some 
time ago to this department by T. A. Bickerstaff of the University of Missis- 
sippi: The vertex angle of the maximum inscribed cone in a sphere equals a base 
angle of the minimum circumscribed cone about the sphere. The proof is very 
straightforward. 


Interior Diagonal Points 
E 750 [1946, 591]. Proposed by Paul Erdis, Syracuse University 


Find the number of intersections of the diagonals of a convex polygon of n 
sides. 


I. Solution by Norbert Kaufman and R. H. Koch, Chicago, Illinois. Consider 
a convex polygon of 24 sides. Every combination of the » vertices taken four 
at a time determines a quadrilateral which has two intersecting diagonals. Also, 
every two intersecting diagonals of the polygon determine a quadrilateral. There- 
fore the required number of intersections is (7). These intersections, of course, 
may not all be distinct. 


II. Solution by Arthur Rosenthal, University of New Mexico. If k vertices lie 
on one side of a diagonal d, then n — k —2 vertices lie on the other side, and hence 
d intersects k(4—k—2) other diagonals. Taking into account that each diagonal 
is determined by two vertices and each intersection by two diagonals, one finds 
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that the number of intersections of the diagonals of a simple convex polygon of 
n sides is 


n/4) kn — k — 2) = ("), 


not counting the n vertices of the polygon. 

A much more difficult problem is to find the number of distinct points of 
intersection of the diagonals of a simple regular polygon of x sides. 

Also solved by D. W. Alling, Fred Ballantyne, H. W. Becker, D. H. Browne, 
F. A. Butter, Jr.,G. Y. Cherlin, Monte Dernham (two ways), Harley Flanders, 
William Gustin, J. B. Kelly, D. W. Matlock, W. E. Patten, C. F. Pinzka, and 
the proposer. 

Several solvers also found the number of exterior diagonal points. Dernham 
pointed out the interesting fact that, as m increases, the decreasing ratio of in- 
terior to exterior intersections, . 


(1 — 1)(n — 2)/2(n — 4)(n — 5), 


approaches the limit 1/2. He also suggested the problem of finding the minimum 
possible number of distinct interior diagonal points that may be possessed by 
a convex n-gon. Patten pointed out that the proposed problem occurs as ex. 7, 
p. 34, vol. II (2nd ed.) of Chrystal’s Text Book of Algebra. As an allied problem 
he suggested proving that all interior diagonal points of a regular convex odd- 
sided polygon are simple intersections. As a still more difficult problem he pro- 
posed that of determining the existence or non-existence of n-gons possessing 
prescribed numbers of diagonal points of given multiplicity. If J; designates the 
number of interior diagonal points of multiplicity 7, then (Je, Is, - - - , Im) may 
be called the index of the n-gon. For n=7 Patten stated that I,=0 for m>3, 
and that 7-gons exist for (J2, Iz) =(35, 0), (32, 1), (29, 2), and (26, 3). 


ADVANCED PROBLEMS AND SOLUTIONS 


EpITED By E. P. STARKE, Rutgers University 


Send all communications concerning Advanced Problems and Solutions to E. P. Starke, 
Rutgers University, New Brunswick, New Jersey. All manuscripts should be typewritten 
with double spacing and margins at least one inch wide. Problems containing results believed to 
be new or extensions of old results are especially sought. Proposers of problems should also en- 
close any solutions or information that will assist the editor. In general, problems in well 
known text books or results in readily accessible sources should not be proposed for this de- 
partment. 


PROBLEMS FOR SOLUTION 
4254. Proposed by Paul Erdés, Syracuse University 


We have seven points in the plane. Prove that we can always select three 
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which do not form an isosceles triangle. For six points this does not necessarily 
hold. (If A, B, C are on a line we can define that they do not form an isosceles 
triangle if AB#BC.) 


4255. Proposed by G. Pélya, Stanford University 


A sequence {x,} is defined recursively, in terms of two numbers xo and m1, 

by the formula 
n—1 
oy = Og, ¢$ + 
1+ (n— Deg i+ (n—1eg 

where g is a given positive quantity. Find an expression for the limit of x, as 
n—o. (This generalizes problem E 694 (1945, 516) which corresponds to the 
special case g=1.) 


4256. Proposed by N. A. Court, University of Oklahoma 


Given a sphere orthogonal to two circles lying in two distinct planes. If the 
center of the sphere is conjugate, with respect to one of the circles, to the point 
in which the plane of that circle cuts the axis of the other circle, the same is true 
of the center of the sphere, if the roles of the two circles are interchanged. 

Note. A circle is orthogonal to a sphere if the plane of the circle cuts the 
sphere along a great circle orthogonal to the given circle (see, for instance, the 
Proposer’s Modern Pure Solid Geometry, p. 138, art. 416). 


4257. Proposed by Victor Thébault, Tennie, Sarthe, France 


In any arithmetic progression show that the difference (sum) of the product 
of m consecutive terms and the product of » other consecutive terms is always 
divisible, provided m is even (odd), by the sum of the greatest and least of the 
terms. Prove also the corollary: If a and 0 are positive integers and ifa+b+1= 
is prime, then 

albl!+1=0 (moda+d+1), 


the sign being + or — according as a and 0 are even or odd. 


4258. Proposed by H. F. Sandham, Trinity College, Ireland 


Prove that the necessary and sufficient condition that four non-collinear 
points are such that each is the orthocenter of the other three, is 


+ 34-42-23 + 41-13-34 + 12-24-41 + 23-31-12 = 0, 
where rs denotes the distance between the rth and sth points, and three of the 
signs differ from the fourth. 


SOLUTIONS 


NoTE. 4183 (1947-235) was proposed by P. M. Hummel, University of Ala- 
bama, rather than Cezar Cosnita as stated in error. 
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Binomial Coefficients 


4189 [1946, 103]. Proposed by Albert Wilansky, Brown University 
Prove that : 


m k k — 1 
d= 1(" 7 mela y-(""" ) 120. 
r= 0 Yr + k + a k m 
Solution by S. F. Lee, Yenching University, Peiping, China. Recalling the 
expansion of (1—x)#, we have 


aa aymrren Y(—aye(™ TEE eS el MEETS an 


n=0 n=0 n+k+ea 
“ —k-—1 fen 

(1 —a)-Ft = > (-1( "es - >( je 
n=0 n n==0 k 


and their product 


> (—(” re 7 "a 


n=0 


Equating the coefficients of x”, we obtain 


m mt+k+a\/r+k mta-—i1 
Be (econ 2"), 
r=0 rt+ko+a k m 
which is equivalent to the proposed result. We note that the restriction ~a20 
has not been used in the proof. 
Solved also by D. W. Alling, W. J. Combellack, H. S. Grant, J. R. Kinney, 
M.S. Knebelman, H. L. Krall, A. S. Peters, James Singer, N. Wyman, and the 


Proposer. 


Summation 
4191 [1946, 103]. Proposed by H. F. Sandham, Trinity College, Ireland 
Prove that 


1 1 1 T 


re a 8 Gl Og 


cosh (7/2) 3 cosh Gn/y > 5 cosh (57/2) 8 


Solution by H. E. Fettis, Dayton, Olio. The Fourier series for sinh (bx), ob- 
tained by the standard procedure, is 
2 sinh (br) < 


n sin (nx 
sinh (bx) = ———— > (—1)""1 a . 
N=} 
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Therefore 
a sinh (bx ~ n sin (nx 
2 sinh = 7 2 (ye _b? a ) 
Since the series is valid for—a SxS, we may replace x by 7—x, and obtain 
a sinh (br — bx) ~. nsin (nx) 
2 sinh (br) me b2 + n? 


Adding the two series, and noting that all terms with nm even cancel, we obtain 
the result 


a cosh $b(r — 2) _ ~. (2n + 1) sin (2n + 1)% 
4 cosh 4b bt + (Qn + 1)? 


and, in particular if x=7/2 
4 = 2n+1 
h 3br = — —1)* ———___—__—__ 

“an 7 2 ( Dy (im by? 
The series under consideration may therefore be written 
~ sech $(2m + 1)r 
m==0 (2m + 1) 
- (—1)"**Qn + 1) 
(2m + 1)[(2a + 1)? + (2m + 1)?] 
x ee 1 2m + 1 | 
=o 2n+1 L2m+1 (2n+1)?+ (Qm4 1)? 
(—1)* 


=—)> | — = sech 80m + De | 
ge nd 4 ? " 


m alr ales 


Ms iMs 
; 


3 


8 ll 


-> (— >| — sech 4(2n + De | 


2n+1 (me 


=~ Sy 


n==0 


| sech $(2” + 1)z. 


Since the two summations are identical, the desired result follows immediately. 

Note by C. D. Olds, San Jose College, California. The stated result follows 
immediately from a theorem given by Ramanujan in his famous letter to G-H. 
Hardy in 1913, namely: 


° sin 2nx T e™cosn e%" cos 3n 
[- ah epee f(t). 
0 «(cosh rx + cos 72) 4 cosh 7/2 3cosh 32/2 


The present theorem is the special case when n=0. 
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Ramanujan’s theorem was first proved by C. T. Preece, using contour in- 
tegration (Journal London Math. Soctety, vol. 3, 1928, p. 215). 

Solved also by H. S. Grant, H. Y. Hsii and S. F. Lee (jointly), J. P. 
McCarthy, C. D. Olds, and the Proposer. 


Concurrent Lines in a Pentagon 
4193 [1946, 160]. Proposed by Hiiseyin Demir, Columbia University 
If on the sides of an arbitrary pentagon A142A3A 4A; the triangles B:A 542A 43 


(with indices reduced mod 5) are constructed such that BA j49||A A ss, and 
BA i43||A cA i, then the lines A,B; concur in a point C. 


Solution by J. W. Clawson, Ursinus College, Collegeville, Pennsylvania. Take 
the triangle A,A2A,4 as the triangle of reference for a system of homogeneous 
trilinear codrdinates. Let Ai be (1, 0, 0), Ae (0, 1, 0,), As (d, e, f), Aa (0, 0, 1), 
As (k, l, m). 

Then the equations of the line through A3 parallel to A:A, and of the line 
through A, parallel to A1A; are 


afx + bfy — (ad + be)z = 0, alx + (b1 + cm)y = 0. 
Thus 2B, has the coérdinates 
(bl + cm)(ad + be), — al(ad + be), acim; 
and the equation of AB; is 
cfmy + I(ad + be)z = 0. 
In the same way the equations of A.B, and A.B, are found to be 
cfmx + d(ak + blz = 0, liad + be)x — d(ak + bdl)y = 0. 


These three lines are easily seen to be concurrent in a point C which has the 
coérdinates 


d(ak + bl), liad + be), — cfm. 


Using the triangles 4143;A4, and A2A,4A, we can prove in the same way that 
A;B; and A;B; also pass through the point C. 
Solved also by the Proposer. 


Editorial Note. Clawson gave a second proof using the converse of Ceva’s 
Theorem. The Proposer employed the pencils of lines A3B3, A.B, formed when 
the side A2A3 rotates about As, other sides remaining fixed; since the correspond- 
ence between A3B; and A.B, is homographic, the locus of the intersection C of 
the rays A3B3, A.B, is a conic; this conic decomposes into A,B; and A3A,4, thus 
giving the proof. 

A Quadrilateral Similar to a Cyclic Quadrilateral 
4194 [1946, 160]. Proposed by R. Goormaghtigh, Bruges, Belgium 


In each of the triangles formed by three of the vertices of a cyclic quadrilat- 
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eral, we consider the projection of the orthocenter on the circumdiameter paral- 
lel to the Simson line of the fourth vertex of the quadrilateral with respect to the 
triangle. The four projections form a quadrilateral inversely similar to the one 
given and are on a circle concentric to the circumcircle of that quadrilateral. 


I. Solution by J. H. Butchart and Richard Meyer, Arizona State College at 
Flagstaff. Let the vertices of the cyclic quadrilateral be A1, A2, As, Ag and the 
orthocenter of the triangle formed by the omission of A; be H;. Let the projec- 
tion of H; of the line through the circumcenter O parallel to the Simson line of 
A; be A/. We wish to show (1) that XA/OA/ =— XA;OA,, and (2) that OA? 
=OAz =OA3 =OA4. 

It is well known that the Simson line of A, is parallel to A2K, where K is the 
intersection with the circumcircle of the line through Ai perpendicular to A3A,4, 
and similarly the Simson line of A is parallel to 41L, where A2L is perpendicular 
to A3A,4 and L is on the circumcircle. Since AiK and Aol are parallel, the angle 
between A2K and AiL equals <A1i1OA2. For the proof of (2), note that OA; is 
the vector sum of OAs, OA3, OA, and that A2K makes the same angles with these 
segments as Ail makes with OA1, OA4, OA3. The projections OA? , OAY of OA, 
OH, on parallels to A2K, AiL through O are therefore equal. It is clear that the 
arc A1A_ is opposite in direction to the arc KL and thus that ~AiOA? 
=— {Ai0A2. 


II. Solution by Ou Li, Yenching University, Petping, China. In a system of 
complex codrdinates having the given circumcircle as its base circle, the equation 
of the circumdiameter parallel to the Simson line of A1 with respect to the tri 
angle A2A3A4 is 

bx —_ bolgtaX = 0,* 
where ¢; are the coérdinates of the vertices A; (¢=1, 2, 3, 4). Then the coérdi- 
nates of the projection Hy of the orthocenter Mi of the triangle A2A3A, on this 
line are easily found to be 


Y= Looby = Al oo! Th 


where | T| =1 and o.=)_t,t;. Analogous results evidently hold for the other three 

cases. Hence the four projections lie on a circle which is concentric to the base 

circle and whose radius is i| oo , the radius of the base circle being taken as unity. 
Furthermore, since 

| ti — a| | o| 

ee 

| t1 — te | 2 
the quadrilateral H/ is similar to the given quadrilateral A,. As x;t; is a constant, 
the two quadrilaterals are situated in an inverse order. Also, from the relation 


Li — ts —t 
i th = : (ixj xs), 


Ki — 4; s— lx 


* R, Goormaghtigh, Analytic Treatment of Some Orthopole Theorems, this MonTHLY, vol. 
46 1939 p. 266. 
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it follows that H{ Hj is parallel to A<A;. 
Solved also by J. W. Clawson and the Proposer. 


Upper Bound for an Integral 
4198 [1946, 225]. Proposed by C. D. Olds, San Jose State College 


Prove that 
fo wea <(=) 
i Cc —- ; 
(n— 1)!J, ™ e 


where ¢ is real, n is a positive integer, and w(#) =(t—1)(t—2) - - + (¢—n+41). 
Solution by Philip Davis, Harvard University, and A. M. Peiser, Rutgers Uni- 
versity. Let 


ce 


1 
A,-1 = Gop: w(t)e—*dt 


and write I, =H,e"t+'. While a shorter proof of the stated inequality is possible, 
it seems desirable to establish the improved estimate 


Aya < (e —_ 1)-”. 
This is the best possible estimate. We shall show, in fact, that 
(2) An-1~™ (e — 1)", Nn—> ©, 


A simple change of variable yields 


1 [oa] 
In=— fo (FED) ++ + morta 
n!| 0 


Now, 
1 [oe] 
Ln+1 — [, = ——— t(t 1)--+> tdt 
+1 map, FD (¢+ n)e- 
= K, + € Tn41; 
where 
1 1 
3 K,=——— [ 1) +++ td, 
(3) Ganid, er Erm 
Thus 
(4) (1 _ 6) Tna1 _ I, = K, 


and, in particular, 
(1 — e 3 )Inga > Tn, 


so that J, =I,(1—e—!)"+! is a monotonic increasing sequence. Using (4), we have 
4 
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Jnt+1 ~— Jn = K,(1 — e-1) ntl 


so that 

m—1 m—1 

Im—- Iv = Y (Sati— In) = DY Kal — en!) 

n=l n=l 
It follows from (3) that K, <1, n=1, 2,--+-,so that we may write 
(5) lim Jn = Jit >) Ka(1 — e714) "41, 

n-> 00 n= 
Now for 20, - 


Nase 


= f1—-d—-e) FP =141-2) ~ 


or 
Hé + 1)e74(1 — ee)? 
et Dew ey 


1=e%*+ te"“1—e") + OI 


Integrating over 0 Si S1, a clearly justified termwise integration yields 


1 1 re) 
t= fo cara-ey feat DKA eye, 
0 0 


n=1 


and by (5) 


N—> 00 


1 1 
limJ,=14+J/1 -{ edi —- (1 — yf te—*dt. 
0 0 


An easy computation shows that J; =2(1—e7!)?, and that 
lim J, = 1. 


n—> 0 
This is the desired asymptotic result (2). The inequality (1) follows immediately 
from the monotonicity of Jn. 
Also solved by D. W. Alling, Joshua Barlaz, P. T. Bateman and N. J. Fine, 
R. G. Blake, J. E. Brock and M. J. Gottlieb, Paul Brock, F. A. Butter, Jr., 
N. J. Fine, Fritz Herzog, P. M. Hummel, J. B. Kelly, S. F. Lee, A. S. Peters, 
M. W. Powell, J. H. Simester, J. G. Wendel, and the Proposer. 


RECENT PUBLICATIONS 


EDITED BY H. P. Evans, University of Wisconsin 


All books for review should be sent directly to the editor of this department, American 
Mathematical Monthly, 531 West 116th Street, New York 27, N. Y., and not to any of the 
other editors or officers of the Association. 


Mathematics of Finance. By F.S. Harper. Scranton, Pa., International Textbook 
Co., 1946. 9+327 pages. $3.25. 


In the author’s words, “It is the purpose of this book to present the subject 
so that anyone with a background of college algebra may obtain in a one semes- 
ter, or better a two-semester, course a working knowledge of the fundamentals 
of the subject which will enable him to understand and apply them to a wide 
range of practical problems.” The book attains this goal in an admirable fashion. 
It is well written, carefully edited, and quite readable. In the development of 
the theory and the solutions of problems, emphasis is placed on the use of line 
diagrams, the equation of value principle, and a clear understanding of the 
origin and meaning of the tabulated functions. Considerable space is devoted to 
solutions of illustrative examples in which convenient methods of computing are 
described. The use of logarithms is encouraged throughout. 

The book differs in many respects from others on the same subject, the most 
striking difference being in the order of the topics. The table of contents will 
indicate the unusual order. I. Interest rates. II. Ordinary annuities. III. Dis- 
count rates. IV. More general annuities. V. Bonds. VI. Miscellaneous problems. 
VII. Life annuities. VIII. Life-insurance premiums. IX. Terminal reserves. 

Compound interest is introduced at the outset, simple interest being intro- 
duced later as an approximation to compound interest. The discussion of simple 
discount is postponed to Chapter III where it is defined as a convenient approxi- 
mation to compound discount. This order results in the desirable repetition of 
certain fundamental ideas, as well as the early introduction of ordinary annui- 
ties. 

The general annuity is treated in a simple manner by modifying the payment 
period to make it coincide with the interest-conversion period. Amortization, 
sinking-funds, capitalized cost, and depreciation are discussed adequately in 
Chapter VI. The treatment of life annuities and life insurance is particularly 
goed. A feature of the text is the use of the 1937 Standard Annuity Table as 
well as the American Experience Table. Over fifty sets of exercises furnish nu- 
merous problems for drill. “Since numerical answers rarely give any clue to the 
method of solution to be employed, each exercise and problem is followed con- 
veniently by its answer.” 

Tables at the end of the book have the standard functions tabulated on the 
left-hand pages and the corresponding logarithms on the right. The compound 
interest functions are given to seven places of decimals, the logarithms to six 
places. The tables are printed by offset from typescript, detracting somewhat 
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from the appearance of the book. 

This reviewer found practically no misprints, the only one of importance 
being in the table on page 209. Here the formulas are numbered incorrectly, and 
x-+n in the fourth line should read x-+m. In problem 20, page 87, the discount 
rate d is used before it is defined. If 7 is the rate per coupon period, then ¢ should 
be replaced by #/t’ in formulas 37-38 on page 140. In order that the statement 
at the top of page 141 be correct, P should be replaced by Po and the phrase 
“equation (37)” should be deleted. The author’s definition of the “and accrued 
interest price” for bonds is not the customary definition, and no mention is 
made of the “professional practice” in connection with bonds. No distinction is 
made between a nominal rate compounded p times a year and a nominal rate 
payable p times a year. 

Tosum up, this book is a refreshing addition to the texts on the mathematics 
of finance. It should prove to be an effective teaching instrument. 

H. D. LARSEN 


NEW BOOKS RECEIVED 


\ 


A First Coursein Mathematical Statistics. By C. E. Weatherburn. Cambridge, 
at the University Press; New York, The Macmillan Company, 1946. 15+271 
pages. $3.50. 

Essentials of College Algebra and Mathematics of Investment. By W. L. Hart. 
Boston, D. C. Heath and Co., 1946. 10+304-+126 pages. $4.75. 

A Locus with 25920 Linear Self-transformations. (Cambridge Tracts in Math- 
ematics and Mathematical Physics, No. 39.) By H. F. Baker. Cambridge, at 
the University Press; New York, The Macmillan Company, 1947. 11+107 
pages. $2.00. 

Mathematical Recreations and Essays. By W. W.R. Ball. Revised by H.S. M. 
Coxeter. New York, The Macmillan Company, 1947. 16+418 pages. $2.95. 

Methods of Mathematical Physics. By Harold Jeffreys and Bertha Jeffreys. 
Cambridge, at the University Press; New York, The Macmillan Company, 
1946. 9+679 pages. $15.00. 

The Methods of Plane Projective Geometry Based on the Use of General Homo- 
geneous Coédrdinates. By E. A. Maxwell. Cambridge, at the University Press; 
New York, The Macmillan Company, 1946. 19+230 pages. $2.75. 

The Cambridge Four-figure Mathematical Tables. New Edition. Cambridge, 
at the University Press; New York, The Macmillan Company, 1946. 32 pages. 
$0.45. | 
Plane Trigonometry. Revised Edition. By W. K. Morrill. New York, Rine- 
hart and Co., 1946. 10-+245 pages. $2.50. 

The Theory of Functions of Real Variables. By L. M. Graves. New York and 
London, McGraw-Hill Book Co., 1946. 10+300 pages. $4.00. 


CLUBS AND ALLIED ACTIVITIES 


EpITEeD sy L. F. OLLMann, Hofstra College 


Send reports of all activities, such as club reports, special features, topics with references, 
student papers, and other material of interest to L. F. Ollmann, Hofstra College, Hempstead, 
New York. 


KAPPA MU EPSILON CONVENTION 


The sixth national convention of Kappa Mu Epsilon was held at Illinois 
State Normal University at Normal, Illinois during April 10-12, 1947. One 
hundred seventy-one members of the fraternity representing twenty-six chapters 
were registered at the meetings. 

The general theme, as announced by the chairman of the convention, Miss 
Elinor B. Flagg of Illinois Alpha, the host chapter, was Keep Mathematics 
Effective. This theme was evident at council meetings as well as at general ses- 
sions where the emphasis was placed on greater participation in mathematics by 
undergraduates. The National Council approved plans whereby The Pentagon, 
the official publication of Kappa Mu Epsilon, would publish more student pa- 
pers. To encourage the writing of papers by undergraduates, a prize is to be 
given to the student author of the best paper published in The Pentagon in each 
biennium. This prize is to be an all-expense trip to the next national convention. 

A committee was appointed to investigate and compile reports on opportuni- 
ties for mathematicians in the various industries and professions together with 
the type of training needed for each. These reports are to be published periodi- 
cally in the official journal. 

The advisability of dividing Kappa Mu Epsilon into districts with separate 
district officers to make the work of Kappa Mu Epsilon more effective was also 
discussed. Definite action was postponed until the present growth of the frater- 
nity became stabilized. 

The convention approved applications for charters of five new chapters. 
These are: 

William Jewell College at Liberty, Missouri 

Texas State College for Women at Denton, Texas 

Texas Christian University at Fort Worth, Texas 

Baldwin-Wallace College at Berea, Ohio 

Mount Mary College at Milwaukee, Wisconsin. 

These chapters will receive their charters before the end of the semester. 
Other colleges and universities have indicated their interest in the fraternity but 
further action on these was postponed until September, 1947. 

The principal address was given by Professor C. V. Newsom of Oberlin Col- 
lege, Oberlin, Ohio, Past-President of Kappa Mu Epsilon. The title of his paper 
was The Mathematical Method. Other faculty members who addressed the con- 
vention were: 

President R. W. Fairchild of Illinois State Normal University 

Professor E. R. Sleight, Michigan Alpha, National President of Kappa Mu 
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Epsilon and presiding officer at all meetings 

Professor H. Van Egen of Iowa Alpha, President-Elect of Kappa Mu Epsilon 

Miss Ruth Yates, Illinois State Normal University 

Professor E. H. Taylor, Illinois Beta 

Miss E. Marie Hove, New York Alpha, National Secretary of Kappa Mu 
Epsilon 

Professor H. D. Larsen, New Mexico Alpha, Editor of The Pentagon 

Sister Helen Sullivan, Kansas Gamma, National Historian of Kappa Mu 
Epsilon 

Professor L. F. Ollmann, New York Alpha, National Treasurer of Kappa Mu 
Epsilon 

Professor C. N. Mills of Il/nots Alpha. 

The following undergraduate papers were presented and will be published 
in The Pentagon: 

Pattern forms of divisibility by Robert J. Weeks of Illinois Alpha 

Computation of firing data for field artillery by Thomas Selby of Michigan Beta 

A plea for non-isclationism in mathematics by Victoria Fritton, of Kansas 
Gamma 

Mathematics in Scotland from 1717-1838 by Shirley Searls of Michigan Alpha 
and read by Audrey R. Schuett of Michigan Alpha. 

Specially composed Kappa Mu Epsilon songs were sung by Victoria Fritton 
of Kansas Gamma, Miss B. Rohr of New York Alpha and Doris Wyatt of Texas 
Beta. 

The officers elected for the biennium 1947-49 are: 

President, Professor H. Van Engen, Iowa State Teachers College, Cedar 
Falls, Iowa. 

Vice-President, Professor H. R. Mathias, Bowling Green State University, 
Bowling Green, Ohio. 

Secretary, Miss E. Marie Hove, Hofstra College, Hempstead, New York. 

Treasurer, Professor L. F. Ollmann, Hofstra College, Hempstead, New York. 

Historian, Professor C. C. Richtmeyer, Central Michigan College of Educa- 
tion, Mount Pleasant, Michigan. 

Immediate Past-president, Professor E. R. Sleight, Albion College, Albion, 
Michigan. 

Editor of The Pentagon, Professor H. D. Larsen, University of New Mexico, 
Albuquerque, New Mexico. 


Metropolitan Intercollegiate Mathematics Convention 


The second annual Metropolitan Intercollegiate Mathematics Convention 
was sponsored by the Pi Mu Epsilon chapters of Brooklyn College, Hunter 
College, and New York University, on April 19, 1947 and held at Brooklyn 
College, Brooklyn, New York. The pregram included the following addresses: 

Introductory address by George Shapiro of Brooklyn College 

Topics in Topology by Professor Paul A. Smith of Columbia University 
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A pplications of Probability by Edward C. Molina of Newark College of Engi- 
neering. 

The committee members in charge of the convention were: George Shapiro, 
Brooklyn College; Gerard Washnitzer, Brooklyn College; Lillian Kaleko, Brook- 
lyn College, Secretary; Cecile Salwen, Hunter College; Annette Drucker, Hunter 
College; Joyce Marrits, Hunter College; Elaine Margolin, New York Univer- 
sity; and Bernice Goldberg, New York University. 


CLUB REPORTS 
Mathematics Club, University of Richmond 


The first meeting of the current session was devoted to the initiation and 
orientation of new members. Subsequently, two meetings were held at which the 
topics listed below were presented. Refreshments were served at each meeting. 

An introduction to the theory of relativity by Dr. B. C. Holtzclaw, Professor 
of Philosophy, University of Richmond 

Additions to the periodic table by Dr. W. E. Trout, Jr., Professor of Chemistry, 
University of Richmond. 


' Kappa Mu Epsilon, Wayne University 


The Wayne University Mathematics Club was formally installed as the Michi- 
gan Gamma chapter of Kappa Mu Epsilon on May 10, 1946. The ceremony 
was conducted in the Rackham Building while the installation banquet, honor- 
ing the twenty-seven charter members, was held at the Book-Cadillac Hotel. 
Professor E. R. Sleight of Albion College, National President of Kappa Mu 
Epsilon, officiated at the installation of the new chapter and gave the banquet 
address. 

Topics discussed during subsequent meetings include: 

Two mathematical puzzles, by Ted Slaby 

Comprehension and retention, by Nadine Zelinek 

Curves of constant breadth, by Professor John W. Baldwin. 

The officers include: President, Ted Slaby; Corresponding Secretary, Pro- 
fessor D. C. Morrow. 


Kappa Mu Epsilon, Illinois State Normal University 


Illinois Alpha chapter of Kappa Mu Epsilon held eleven meetings during 
1945-46, of which two were special meetings. Six new members were added to 
give a total membership of thirty-one for the year. Some of the activities were: 
a news letter was sent to all Illinois Alpha alumni, a home-coming breakfast 
for the alumni, and a Spring picnic. 

At the annual Spring banquet, at which forty-three members were present, 
Miss Eunice Blackburn, missionary in Yucatan, spoke on Education in Yucatan. 
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Other outstanding programs include: 
Exhibit and discussion of old mathematics books by Dr. C. N. Mills 
Significant figures by Dr. C. T. McCormick 
Introduction to the mathematics of factor analysis by Dr. B. R. Ullsvick. 
Officers for 1945-46 were: President, Maxine Sponsler; Vice-President, Mary 
Donnell; Secretary, Martha Lewis; Treasurer, LaVerne Wenzelman; Historian, 
Janice Posey; Social Director, Alice McCorkle; Corresponding Secretary, Dr. 
C. N. Mills; Sponsor, Miss Elinor B. Flagg. 


NEWS AND NOTICES 
EDITED By B. W. Jones, Cornell University 


Readers are invited to contribute to the general interest of this department by sending news 
items to B. W. Jones, White Hall, Cornell University, Ithaca, New York. 


SUMMER COURSES 


The University of Notre Dame announces the following advanced courses for 
its summer session from June 18 to August 13: by Professor Ross, introduction 
to modern algebra; by Professor Vandiver (University of Texas), advanced 
topics in algebra and number theory; by an instructor yet to be announced, 
introduction to topology. 

Syracuse University announces the following advanced courses from June 16 
to September 7: by Professor Bers, differential geometry; by Dr. Bruns, vector 
analysis; by Dr. Dubisch, higher algebra; by Professor Gelbart, functions of a 
real variable; by Dr. Gilbert, introduction to topology; by Professor Harwood, 
differential equations; by Professor Loewner, fluid dynamics; and by Professor 
Welch, probability. From July 7 to August 16 the following courses will be 
offered: by Dr. Bernstein, history of mathematics; by Professor Cairns, funda- 
mentals of analysis; and by Professor Stokes, introduction to modern mathe- 


matics. 
DUKE UNIVERSITY INSTITUTE FOR TEACHERS 


The Duke University Institute for Teachers of Mathematics will be held 
from August 5 to August 15. This conference, under the direction of W. W. 
Rankin, is the seventh annual session of the Mathematics Institute for Teachers. 
In the past six summers more than 450 teachers from twenty states have at- 
tended the Institute. The theme of this year’s Institute will be “Mathematics 
at Work.” 

The purpose of the Institute is to bring together high school and college 
teachers of mathematics, to study intensively the problems of common interest 
and to learn new uses of mathematics. The work of the Institute centers around 
the Mathematics Laboratory located in the West Duke Building on the East 
Campus. The Mathematics Laboratory makes available in one place a wide 
range of materials relating mathematics to science, industry, engineering, educa- 
tion, and commerce. 
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There will be a registration fee for the Institute of $3.00. This fee includes 
admission to the recreation facilities, tennis, swimming, etc., of the Duke Uni- 
versity Summer Session. Room and board will be furnished by Duke University 
at the rate of $3.00 for a double room and $3.50 per day for a single room. Room 
reservations should be made early. No fee or deposit need be made before arriv- 
ing. Further information may be obtained by writing to Professor Rankin. 


AID TO DEVASTATED LIBRARIES 


The Committee on Aid to Devastated Libraries has prepared for shipment 
abroad a number of packages containing periodicals and a few books. These 
packages are being sent to libraries in Belgium, China, Czechoslovakia, Finland, 
Germany, Greece, Hungary, India, Italy, and The Netherlands, through the 
assistance of the American Book Center. The Committee wishes to thank all 
those members of the Association who have made the sending of these packages 
possible by their response to the appeal which was published in the MoNTHLY 
for October, 1946. It also wishes to express its indebtedness to the American 
Book Center (Library of Congress, Washington 25, D. C.), which continues 
throughcut the present year the important activity of collecting and forwarding 
all material that can be used in the intellectual reconstruction abroad. 

The amount and the character of the material that the Committee has re- 
ceived thus far has fallen far short, however, of what is needed to meet the 
needs that have been made known. There are needed many books published dur- 
ing the war years, as well as reprints of important papers and journals. That is 
the reason for the present appeal. Help can be given as follows: 

(1) By contributions of money to be sent to the New York office of the So- 
ciety. Checks should be made out to the American Mathematical Society (with 
an indication FOR FOREIGN LIBRARIES). Money so contributed will be 
used solely for the purchase of books and journals not published by either the 
Society or the Association, and not available to the Committee from other 
sources. The cost of preparing the material for shipment, and of sending it 
abroad is defrayed by a small appropriation made for this purpose by the 
Trustees of the Society and by the cooperation of the American Book Center. 
(2) By sending books and journals, in prepaid packages, to the American Math- 
ematical Society, Butler Library, Columbia University, 531 West 116th Street, 
New York 27, N. Y., with the notation FOR FOREIGN LIBRARIES. In 
order to give an idea of the character of the books that are needed, an indica- 
tion is given below of the specific requests that have been made. These requests 
have come from libraries of universities and scientific societies in Austria, Bel- 
gium, China, Czechoslovakia, England, Finland, France, Germany, Greece, 
Hungary, India, Italy, Japan, the Netherlands, Poland, Roumania, Yugoslavia. 

There are several requests for journals published during the war years. There 
is particular need for the Annals, the Duke Journal, the Journal of Mathematics 
and Physics, as well as for the various journals published or supported by the 
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Society. Among the books asked for, the various numbers of the Colloquium Se- 
ries, and the two numbers of Mathematical Surveys appear repeatedly; so do the 
volumes in the Princeton Mathematical Sertes and the Annals of Mathematics 
Studies. The following individual titles are taken from long lists of requests: 


Albert, Introduction to Algebraic Theories, 

Artin, Galois Theory 

Bennett and Bayliss, Formal Logic 

Birkhoff and MacLane, Survey of Modern Algebra 

Churchill, Fourier Series 

Davis, Principles of Econometrics 

Dickson, History of the Theory of Numbers 

Eisenhart, Non-Riemannian Geometry 

Eisenhart, Differential Geometry 

James, Mathematics Dictionary 

Lane, Treatise on Projective Differential Geometry 

Sternberg-Smith, Theory of the Potential 

Tarski, Introduction to Logic 

Taylor, Vector Analysis 

Uspensky-Heaslet, Elementary Number Theory 

Veblen and Young, Projective Geometry 

Watson, Bessel Functions 

Widder, The Laplace Transform 

Wilks, Mathematical Statistics 
LrEo ZIPPIN 
PauL A. SMITH 
ARNOLD DRESDEN, Chatrman 


PERSONAL ITEMS 


Professor H. J. Ettlinger of the University of Texas represented the Mathe- 
matical Association at the installation of William V. Houston as President of 
Rice Institute on April 10, 1947. 

Professor J. W. Alexander of the Institute for Advanced Study has been 
awarded an honorary doctorate of science by Princeton University. 

Dr. A. S. Householder of the Monsanto Chemical Company has received a 
Bureau of Ordnance Development award for work with project N-111; Applied 
Psychology Panel. 

Professor J. R. Kline of the University of Pennsylvania has been elected to 
membership in the Society of Science and Letters at Warsaw. 

K. A. Bush of Mohawk College has been promoted to an associate professor- 
ship. 

F. M. Carpenter of the State University of Iowa has been appointed to an 
assistant professorship at Missouri School of Mines, Rolla, Missouri. 

Associate Professor H. S. M. Coxeter of the University of Toronto has been 
appointed to a visiting professorship at the University of Notre Dame. 

Assistant Professor M. J. Gottlieb of Washington University is on leave of 
absence this term to work at the Institute for Advanced Study. 

Drs. G. H. A. Grosheide and J. Haantjes of the Free University of Amster- 
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dam have been promoted to professorships. This is a correction of an item in the 
February issue of the MONTHLY. 

Dr. F. C. Jonah of Chance Vought Aircraft Division of the United Aircraft 
Corporation has been promoted to the position of Staff Project Engineer. 

C. W. Jordan, Jr., has been appointed to an assistant professorship at Wil- 
liams College. 

Dr. H. D. Kloosterman of the University of Leiden has been promoted to 
a professorship. 

R. R. Kuebler of Dickinson College has been promoted to an assistant pro- 
fessorship. 

Assistant Professor J. K. L. MacDonald of Cooper Union has been appointed 
to a professorship of graduate mathematical physics at New York University. 

Assistant Professor M. G. Moore of Bradley University, Peoria, Illinois, has 
been promoted to an associate professorship. | 

Dr. Z. I. Mosesson of the Prudential Insurance Company of America has 
been promoted to the position of Assistant Mathematician. 

Dr. W. D. Munro of the University of Minnesota has been promoted to an 
assistant professorship in mathematics and mechanics. 

Dr. P. F. Nemenyi has been appointed physicist with the Naval Ordnance 
Laboratory, White Oak, Maryland. 

Dr. J. Popken has been appointed to a professorship at the University of 
Utrecht. 

Professor E. B. Wilson of the School of Public Health, Harvard University, 
has retired with the title emeritus. 


The following appointments to instructorships are announced: 
New York Institute of Optics: L. D. Levine 
United States Naval Academy: J. R. Gorman 


Word has been received of the death of Professor Ettore Bortolotti of the 
University of Bologna on February 17, 1947. 

Professor Emeritus B. L. Remick of Kansas State College died March 18, 
1947. 

Professor W. T. Short of Oklahoma Baptist University died February 19, 
1947. 


THE MATHEMATICAL ASSOCIATION OF AMERICA 
Official Reports and Communications 
ANNUAL MEETING OF THE ILLINOIS SECTION 


The twenty-fifth annual meeting of the Illinois Section of the Mathematical 
Association of America was held at Illinois State Normal University, Normal, 
Illinois, on Friday and Saturday, May 10-11, 1946. 

There were forty-six persons in attendance, including the following twenty- 
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one members of the Association: Edith I. Atkin, D. R. Bey, S. F. Bibb, W. H. 
Coulter, Elinor B. Flagg, L. R. Ford, A. E. Gault, Mildred Hunt, E. C. Kiefer, 
W. C. Krathwohl, Luise Lange, C. T. McCormick, W. C. McDaniel, C. N. Mills, 
M. G. Moore, E. J. Moulton, E. W. Ploenges, J. M. Sachs, M. Anice Seybold, 
E. H. Taylor, B. R. Ullsvick. 

At the business meeting the following officers were elected for the coming 
year: Chairman, C. N. Mills, Illinois State Normal University; Vice-Chairman, 
M. G. Moore, Bradley Polytechnic Institute; Secretary, E. C. Kiefer, James 
Millikin University. It was decided to hold the next meeting on May 10-11, 
1947 at Bradley Polytechnic Institute in Peoria, Illinois. 

The following papers were presented: 


1. A note on the history of the concept of infinity in mathematics, by Dr. E. H. 
Taylor, Eastern Illinois State Teachers College. 

The speaker noted the central role of the concept of infinity in the develop- 
ment of mathematics. He discussed the place of the concept in the growth of 
modern geometry, in the development of the calculus, and in modern attempts 
to attain rigor in mathematics. Attention was called to the conflict between the 
school of Hilbert and that of Brouwer growing out of difficulties with infinite 
processes and infinite classes. 


2. On a graphical interpretation of the criteria for conic sections, by Dr. Luise 
Lange, Chicago City Junior Colleges, Woodrow Wilson Branch. 


3. Forum: What college mathematics for the returning service man? by Profes- 
sor C. N. Mills, Illinois Normal University, Professor E. C. Kiefer, James 
Millikin University, and Professor S. F. Bibb, Illinois Institute of Technology. 

The various speakers told of efforts made in their own schools to assist re- 
turned service men. 


4. Two theorems on Brocard points derived from group theory, by Sister Mary 
Phillip, Rosary College. . 

A geometric representation of the dihedral group Gs in the real inversive 
plane shows that certain sets of points with special significance from the group 
point of view play an important part in the geometry of the configuration. The 
triangles of a certain poristic system under Ge have the same Brocard points, 
namely, the transforms of their common circumcenter under the invariant sub- 
group of Gs. Moreover, the Brocard angles of these triangles are equal. 

The Brocard angle of this system of triangles under Gz is equal to the Bro- 
card angle which determines the circumcircle of the system as a Neuberg circle 
on a segment of the Desargues’ axis of related pairs of triangles of the system 
with limiting points the common isodynamic points of the triangles of the sys- 
tem. 


5. Application of mathematics to war problems, by Professor E. J. Moulton, 
Northwestern University. 
Professor Moulton talked briefly of the extent to which professional mathe- 
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maticians participated in the war effort. Dividing the field of mathematics into 
nine sections ranging from arithmetic to topology, he indicated where each was 
used in connection with the recent conflict. He spoke of such diverse problems 
as the design of clothing, weather forecasting, and the atomic bomb. Numerous 
‘ other applications were mentioned. 

E. C. KiErer, Secretary 


NOVEMBER MEETING OF THE PHILADELPHIA SECTION 


The annual meeting of the Philadelphia Section of the Mathematical Asso- 
ciation of America was held at the University of Pennsylvania, Philadelphia, 
Pennsylvania, on Saturday, November 30, 1946. Professor P. A. Caris, Chair- 
man of the Section, presided at the morning and afternoon sessions. 

There were fifty-one present, including the following thirty-five members 
of the Association: C. B. Allendoerfer, Joshua Barlaz, P. T. Bateman, A. L. 
Billig, T. A. Botts, H. W. Brinkmann, L. H. Bunyan, W. B. Campbell, P. A. 
Caris, J. A. Clarkson, J. W. Clawson, L. J. Deck, F. L. Dennis, Arnold Dresden, 
W. H. Gottschalk, J. F. Heyda, J. R. Kline, F. L. Manning, Clifford Marburger, 
D. L. McDonough, 8. S. McNeary, A. E. Meder, Jr., Martin Moliver, W. R. 
Murray, C. A. Nelson, J. C. Oxtoby, C. J. Rees, I. J. Schoenberg, Benjamin 
Slepin, L. L. Smail, E. P. Starke, G. L. Walker, R. M. Walter, G. C. Webber, 
Anna Pell Wheeler. ; 

At the business meeting the following officers were elected for the coming 
year: Chairman, C. J. Rees, University of Delaware; Secretary, W. H. Gott- 
schalk, University of Pennsylvania. The Program Committee for the next meet- 
ing will be: I. J. Schoenberg (Chairman), University of Pennsylvania, C. B. 
Allendoerfer, Haverford College, and A. E. Pitcher, Lehigh University. The next 
meeting will be held on Saturday, November 29, 1947. 

The program consisted of the following papers: 

1. Convex sets, by Professor T. A. Botts, University of Delaware. 

, The elementary properties of convex sets in the euclidean plane were dis- 
cussed from the intuitive geometric viewpoint. The plane-of-support property 
of convex sets was established in two (well known) ways, each of them avoiding 
the type of limiting process usually employed. It was pointed out that the geo- 
metric arguments used could be phrased analytically so as to be valid for the 
corresponding theorems in 2-dimensional euclidean space. 

2. Slope in solid analytic geometry, by Professor C. B. Allendoerfer, Haver- 
ford College. , 

This paper has been published in this MonTHLY, vol. 53 (1946), pp. 241- 
247. 

3. Generalizations of the Weierstrass approximation theorem, by Professor Ed- 
win Hewitt, Bryn Mawr College, introduced by Professor W. R. Murray. 

The celebrated approximation theorem of Weierstrass asserts that, given a 
closed interval [a, b] in the real number system, a real-valued continuous func- 
tion @(x) defined on [a, b], and any positive number e, there exists a polynomial 


364 THE MATHEMATICAL ASSOCIATION OF AMERICA [June, 


p(x) such that | p(x) —o(x)|<e for all x in [a, b]. Many different proofs have 
been given for this theorem, some depending upon the existence of integrals, 
others using uniform continuity. M. H. Stone has proved (Trans. Amer. Math. 
Soc., vol. 41, 1937, p. 466, Theorem 82) a striking generalization of this theorem, 
as follows. Let X be any bicompact Hausdorff space, and 7 any set of real-valued 
continuous functions defined on X such that for every p, geX which are distinct 
points, there is a function fe such that f(p) ¥f(¢). Then any continuous real- 
valued function defined on X can be approximated uniformly to an arbitrary 
degree of accuracy of means of polynomials p(fi, ---, fn), where fi, -°-, fan 
are in ‘f. This theorem is proved as a special case of a more general approxima- 
tion theorem valid in arbitrary completely regular spaces. 
W.H. GoTtTscHALK, Secretary 


FALL MEETING OF THE MARYLAND-DISTRICT OF COLUMBIA-VIRGINIA SECTION 


The fall meeting of the Maryland-District of Columbia-Virginia Section of 
the Mathematical Association of America was held at the Johns Hopkins Uni- 
versity on Saturday, December 7, 1946, with a morning session, luncheon, and 
an afternoon session. Professor W. K. Morrill, Chairman of the Section, presided 
at both sessions. 

The attendance was one hundred and one including the following thirty- 
seven members: N. H. Ball, Archie Blake, S. G. Bourne, H. H. Campaigne, 
Abraham Cohen, G. F. Cramer, J. A. Duerksen, E. J. Finan, M. K. Fort, Jr., 
C. H. Frick, Michael Goldberg, J. R. Hammond, G. A. Hedlund, Sister Mary 
Cordia Karl, L. M. Kells, Katharine B. Keppler, V. L. Klee, Jr.,. W. D. Lambert, 
M. H. Martin, E. S. Mayer, Carol V. McCamman, Mary E. Meade, Emanuel 
Mehr, Joseph Milkman, T. W. Moore, F. D. Murnaghan, W. H. Norris, Jr., 
Grace S. Quinn, C. E. Rhodes, R. E. Root, E. D. Schell, H. R. Smith, S. Helen 
Taylor, Marian M. Torrey, W. R. Utz, A. L. Whiteman, G. T. Whyburn. 

The first five of the following papers were read at the morning session. Pro- 
fessor Murnaghan’s paper was read at the afternoon session at the invitation of 
the Section. 

1. Needed changes in curriculum materials and in methods as suggested by war- 
time experience, by Dr. S. Helen Taylor, State Teachers College, Frostburg, 
Maryland. 

As a result of her war-time experience, Dr. Taylor recommended several 
changes in the curriculum material now generally used in the teaching of mathe- 
matics at the college level. 

2. On systems of constructible number theory, by Dr. David N elson, George 
Washington University, introduced by the Secretary. 

A formal system of classical number theory C may be extended by the addi- 
tion of further logical primitives for implication, alternation, and the existential 
quantifier and further rules of inference to give an intuitionistic system J. This 
system may be further extended by the addition of a new primitive for negation 
to give asystem NV. Each of these extensions may be characterized by a depend- 
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ence among the logical symbols in C and in I. If the logical symbols of N are 
independent, an interpretation of the logical connectives which is divergent from 
the three represented by these systems is suggested; if not, a characterization 
of N is provided. 

3. A construction of the extended real number system, by M. K. Fort, Jr., Uni- 
versity of Virginia. 

The terms “closed interval of rational numbers” and “directed set of closed 
intervals” were first defined. An “extended real number” was then defined to 
be a maximal directed set. The collection of all such extended real numbers con- 
tains in addition to the usual real numbers two elements which are called — 
and o. Finally, multiplication and addition were defined and some properties 
of the extended real number system were discussed. 

4. On the equation o(x) =n, by V. L. Klee, Jr., University of Virginia. 

A brief survey of previous results on the problem of obtaining solutions of 
(x) =n was followed by an outline of the proof and an application of the follow- 
ing theorem due to the author: If m is an odd integer greater than 1, expressible 
in the form 


m = [J (2% + 1)%]] di(2*d; 4+ 1)% 


where the integers 2%-++-1 and 2*#d;-+-1 are prime, if the a,’s and the 0,’s are non- 
negative integers, and if 


then 
y= Qntl — > ji _ > kill (2% + Lett] T (2hd, + 1) +1 


is a solution’ of the equation ¢(x) =2"m. And if >) j;+> 4:=7, then x«/2 is also a 
solution. Furthermore, all solutions are obtainable in this manner from expres- 
sions of m in the above form. 

5. On the decomposition of meromorphic functions, by W. R. Utz, University 
of Virginia. 

In arecent paper L. H. Loomis has given a necessary and sufficient condition 
for the decomposition of a meromorphic function, defined on the interior of the 
unit circle, into a regular, bounded, univalent function followed by a rational 
function. This condition is given in terms of the behavior of the function near 
the boundary of the region of its definition. In the present paper the author em- 
ploys extensions to the boundary of mappings from the unit circle upon an arbi- 
trary bounded simply connected region with locally connected boundary to se- 
cure an analogous theorem for a function meromorphic on a bounded, simply 
connected region with locally connected boundary. 

6. The teaching of mathematics below the college level, by Professor E. D. 
Murnaghan, Johns Hopkins University. 

This paper will be published in the Mathematics Teacher. 

E. J. FINAN, Secretary | 
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NEW MEMBERS 


Professor W. B. Carver, Secretary-Treasurer, announces that the following 
one hundred persons have been elected to membership on applications duly certi- 


fied: 


A. T. ANbDERsON, A.M.(Michigan) Instr., 
Cooper Union, New York, N. Y. 

PETER ANDRIS, B.S. in E.E. (Illinois) Teacher, 
Harrison Tech. High School; Chicago, III. 

W. E. F. Appuun, A.M.(Columbia) Adj. 
Prof., Poly. Inst. of Brooklyn, Brooklyn, 
N. Y. 

J. D. ARmstrRonG, B.S.E. (Florida) Instr., 
Aeronautical Univ., Chicago, III. 

A. W. ASHBURN, Ph.D. (Virginia) Asso. Prof., 
Texas State Coll. for Women, Denton, Tex. 

GuLapys F. Bapcer, A.M.(Northwestern) 
Teacher, Roosevelt High School, Chicago, 
Ill. 

Ina M. BRAMBLETT, A.M.(Texas) Asst. Prof., 
Texas Christian Univ., Fort Worth, Tex. 

FRANCES M. BRENEMAN, M.S.(Kansas St. 
T.C., Emporia) Instr., Washburn Univ., 
Topeka, Kans. 

J. P. Brewster, A.M.(Duke) Asst. Prof., 
Clemson Agric. Coll., Clemson, S. C. 

A. C. BurDETTE, Ph.D. (Illinois) Asst. Prof., 
Univ. of California, Coll. of Agric., Davis, 
Calif. 

R. L. Caskey, A.M.(Oklahoma) Asst. Prof., 
Oklahoma A. and M. Coll., Stillwater, Okla. 

ELIZABETH C. CaTHEY, M.S. (Louisiana State) 
Instr., Univ. of Alabama, University, Ala. 

D. G. CHAPMAN, A.M. (California) Asst. Prof., 
Univ. of British Columbia, Vancouver, 
B. C., Canada 

JosEPpH CLARE, M.Eng. (Liverpool, England) 
Asso. Prof., Knox Coll., Galesburg, III. 

C. E. Denny, B.S.(U. S. Naval Acad.) Instr., 
Central Coll., Fayette, Mo. 

E. G. Doucias, A.M.(Mercer Univ.) Instr., 
Univ. of South Carolina, Columbia, S. C. 

E. J. Downte, A.B. (Colgate) Instr., Colgate 
Univ., Hamilton, N. Y. 

GENEVA E. DuruHam, A.M. (Northwestern) 
Instr., Atlantic Union Coll., South Lan- 
caster, Mass. 

JEANETTE R. Durst (Mrs. T. N.), A.M. (Ten- 
nessee) Instr., Univ. of South Carolina, 
Columbia, S. C. 

W. F. Eservein, Ph.D.(Harvard) Instr., 
Univ. of Michigan, Ann Arbor, Mich. 


L. P. Epwarps, M.A.(Acadia) Asst. Prof., 
Univ. of New Brunswick, Fredericton, 
N. B., Canada 

N. A. Ersen, B.S.E. (Missouri) Chemist, Mid 
Continent Petroleum Corp., Tulsa, Okla. 

WALTER FLeminc, A.M.(Minnesota) Lec- 
turer, Univ. of Manitoba, Fort Garry Site, 
Winnipeg, Man., Canada 

R. W. FRANKEL, Student, Univ. of Michigan, 
Ann Arbor, Mich. 

W. C. G. Fraser, Ph.D. (Toronto) 
Dartmouth Coll., Hanover, N. H. 

(Mr.) EmiLte FR&cCHETTE, Lic. és Sci. Math. 
(Montreal) Teacher, Seminary of Phi- 
losophy, 3880 Cdédte-des-Neiges Road, 
Montreal, P. Q., Canada 

N. S. Free, M.A. (Univ. of British Columbia) 
Lecturer, Univ. of British Columbia, Van- 
couver, B. C., Canada 

Mariano Garcia, JR., Ph.D. (Virginia) Asso. 
Prof., Coll. of Agriculture, Univ. of Puerto 
Rico, Mayaguez, Puerto Rico 

S. A. GHanr, M.A.(Muslim Univ., India) 
Lecturer, Nizam Coll., Hyderabad, Dec- 
can, India 

EsTHER F. GrpnEy. Chm. of Dept., Roosevelt 
High School, Chicago, III. 

A. L. Gitmore, Jr., B.S.(Miss. Southern 
Coll.) Teacher, High School, Picayune, 
Miss. 

F, Monica GoEen, M.S.(Iowa) Instr., Mis- 
sissippi State Coll., State College, Miss. 

I. L. Gotpman, A.B.(Columbia) Part-time 
Instr., Columbia Univ., New York, N. Y. 

Cassie C. GREER, A.M.(Chicago) Teacher, 
Englewood High School, Chicago, III. 

A. C. Grimes, A.M. (Mississippi) Instr., Mis- 
sissippi State Coll., State College, Miss. 

FRANK Harary, A.M.(Brooklyn) Teaching 
Asst., Univ. of California, Berkeley, Calif. 

L. J. Harris, B.E.E.(Rensselaer Poly. Inst.) 
Elec. Engr., Aluminum Co. of America, 
Alcoa Reduction Plant, Alcoa, Tenn. 

R. H. Horxins, A.M.(Denver) Instr., Mis- 
sissippi State Coll., State College, Miss. 

J. M. Hurt, A.M.(Texas) Instr., Math. and 
Astr., Univ. of Texas, Austin, Tex. 


Instr., 
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C. W. JENKE, B.S. (St. Mary’s Univ.) Chem- 
ist, San Antonio Brewing Association, San 
Antonio, Tex. 

WALTER JENNINGS, A.M.(Ohio State) Asst. 
Prof., Virginia Poly. Inst., Blacksburg, Va. 

M.L. Jounson, A.M. (Western Reserve) Asst. 
Prof., Kent State Univ., Kent, Ohio 

L. O. Jones, A.M.(Peabody) Prof., Chm. of 
Dept., William Jewell Coll., Liberty, Mo. 

G. A. Kreyves, M.S. (Syracuse) Lt. (j.g.), Asst. 
Instr... U. S. Merchant Marine Cadet 
School, San Mateo, Calif. 

SISTER CONSTANTIA Ktos, B.S. (St. Joseph’s 
Coll., Md.) St. Joseph’s Coll., Emmits- 
burg, Md. 

W. E. Kruse, A.M.(Columbia) Instr., St. 
Peter’s Coll., Jersey City, N. J. 

W. H. Krusxat, A.M.(Harvard) Vice Presi- 
dent, Kruskal and Kruskal, Inc., New 
York, N. Y. 

J. W. Lacrone, A.M.(Vanderbilt) Asso. 
Prof. Clemson Agric. Coll., Clemson, S. C. 

GEORGE Lausu, B.S. (Pittsburgh) Grad. Asst., 
Cornell Univ., Ithaca, N. Y. 

M. E. Levenson, M.S.(New York Univ.) 
Instr., Cooper Union, Cooper Square, New 
York, N. Y. 

S. L. Levy, B.S.E.E. (Ill. Inst. of Tech.) Grad. 
Asst., Illinois Inst. of Tech., Chicago 16, 
Ill. 

Eunice Lewis, A.M.(Oklahoma) ‘Teacher, 
Central High School, Fulsa, Okla. 

P. E. Lewis, Ph.D.(Illinois) Asso. Prof., 
Oklahoma A. and M. Coll., Stillwater, 
Okla. 

F. W. Lieut, JR., M.D. (Johns Hopkins) Asst. 
Prof., Johns Hopkins Univ., Baltimore 18, 
Md. 

W. S. Loup, Ph.D.(Mass. Inst. of Tech.) 
Instr., Massachusetts Inst. of Tech., Cam- 
bridge 39, Mass. 

R. B. Lows, Student, Poly. Inst. of Brooklyn, 
85 Livingston St., Brooklyn, N. Y. 

SISTER MARY BENEDICTA, A.B.(Good Counsel 
Coll.) Good Counsel Coll., White Plains, 
N.Y. 

HazeL L. Mason, A.M.(New Mexico) Head 


of Dept., Math. and Physics, Mary 
Hardin-Baylor Coll., Belton, Tex. 
BERNARD Mason, A.M.(Columbia) Instr., 


Physics, Hofstra Coll., Hempstead, N. Y. 
KENNETH May, Ph.D. (California) Asst. Prof., 
Carleton Coll., Northfield, Minn. 
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R. D. McDo te, M.S. (Okla. A.and M.) Okla- 
homa A. and M. Coll., Stillwater, Okla. 

D. F. Meta, A.B. (Michigan) Grad. Student, 
Univ. of Michigan, Ann Arbor, Mich. 

M. H. A. MiLtER. Student, Univ. of South 
Dakota, Vermillion, S. D. 

I. H. Mownetzt, A.M.(Loyola Univ., III.) 
Teacher, Austin High School, Chicago, IIl. 

H. W. Morrow, Jr., B.M.E. (Minnesota) 
Teaching Fellow, Math. and Physics, 
Univ. of South Dakota, Vermillion, S. D. 

K. W. Morrow, A.B.(South Dakota) Grad. 
Student, Univ. of South Dakota, Vermil- 
lion, S. D. 

A. F. Nicxet, A.B.(Queens Coll.) Lt. (j.g.), 
Instr., U. S. Merchant Marine Cadet 
School, San Mateo, Calif. 

T. H. O’Berrne, M.A.(Glasgow) Head of 
Math. Section, Torpedo Experimental Es- 
tablishment, Royal Naval Torpedo Fac- 
tory, Greenock, Renfrewshire, Scotland 

C.S. Ocitvy, A.M. (Columbia)  Instr., Trinity 
Coll., Hartford 6, Conn. 

R. C. OsBorn, A.M. (Texas) Instr., Math. and 
Astr., Univ. of Texas, Austin, Tex. 

C. J. Prees, B.S.(Oklahoma) Instr., Univ. of 
Oklahoma, Norman, Okla. 

FLORENCE M. POHLEY, B.S. (Chicago) Teacher, 
High School, Chicago, Ill. 

J. W. Porow, B.S. (Washington and Jefferson) 
Instr., U. S. Naval Acad., Annapolis, Md. 

EDGAR REicH, Student, Poly. Inst. of Brook- 
lyn, Brooklyn, N.Y. 

E. S. Rosppins, A.B. (Wichita) Teaching Fel- 
low, Univ. of Wichita, Wichita, Kans. 

G. J. Ross, M.S. in Educ. (C.C.N.Y.) Teacher, 
Erasmus Hall High School, Brooklyn, 
N.Y. 

J. J. Rowtanp, A.M.(Oregon) Instr., State 
Coll. of Washington, Pullman, Wash. 

L. W. RUTLAND, JR., M.S.(E. Tex. St. T. C.) 
Instr.. Eng. Math., Univ. of Colorado, 
Boulder, Colo. 

K. S. B. Sastri, M.A.(Madras Univ.) Prof:, 
D. G. N. Coll., Hyderabad, Sind, India 

Kiaus SCHOCKEN, Ph.D.(Berlin) Instr., Xa- 
vier Univ., Cincinnati 7, Ohio 

D. C. SHEtpon, Ph.D. (California) Head of 
Dept., Clemson Agric. Coll., Clemson, 
S.C. 

R. W. SHEPHARD, Ph.D.(California) Asst. 
Prof., New York Univ., New York, N. Y. 

C. M. SHEPHERD, M.S.Ch.E.(Case School) 
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Research Electrochemist, Naval Research 
Lab., Washington, D. C. 

W. L. SHEPHERD, M.S. (Okla. A.and M.) Asst. 
Prof., Oklahoma A. and M. Coll., Still- 
water, Okla. 

A. A. Smitu, A.M. (N. Tex.StateT.C.) Chm. of 
Dept., San Angelo Coll., San Angelo, Tex. 

Mrs. Dorothy B. Situ, A.B. (Phillips Univ.) 
Special Instr., Univ. of Oklahoma, Nor- 
man, Okla. 

W. K. Spears, A.B.(Dartmouth) ist Lt., 
AUS. 318th Base Unit, Lockbourne AAB, 
Columbus, Ohio 

W. M. Stone, A.M. (Oregon State Coll.) 
Instr., Iowa State Coll., Ames, Iowa 

MiLprep M. SULLIVAN, Ph.D. (Radcliffe) Asst. 
Prof., Queens Coll., 65-30 Kissena Blvd., 
Flushing, N. Y. 

M. Frances Suter, A.M. (Illinois) 

. Madison Coll., Harrisonburg, Va. 

M. M. Tempie, M.S. (Mississippi) Missis- 
sippi State Coll., State College, Miss. 

Betty THomas, A.M.(Alabama) Asst. Prof., 
Wesleyan Coll., Macon, Ga. 


Instr., 


CALENDAR OF FUTURE MEETINGS 


[June, 


J. B. Tysver, A.B. (State Coll. of Washington) 
Grad. Student, Part-time Instr., State 
Coll. of Washington, Pullman, Wash. 

WILLIAM WALLACE, B.S. (Northeastern) 
Instr., Northeastern Univ., 360 Huntington 
Ave., Boston, Mass. 

F. C. WARNER, A.B. (Coll. of Wooster) Instr., 
Univ. of Buffalo, Buffalo, N. Y. 

Ina W. WELMERS (Mrs. E. T.), A.M. (Michi- 
gan) Instr., Univ. of Buffalo, Buffalo, 
N. Y. 

J. E. Witxins, Jr., Ph.D.(Chicago) Mathe- 
matician, American Optical Co., Box A, 
Buffalo 15, N. Y. 

G. M. Wine, A.B. (Rochester) Instr., Univ. of 
Rochester, Rochester, N. Y. 

B. L. WotFe, B.S. in Educ. (St. T. C., Indiana, 
Pa.) Instr., San Angelo Coll., San Angelo, 
Tex. 

SISTER FRANCIS XaviER, Ph.D.(Fordham 
Univ.) Head of Dept., St. Joseph’s Coll. 
for Women, 232 Clinton Ave., Brooklyn 5, 
N.Y. 


CALENDAR OF FUTURE MEETINGS 


Twenty-ninth Summer Meeting, New Haven, Connecticut, September 1-2, 


1947. 


Thirty-first Annual Meeting, Athens, Georgia, January 1, 1948. 


The following is a list of the Sections of the Association with dates of future 
meetings so far as they have been reporied to the Secretary. 


ALLEGHENY MOUNTAIN 

ILLINOIS 

INDIANA 

Iowa, Fairfield, April 1, 1948 

KANSAS 

KENTUCKY 

LOUISIANA- MISSISSIPPI 

MARYLAND-DISTRICT OF COLUMBIA-VIR- 
GINIA 

METROPOLITAN NEW YORK 

MICHIGAN 

MINNESOTA 

MIssourRI 

NEBRASKA 

NORTHERN CALIFORNIA, Berkeley, Janu- 
ary 24, 1948 


OHIO 

OKLAHOMA 

PaciFIc NORTHWEST, Eugene, 
March, 1948 

PHILADELPHIA, Bryn Mawr, Pa., Novem- 
ber 29, 1947 

Rocky MOUNTAIN 

SOUTHEASTERN 

SOUTHERN CALIFORNIA, Redlands, March 
13, 1948 

SOUTHWESTERN 

TEXAS 

UpreR NEW YORK STATE 

WISCONSIN 


Oregon, 


MATHEMATICS 
OF 
INVESTMENT 


Third Edition 


By William L. Hart 


Recent. 
HEATH TEXTS 


A first course in the theory and ap- 
plications of annuities certain and the 
mathematical aspects of life insur- 
ance. This edition has been particu- 
larly designed to adapt the major sec- 
tions of the material to the needs and 
the ability of the typical student in a 
college of business administration. 
312 pages (275 pages of text); $3.00. 
With tables: 440 pages (275 pages of 
text); $4.00. Tables separately: 128 
pages; $1.60. Also bound with 
ESSENTIALS OF COLLEGE ALGE- 
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‘RANDOM WALK AND THE THEORY OF BROWNIAN MOTION* 
MARK KAC,{ Cornell University 


1. Introduction. In 1827 an English botanist, Robert Brown, noticed that 
small particles suspended in fluids perform peculiarly erratic movements. This 
phenomenon, which can also be observed in gases, is referred to as Brownian 
motion. Although it soon became clear that Brownian motion is an outward 
manifestation of the molecular motion postulated by the kinetic theory of mat- 

ter, it was not until 1905 that Albert Einstein first advanced a satisfactory 
theory. 

The theory was then considerably generalized and extended by the Polish 
physicist Marjan Smoluchowski, and further important contributions were 
made by Fokker, Planck, Burger, Fiirth, Ornstein, Uhlenbeck, Chandrasekhar, 
Kramers and others [1]. On the purely mathematical side various aspects of 
the theory were analyzed by Wiener, Kolomgoroff, Feller, Lévy, Doob, and 
Fortet [2]. Einstein considered the case of the free particle, that is, a particle 
on which no forces other than those due to the molecules of the surrounding 
medium are acting. His results can be briefly summarized as follows. 

Consider the motion of the projection of the free particlef{ on a straight line 
which we shall call the x-axis. What one wants is the probability 


v2 
f P(xo| x; t)dax 
v1 

that at time ¢ the particle will be between x; and x, if it was at xo at time ¢=0. 
Einstein was then able to show that the “probability density” P(x |x; ¢)§ must 


satisfy the partial differential equation 
oP 0°P 
(1). —= )D—-; 


where D is a certain physical constant. The conditions imposed on P are 


(a) | P20 
(2) Of Planar = 
(c) lim P(x | x; t) = 0, for x ¥ Xo. 


* This is an extended version of an address delivered at the annual meeting of the Association 
at Swarthmore, Pennsylvania, December 26-27, 1946. 

t John Simon Guggenheim Memorial Fellow. 

t In what follows we shall identify this projection with the particle itself and hence consider the 
so-called one-dimensional Brownian motion. 

§ The notation P (x9 | x;t) and P(n| m; s) for conditional probabilities is that used by Wang and 
Uhlenbeck [1]. It does not conform with the notation adopted in the statistical literature. Had we 
adopted the latter notation we would write P(x; t| xo) and P(m; s| n). 
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Conditions (a) and (b) are the usual ones imposed upon a probability density 
and condition (c) expresses the certainty that at t=0 the particle was at xp. 
It is well known that (1) and (2) imply that 


en (en mm)*/4D t 


(3) P(x0| x; 4) = 


1 
2a/aDt 
and that the solution (3) is unique. 

The greatness of Einstein’s contribution was not, however, solely due to 
the derivation of (1), and hence (3). From the point of view of physical ap- 
plications it was equally, or perhaps even more, important that he was able to 
show that 


(4) D=—., 


where R is the universal gas constant, T the absolute temperature, N the 
Avogadro number, and f the friction coefficient. The friction coefficient f, in the 
case the medium is a liquid or a gas at ordinary pressure, can in turn be ex- 
pressed in terms of viscosity and the size of the particle [3]. 

It was relation (4) that made possible the determination of the Avogadro 
number from Brownian motion experiments, an achievement for which Perrin 
was awarded the Nobel prize in 1926. However, the derivation of (4) belongs 
to physics proper, and presents no particular mathematical interest; we shall 
therefore not be concerned with it in the sequel. 

As soon as the theory for the free particle was established, a natural ques- 
tion arose as to how it should be modified in order to take into account outside 
forces as, for example, gravity. Assuming that the outside force acts in the 
direction of the x-axis and is given by an expression F(x), Smoluchowski has 
shown that (1) should in this case be replaced by 


0 o7P 
(5) — = —— — (PF) + D—- 
x Ox 


Two cases of special interest and importance are: 
F(x) = —a; field of constant force (for example, gravity). 
F(x) = —bx; elastically bound particle (for example, small pendulum). 

At this point it must be strongly emphasized that theories based on (1) and 
(5) are only approximate. They are valid only for relatively large ¢ and, in the 
case of an elastically bound particle, only in the overdamped case, that is, when 
the friction coefficient is sufficiently large. These limitations of the theory were 
already recognized by Einstein and Smoluchowski but are often disregarded 
by writers who stress that in Brownian motion the velocity of the particle is 
infinite. This paradoxical conclusion is a result of stretching the theory beyond 
the bounds of its applicability. An improved theory (known as “exact”) was 
advanced by Uhlenbeck and Ornstein and by Kramers. The Uhlenbeck-Orn- 
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stein approach was further elaborated by Chandrasekhar and Doob. 

In what follows we shall be concerned with a discrete approach to the Ein- 
stein-Smoluchowski (approximate) theory. This approach was first suggested 
by Smoluchowski himself; it consists in treating Brownian motion as a discrete 
random walk. Smoluchowski used this approach only in connection with a free 
particle but we shall also treat other classical cases. Moreover, a re-interpreta- 
tion of one of the discrete models will allow us to discuss the important question 
of recurrence and irreversibility in thermodynamics. 

The main advantages of a discrete approach are pedagogical, inasmuch as 
one is able to circumvent various conceptual difficulties inherent to the continu- 
ous approach. It is also not without a purely scientific interest and it is hoped 
that it may suggest various generalizations which will contribute to the develop- 
ment of the Calculus of Probability. 


2. The free particle. Imagine a particle which moves along the x-axis in such 
a way that in each step it can move either A to the right or A to the left, the du- 
ration of each step being 7. The fact that we are dealing with a free particle is 
interpreted by assuming that the probabilities of moving to the right or to the 
left are equal, and hence each equal 4. Instead of P(xo| x; ¢) we now consider 
P(nA| mA; ST) =P(n|m; s) which is the probability that the particle is at mA 
at time sr, if at the beginning it was at nA. Noticing that P(n| m; 5) is alsothe 
probability that after s games of “heads or tails” the gain of a player isv=m—n, 
we can write 


1 ! 
_ lt | » | = s and | »| + sis even, 
(6) P(n| m:s) = as (thy (=P) 
2 J 2 
0 otherwise. 


Suppose now that A and 7 approach 0 in such a way that 
A2 

(7) — = D, nA — Xo, st = ft. 

2T 


It then follows from the classical Laplace-De Moivre theorem [4] that 


1 72 

8 lim P(n|m;s) = — | (2-29)? 14D tog 
®) ache Om) = BS of “ 
and hence the fundamental result of Einstein emerges as a consequence of what 
in probability theory we call a “limit theorem.” 

It is both important and instructive to point out a striking formal connec- 
tion between the discrete (random walk) and the continuous (Einstein) ap- 
proaches. We notice that P(n|m; s) satisfies the difference equation 


(9) P(n|m;s +1) = 4P(n|m—1;s) + 4P(n| m+ 1;5), 
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which we write in the equivalent form 


P(nA | mA;(s + 1)r) — P(nd | ml; st) 


(0) _ a {Ps (m + 1)A; sr) — 2P(nA| mA; sr) + P(nA| (m — 1)A; =" 
2T Az 


In the limit (7) this difference equation goes over formally into the differential 
equation 

oP o°P 
(11) —= D—; 

Ot 0x? 
which as noted before was the basis of Einstein’s theory. This formal connec- 
tion between the two approaches can be made rigorous, but we shall not go 
into this. However, we shall use it as a guiding heuristic principle in constructing 
models of Brownian motion when outside forces are taken into account. 

Finally, let us mention that it is the relation 


which is responsible for the conclusion that the velocity of a Brownian particle 
is infinite. In fact, in our model, the ratio A/7 plays the role of the instantaneous 
velocity and it obviously approaches infinity as A—0. 


3. Particle in a field of constant force and in the presence of a reflecting 
barrier. We again consider random walk along the x-axis in which a particle can 
move A to the right or A to the left, the duration of each step being r. We now 
introduce the following new assumptions: 

(a) The probability of a move to the right is g=4— A, and consequently the 
probability of a move to the left is p=3+ A. Here 8B is a certain physical con- 
stant, and A must be chosen sufficiently small so that qg>0. 

(b) When the particle reaches the point «=O (reflecting barrier) it must, in 
the next step, move A to the right. 

Without the assumption (b) the problem would be quite simple and of no 
great physical interest. In actual experiments with heavy Brownian particles, 
like those of Perrin, the bottom of the container acts as a reflecting barrier and 
the elucidation-of its influence on the Brownian motion is of considerable theo- 
retical interest. 

This problem has been solved by Smoluchowski, on the basis of his equa- 
tion (5) but we shall show that one can solve the discrete problem and obtain 
Smoluchowski’s result by passing to a limit. 

Assuming that the particle starts from nA20 (n an integer) we seek an ex- 
plicit expression for P(n|m; s). We first notice that P(n|m; s) satisfies, for 
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m 22, the difference equation 


(12) P(n| m;s +1) = qP(n| m—1;s) + pP(n| m+ 1;5), 
and that for m=1 and m=0 we have 

(12a) P(m| 135+ 1) = P(n| 0; 5) + pP(n| 255), 
(12b) P(n| 0;5 +1) = pP(n| 1; 5). 

We also have the initial condition. 

(13) P(n| m; 0) = 6(m, n), 


where 6(m, n) denotes, as usual, the Kronecker delta. 

The difference equation (12) when rewritten in the form analogous to (10) 
can be shown to go over formally (in the limit A-—0, 7-0, A?/27 =D, nA—xo, 
mA—x, st =t) into the differential equation 


oP 02P oP 
(14) — = D—+ 48D —,; 
x Ox 


which is of the form (5) with F(x) = —a=—4@Df. 

To find P(n| m;s) we use a method which is basic in the study of the so-called 
Markoff chains, of which our problem is but a particular example, and which in 
its essentials goes back to Poincaré [5]. Let (p), be the (infinite) vector 


P(n| 0; s) 

P(n| 1; s) 

(15) (b)e = | P(n| 2; 5) 
and A the infinite matrix 

0 p00 0-- 

1070 0-- 

(16) A=|0 q¢ 0 p 0-- 

00 ¢q 0 p-: 


Then, the difference equation (12), (12a) and (126), can be written in the matrix 
form as 


(17) (P)sr1 = A(d)s. 
Thus it follows immediately that 
(18) (p)s = A*(D)o, 
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where (p) 9 is the vector 


0 
(p)e = 1 ’ 


° © 


1 being the mth component, the components being numbered from zero on. In- 
terpreting (18), we see that 


(19) P(n| m; Ss) = the (m, n) element of A‘. 

To make use of (19), we notice that if R>n-+s and we consider the finite matrix 
Ap, which is the upper left R by R submatrix of A, then form<R 

(20) the (m, 2) element of A’ = the (m, m) element of Ag, 

or equivalently, 


(21) the (m, m) element of A. = lim of the (m, 1) element of Ap. 
R— 0 


For each R there exist matrices Pr and Qr such that 


(22) PrOr = 1 
and 
o(R) 0 
Ai(R 
(23) An = Pr HB) Or, 
0 " Xp-a(R) 
o(R), A(R), - + > , Ar-a(R) being the eigenvalues of the matrix Ar. To simplify 


the notation we write ), for \;(R). 
Multiplying the matrix Ar s times by itself and making use of (22), we ob- 
tain 


(24) Arn = Pr Or 
0 Apa 


and one can calculate the (m, n) element of A® explicitly provided the diag- 


1947] RANDOM WALK AND THE THEORY OF BROWNIAN MOTION 375 


onalization (23) can be performed explicitly. This indeed is the case. 


Let (x)o; (*)1,°°-, (*)r-1 be the “right” and (y)o, (y)1, °° °, (y)r—-a the 
“left” eigenvectors belonging respectively to the eigenvalues Xo, Mu, + + +, AR—t- 
In other words, for k=0,1,---,R—1, we have 


Ar(%) x = x(%) ky 
Ar(y) = An(y) es 


where Ap is the transpose of Ar. 
Suppose furthermore that the vectors can be so normalized that 


(25) (x)e-(y)z = 1, k=0,1,---,R—1, 


where (x),: (y),; is the inner (dot) product of the vectors. Since it is well known 
that 


(x) 5° (¥)z = 0 for Nj ~~ Xk 


we see that, in the case when all the eigenvalues are distinct, we can take as Pr 
the matrix whose columns are the vectors (x), and for Qe the matrix whose rows 


are the vectors (y)x. 
In order to determine the eigenvalues and the right eigenvectors we consider 


the system of linear equations 


px = AX 
Xo + px. = Ax 
(26) gx, + pus = Axe. 
q¢Rp—2 = AXR-1, 
and the extended infinite system 
px1 = AXo 
Xe + pxo = AX 


(27) ke ee 


If we can find non-trivial solutions of (27), for which 
(28) XR = 0, 


we will have found solutions of (26). 

It turns out that (28) will yield an equation in \ which has R distinct roots 
and thus our procedure gives us all eigenvalues, and consequently all right 
eigenvectors. Multiplying the members of the equations of (27) by 1, 
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z, 2*,... , and adding, we obtain formally 
woz + qd, weettt + p>) apz*) = VD) ans’ 
1 1 0 


or, upon introducing the abbreviation, 


(29) fle) = Daas 
we have 
(30) was + golf(s) — ao] += [f(@) — mo] = 1), 
From (30) we obtain 
_ bd _ 1 — dz 


and since this function is analytic in the neighborhood of zero the formal pro- 
cedure used above can be justified. 
Let pi and ps be the reciprocals of the roots of 


(32) gz? — Az + p = 0. 


We have then 

p { 1 — dz \ 
33 = — %<— 1 qo NN Q NY 
(33) Me) a pwd — pe) 


and introducing partial fractions, 


1 — dz 1 A—p1 1 1 p2e—Ad 1 


(34) ———__----—- = — . 
b(1 — piz)(1 — poze) =p p2— pi 1 ep pap 1 — px 
Thus 
tof r— —A 
(35) i =( " pt + ” Ps) for k 2 1, 
q \p2— pi p2— pi 


and, in particular, the equation xz =0 assumes the form 


(36) A—p1 R. pa-A R 


Equation (36) must now be solved for \. Assuming R to be even, and seeking 
solutions in the form 


A = 2V/ dq cos Y, 0SO087, 
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we are led to the equation 


For R>(2p—1)7 this equation is seen to have R—2 distinct roots, 
01, O2, - + +, Or_-2, which lie in the subintervals 


(Z " GT ~) 
————;» —-+-——}, 
R 2R R_ 2R 


where j ranges through the integers from 1 to R—1 with the exception of 7 =R/2. 


Corresponding to @1, @2,-+-, Or-2 we have R—2 distinct eigenvalues, 

x = 2/pq cos Ox, k=1,2,--+,R-—2, 
and the components of the right eigenvector belonging to dy can be written in 
the form 

mi m2 sin mO; 
ty = ak (<) (cos mo); — 2BA |, 
bi, sin ©; 
where 


q B 
q\" (<) if p> 0, 
—_— = p 
g if p=0, 
and a, is a normalizing constant which will be fixed later. For sufficiently large 
R the remaining eigenvalues Xo and \r_1 can be shown to be given by the 
formulas 
No =, 24/pq cosh ,  dAR-1 = — ro, 
where 6 is the only positive root of the equation 
tanh Ré 1 
tanhO 2p—1 


The components of the corresponding right eigenvectors are given by the ex- 


pressions 
g \m/2 sinh mo 
ao (“) (cost my — 2BA a) 
p * ‘sinh Ao 


(m) ( »"( q ). ( h ond 2A sinh ) 
tr1 = Aril— — cosh my — —_——— ]}. 
R-1 R-1 »)* 0 sinh 6) 


(m) 
Xo 


It remains now to find the left eigenvectors. This can be accomplished in exactly 
the same manner and we merely quote the results. We obtain 
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mn m{2 . © 
Ve » = (4) (cosm® — 2BA = ") 
q 


sin ©; 
for m=0,1,..., R—-1;k=1, 2,---, R—2, and 
m m/2 sinh m6 
yo = bo (=) (cosh my — 2BA — ) 
g sinh 0 
(mn) m{ p\ml? sinh m6 
VYR-1 = br_i(— 1) _— cosh mbo _ 2BA ; . 

g sinh 0 
To satisfy the normalization conditions (25) we must have 

R-1 , 
(37) , arb, (« + > /u(60)) = 1, k= 1, 2, cee y R—- 2, 

m=1 

R-1 , 
(38) abs (4 + % Fa) ) = 1, k=0, R — 1, 

m=1 
where 

sin m® 
fn{®) = cos mO — 2BA— 
sin © 
and 
sinh m6 
F,,(@) = cosh mé — 28A — 
sinh 6 

We can, of course, put d)=a,= + - - =@R-1=1, and determine the 0’s from (37) 


and (38). Referring back to (19), (20), and (24), and recalling that columns of 
Pr are the right eigenvectors («),, and the rows of Qr are the left eigenvectors 
(y)x, we obtain 


Rot. (m) (n) 
(39) P(n| m;s) = >) ARLE Ve 3 
k=0 


or, more explicitly, 


n[2 m {2 
P(n| m; 8) = bo(2a/Pq cosh 0*(=) (+) F py (0o)Fa(Bo) [1 + (= 1) tte] 


(40) 


p n/2 q m /2 _ &-2 
+(4) (+). (2v/ pq)" Di bs cos? Orfm(@x) fn(Ox). 


Making use of (21), we can achieve considerable simplification by letting 
R—o. In fact, it can be shown that 


P-afa\™ 
1 P . = — m+nt+s 
(41) (n | m; 5) pa (S)ra + 1) mtate] 
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2 b n{2 (2) . 9 . tan? 8) 
+ - (=) 5 (2-/pq) J cos oo ob tan’® re ant @ 1 O)fm(O) 4. 


Although in various places we have tacitly assumed that p and g are different 
from 4, the final formula (41) can easily be seen to be valid also for the case 
p=q=}. In this case (free particle in the presence of a reflecting barrier) the for- 
mula assumes the remarkably simple form 


2 v 
(42) P(n| m; 3) = — (1m? f cost @ cos m® cos nOd®, 
Tv 0 


and the right member can be expressed in terms of binomial coefficients. This 
formula can also be derived in a much simpler way using, for instance, the classi- 
cal method of images. 

In the limit 


one can show that 


2 

lim > P(n| mM; S) -f P(xo | x; dx, 
L3< MAK Xe x1 

where 


2 


2 [oe] 
(43) P(xo| x5 t) = 4Be—48= + e728 (2-29) p~ 48° Dt —_ f e-Dvt_>___ 9 «,y) ¢(ato,y) dy, 
T Jo 4p? + 4? 


and 
g(x, y) = cos xy — 2A(sin xy)/y. 


The proof of this theorem is not elementary inasmuch as it utilizes the so called 
“continuity theorem for Fourier-Stieltjes transforms” [6]. Formula (43) can be 
shown to be equivalent with Smoluchowski’s formula given in [1]. 


4, An elastically bound particle. Again the particle can move either A to the 
right or A to the left, and the duration of each step is r. However, the probability 
of moving in either direction depends on the position of the particle. More pre- 
cisely, if the particle is at RA the probabilities of moving right or left are 


(1g) & a+) 
—{1——) or — —], 
2 R 2 R 
respectively. R is a certain integer, and possible positions of the particle are 


limited by the condition —RSkSR. The basic probabilities P(n| m; s) now 
satisfy the difference equation 
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R+m+1 m+ i 
(44) P(n| m; s+i1)= ——— P(n| m -+ 1; s) $e tn m — 1;5), 
2R 2R 
which must be solved with the initial condition 
(45) P(n| m;0) = 6(m, n). 
In the limit 
A2 
A — 0, tT — 0, R—- ow, — = D, ——¥, 
2T Rr 
st = 1, nh — Xo, mA — Xx, 


the difference equation (44) is seen to go over formally into the differential 
equation 
oP 0(«P) o?P 
D— 


46 — = 
(46) ot Y Ox Ox? 


which is Smoluchowski’s equation (5) with F(x) = —x/yf. 

The discrete problem in a different form and in a different connection was 
first proposed and discussed by P. and T. Ehrenfest in 1907 [7]. In the next 
section we shall discuss their original formulation. A fairly detailed treatment 
was given by Schrédinger and Kohlrausch i in 1926 [8] and a brief exposition can 
be found in the review article of Wang and Uhlenbeck [1]. It seems that Schré- 
dinger and Kohlrausch were the first to point out the connection between the 
Ehrenfest model and Brownian motion of an elastically bound particle. How- 
ever, an explicit solution of (44) with the initial condition (45) was apparently 
not known. I have recently found such a solution using the matrix method de- 
scribed in Section 3 [9]. Instead of the infinite matrix of that section we must 
now consider the finite matrix 


1 
oO — 0 oO °O 0 
2R 
2 
1 0 — 0 0 
2R 
(47) B= 1 3 
01-— 0 — o0--:-0 
R 2R 
1 
0 oO — 0 
2R 


and the problem i is again reduced to finding the eigenvalues \_z, \-r41,° °°, 
No, ° °° =, An-1, An Of B and matrices P and Q such that 
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(48) PQ=T 
and 
AR 
Ro 0 
(49) B=P . Q. 
0 “dpe 


AR 
As before, P(n| m; 5s) is the (m, n) element of B*, where 


NR 
R41 0 
(50) Be = P - 0. 
0 NR 
Ae 


381 


In order to perform the diagonalization (49) explicitly we start (following the 
procedure of Section 3) by trying to find the eigenvalues and the right eigenvec- 


tors of B. For this purpose we consider the system of linear equations 


OR %1 = AX 
2 
Xo + OR Ke = NX 
61) (-S)nton = Xe 
2R 2R 
1 
OR Ver-1 = AXer, 
and the auxiliary infinite system 
1 
oR X1 = AX 
Xo + 2 Xe = NX 


(52) 
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‘1 2R+1 
OR v2R—1 XoR+1 = ALR 
2R+2 
OR VoR+2 = AXoR+1 


If we can find non-trivial solutions of (52) for which 
(53) Xer+1 = 0 


we will have found solutions of (51). It will turn out that this procedure will 
again yield all eigenvalues and right eigenvectors. Multiplying the members of 


the equations of (52) by 1, z, 2’, - - - , and adding, we obtain formally 
60 k co R 60 
1 — — ) x,2"t! + —— xyz"-1 =X xEZ", 
> ( =) 2 oR” 2 


or, introducing, the abbreviation 


f(2) = > tne, 


k=0 


uf) — f+ /'@ = MO. 


We thus get the differential equation 


A — 2 
(54) f'(@) = 2R— fle), 


i— 
whose solution satisfying f(0) =p is easily found to be 
(55) f(z) _ xo(4 — g)RU-d) (4 + g)RU+), 


Since f(z) is analytic in the neighborhood of z=0 the formal procedure can be 
justified. 
We now notice that if 

(56) N= j=—-R,—R+1,-:+,0,+:+,R—-1LR, 
f(z) is a polynomial of degree 2R, and hence x2.2,1=0. The numbers (56) are 
thus seen to be eigenvalues of B and, since there are 2R+1 of them, we see that 
we have found al] the eigenvalues. It also follows that the components of the 
right eigenvector belonging to the eigenvalue \;=7/R can be taken as 


(7) (7) (7) (7) 
Co =1,C; ,Co ,°°+, Cor, 
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where the C’s are defined by the identity 


“1 4 a) * -> oe 


k=0 


(57) (1 — 2) 


So far we have followed very closely the procedure described in Section 3. Sur- 
prisingly enough, we encounter unexpected difficulties in trying to carry out 
the analogy still further and determine by similar means the left eigenvectors. 

To find the matrix Q we resort to a different method. Let us first recall that 
P can be taken as the matrix whose jth column (for convenience columns and 
rows are numbered from —R to R) is 


1 
(7) 
Cr 
(7) 
Cy 
(7) 
Cor . 
Matrix Q must satisfy the equation 
Po’ =I, 
which is an immediate consequence of the equation PQ=I, and hence denoting 
by a_r, +: *,@o,° °°, Q@r, the consecutive elements of the jth column of Q’, we 
must have 
Se) 
(58) > Cryron = 6(j, 7), r=-—R,:::-,R. 
k=—R 


From (58) it follows that 


R R R R R 
= je = oe” DY Crpor= Dar DO Cent 
r=—FR 


r=— k=—-R k=—R r=—F 


R 2R (k) @ 
=> a dC, ay 


k=—R s=0 


or, by virtue of (57), 


2K 1 + 'g l 
gkti = 3 an(1 — z)P-#(1 + z)Bt* = (1 — 2)® Yare( ) ; 


keo—R 1l=0 1—<¢. 


Thus 


~ goRt7 2h 1 L 
69 oF (ME), 
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Let 
_ 1+¢ 
fag 
so that 
i— 
Z=— g and 1—z=-——— 
+¢ i+¢ 
In terms of ¢ (59) assumes the form 
(— 1)R+i | OR 
(60) ——— (1 — 9414+ 9 7 = 9) arf’, 
92R a 
and since by (57) 
. _, RB |, 
a-9' "ato" = Laor’s, 
1=0 


we obtain, by comparing coefficients of corresponding powers of ¢, 


(—_1)Rti __, 
( ) C} 7) 


a = 
l—R 72k 


’ 


or finally, 


(DF cy 


(61) Ol, yn CBE 


Formula (61) determines explicitly the elements of Q’ (and hence of Q), and it is" 
now possible to write an explicit expression for P(n| m; s). In fact, making use 
of (50), we obtain 


(— 1)? 2 IV ew 
(62) P(n | m;S) = ~ 9aR 2» (=) Cr+j Crim 
In the limit 
A2 
A— 0, 7T— 0, ied —_—- 7; sr =1t, . nAh—- Xo, 
T T 

we have 

lm >» P(n| m; S) -{ P(xo| x; t)dx, 

_ty<mA<K xe r1 

where 
(63) P(xo| %;t) = v7 err (296 1')?/2y (1 oF) 


/2nD(1 — 6-27") 
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The proof is again made to depend on the continuity theorm for Fourier-Stieltjes 
transforms. 

The frequency function (63) was first discovered by Lord Raleigh [10]. Its 
connection with Brownian motion of an elastically bound particle, in the strongly 
overdamped case, was established by Smoluchowski who arrived at it quite 
independently. 


5. The Ehrenfest model. Irreversibility and recurrence. Imagine 2R balls 
numbered consecutively from 1 to 2R, distributed in two boxes (I and II) so 
that at the beginning there are R+n, —RsSnSR, balls in box I. We chose at 
random an integer between 1 and 2R (all these integers are assumed to be equi- 
probable) and move the ball, whose number has been drawn from the box in 
which it is, to the other box. This process is' then repeated s times and we ask 
for the probability Q(R+n|R+m; s) that after s drawings there should be 
R+m balls in box I. . 

A moment’s reflection will persuade one that this formulation (originally 
proposed by P. and T. Ehrenfest) [7] is equivalent to the random walk formu- 
lation of Section 4, if one interprets the excess over R of balls in box I as the dis- 
placement of the particle (A=1). Thus 


O(R+n|R+m; ) = P(n| mss), 


where P(n|m; s) has the meaning of Section 4. 

In the present formulation we have a simple and convenient model of heat 
exchange between two isolated bodies of unequal temperatures. The tempera- 
tures are symbolized by the numbers of balls in the boxes and the heat exchange 
is not an orderly process, as in classical thermodynamics, but arandom one like 
in the kinetic theory of matter. The realistic value of the model is greatly en- 
hanced by the fact that the average excess over R of the number of balls in box 
I, namely, the quantity 

R 


> mP(n| m; s) 


m=—R 


can easily be shown to be equal to 


(64) (i _ =) 


which in the limit Ro, 1/Rr—y, sr =H, gives 
ne~ vt 
or the Newton law of cooling. 
There are several proofs of (64) [11]. The most straightforward one, which 
is not however the simplest, is based on formula (62). 


The Ehrenfest model is also particularly suited for the discussion of a famous 
paradox which at the turn of this century nearly wrecked Boltzmann’s inspired 
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efforts to explain thermodynamics on the basis of kinetic theory. In classical 
thermodynamics the process of heat exchange of two isolated bodies of unequal 
temperatures is irreversible. On the other hand, if the bodies are treated as a 
dynamical system the famed “Wiederkehrsatz” of Poincaré asserts that “almost 
every” state (except for a set of states which, when interpreted as points in 
phase space, form a set of Lebesgue measure 0) of the system will be, to an arbi- 
trarily prescribed degree of accuracy, again approximately achieved. Thus, 
argued Zermelo, the irreversibility postulated in thermodynamics and the “re- 
currence” properties of dynamical systems are irreconcilable. Boltzmann then 
replied that the “Poincaré cycles” (time intervals after which states “nearly 
recur” for the first time,—the word “nearly” requiring further specification) are 
so long compared to time intervals involved in ordinary experiences that pre- 
dictions based on classical thermodynamics can be fully trusted. This explana- 
tion, though correct in principle, was set forth in a manner which was not quite 
convincing and the controversy raged on. It was mainly through the efforts of 
Ehrenfest and Smoluchowski that the situation became completely clarified, 
and the irreversibility interpreted in a proper statistical manner. 

It will now be easy to discuss this explanation by appealing to the Ehrenfest 
model. Let P’ (n| m; s) denote the probability that after s drawings (the dura- 
tion of each drawing is T) R+m balls will be observed for the first time in box I 
if there were R+-x balls in ‘that box at the beginning. In particular, P’ (n| n;s) is 
the probability that the recurrence time of the state “n” (defined by the presence 
of R-+-n balls in box I) is sr. One can then show that 


(65) > P(n| n;s) = 1, 


s=1 


or, in other words: each state 1s bound to recur with probability 1. This is the statis- 
tical analogue of the “Wiederkehrsatz.” One can show furthermore that the 
mean recurrence time, namely, the quantity 


= >) srP'(n| 1; 5) 


s=1 


is equal to 


; (R+n)(R—n)! ya 


(66) (2R)! 


This is the statistical analogue of a “Poincaré cycle,” and it tells us, roughly 
speaking, how long, on the average, one will have to wait for the state “n” to 
recur. 

If R-++n and R—n differ considerably, 6, is enormous. For example, if 
R=10000, » =10000, 7 =1 second, we get 


6 = 270000 seconds (of the order of 106° years!). 
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If on the other hand, R-+n and R—n are nearly equal, 0, is quite short. If in the 
above example we set 7 =0 we get (using Stirling’s formula) 


6 ~ 100\/z seconds ~ 175 seconds. 


It was Smoluchowski who advanced the rule [12] that if one starts in a state 
with a long recurrence time the process will appear as irreversible. In our ex- 
ample if one starts with 20000 balls in one box and none in the other, one should 
observe, for a long time, an essentially irreversible flow of balls. On the other 
hand, if the mean recurrence time is short, there is no sense to speak about ir- 
reversibility. 

We now give the proofs of (65) and (66). We shall base our considerations 
on a formula which Professor Uhlenbeck used for similar purposes in some of his 
unpublished notes. The formula in question is: 


(67) P(n| m;s) = P'(n| m; 5S) + > Pn m; k)P(m | m;s — k). 


To convince oneself of the validity of this formula we divide all possible ways 

of reaching “m” from “n” in s steps into classes according to when “m” has been 

reached for the first time. We then observe that starting from “n” one can reach 
“m” in s steps in the following s mutually exclusive ways: 

(1) “m” is reached for the first time after s steps. 

(2) “m” is reached for the first time in 1 step and then, starting from “m” it is 
again reached in s—1 steps. 

(3) “m” is reached for the first time in 2 steps and then, starting from “m”, 
it is reached again in s—2 steps, and so forth. We note furthermore that 
the probability that “m” will be reached for the first time in k steps 
and then, starting from “m,” it will be reached again in s—z& steps, is 

(68) P'(n| m; k)P(m|m;s — k). 
This completes the proof of (67). 

It should be emphasized that the justification of using the product of prob- 
abilities in (68) rests upon the fact that in our process the past is independent of 
the future. In other words, once we know that the system starts, say, from “m,” 
its subsequent behavior is independent of the way in which “m” was reached in 


the first place. . 
We introduce now the generating functions 


(69) h(n | m;%) = > P(n| m; s)z° 


(70) g(n| m;%) = 3 P'(n| m; S)z*, 


and note that (67) is equivalent to 
h(n| m; 2) = g(n| m;2) + h(m| m; 2)g(n| m; 2), 
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or 
h(n| m; 2) 
(71) g(n| m; 2) = _ Nelms) 
1+ h(m| m; 2) 
In particular, 
h(n| n; 2) 1 


(72) (| mi) = Tima Leelee 


and we also note that 


dh(n| nN; &) 
(73) -dg(n| ni) ae 
dg 7 (1 + h(n | n; 2)? 


From the definition of g(n| n; 2), we obtain 


(74) lim g(n | nz) => P'(n| n; S) 
2-1 s==1 
d ; © 
(75) 7 lim Senin) => stP'(n| n; S). 
2-1 2 g==1 


It is from these formulas that we shall derive (65) and (66). We have, using (62) 


{)2+n R on 
n(n | n32) = I 3 2 (=) csticst. 


j=—R s=1 

and since 

(— 1)" 2 eww 

1 = ————_ R+j7CR+n) 
Dae =, +7 OR+ 

we obtain 

(— 1)?" 2 1 (<n) (4) 
(76) 1+ h(n | n;%) = a > ———— Chy4jCrim 

j=—R 


1-2, 


All terms in the sum on the right hand side of (76) are regular at z=1 except the 
term corresponding to 7=R, which has a simple pole at that point. Thus we can 
write 


R+ an 1 
1+ h(w| m5 2) = pe) + ee ck Chin , 


—™% 
— 2 


where p(z) is regular at g=1. We see that 
lim (1+ h(n| 0; 2)) = 
2] 
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and hence, using (72) and (74) 
D P'(n| nfs) = 
a1 
It is easy to see that 
(— 1)¥t* nye 1 (2R)! 
gor Rn "92k (R +n) (R — 2)! 
and, denoting this expression by w, we have (for [s| >1) 


dg(n|n;2) (1 — 2)*#(@) + 


de [1 —2)p() +o)?’ 
and hence 
dg(n| Nn; 8) 1 
lim ———_——— = —. 
zl dg ré3) 
aii 


This together with (75) yields (66). 

The above considerations can be extended to more general processes. How- 
ever, Markoffian processes (t.e., processes for which (68) is valid) are still the 
only ones for which one can also calculate the “fluctuation” of the recurrence 
time, namely, the quantity 


(77) > s'7 Pl (n | nys) — 6. 

g=1 
Without going into the details, let us mention that (77) can be calculated in 
terms of 


dg(n| nN; 2) 
lim ——_————_ 
1 dg? 


The fluctuation (77) gives us a measure of stability of the mean recurrence time 
inasmuch as it permits us to estimate how likely (or unlikely) it is to get a spec- 
ified deviation of the actual recurrence time from the mean. It may seem that 
since the generating function g(n| n; 2) is known explictly it should be easy to 
get an explicit expression for P’ (n| n; 5s). This, however, is not the case. We have 
not succeeded in finding such an expression, except for P’ (0| 0;s), and even then 
we had to use a different method. We shall give a brief description of this 
method. Let 


P(n| m1) = dam 
Then, 
Pin mys) = QE pam Pmima * * Pmy—ins 


Myr** *,Mgany 
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where the accent on the summation sign indicates that msn, j =1,2, --+,s—1. 
Now let 
‘, ift~=n 
E> ope 
1 if 1 ¥ n. 


Noticing that 


we can write 


P'(n | nN; S) = > PrmEm,P my mEmeP myms oe Em, —2P mz —2m,—\Em,—1P myn 


where the summation is now extended over all m,. If B is the matrix 


((Pam)); 
and B, the matrix 
((EnPum€m)); 
we see that 
(78) P’ (n | n;s) = (n, n) element of BB, B. 


We may note that B, is obtained from B by crossing out the mth row and the 
nth column of the latter, and replacing them by a row and column consisting 
entirely of zeros. If B, can be explicitly diagonalized, that is, written in’ the 
form 


M1 0 


where 


PQ = I 


one can calculate P’ (n| n; s), explicitly using (78). 

We have applied this method to the Ehrenfest model, but only in the case 
when the middle (zeroth) row and column of B are replaced by a row and col- 
umn consisting entirely of zeros have we been able to diagonalize explicitly the 
resulting matrix B,. The diagonalization proceeds very much as in Section 4, 
but it has proved necessary to distinguish between the cases when XK is even or 
odd. In case R is even, we were able to derive the formula 


IV 


1 R+1 >\ 8-2 _ ') 
(79) P'(0|0; 8) = — Sa =(<) Cr; Cra, s = 2, 
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where the summation is extended over all odd integers j between —R and R. 
The details of the derivation are somewhat tedious and will not be reproduced 
here. Formula (79) furnishes a partial solution to a question left open by Wang 


and Uhlenbeck [1]. 
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VIBRATION MODES OF TAPERED BEAMS 
EDMUND PINNEY, University of California 


The vibration modes of harmonically oscillating thin beams are obtained 
by solving the differential equation 


(1) (d?/dx*)(EId?y/dx*) — pw?y = 0 


subject to certain boundary conditions. In this differential equation, x is the 
distance along the beam, y is the amplitude of the transverse vibration, £ is 
Young’s modulus for the beam material, J is the cross-sectional moment of 
inertia of the beam, p is its linear density, and w is the circular frequency of vi- 
bration. 
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When EJ and p are constant along the beam the solution of (1) is simple, and 
may be expressed in terms of trigonometric and hyperbolic functions. The fre- 
quency w will be a root of a simple transcendental equation. Such theories are to 
be found in most textbooks on vibration theory. 

When EI and p vary very slowly with x, solutions to (1) may be obtained 
by writing EI = Eolo[1+£&(«) |, p=pol1-+-n(x) |, y=yo(x) +(x), where EoZ and 
po are constants, where yo(x) is a linear combination of . 


(2) sh (kx), ch (kx), sin (kx), cos (kx), 
where the quantities &, 7, [/o are much smaller than unity, and where 
(3) k4 = pow?/ Folo. 


Substituting into (1) and neglecting terms of higher order than the first in &, 7» 
¢, we obtain 


(4) d*t/dx* — k*¢ = f(x), 
where 
(5) f(%) = — (d?/dx?*) (Ed?yo/da®) + kyon. 


Equation (4) has a particular solution 
(6) t(*) = 4 =f f@® [sh k(w — #) — sin k(x — #) Jat. 


The general solution is obtained by adding to this an arbitrary linear combina- 
tion of the functions in (2). 

If EI and p may be represented by a finite number of terms of a Fourier se- 
ries, then y may be obtained from (1) as a Fourier series whose coefficients are 
the solutions of certain algebraic equations [1; §VII]. This method is useful for 
beams of greater taper than those to which the analysis of the preceding para- 
graph may be applied. Another method of great practical importance is due to 
Myklestad [2; Ch. VI]. 

When EI and p are certain particular functions of x, it is possible to obtain 
exact solutions of (1) in terms of known functions. One case of considerable in- 
terest is that in which 


(7) EI = Eolox**?, p = poxthte-2, 


where Eolo and Po are constants. The case where B=0 leads to solutions of the 
form x? where p(f—1)(p-+u)(p+w—1) =k4. If one of the four conditions 


(8) B=1/2, B=—1/2, B=n/2, B=—4p/2 


holds, the vibration modes of the beam may be expressed in terms of Bessel 
functions, 
To show this, we insert (7) into (1), getting 
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(9) 0?(d?/d x?) (ae@y/dx®) — Rte Brey = 0, 


If we write 


it follows that 


and that 
A(arf) = 20 + n)f. 

Using these, we may write (9) in the form 
(10) 006 — 1)(6 — w)(0—p— ly = Rixty, 

By [3; §4.5], the equation 
(11) @+a)6+ a — 28)(6 + a — 26r)(0 + a — 28 — 2bv)y = Bicta#y 
has the solution 
(12) } y = gal AT,(ca®) + BY,(cx®) + CI,(cx®) + DK,(cx*) |. 


Comparing (10) and (11), we see that solutions may be obtained in the following 
cases: 


Type y B Bv—a C 
I ps 1/2 p/2 2k 
II — —1/2 2+1 2 
(13) y / p/2+ k 
III 1/u p/2 1/2 2k/u 
IV 1/ —p/2 p+ 1/2 2k/u 


Beams of type J are of particular interest because the exponent for EJ is 2 
greater than that for p, a situation often encountered in practice. Examples are 
the wedge, corresponding to y=1, and the cone, corresponding to 4=2. For. 
modes of type I 


(14) y = F,(A, B,C, D; x), 
where 
F(A, B,C, D; x) 
= gl2[AT,(2kai/2) + BY,(2kx1/?) + CI,(2kx1/2) + DK, (2kx!2) |, 
By [33 §§3.2, 3.56, 3.71], it is known that 
(16) F(A, B,C, D; «) = kRF,-i(A, B, C, —D, x), 


(15) 
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and 
(17) Puyi(A, B,C, D; x) + «F,1(A, B, —C, —D; x) = (u/k)F,(A, B, —C, D; x): 


It follows from (16) that the vibration frequencies for a free-free beam (end 
conditions: y’’ =0, y’”” =0) of type J are the same as those of a similar clamped- 
clamped beam (end conditions: y=0, y’ =0) of type I in which p is replaced by 
u—2. 

For beams of types I, II, III, and IV, (12) provides the basis for the solution 
of a large number of beam vibration problems. The determination of the natural 
period of vibration of such a beam usually leads to a fourth order determinant 
whose elements are Bessel functions. The roots can be calculated numerically 
without very great difficulty if the Bessel functions are tabluated. Forced vibra- 
tion problems of such beams are similar in theory and complexity. 

In the preliminary design of aircraft this theory may be useful in obtaining 
approximate vibration modes of airplane wings to be used in preliminary flutter 
calculations. Many wings have tip chords that are small in comparison with 
their root chords. Such winds may, with little error, be considered to taper toa 
point at a distance a, say, from the root of the wing. The wing should be approxi- 
mately of type I. 

To avoid singularities, take B=D=0 in (15). Also y=0, y’=0 when x=a 
for a wing that may be considered to be cantilevered at the root. From (15) and 
(16), we have 


(18) F(A, 0, C, 0; a) = 0, F,_(A, 0, C, 0; a) = 0. 

By (3), (15), if2i,2,- +--+, are roots of 

(19) J (2) /F -1(z) = u(&) /Ty—1(2), 

then the vibration frequencies, w1, w:, - + - , are given by 

(20) On, = (z,/4a)(EoIo/ 0)", nm=1,2,--- 


The ratio C/A may then be computed from (18). 

For wings that cannot be considered to taper to a point, this determination 
may still be useful in providing a first approximation for the frequency calibra- 
tion. 

By (13), the vibration modes may be expressed in terms of elementary func- 
tions when 4=n+4 for beams of types I and II, and when p=2/(2n+1) for 
beams of types III and IV, n being an integer. 
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TETRAHEDRONS HAVING A COMMON FACE* 
VICTOR THEBAULT, Tennie, Sarthe, France 


The main theorem of this paper is: Consider two tetrahedrons T=ABCD, 
T’'=A’'BCD, having a common face BCD. Let the perpendiculars at A to faces 
CDA, DAB, ABC of T meet the planes of the faces A'CD, A'DB, A'BC of T’ in 
Ai, Az, As, and the perpendiculars at A’ to faces A'CD, A'DB, A'BC of T’ meet 
the planes of faces CDA, DAB, ABC of Tin A's, A's, A's. Then the perpendiculars 
from A to plane A,A2A3 and from A’ to plane A'\A'2A's meet in a point in the 
common face BCD. 

If we designate by 8, y, 6 the angles made by planes A’CD, A’DB, A'BC 
with the face BCD, and further designate by a and a’, b and b’, c and c’ the di- 
hedral angles having for edges BC and DA, - - - , of T, the equations of the per- 
pendicular from the vertex A to the plane A,42A3 are: 


y z t 
sin c’ cot (c’ — B) _ sin B’ cot (b’ 4 ¥) sin a cot (a — 6) 


This perpendicular meets the plane of face BCD in a point A’ whose normal co- 
érdinates with respect to the triangle BCD are: 


(y’, 2’, ’) ~ cot (c’ — B), cot (b’ — y), cot (a — 8). 


Because of symmetry, the perpendicular from A’ to the plane A’;A’2A’s 
meets the plane of face BCD in the same point A’’. Hence the theorem. 

If the tetrahedron T is orthocentric and A’ =H, the feet of the altitudes of 
triangle BCD being By, Ci, Di, then 


vy’ . g! t’ 


| ee 
=e 


tan B,AB tan C\AC tan D,:AD 
But in the triangle D,AD, 
DD, yy! z! t! 


ee ny 
— — . 


H = ————._ and 
tan D,AD BB, CC? DD, 


Hence A’’(y’, 2’, ¢’) coincides with the centroid of BCD. This provides the solu- 
tion for problem 4150 [1945, 102]. 

Our theorem also answers the following question which we have raised 
(Annales de la Société Scientifique de Bruxelles, 1925, p. 302) and which has here- 
tofore remained unanswered. Two given tetrahedorns T=ABCD and T’ 
= A’'B'C'’D’ are homological. The perpendiculars at A to the faces CDA, DAB, 
ABC of T meet the planes of faces A’C’D’, A’D'B', A’B'C' of T’ in Ai, Aa, As, 
and the perpendiculars at A’ to the faces A’C'D’, A’D’B’, A'B'C' of T' meet 
the planes of faces CDA, DAB, ABC of T in A's, A's, A’3. In the same way we 
obtain, relative to the vertices B, C, D of T and B’, C’, D’ of T’, the triads of 


* Translation from the French by J. B. Lennes, University of Oklahoma. 
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points (B,, Be, Bs) and B's, B’:, B’s), - - -. The perpendiculars from A, B, C, D 
to the planes A14.2A3, BiB.B3, - + -, meet in a point O, and the perpendiculars 
from A’, B’, C’, D’ to the planes A’,A’2A's, B’,B’2B’s, - + +, meet in a point O’. 
Are O and O’ corresponding points in the homology (ABCD, A’B'C'D’)? 

The answer is affirmative, for it is sufficient to show that lines AO and A’O’, 
BO and B’0O’, CO and C’0’, DO and D’O’ meet the plane of homology (P) in the 
same points, as shown by the preceding theorem. It can be added that the point 
O is on the perpendicular to plane (P) through the isogonal conjugate O, of the 
center of homology with respect to the tetrahedron T, and that O’ is on the per- 
pendicular to (P) through the isogonal conjugate O’ of the center of homology 
with respect to T’. 

In the general case first treated above, the perpendicular AX from a point 
P=A' whose normal coérdinates in T are (x1, yi, 21, 41) to the plane A1A2A3 has 
the following equations: 

y z t 


NT ST Se eeiemeninmenteemtecetnstmges ST rnnmemenenemels | 
cos c’ 1 cos 0! 1 cos a 1 


x1 Vi v1 21 v1 ty 


and meets the plane of face BCD in a point P’ whose coérdinates are: 


y _ 3V 
cos c’ 1 A BC D- 
+ — —-—+—-+— 
1 V1 41 VW &1 by 


A, B, C, D being the areas of the faces and V the volume of T. 
(a) If P is on Cayley’s cubic surface 


A B CC OD 

% y z t 
the line AX =AP’ is parallel to plane BCD which is normal to plane A1A2A3. 
In particular, this is the case when P coincides with the midpoint of one of the 
28 line-segments joining the centers of the spheres tangent to the four planes of 
the faces of 7. 

(b) The equations of the perpendiculars BY, CZ, DT from B, C, D to the 
planes B,B2B3, CiC2C3, DiD.Ds (paragraph 2) are similar in form to that of 
AX. The following relations are necessary and sufficient in order that the four 
lines AX, BY, CZ, DT shall be generators of a hyperboloid: 


cos c’ 1 cos c’ 1 


1947] TETRAHEDRONS HAVING A COMMON FACE 397 


COS a 1 COS @ 1 


x1 by by X14 


Hence X1 =41 = 21 =f. 

The point P coincides with the center J of the sphere inscribed in T and the 
hyperboloid is the one formed by the lines joining the vertices to the points of 
tangency of the opposite faces with the inscribed sphere. These lines are con- 
current if 


cos 34 cos 3a’ = cos 4b cos $b’ = cos kc cos 3c’, 


that is, if the tetrahedron is isogonic.* 

As a consequence we have the theorem: In any tetrahedron T=ABCD let the 
perpendiculars at A to the faces CDA, DAB, ABC, meet the bisecting planes 
ICD, IDB, IBC,:--+, in Ai, Ax, As,+++. Then the perpendiculars from 
A, B, C, D, to the planes AiA2A3, B\B2Bs, +--+, pass through the points of con- 
tact of the inscribed sphere with the opposite faces. 

All the properties apply to the triangle. Given a triangle ABC and a point 
P in the same plane. The perpendiculars at A to 4B and AC meet BP and CP 
in A; and A»; we have the analogous points Bi and Bo, C, and C2. The perpendicu- 
lars from A, B, C to A1Ae, BiBe, CiC; meet BC, CA, AB in X, Y, Z. Let (AB, 
AP) =a, (AP, AC) =a’, (BC, BP) =8, (BP, BA) =f’, (CA, CP) =7, (CP, CB) 
=~’. We have 

BX/XC=tan y/tan 6’, CY/YA =tan a/tan y’, AZ/ZB =tan B/tan a’, 
and 


ay BX CY AZ  tanatan8tany 


Now, if A’, B’, C’ are the orthogonal projections of P on BC, CA, AB, we 
have also 
BA’ CB’ AC" tan a tan B tan y 


2 ——~ . ——___.. Cn 
2) A'C B'A C’B tana’ tan p’ tan 7’ 


When point P describes the cubic of Darboux circumscribed about the tri- 
angle ABC, the lines AA’, BB’, CC’ are concurrent; the two members of equa- 
tion (2) have the value —1, and, by (1), the lines AX, BY, CZ meet ina point 
Q. Conversely, if lines AX, BY, CZ are concurrent, point P describes the cubic 
of Darboux.t 

The locus of point Q is the cubic of Lucas, and the perpendiculars to BC, CA, 
AB trom X, Y, Z meet in the isogonal conjugate of P with respect to triangle 
ABC. 


* See Nathan Altshiller-Court, Modern Pure Solid Geometry, New York, 1935, p. 290, art. 
879. 

} We do not know if this method of generating the cubics of Darboux and Lucas has been 
noticed heretofore. (V.T.) 
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In particular, if in a triangle ABC, P coincides with the orthocenter, points 
A, Y, Z are the midpoints of BC, CA, AB, and Q coincides with the centroid. 

When P describes the circumscribed circle, AX, BY, CZ are parallel to BC, 
CA, AB. 

Finally, if P coincides with the center of one of the tritangent circles, X, Y, 
Z are the points of contact of this circle with BC, CA, AB, and Q is the Ger- 
gonne point of the triangle, or one of its associated points. 


INSTRUCTION AND RESEARCH IN APPLIED MATHEMATICS* 


The history of mathematics reveals a continuous interplay of ideas between 
the mathematician and the experimental or practical scientist. In the last half- 
century this interplay has decreased, to the detriment, it may be believed, of 
both parties. The war caused a lively cooperation, but unless this continues 
under peacetime conditions, the prospect for the future is serious and warrants 
earnest consideration. . 

The widening gap between the mathematician and other scientists may be 
traced to several causes. The most obvious.of these is the great activity in all 
branches of science, which has necessitated a high degree of specialization in 
each branch, and consequently less opportunity for roaming interests. However, 
side by side with the expansion of science, increased understanding of basic 
theory acts as a simplifying compensation. Such simplification is achieved 
largely through mathematical methods, of increasing depth and generality, 
and it would be indeed unfortunate if mathematicians should not be in a posi- 
tion to contribute towards this simplification. 

As our educational system is at present organized, there are relatively few 
opportunities for a student of mathematics, undergraduate or graduate, to be- 
come acquainted with the mathematical structures of the theories underlying 
other sciences. His needs in this connection are not identical with those of stu- 
dents pursuing other branches of science as their major interest; many practical 
details, of importance to them, are not essential for his purpose, and he can go 
further and faster by concentration on the mathematical aspects of the subject. 
It is suggested that the study of some branches of other sciences from the mathe- 
matical standpoint (and that is a meaning commonly attached to the words 
“applied mathematics”) should be regarded, wherever feasible, as an essential 
part of the training of mathematics majors, undergraduate or graduate. Apart 
from the general advantage to science which we might hope to see as aresult 
of this procedure, it seems only fair to offer a young mathematician the oppor- 
tunity of pursuing a career in applied mathematics if his natural inclinations 
are so directed. Unless he has the opportunity of viewing the field of applied 


* Prepared by the special committee of the American Mathematical Society on applied mathe- 
matics, and approved by the Council of the Society and the Board of Governors of the Association. 
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mathematics from the mathematical standpoint, it is unlikely that he will be 
attracted to it if his interests are basically those of a mathematician. 

Consequently it is suggested that departments of mathematics throughout 
the country should consider the feasibility of enlarging their offerings in the 
direction of applied mathematics, both on the undergraduate and graduate 
levels, insofar as the departments are qualified to offer such instruction. Many 
branches of applied mathematics have not only well established axiomatic 
mathematical structures, but are also fruitful fields of research, involving mathe- 
matical ideas and techniques of the highest order. Attention may in particular 
be directed to mathematical statistics, theoretical mechanics (including elas- 
ticity and fluid dynamics), statistical mechanics and thermodynamics, heat 
conduction, electromagnetic theory, relativity, quantum mechanics, genetics, 
and the theory of high polymers. 

In some institutions the problem is already solved in part by the activities 
of other departments, containing members well qualified in mathematics. 
Nevertheless, since each of the subjects listed above has not only its ‘mathe- 
matical side, but also an even greater experimental or practical side, it appears 
likely that full justice can be done to the mathematical theories only by a 
specialization on that aspect. Needless to say, the task of maintaining and in- 
creasing an interplay between mathematics and the other sciences is one that 
can be dealt with only by full cooperaton between all the parties concerned. It 
is to be expected that scientists in other fields would welcome the desire of 
young mathematicians to increase their knowledge of the mathematical struc- 
tures of those fields, for the sake of a wider mathematical perspective and in 
the case of those qualified to pursue research, with a view to solving outstand- 
ing problems and simplifying basic theory by mathematical methods of in- 
creased generality and power. 

A similar gap in the background of our students lies in the field of computa- 
tion. Even if we carefully distinguish mathematical computation and com- 
putation engineering, there is much of importance concerning numerical 
computation and its organization for hand computer, IBM equipment, relay 
calculator or electronic computer, which will be of value to the student whether 
he is to become a topologist, a flutter analyst, or a mathematical logician. Of 
equal importance is the field of algebraic and analytic computation and its 
possibilities of mechanization. With the exception of a few institutions where 
the engineers have begun to work on computation engineering, this whole field 
is at the disposal of the departments of mathematics. 

Consequently, it is suggested that departments of mathematics throughout 
the country should consider the feasibility of enlarging their offerings in com- 
putation, algebraic, analytic, or numerical, at both the undergraduate and 
graduate levels. 


THE WILLIAM LOWELL PUTNAM MATHEMATICAL 
COMPETITION 


G. W. MACKEY, Harvard University 


The following results of the seventh annual William Lowell Putnam Mathe- 
matical competition held May 24, 1947, have been determined in accordance 
with the rules of the Competition agreed to by the representatives of the Mathe- 
matical Association and the trustees of the William Lowell Putnam Intercol- 
legiate Memorial Fund. The contestants were known to the reader only by 
number. 

The first prize, four hundred dollars, is awarded to the Department of 
Mathematics of Harvard University, Cambridge, Massachusetts. The mem- 
bers of the team were C. W. Hewlett, Jr., J. J. Newman, W. F. Stinespring; to 
each of these, a prize of forty dollars is awarded. 

The second prize, three hundred dollars, is awarded to the Department of 
Mathematics of Yale University, New Haven, Connecticut. The members of 
the team were Murray Gell-Mann, Murray Gerstenhaber, and Henry Otto 
Pollak; to each of these a prize of thirty dollars is awarded. 

The third prize, two hundred dollars, is awarded to the Department of 
Mathematics of Columbia University, New York, New York. The members of 
the team were Alex Heller, Harold Lehrer, and Maxwell Rosenlicht; to each of 
these, a prize of twenty dollars is awarded. 

The fourth prize, one hundred dollars, is awarded to the Department of 
Mathematics of the University of Pennsylvania, Philadelphia, Pennsylvania. 
The members of the team were Joachim Ehrman, Donald F. Hunt, and William 
Turanski; to each of these, a prize of ten dollars is awarded. 

The five persons ranking highest in the examination, named in alphabetical 
order, were: C. W. Hewlett, Jr., Harvard University; Maxwell Rosenlicht, Co- 
lumbia University; W. F. Stinespring, Harvard University; William Turanski, 
University of Pennsylvania; Eoin L. Whitney, University of Alberta. Each of 
these will receive a prize of forty dollars. 

The five succeeding persons ranking highest in the examination, named in 
alphabetical order, were: Leonard Geller, Brooklyn College; Harry Gonshor, 
McGill University; Julian Kielson, Brooklyn College; John F. Nash, Jr., Car- 
negie Institute of Technology; Henry Otto Pollak, Yale University. Each of 
these will receive a prize of twenty dollars. 

The following teams, named in alphabetical order, won honorable mention: 
Brooklyn College, Brooklyn, New York, the members of the team being Melvin 
Hausner, Robert Margolies, and George Shapiro; University of California, Ber- 
keley, California, the members of the team being Marvin P. Epstein, George E. 
Gourrich, and Roger A. Stafford; Carnegie Institute of Technology, Pittsburgh, 
Pennsylvania, the members of the team being George W. Hinman, John F. 
Nash, Jr., and Robert I. Van Nice; Northwestern University, Evanston, Ili- 
nois, the members of the team being Donald B. MacMillan, James E. Murrin, 
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and Ernest Tilden Parker; Queen’s University, Kingston, Ontario, the mem- 
bers of the team being Robert W. Butcher, Thomas G. Donnelly, and Donald W. 
Dunn; University of Toronto, Toronto, Canada, the members of the team being 
W. T. Sharp, Miss M. J. Straus, and W. J. D. Lewis. 

Fifteen individuals were given honorable mention. The names are listed in 
alphabetical order. G. F. D. Duff, Toronto University; Joachim Ehrman, Uni- 
versity of Pennsylvania; Murray Gell-Mann, Yale University; Murray Gersten- 
haber, Yale University; George E. Gourrich, University of California; Melvin 
Hausner, Brooklyn College; Donald B. MacMillan, Northwestern University; 
J. J. Newman, Harvard University; John F. Riordan, Massachusetts Institute 
of Technology; William Riordan, Massachusetts Institute of Technology; George 
Shapiro, Brooklyn College; W. T. Sharp, University of Toronto; Roger A. 
Stafford, University of California; James E. Storer, Cornell University. 

The following is a list of all colleges and universities which entered teams in 
the Competition. The list, in alphabetical order, is: University of Alberta, Bos- 
ton College, Brooklyn College, University of California (Berkeley), University 
of California at Los Angeles, Carleton College, Carnegie Institute of Technol- 
ogy, College of St. Thomas, University of Colorado, Columbia University, 
Cornell University, Harvard University, Haverford College, Loyola College 
(Montreal), Loyola College (New Orleans), Massachusetts Institute of Technol- 
ogy, McGill University, Northwestern University, Oklahoma Agricultural and 
Mechanical College, University of Oklahoma, University of Pennsylvania, 
Queen’s College, Queen’s University, Rutgers University, Swarthmore College, 
Texas Technological College, University of Toronto, Ursinus College, United 
States Naval Academy, Wayne University, University of Washington, and 
Yale University. 

The following additional colleges and universities entered individual con- 
testants only: Case School of Applied Science, Purdue University, University 
of Saskatchewan, and Washington University. 

A total of 145 undergraduates representing 36 institutions took part in the 
competition. 

Participants in the competition were given the following lists of problems. 


PART I. THREE Hours 


(Answer the questions in any order and by any method. Show all your work in logical 
sequence, and indicate your answers clearly. No tables or other books may be used.) 


1. If {a,} is a sequence of numbers such that for n= 1 
(2 — Gn)@n4i = 1, 


prove that lim a,, as n>, exists and is equal to one. 
2. A real valued continuous function satisfies for all real x and y the func. 
tional equation 


Sr/a? Py?) = f(x) f(y). 
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Prove that 


f(*) = [FQ)]”. 


3. Given this figure and any two points Qi, Q. in the plane not lying on any 
of the segments 51, so, - + + , sg, show that there does not exist a polygonal line 
P joining Qi, and Q» such that: 

(1) P crosses each s;,i=1, 2,--+-+, 6, exactly once; 

(2) P does not intersect itself; 

(3) P does not pass through any vertex V, Vi, Vo, Vs. 


Ve 


S, S3 


V3 Se Vi 


4, A coast artillery gun can fire at any angle of elevation between 0° and 
90° in a fixed vertical plane. If air resistance is neglected and the muzzle velocity 
is constant (=v), determine the set H of points in the plane and above the 
horizontal which can be hit. 

5. @i, 61, cy are positive numbers whose sum is 1, and for n=1, 2, - we 
define day1=a7+20nCn, On41 = 02 +26n0n, Cn4i=C+2anb,. Show that An, b. Cn 
approach limits as m—> and find these limits. 

6. A three by three matrix has determinant zero, and has the further prop- 
erty that the cofactor of any element is equal to the square of that element. 
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(The cofactor of a;;is (—1)*? multiplied by the determinant obtained by strik- 
ing out the 7th row and jth column.) Show that every element in the matrix is 
zero. 


ParT IT. THREE Hours 


(Answer the questions in any order and by any method. Show all your work in logical 
sequence, and indicate your answers clearly. No tables or other books may be used.) 
7. Let f(x) be a function such that f(1) =1 and for x21 
f(a) =. 
x? + f(x) 


Prove that 


lim f(x) 


Foe et] 


exists and is less than 1+7/4. 
8. Let f(x) be a differentiable function defined in the closed interval (0, 1) 
and such that 


| f’(x) | < M, O<xe<i. 
Prove that 


s— 


- sla)aa - ~> i(- “\l s= 


N k=l 


9. Let x, y be Cartesian coérdinates in the plane. I denotes the line segment 
1Sx 33, y=1. For every point P on J, let P* denote that point that lies on the 
segment joining the origin to P and such that the distance PP* is equal to 
1/100. As P describes J, the corresponding point P* describes a certain curve 
C*, Let 1(Z), 1(C*) be the lengths of I and C* respectively. Which one of (DJ, 
1(C*) is greater? Prove your answer. 

10. Given P(z) =2?+az-++b, a quadratic polynomial of the complex variable 
z with complex coefficients a, 6. Suppose that | P(z)| ={ for every z such that 
| z| =1. Prove that a=b=0. 

11. a, b, c, d are distinct integers such that 


(x — a)(x% — b)(x — c)(x — d) -4=0 


has an integral root 7. Show that 47=a+b+c-+d. 

12. Cisa fixed point on OZ and U, V are variable points on OX, OY respec- 
tively, where OX, OY, OZ are mutually orthogonal lines. Find the locus of a 
point P such that PU, PV, PC are mutually orthogonal. 


MATHEMATICAL NOTES 


EpITED By E. F, BECKENBACH, University of California 


Material for this department should be sent directly to E. F. Beckenbach, University of 
California, Los Angeles 24, California. 


ON THE NUMBER OF PATHS IN A FINITE PARTIALLY ORDERED SET 


E. W. CHITTENDEN, University of Iowa 


Let P be a finite partially ordered system* with initial elements ai, de, + + + , Om 
and terminal elements 0y, be, «+ +, bn. Let N be a matrix (x;;), @=1, 2,-+-+,m; 
j=1,2,-+-+-+,m), where x;; is the number of different paths from a; to b;, where 


a path is a maximal simply ordered subset of P which contains a; and b; We 
show that the matrix N can be computed in terms of a series of incidence matri- 
cest which we proceed to define. The initial elements of P, a, +--+ ,a@m, are 
elements of rank zero. Anelement p of Pis of rank 1 if it is not of rank zero and 
all its predecessors are of rank zero. In general an element p of P is of rank r-+1 
if it has a predecessor of rank r and no predecessor of higher rank. If p’ is of rank 
yr’ and p” of rank r’’>r’-+1, p’’ is a successor of p’, and there is no element p of 
P of rank r’<r<r’’ between p’ and p’’, we agree that p’’ may be counted 
among the ranks r’<r<r"’ and that in passing from rank r to rank r+1, p’’ 
is regarded as its own successor. Thus as there is actually only one path from p’ 
to p’’ in P, the convention just adopted permits us to admit the existence of a 
path from p’ in rank r’ to p”’ in rank r-+1 without actually increasing the total 
number of paths in the system. 

The incidence matrix A,=(e,;) is defined by the rule: If ;, is an element 
of P of rank r and is followed by pj,41, then e;;=1. Otherwise e;;=0. Let k be 
the maximal rank of any element of P. Then the 0, are of rank k and JN is the 
matrix product 


The proof is easily made by induction. Evidently Ao is the number of paths 
from elements of rank zero to their successors, and A, is the number of paths 
from an element of rank r to an element of rank r-+1. Hence if N, is the matrix 
giving the number of paths from rank 0 to rank 7, we see that the 7th row of N, 
will give the number of paths from a; to each element p of rank r. The elements 
(e;;) of A, which are different from zero in a column give the incidences from an 
element of rank r to a particular element p; of rank r-+-1. Thus the element 
x; of the product matrix N,-A, becomes the number of paths from a; to pj. 

In the case of a checkerboard, the number of paths from one king row to the 


* Garret Birkhoff, Lattice Theory, American Mathematical Society, 1940. 
t O. Veblen, Analysis Situs, Colloquium Lectures, American Mathematical Society, 1916. 
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other is given by the matrix 


14 14 6 1 
28 34 21 6 
20 35 14 14 

7 22 28 14 


Thus the number of paths, without jumps, from the second element of the start- 
ing king row to the third element of the ending king row is 21. 


NOTE ON CONJUGATE HARMONIC FUNCTIONS 


EpwarpD KAsNeER, Columbia University 
Joun De Cicco, Illinois Institute of Technology 
In many textbooks on functions of a complex variable, the problem of finding 
a harmonic function y(x, y) conjugate to a given harmonic function ¢(x, ) is 
solved in the following manner. Since the functions @ and y are conjugate- 
harmonic, they obey the Cauchy-Riemann equations 


(1) Gc = Vy, dy = — vx, 


and also each of the functions satisfies the Laplace equation, that is 


(2) beat by = 0, Veet Voy = 0. 
Hence the function y is found by integrating the equation 
(3) dy = — $,dx + 2d, 


which is exact since the given function @ is harmonic. Moreover all such func- 
tions y differ from one another merely by a real constant. 

We shall show how to find all such functions y without resorting to integra- 
tion. The advantage of our method is that it enables one to prove certain 
theorems concerning the conjugates of rational, algebraic, or entire harmonic 
functions. . 

In the first place, #(x, y) is harmonic and hence is an analytic function of 
x and y. Therefore by the obvious relations, u=x-+-iy and v=x—v7y, we can sub- 
stitute «=(u-+v)/2 and y=(u—v)/(27) into this function. The result is 


(4) (m9) = 6| 


ATP, A] = no) +0, 
2 24 
where p(v) is an analytic function of v with coefficients the conjugates of the cor- 
responding ones of the analytic function A(z). | 

Since we are searching for the second component w(x, y) of the conformal 
transformation: X=¢(x, y), Y=W(x, y), we know that ¢+i=2f(u) and 
@—iy =2g(v), where g(v) is an ‘analytic function in v with coefficients the con- 
jugates of the corresponding ones of the analytic function f(u). Thus we have 


(5) g=gtf w=ilg—f). 
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Comparing (4) and (5), we find 


(6) f=r—ic/2, g=p-t ic/2, 
where c is a real constant. Therefore the solution for y is 
(7) y=i(u—A +e. 


Thus from (7), the function y may be deduced immediately. 
As an example, consider the problem of finding the conjugate of the har- 
monic function ¢=x/(x?+?). Performing the obvious substitutions, we find 


@ = x/[(% + iy)(x — ty)] = (uw + v)/(2un) = 1/(20) + 1/(2u), 
so that X\=1/(2u) and p=1/(2v). Substituting into (7), we have 


v = (1/2)(1/0 — 1/u) + ¢ = i(u — v)/(2uv) +o = — y/ (x? + y) +. 


The related analytic function is 6+i)=1/u-+ic. 

As another example, let us find the conjugate of the harmonic function 
@=arc tan y/x. First recall that arc tan m=(1/27) log [(1-+-¢m)/(1—im) ]. 
Hence we have 


@ = arc tan y/x% = (1/22) log [(x + iy)/(« — iy)] = (1/27) (log u — log »). 
Thus \=(1/27) log u and w=(—1/22) log v. By (7), we find 
v = (— 1/2) (log u + log v) + ¢ = (— 1/2) log wv + ¢ = — log (x? + y®)1/? + ¢, 


The related analytic function is ¢+ap=—i log u-+ic. 

It is evident that the conjugate of a harmonic polynomial is also a harmonic 
polynomial. However it is not so obvious that the conjugate of a rational har- 
monic function is also rational. 

The conjugate of a rational harmonic function is rational. Thus if one com- 
ponent of an analytic function is a rational function of (x, y), then the analytic 
function 1s rational in u=x+iy. 

For if $(x, y).is a rational function of (x, y), obeying the Laplace equation, 
it follows from (4) that \(w) and y(v) are both rational functions. Hence by (7), 
it follows that y is rational also. Finally the function ¢+7i is a rational func- 
tion of u=x+7y. 

The conjugate of an algebraic harmonic function is algebraic. Therefore an 
analytic function of u=x-+ty is algebraic if only one component is given to be an 
algebraic function of (x, y). 

This result is-also a consequence of (4) and (7). 

Similarly the conjugate of an entire harmonic function is entire. Hence an 
analytic function of u=x-+7y ts entire if only one component is given to be an 
entire function of (x, ¥). 

For if @ (x, y) is an analytic function of (x, y) convergent for all finite values, 
then A(w) and p(v) converge for all finite values of u and v. Hence by (7), 
W(x, y) is an analytic function of (x, y) convergent for all finite values. Therefore 
@+7 is an entire function of u=x-+1y. 


CLASSROOM NOTES 


EpItED By C. B. ALLENDOERFER, Haverford College 


All material-for this department should be sent to C. B. Allendoerfer, Haverford College, 
Haverford, Pennsylvania. Contributions are invited on topics of immediate interest to teachers 
of undergraduate mathematics. 


END-POINT MAXIMA AND MINIMA 
C. O. OAKLEY, Haverford College 


It sometimes happens that a very elementary maximum-minimum problem 
will lead to seemingly impossible or even foolish results. The following examples 
are of this category and belong to the type commonly known as end-point 
maxima. They are of such simple nature that they may be readily assigned to a 
beginning class in the calculus.* Although not original, these two particular prob- 
lems do not seem to be widely known and should prove to be both interesting 
and instructive to teachers and students alike. 


Pros_eM I. Find the position of the point P(x, y), on an ellipse, such that the 
distance to a focus F is a maximum (minimum). 


Let the ellipse have the equation bx? -+-a%y2=a2b?2, Then the distance PF is 
a continuous function of x in the interval (—a, a) and hence it has both a 
maximum and a minimum value. (Any function which i is continuous ‘in a closed 
finite interval possesses both a maximum value and a minimum value in that 
interval). Now the fortunate student, bright or dull, might begin to solve this 
problem as follows: 

SOLUTION 1. Let the ellipse be represented parametrically by «=a cos 6, 
y=b sin 6 and let F be the right hand focus (c, 0). Then 


L = PF? = (a cos 6 — c)? + B? sin? 6, 
and 
aL . 
7 = 2(a cos 86 — c)(— asin 6) + 25? sin 6 cos 6 = 0, 


from which it follows that sin §=0, or cos0= a/c. The solutions of sin 6 =0 yield 


the answers while cos @ cannot equal a/c since a/c>1. 
But even an able student might attack the problem differently—and come to 


grief. 
SOLUTION 2. Now PF=a—ex. It’s derivative is —e#0. And yet a—ex is 
obviously least when «=a and greatest when x = —a, if the condition -aSx <a 


is kept in mind. Even though the square of the distance is used, L= PF? 
=(a—ex)?, the unwary student is still in trouble for dL /dx = — Ye(a—ex) = 0 
yields x =a/e, a point outside of the ellipse (on the directrix, indeed). The func- 


* See J. L. Walsh, A Rigorous Treatment of the First Maximum Problem in the Calculus, 
this Montuty, vol. 54, (1947), pp. 35-36. 
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tion L does have a (relative) minimum at x=a/e (what about the maximum?) 
but there is no (real) y-codrdinate for the corresponding point P on the ellipse. 
Whether PF or PF? is used, the end-points of the interval determine the 
(absolute) maximum and the (absolute) minimum values wanted. 

Even the method that most beginning students are likely to employ will 
result in the same difficulty: 


SOLUTION 3. 
L = PF? = (x —c)* + y?, 
b? 
= («= += (a — 29); 
qa? 
aL, b? 
— = 2(%—c)-2—x=0, 
ax a? 
or again, 


x = a?/c¢ = a/e. 


PROBLEM II. A man is in a boat at P one mile from the nearest point A on 
shore. He wishes to go to B which ts farther down the shore M miles from A. If 
he can row r miles an hour and walk w miles an hour, toward what point C should 
he row in order to reach B 1n least tume? 


Usually this problem is given with simple numerical values that present no 
difficulty. The shore line is assumed to be straight; let x=AC. Then the total 
time / that it takes to go from A to B is readily determined as 


1 1 
f=—(14 2124 —(M — »), 
r WwW 


whence 


dt x 1 
—=— (1+ a)? — = 0, 
dx r w 


and 


r 
Jer 


The first astonishing thing about this “answer” is that it is independent of 
the distance M. If r<w and if r<M/w'—?r’, routine testing of the derivative 
will show that a minimum time is attained. But if r<w and 7 > M,/w?—r’, then 
the derivative vanishes for a value of x that lies outside of the interval AB and 
the problem has an end-point minimum, that is, the man should row directly 
toward B. Finally if r2w, the man should again row directly to B. 


= 
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Plotting the graphs of the functions involved in these problems is a great aid 
in clarifying the points at issue. 

Discussion. Problems involving end-point maxima and minima usually 
arise only when the independent variable is restricted to a certain interval in 
order to insure reality of the function or for certain physical reasons such as 
the avoidance of negative values of distance or time. In Problem I we found 
that the answers were either relative maxima and minima or end-point maxima 
and minima according to the particular choice of the independent variable. This 
is indeed a general situation: extreme values of the one type can be converted 
into those of the other type by an appropriate choice of a parameter or, what 
amounts to the same thing, by an appropriate transformation on the inde- 
pendent variable. Indeed let the function to be maximized be y=f(x) and let 
the range of x be (a, b). Then put x=a cos? 6+5 sin? 6. This transformation 
restricts x to the interval (a, b) but permits the new independent variable @ to 
vary from — © to + 0. It is readily seen that now dy/d6 = (dy/dx)2(b—a) sin 0 
cos 6 which vanishes at 6=0 and 7/2, namely, at the points x=a and x=8, as 
well as at any relative maxima and minima inside the interval (a, 0). Applying 
this transformation to the above exercises will convert them into the usual 
relative maxima and minima problems. For example in Problem II if we set 
x=M sin? 6, we find di/d§@ vanishes when sin 0=0, cos 0@=0 and when 
sin‘ @=r?/M?(w?—r?). An analysis of these values gives the results stated above. 

If the interval is an infinite one, say (a, ©), the transformation x =a-+tan?6 
will change an end-point maximum (minimum) at x=a into a relative one. 

Editorial Note. Another example of an end-point maximum has been sub- 
mitted by V. L. Klee, Jr. of the University of Virginia. It is as follows: 

PROBLEM. We are given a straight fence 100 feet long, and wish by adding 200 
feet more to form a rectangular enclosure whose boundary contains the original 
fence. How shall this be done so as to enclose the greatest possible area? 

Let x denote the length of new fence which is aligned with the original 100 
feet of fence. Then the dimensions of the enclosure are 100-+x and 50—x, and 
its area A(x) is —x?—50x+5000. The student may reason as follows: D,A 
= —2(%+25); hence we would choose x = —25 in order to enclose the maximum 
area. He will then be perplexed to note that this solution obviously does not 
satisfy the conditions of the problem. The correct’ solution, of course, is «=0 
which is an end-point maximum. 


LETTERS TO THE EDITOR 
The Trial Integral Method 


The essential idea of the method explained in my note, The Trial Integral 
Method, this MonTHLY, vol. 34 (1947) pp. 159-160, is contained in a paper by 
T. H. Hildebrandt, Marginal Notes, this MONTHLY, vol. 36 (1929), pp. 216-221. 

M. F. SMILEY 
Northwestern University 
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The Equation of an Ellipse 


In this Montuty for April (vol. 54 (1947) pp. 219-220) there appears a note 
by Frank Hawthorne in which the Cartesian equation of the ellipse with respect 
to its axes is derived, without the use of radicals, from the constancy of the sum 
of the focal radii. May I point out that the derivation of the equation of the 
ellipse in this manner appeared in 1707 in the posthumous Tyraité analytique des 
sections coniques (pp. 22-25) of the Marquis de L’Hospital. A concise account 
of this and other portions of the work of L’Hospital is Siven in J. L. Coolidge, 


A history of the conic sections and quadric surfaces, Oxford, 1945, p. 77. 
C. B. BovER 
Brooklyn College 


The Remainder Theorem 


The basic ideas of the note by R. W. Wagner, An A pplication of the Remainder 
Theorem, this MONTHLY, vol. 54 (1947) p. 106, were contained in a lecture by L. 
C. Karpinski, “Mathematical Short Cuts for Engineers and Architects,” pub- 
lished in a lithographed form by the Multi-Color Company of Detroit, Michigan 
in February 1930. ) 

Karpinski extended this idea to make an interesting and pedagogically de- 
sirable connection with a common arithmetical concept ,the “check by nines.” 
The proof of this arithmetical trick, taught usually by rule, if at all, follows, of 
course, from the fact that if, as in Wagner’s note, p(x) represents an integer 
conceived of as a polynomial in 10, then p(1) is both the remainder if the number 
is divided by x—1, and the sum of the digits. In this case, x —1 is 9. The “check 
by casting out nines” then follows from the fact that if p, q, 7 are integers, then 
(pb+q+r)/9 =p/9+¢/9+r/9 and hence the remainder of the sum should equal 
the sum of the remainders (with nines cast out). The extension of the check to 
the other fundamental operations of arithmetic is obvious. 

Karpinski pointed out in his lecture that one may also derive checks by 11, 
99, 101, and in a recent conversation he added that if the number is written 
as a polynomial in 1000 (e.g. 1,484,365 = p(x) =x?+484x+365), then p(—1) is 
the remainder after division by 1001 (in the example p(—1) =—118). Since 
1001 =7-11-13, the divisibility of the remainder by any of these factors is 
necessary and sufficient to show the divisibility of the original integer. 


P. S. JONES 
University of Michigan 


Linear Differential Equations 
The purpose of these remarks is to express the opinion that the note On the 
Solution of Linear Differential Equations in this MONTHLY, vol. 54 (1947) p. 160 
is in violation of (a) sound mathematics (b) sound pedagogy (c) sound common 
sense 
I will briefly restate the author’s thesis, using his first example, the equation 


ay! _ 2y" + y =_ ert, 
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He sets down the general solution, and observes that as it stands it is not valid 
when a=1, containing as it does a denominator (a—1)*. He then rigs a special 
form which when a approaches unity does not become infinite but is inde- 
terminate, and naively assumes that the limit of this expression is the solution 
when a=1. This is to assume the validity of a theorem which certainly has not 
been proved at this stage of the game, namely, that if a solution of 
f(x, y, y’, a) =0 is bounded, it is a continuous function of a. The result, in the 
case before us, happens to be correct, but the process is unjustifiable. 

What does the conscientious mathematician do when a general result be- 
comes meaningless in a special case? He does not try to patch it up by ingenuity 
but goes back to the original problem and works it through. In this instance 
whether or not we like to use the symbolic operator D, we have a well-defined 
process for solving linear equations with constant coefficients, namely the repeti- 
tion of the relationship: 


If y’ — ay = f(x), y= ee! f e-**F(4)dx + |. 


Direct application of this rule yields easily the desired solution of the equation 
y’’ —2ay''+a*y =e** in a neat and simple form. 

Pedagogically, the operations which I suggest are straightforward and direct. 
The author remarks that the usual methods seem to involve pulling something 
out of thin air, but it seems to me that on the contrary his method involves 
pulling a rabbit out of a previously prepared hat. What student could see the 
sense in setting up his peculiar form of the general solution, or would understand 
it well enough to be able to handle another similar situation? The process which 
I suggest, on the other hand, goes back to sound and well-established principles. 
This argument leads naturally and logically to my third point, sound mathe- 
matics and pedagogy are bound up with common sense. We attack any given 
problem on its own merits, not as an offshoot of some other problem. 


R, A. JOHNSON 
Brooklyn College 


ELEMENTARY PROBLEMS AND SOLUTIONS 


EDITED BY Howarp Eves, Oregon State College 


Send all communications concerning Elementary Problems and Solutions to Howard 
Eves, Mathematics Department, Oregon State College, Corvallis, Oregon. This department 
welcomes problems believed to be new, and demanding no tools beyond those ordinarily fur- 
nished in the first two years of college mathematics. To facilitate their consideration, solutions 
should be submitted on separate, signed sheets, within three months after publication of 
problems. 


PROBLEMS FOR SOLUTION 
E 781. Proposed by P. D. Thomas, Navy Department, Washington, D.C. 


A heavy ball is gently dropped into a vase full of water. A section through 
the vertical axis of the vase is a semiellipse, the height being the semimajor 
axis, the diameter being then the minor axis. The size of the ball is such as to 
cause the maximum displacement. (1) Find the radius of the ball. (2) Show that 
the plane of the circle of tangency bisects the height of the submerged segment of 
the ball. (See E 687 [1946, 334 ].) 


E 782. Proposed by Joseph Rosenbaum, The Milford School, Connecticut 


Show that the product of two numbers each of the form x?+kxy-+y?, where 
k, x, y are integers, k fixed, is also of that form. If x and y are relatively prime, are 
all factors of x?+kxy+-y? also of the same form? 


E 783. Proposed by C. D. Olds, San Jose State College 


Given a parallelogram and its diagonals. Let each side of the parallelogram 
be divided into 1 equal parts and let lines be drawn through the points of di- 
vision, parallel to the sides and to the diagonals of the parallelogram. Find the 
total number of triangles in the resulting figure. 


E 784. Proposed by R. E. Gaines, University of Richmond 

Show that the locus of the intersection of two successive perpendicular 
tangents to a logarithmic spiral is another logarithmic spiral. 

E 785. Proposed by R. J. Walker, Cornell University 


Each of n—1 tanks, 71, -- +, T,-1, holds V gallons of water, and an nth tank, 
T,, holds V gallons of a salt solution containing M pounds of salt. Liquid is 
circulated at the rate of g gallons per minute from T, to T,-1, Tn-1 to Tn-2, ++, 
Tz to Ty, 7; to T,. How much salt is in T, after ¢ minutes? 


SOLUTIONS 


E 743, Solution II [1947, 285]. Correction. In the third line of the solution 
the word “positive” should be replaced by “negative.” 


A Cryptarithm 
E 751 [1947, 38]. Proposed by Alan Wayne, Flushing, N. Y. 
Find the digits represented by the letters in the following addition, if no two 


412 
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different letters represent the same digit: 


FORTY 
TEN 
TEN 


SIXTY 


Solution by A. Chulick, Hofstra College. Since the sum of column (1), (right 
to left), is Y and no digit can be carried, N is zero. Likewise, since the sum of 
column (2) is T, or T plus 10, E is either zero or five. But W is zero; therefore E 
is five. A digit must be carried from column (4). That digit is 1, for the sum of 
column (4) can be at most 11. It follows that Jis either zero or one. But N is zero; 
therefore I is one, and O is nine. The sum of column (3) must be at least 21, for 
X cannot be either zero or one, and at most 1 can be carried from column (2); 
hence T must be either seven or eight. If T is seven R must be eight and X three. 
But F and S are consecutive digits. The only possibilities are two and three, 
and three and four; therefore X cannot be three. T must be eight, R seven, and 
& four. The only consecutive digits available are two and three; hence F is two 
and S is three. Y is six. The solution is unique and we have 29786+850+850 
= 31486. 

Also solved by Richard Andree, Maurice Anthony, LeRoy Babcock, Murray 
Barbour, T. E. Berry, Daniel Block, R. A. Bradley, W. G. Brady, Paul Brock, 
W. E. Buker, M. I. Chernofsky, P. L. Chessin, W. H. Coulter, R..E. Crane, 
J. A. Cromelin, J. H. Cross, J. E. Darraugh, E. de la Garza, Monte Dernham, 
William Douglas, R. L. Duncan, Virginia Felder, J. H. Ferguson, Barkley Fritz, 
I. M. Gardoff, M. A. Geisler, E. St. John Gough, E. L. Harp, Jr., R. H. Hoskins, 
J. M. Kingston, Mrs. V. L. Klee, Jr., William Kruskal, Elmer Latshaw, H. N. 
Leifer, G. E. McAllister, Burnett Meyer, Leo Moser, Roger Osborn, S. T. 
Parker, C. R. Perisho, C. F. Pinzka, P. A. Pisa, A. O. Qualley, P. W. A. Raine, 
A. P. Rhodes, G. G. Roberts, E. D. Schell, David Sohn, G. W. Walker, Davis 
Wellinger, Hazel Schoonmaker Wilson, M. S. Constable and the proposer. 


Editorial Note. Problems of this nature are appropriately called cryptarithms, 
and constitute a special class of the more general problems known as arith- 
metical restorations. See Ball-Coxeter, Mathematical Recreations and Essays, pp. 
20-26 and Kraitchik, Mathematical Recreations, pp. 79-80. Although the above 
problem is easy, cryptarithms can be very difficult. Devotees, however, prefer 
charming cryptarithms, and to be charming a cryptarithm should (1) make sense 
in the given letters as well as the solved digits, (2) involve all the digits, (3) 
have a unique solution, and (4) be such that it can be broken by logic, without 
recourse to trial and error. Judged by these standards the above cryptarithm is 
very charming indeed. 

The proposer has composed a number of these cryptarithms, some of which 
have appeared in The Cryptogram, publication of the American Cryptogram 
Association. Thus he has offered SEVEN+-SEVEN+ SIX =TWENTY (unique 
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solution), SEVEN+THREE+TWO=TWELVE (unfortunately possessing 
two solutions, since N and O may be interchanged), TWENTY+ FIFTY 
+NINE+ONE=EIGHTY (unique solution but requiring an undesirable 
amount of trial and error), SCAN+THESE=DIGITS (unique solution), and 
RODE+ MAIL+ADDED+EMBLEM =OFFERED (having, as a literary ac- 
cessory, the key word FORMIDABLE, whose successive letters correspond to 
the ordered set of digits 0,1,---, 9). 
Dernham and McAllister both suggested that if anyone wants more, let him 
SEND+ MORE = MONEY. 
Of the proposed problem W. H. Coulter wrote: 
“Two sums that oddly cleave as one 
Though far apart like Earth and Sun.” 


Two Six-Point Circles Associated with a Right Triangle 
E 752 [1947, 38]. Proposed by Victor Thébault, Tennie, Sarthe, France 


Show that in a right triangle the twelve points of contact of the inscribed 
and escribed circles form two groups of six points situated on two circles which 
cut each other orthogonally at the points of intersection of the circumcircle 
with the line joining the midpoints of the legs of the triangle. 


Solution by J. H. Butchart, Arizona State College. Let ABC be the right 
triangle, C the vertex of the right angle, and let X, Y, Z be the points of 
contact of the incircle with the sides a, b, c opposite the vertices A, B, C respec- 
tively. Let Xi, Xe, X3 be the points of contact of the escribed circles opposite 
A, B, Crespectively with side a, and similarly define Y; and Z;. Let P, Q be the 
points where the line bisecting a, b at A’, B’ meets the circumcircle. Then, 
using the relations like AZ=s—a, BX3;=s-—a, where s is the semi-perimeter of 
triangle ABC, we can show that the sets of points P, Y, Q, Y3; P, X Q, Xs; 
X, X3, Ys, Y are concyclic. For instance, (PA’)(A’Q) =(CA’)(A'B) =a?/4 
=(XA’)(A’X3). Since XX3, YY3 meet at C, which is not on PQ, it is impossible 
for circles (PYQY3) and (PXQX;3) to be distinct. Similarly Z1, Z. lie on circle 
(XX3Y3Y) and the center is the intersection of the perpendicular bisectors of 
XY and 2Z;Z:, 1.e., an end, K’, of the diameter of the circumcircle perpendicular 
to AB. The points Z, Z3, X1, Q, Yi, Xe, P, Ye are proved concyclic in a similar 
manner, and K, the other end of the diameter through K’, is proved the center 
of this circle by showing that KQ and KZ are equal. Since the radii KQ, K’Q 
of the two circles are perpendicular, the circles are orthogonal. 

Also solved by the proposer. | 

Editorial Note. It is believed that the two six-point circles of this problem are 
new in the geometry of the right triangle. 


The Elliptical Race Track 
E 753 .[1947, 38]. Proposed by L. M. Kelly, University of Missouri 


How can one convince a class in elementary analytics that if the inside of a 
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from another curve C, is called a parallel to C. A curve and any of its parallels 
have the same normals and the same evolute. The parallel curves of a non- 
circular ellipse are curves of the eighth degree. See, e.g., Ex. 3, art. 372, of 
Salmon’s Conic Sections. R. C. Yates has devised a linkage for describing curves 
parallel to an ellipse. See this Montuty [1938, 607 |. 


Skew Ordered Sequences 
E 754 [1947, 39 and 1947, 163.] Proposed by S. T. Thompson, Tacoma, Wash. 


A finite sequence of positive integers will be said to be skew ordered if either 
each integer in an even position of the sequence is greater than or each such 
integer is less than its immediate neighbors. If the eight integers 1, - - - , 8 are 
placed in random order in a sequence, what is the probability that the sequence 
will be skew ordered? 


I. Solution by J. B. Kelly, Hampton, Va. Let Q, be the number of skew 
ordered arrangements of m distinct integers. There is no loss in generality in 
supposing that the integers are 1, 2, - - - , m. Suppose that the integer m occurs 
in the kth position. If we have a skew ordered arrangement, the sequences on 
either side of n must be skew ordered. The sequence to the left of m must have its 
last element less than its next to last element. Once the integers in this sequence 
are chosen, its elements may be arranged in $Q;_; different ways so as to satisfy 
this condition. The sequence to the right of ~ must have its first element less 
than its second element. Once the integers in this sequence are chosen, its 
elements may be arranged in $Q,_; different ways so as to satisfy this condition. 


There are oy ways of choosing the integers in the sequence to the left of 


n and once these integers are chosen, the integers in the sequence to the right 
of m are determined. Thus the number of skew ordered permutations of n dis- 
tinct integers for which the greatest integer (here 2) occurs in the kth position is 


a(f ') Ox-10n-z. It follows that 


12 /n-1 
(1) . QO, = rr" 2 (7 JOO 


In applying this formula, it is necessary to make the convention that Qo =Qi=2. 
Let P,, be the probability that a given permutation of distinct integers will be 
skew ordered. Evidently P,=Q,/n!, and relation (1) becomes 


1 n 
(2) Py = — >) PrrPa_s 
An k=1 


where again we make the convention that Py) =P,=2. Calculating Ps by succes- 
sively calculating P2, Ps, -- +, P; by means of (2) we obtain Pg=277 /4032. 


IT. Solution by Frederick Mosteller, Harvard University. The probability 


1947] ELEMENTARY PROBLEMS AND SOLUTIONS 417 


that a finite sequence of m unequal integers will be skew ordered when all 
permutations are equally likely can be translated directly into statistical ter- 
minology. It is the probability that the sequence will have no run up or run down 
of length greater than or equal to 2. This problem was treated by P. S. Olmstead, 
Distribution of sample arrangements. for runs up and down. Annals of Mathe- 
matical Statistics, vol. 17 (1946), pp. 24-33. 

For n=3 to 14 we derive from Olmstead’s Table 2 


n Probability of skew ordering 
3 0 .66666667 
4 0 .41666667 
5 0 . 26666667 
6 0.16944444 
7 0.10793651 
8 0 .06870040 
9 0 .04373898 
10 0.02784447 
11 0.01772647 
12 0.01128499 
13 0 .00718426 
14 0 .00457364 


Since for m even the number of arrangements with runs of length no more 
than one is just twice Euler’s number £,, and for m odd the number of arrange- 
ments is twice the tangent number, we might use the approximation 


(See, e.g., Milne-Thompson, Calculus of Finite Differences, p. 147.) 
For »=4 this approximation agrees to 0.002, for n=6 to 0.0001, for »=8 
to 0.000003, and for 7=9 to 0.000001. The exact answer for n =8 is 277/4032. 


ADVANCED PROBLEMS AND SOLUTIONS 


EpITED By E. P. Starke, Rutgers University 


Send all communications concerning Advanced Problems and Solutions to E. P. Starke, 
Rutgers University, New Brunswick, New Jersey. All manuscripts should be typewritten, with 
double spacing and with margins at least one inch wide. Problems containing results believed 
to be new or extensions of old results are especially sought. Proposers of problems should also 
enclose any solutions or information that will assist the editor. In general, problems in well 
known text books or results found in readily accessible sources should not be proposed for this 
department. 


PROBLEMS FOR SOLUTION 
4259. Proposed by Richard Bellman, Princeton University 


If 
ia 2 a 
yo Tat 2, lal <1, 
kat 1 + 4% 
show that, except perhaps for order, 
ny = 2*, 


4260. Proposed by Victor Thébault, Tennie, Sarthe, France 


In a triangle ABC inscribe two triangles A1BiCi and A»BeC, whose sides are 
parallel to the medians. Show that (1) the triangles ABC, A1BiC;, A2B2C2, have 
the same centroid and the same Brocard angle; (2) the triangles A1BiC;, A2BeCe 
are inscribed in an ellipse concentric and homothetic to the inscribed Steiner 
ellipse, the ratio of homothety being 1/+/3. 


4261. Proposed by F. J. Dyson, Trinity College, Cambridge, England 


The number of partitions of an integer m into a sum of positive integral parts 
is denoted by p(n). The result of subtracting the number of parts in a partition 
from the largest part is a positive or negative integer called the rank of the 
partition. Ramanujan proved that p(5”+4) is always divisible by 5, and 
p(in+5) by 7. Show that the number of partitions of 5v+4 whose ranks are 
congruent modulo 5 to a given residue is the same whichever of the five residues 
is chosen, and the number of partitions of 72+5 whose ranks are congruent 
modulo 7 to a given residue is the same whichever of the seven residues is 
chosen. 


4262. Proposed by L. A. Santalé, Rosario, Argentina 


Let C be a rectifiable plane curve of length L, contained within a given circle 
of radius R. Prove that there is a circle of radius p2R which cuts Cin points, 
where 


(1) n = L/rR. 
In particular there is a line which cuts C in n points, where n satisfies (1). If 
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p<R, the inequality (1) must be replaced by 


4p 


@ "Rt 


IV 


. See L. A. Santalé6, A theorem and an inequality referring to rectifiable curves, 
American Journal of Mathematics, 1941, p. 635. 


4263. Proposed by Howard Eves, Oregon State College, and Paul Halmos, 
Syracuse University 


Criticize the following alleged proof of the continuum hypothesis. 

Let X be the set of all infinite sequences of 0’s and 1’s, and let E be an 
arbitrary uncountable subset of X. Corresponding to any finite sequence, 

adi, +, ar}, of 0’s and 1’s, write E(a, ---, as) for the set of all sequences 

xn} which belong to E and begin with { a, -++,a,}. Since E=E(0)+E(1), at 
least one of the two sets F(0) and E(1) is uncountable; write a;=0 or 1 accord- 
ing as E(0) is or is not uncountable. Then, in either case, E(a,) is uncountable. 
If a; has already been defined for i=1,---,k, so that E(a;,-+-,a,) is un- 
countable, then write a,4,:=0, or 1 according as E(a;, +--+, ay, 0) is or is not 
uncountable. The resulting infinite sequence { a1, Ge, a3, °° * \ has the property 
that for any & it is true that E(q, -- +, az) is uncountable. Write E* for the 
union of all E(a,---,a,), for R=1, 2, 3,---+;then E* is a subset (in fact 
an uncountable subset) of £. 

For certain positive integers k it is true that both E(ai,---, ax, 0) and 
E(a, +++, a, 1) are uncountable; in fact this must happen for an infinite 
number of k’s. (Otherwise, for a sufficiently large k, E(ai, - + + , dx) would not 
be uncountable, contrary to its construction.) Let ki, ke, ks, - - - be the integers 
for which this is true, and write, for any { 21, Xo, X3, °° ° \ in E*, 


Vn = Xkp+15 


then yn, ye, - ++ } is an infinite sequence of 0’s and 1’s. From the way in which 
the k, are defined it follows that every possible sequence of 0’s and 1’s occurs 
as a y sequence, and that consequently the sequences { 21, Xe, \ in £* cor- 
respond (in possibly a many to one manner) to a set (viz. the set of all y se- 
quences) having the power of the continuum. It follows that the cardinal number 
of E* (and hence of £) cannot be less, and since £ is a subset of X it cannot be 
greater. In other words it has been proved that every uncountable subset of a set 
having the power of the continuum has also the power of the continuum. 


4248 [1947, 232], corrected. Proposed by Victor Thébault, Tennie, Sarthe, 
France 


Having given a tetrahedron ABCD, place a sphere (S) of given radius in 
such a manner that the volume of the polar tetrahedron of ABCD with respect 
to (S) will be a relative minimum. 
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SOLUTIONS 
A Configuration of n Spheres 
3895 [1938, 631]. Proposed by Victor Thébault, Tennie, Sarthe, France 


Four spheres (wi), (we), (Ws), (ws) pass respectively through the vertices 
A,, Az, As, Ay of a tetrahedron and intersect in pairs on the corresponding edges. 
Straight lines AsA1, A;A2, AsAs, AsAg which join an arbitrary point A; to the 
vertices of the tetrahedron cut the respective spheres again in aj, ae, a3, a4 and 
these four points with A; lie ona sphere (ws). Continuing i in this way, the lines 
AnAi, AnA2, +++, AnAna which join an arbitrary point A, to the points of a 
preceding set A, As, - ++, Ani cut the respective spheres (1), (2), + + * , (@n-1) 
in the points aj, a2, °° * , Qn—1 which with A, lie on a sphere (wn). (1) Show that 
the spheres (1), (@2), ° + >, (On) meet in a point P. (2) Show that the points 
diametrically opposite to Ab Ae, ++, An on the corresponding spheres lie in 
a plane through P. 


Note by Proposer. The part (2) is an extension of a theorem by Bouvaist- 
Delens, Annales de la Société Scientifique de Bruxelles, 1937, p. 159. 


Solution by the Proposer.* (1). A solution of this first part has already been 
given for n=5 (this Monru ty, 3819 [1939, 239). The same reasoning extended 
by adding one more point at a time shows that the spheres (w:), (wz), -- + , (wn) 
meet in a point P common to the first four spheres. 

(2) To solve the second part it is convenient to establish a preliminary 


THEOREM. If three spheres (on), (we), (w3) pass respectively through the vertices 
A, Ao, As of a triangle A,A2A3, intersect in pairs on AiA>o, ArA3, A3Ai, and have 
in common a point P not in the plane of triangle A1A2A3, then the point P and the 
points Ai, A¢d, As diametrically opposite Ai, Az, As on the given spheres are 
coplanar. 

The plane A1A2A3 cuts the spheres (a), (we), (w3) in three circles (£1), (£2), 
(£3), which have a common point P’.{ The points Aj, Az, Aj diametrically 
opposite A1, Az, As on (wy), (we), (ws) project orthogonally on the plane A,A2A; 
into points aj, a7, af diametrically opposite Ai, Az, A3 on (Fi), (£2), (Es). The 
triangle aj azaz has its sides perpendicular to the corresponding sides of triangle 
A,A2A3. The sides Aj Aj, Aj Ai, Aj A? of triangle A/ A? AZ are therefore per- 
pendicular to the homologous sides A2A3, AsAy, ae of triangle A,;A2A3. 

Likewise the orthogonal projections aj’, az’ ‘of Ai, Az, Az on the plane 
Aj Az Aj coincide with the points diametrically opposite Ai, Az, Aj on the 
circles (E/), (Ei), (EZ) cut by this plane from the spheres (#1), (we), (ws). The 
sides of aj’ag’a3’, perpendicular to the corresponding sides of Aj Az A3, inter- 
sect (Ey), (Ed), (Ej) on Ag Aj, Aj AY, Af Ag. These three circles meet in the 


point P, which is the second point of intersection of the spheres (w), (we), (ws) 


* Translation by W. E. Byrne, Virginia Military Institute. 
+ R. A. Johnson, Modern Geometry, 1929, Art. 184. 
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since P is not in the plane A,A2A3. The theorem is thus proved. 

The solution of (2) is merely a corollary. By the Miquel-Roberts theorem* 
the four spheres (1), (we), (ws), (ws) of the present problem have in common 
a point P. The points A? ,Az, Aj, Ad diametrically opposite Ai, A2, As, A, on 
(a1), (we), (3), (ws) are in the same plane (7) passing through P, since the 
points (A{, Ad, Ad, P), (Ad, Ad, Ad, P), (As, Ad, Ad, P), (Ad, Al, Ad, P) 
are coplanar by our preliminary theorem. 

The lines A541, AsA2, AsA3, AsA4 intersect (w1), (we), (ws), (ws) respectively 
in 1, Qe, a3, as By the Miquel-Roberts theorem applied to the tetrahedron 
A:A2A3Au, the spheres Asaczcs, (We), (Ws), (ws) meet at P. Hence the point Ag 
diametrically opposite As on the sphere (ws) =Asaea3a4 is in the plane (7). Step 
by step it is clear that the points Aé,---,A, diametrically opposite to 
As, -++,An on (ws), > ++, (Wn) are also in the plane (z). 


Note. Part (2) generalizes an interesting theorem due to R. Bouvaist, who 
obtained it by analytical means. It was proved also in various ways by P. 
Delens.t The reasoning may be extended step by step tothe polygon Aj Az ---: 
A,! to prove part (2). The theorem is: 

Given a tetrahedron AyA,A;3A.4 and four spheres (a), (w2), (ws), (ws) passing 
respectively through Ai, Ao, Az, As and intersecting in patrs on the corresponding 
adjacent edges , these spheres have a point P in common (S. Roberts), and the points 
Ai, Ad, Ad, Ad, diametrically opposite to A1, Az, Az, As on the spheres (on), 
(we), (ws), (ws) are in a plane passing through P. 


A Theorem on the Tetrahedron 
4150 [1945, 102]. Proposed by Victor Thébauli, Tennie, Sarthe, France 


In a tetrahedron ABCD with the orthocenter H, the perpendiculars at A 
to the faces ACD, ABD, ABC meet respectively the planes HCD, HBD, HBC 
in (Ai, As, A3), and similarly for the points (B,, Bz, Bs), and so on. Show that 
the planes A,A2A3, B,;B.B3,-+- , are perpendicular to the medians of ABCD. 


A solution will be found in the Proposer’s article, Teirahedrons having a com- 
mon face, p. 395, this issue of the MONTHLY. 


Barycentric Codrdinates 
4192 [1946, 103]. Proposed by Victor Thébault, Tennie, Sarthe, France 


For a given tetrahedron A1A42A3A,, if P is the centroid of its antipedal tetra- 
hedron ABCD, its barycentric codérdinates are inversely proportional to the 
‘squares of its distances to Ai, Ae, A3, 44; and conversely. 


* J. L. Coolidge, A Treatise on the Circle and the Sphere, 1916, p. 240. The priority of the 
theorem usually attributed to S. Roberts, seems to belong to Miquel, who gave an elementary 
demonstration of it in 1838 (Journal de Liouville, t. III, p. 522, theorem VI). Miquel obtained it 
by a stereographic projection. 

+ P. Delens, Ann. de la Soc. Scient. de Bruxelles, 1937, p. 159. 
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Solution by R. Goormaghtigh, Bruges, Belgium. The following generalization 
will be proved: Let A1A2A;3A4 be a tetrahedron and BiB.B3B, the antipedal tetra- 
hedron of an arbitrary point P; tf co, c2, o3, a4 and B1, Be, Bs, Bs are the barycentric 
coérdinates of P as to A1A2A;3A, and as to BiB,B3By,, then the ratios Bi/o1, Bo/cas, 
Bs/as, Bs/a4 are proportional to the squares of the distances PA1, PA», PA3, PAs. 

The volume of the tetrahedron PA.A3A, is 


4PA,- PAs: PA, sin (P — AeA3A,). 


Further, the areas o1,--- of the faces B.B;Bu,--- are proportional to the 
sines of the supplements to the solid angles (Bi— 2.B3B.), -- -. But the solid 
angle (P—A2A3A,) is the supplement to (Bi1—B.B3;B,), and so on. Hence 
ai, +++ are proportional to o1/PAi,--+- and to 6i/PAj, - + + ; and this proves 
the theorem. The Proposer’s theorem is an immediate corollary. 

It follows also that the products ai(1, a282, o383, a484 are proportional to the 
squares of the faces of the tetrahedron BiB.B3B,4. 


Collinear Orthopoles 
4195 [1946, 160]. Proposed by R. Goormaghtigh, Bruges, Belgium 


There are ten ways to divide six points on a circle into two groups of three 
so as to form pairs of triangles having no common vertex. The midpoints of the 
segments joining the orthopoles of a given straight line with respect to each pair 
of triangles are ten collinear points. 


Solution by Ou Li, Yenching University, Peiping, China. Let the given circle 


be the unit circle and let t; (¢=1, 2, - - + , 6) be the complex coérdinates of the 
six points A; on it. Denote the elementary symmetric functions of, say, 1, te, t3 
by s;¥ (j=1, 2, 3); and those of t, to, + - - , ts by o% (R=1, 2, +--+, 6). The given 
straight line has an equation in the form 

x x 

a G 


where @ is constant. The orthopoles of this line with respect to the triangles 


A1A2A3, A1sAsAe are, respectively,* 
1 a 1 56 Z 456 
103 = s(« + $1 + — ~ si"), Xa56 = AG + $1 + ” S3 ). 
The midpoint of these two orthopoles will be 


456 


1 123 
u= [20+ + (6 + $3 )|. 


Now let M’ be the analogous midpoint for the triangles A14244 and A3A;Ae. 


* See for instance R. Goormaghtigh, A Study of a Quadrilateral Inscribed in a Circle, this 
MonrTHiy 1942, p. 178. 
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The clinant of the line MM’ becomes 


M — M’ a\? 
== = 1 | Ce. 
M— M’ a 
Since this is symmetric in the ¢,, it is evident that all the ten midpoints are col- 


linear. 
Solved also by H. E. Fettis and the Proposer. 


Isosceles n-Points 
4254 [1947, 345]. Proposed by Paul Erdés, Syracuse University 


We have seven points in the plane. Prove that we can always select three 
which do not form an isosceles triangle. For six points this does not necessarily 


hold. (If A, B, C are on a line we can define that they do not form an isosceles 
triangle if AB#BC.) 


Editorial Note. This is essentially the same as the Proposer’s problem 
E 735 [1947, 227-229], which see for solution and comments. 


RECENT PUBLICATIONS 


EDITED BY H. P. Evans, University of Wisconsin 


All books for review should be sent directly to the editor of this department, American 
Mathematical Monthly, 531 West 116th Street, New York 27, N. Y., and not to any of the 
other editors or officers of the Association. 

An Introduction to Mathematical Genetics. By Lancelot Hogben. New York, 
W. W. Norton and Co., 1946. 12+260 pages. $5.00 


Genetical theories and various breeding practices lead to pleasing mathe- 
matical problems. They have intrigued abstract algebraists to construct special 
“genetic algebras,” and some of the recurrence relations and functional equa- 
tions describing the genetical structure of succeeding generations have not yet 
been solved. Readers of this MonTHLYy will be more interested in the fact that 
genetical theories provide perhaps the easiest and best accessible examples il- 
lustrating how even very elementary mathematical reasoning leads to interesting 
insights and applications. It is a fairly common practice to use the Mendelian 
laws as a first application for the elementary rules of combining probabilities. 
The equally elementary and intuitive applications of simple difference and 
other recurrence equations, of matrix computation, and so forth, are less known. 
Mathematicians, and in particular mathematics teachers, will, therefore, greet 
a book on mathematical genetics with great interest. 

Unfortunately, the book under review will disappoint them inasmuch as it 
is clearly not intended for them. It is written for students of biology and practical 
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breeders who have difficulties with simple fractions but wish to understand the 
results of a quantitative analysis of breeding systems, of mutations, selection, 
and so forth. Accordingly, the choice of material, though natural and justified, 
is not ideal from the peculiar point of view of the mathematician. The mathe- 
matical tools and ideas are hidden so far as possible and the access to the book is 
made difficult by the standard practice in genetics of using as many technical 
terms as possible and not defining a single one. It is possible that students of 
biology would be acquainted with these terms long before they desire to con- 
sult Hogben’s book. Nevertheless, one page of explanations would have opened 
the book to many other readers. 

As has been indicated, the book relies on most elementary methods. An 
integral, a differential, and a statistical test of significance occur once or twice, 
but in a way calculated not to disturb a reader familiar only with simple algebra. 
All probability considerations are translated into the language of mixing and 
selecting cards. The notion of a sequence wu, is carefully analyzed, but it may 
mislead some readers that u, usually refers simultaneously to any generation 
and to the initial or zero generation. In practice, uw» is arbitrary and u,(m>0) is 
determined from a recurrence relation. Hence, identifying uv, with wo is not 
legitimate. 

The content is as follows. Chapter I, Gene Frequencies, Genotypic Fre- 
quencies, and Systems of Mating. This chapter is mostly concerned with the 
card-pack model and the simplest rules. Chapter II, Basic Types of Algebraic 
Series in Genetical Theory, dedicated to recurrence relations, and limiting 
values. Chapter III, First Steps in the Calculus of Finite Differences, including 
approximate extrapolation. Chapter IV, Binomial Series (by which the author 
means the binomial probability distribution). Chapter V, Non-assortative Mat- 
ing in the Absence of Selection or Mutation. The term non-assortative stands 
for the usual “random” to which the author objects. This chapter treats the in- 
heritance of one or several characters, sex-linked or not. Chapter VI, Selection. 
Chapter VII, Assortative Mating and Consanguinity, covering various systems 
of breeding. Chapter VIII, Mutation Pressure and Isolate Effects. The Ap- 
pendices describe the simplest statistical techniques: I, Significance Tests for 
Mendelian Ratios, and II, The Estimation of Linkage and Determination of 
Variance Formulas for Gene-Frequency Analysis by the Method of Maximum 
Likelihood. 

W. FELLER 


Die Mathematische Denkweise. By Andreas Speiser. Basel, Birkhauser, 1945. 
132 pages. S. Fr. 14.50. 


In this book we have the philosophy of a mathematician. It is written with 
the enthusiasm of a distinguished mathematician who penetrates the arts and 
the world in his peculiar way. It will transmit, I imagine, this enthusiasm to 
every mathematician who is not only a craftsman but possessed by the sacred 
fire as the poet and philosopher ought to be. 
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The first section shows the réle of symmetry in ornamentics. Examples with 
beautiful pictures are given from Egypt and Crete, from Arabic and Renais- 
sance art. 

The following section gives a description of the complex of motives in a 
piece of music with characterization of the motive by the number of its meas- 
ures. The author gives examples from music by Mozart, Beethoven, Verdi and 
other composers. 

Very impressive is the third section, in which the author investigates Dante’s 
Divine Comedy in regard to natural philosophy which is essentially new 
Platonic. Here one finds a cosmic building which is the result of very scanty 
experience and a construction guided by the paramount desire for symmetry 
and harmony. If we compare this with the natural philosophy of today, we 
find the same tendency; however, the substructure of experience has grown to 
an immense extent and has so many interrelations that it represents in itself 
already a gigantic design. 

The fourth part is about the philosophy of mathematics by Proclus Dia- 
dochus. This philosophy is essentially based on Plato’s idea that mathematics, 
liberated from all the little devices of the craft, is a great ornament of divine 
origin. At the end of this section we find the following hyminic words of Proclus: 

“This, therefore, is Mathematics: she reminds you of the invisible forms of 
the soul; she gives life to her own discoveries, she awakes the mind and purifies 
the intellect; she brings to light our intrinsic ideas, she abolishes oblivion and 
ignorance which are ours by birth.... ” 

The average mathematical reader will, probably, appreciate only with diffi- 
culty the chapter on numbers and space in the Neoplatonic doctrine. As the 
author justly remarks, numbers were something much more alive, much more 
real with the Greeks than with us. One may, perhaps, add that in the develop- 
ment of human thought the concept of the general number is a rather late 
achievement and that the Greeks were close enough to the birth of this concept 
to feel the wonder of its nature. In these theories as in the cabala the numbers 
are not used to describe the order of the universe. They are felt as creating this 
order. In trying to penetrate this realm of thought a mathematician may have 
the feeling that he comes out of the clear day into an almost uncanny and 
mystical dark. | 

The section on Goethe’s Theory of Colors follows. The author shows that 
Goethe tries to bring a system of symmetry into the realm of colors. In this way, 
through an apparent psychical order, he achieves a connection of the physical 
phenomena with the realm of beauty and art. 

The last section deals with astrology. Here we are introduced into the at- 
tempt to analogize the mathematical order of the stars with the somewhat 
chaotic fate of human beings and human society. The remarkable thing is that 
from the order of the heavenly bodies at the time of the birth, that is, from the 
horoscope, the great astrologers constructed human characters of a peculiar 
force. Sometimes, this construction formed the personality and life of the man 
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for whom the horoscope was cast. 

The book has an epilogue, consisting of an oration which Speiser gave at 
the tercentenary of Kepler’s death. Here, it is especially important to be re- 
minded of the fact that Kepler’s firm belief in the mathematical structure of the 
universe showed him the way and strengthened his amazing power of concen- 
tration and endurance to achieve his immortal work on the orbits of the planets. 

It is interesting to realize that Speiser, in his discussions, dwells mainly on 
long bygone times, when the physical world and the world of the human soul 
were felt, by the wise men as well as by the common people, as one. 

M. DEHN 


Concise Analytic Geometry. By C. H. Sisam, New York, Henry Holt and Co., 
1946. 9+155 pages. $2.00. 


This book comprises the section on analytic geometry contained in the au- 
thor’s more extensive College Mathematics, which was reviewed in the February, 
1947 issue of this MONTHLY (volume 54, number 2, page 119). 

The definitions and proofs of theorems have been formulated with care and 
accuracy and no essential topic has been omitted. In spite of the concise treat- 
ment the explanations, illustrative examples, and exercises are quite adequate. 
Polar coérdinates are introduced early and the polar equations of straight lines, 
circles, and conics are derived. The application of polar codrdinates to more 
complicated loci is deferred to a later chapter. The last three chapters provide a 
brief introduction to solid analytic geometry. Answers to the odd numbered 
exercises are given in the back of the book. 

In the opinion of the reviewer the book contains ample material for a three 
semester hour course in Analytic Geometry and it is believed that instructors 
who have experienced difficulty in finding a suitable text for such a course would 


do well to examine this book carefully. 
H. P. EvANs 


New Books Received 


Antennae: An Introduction to Their Theory. By J. Aharoni. New York, 
Oxford University Press, 1946. $8.50. 

College Algebra. Third Edition. By W. L. Hart. Boston, D. C. Heath and 
Co., 1947. 8-416 pages. $3.00. 

College Algebra. Alternate Edition. By Paul Rider. New York, The Mac- 
millan Company, 1947. 15+407 pages. $2.50. 

Engineering Problems Manual. Fourth Edition. By F. C. Dana and L. R. 
Hillyard. New York and London, McGraw-Hill Book Co., 1947. 14+419 pages. 
$3.25 

Mathematics of Accounting. Third Edition, By A. B. Curtis and J. H. 
Cooper. New York, Prentice-Hall, Inc., 1947. 10+550 pages. $6.00 trade edi- 
tion, $4.50 text edition. 

Preparatory Business Mathematics. By L. L. Smail. New York, Ronald 
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Press Co., 1947. 10-+244 pages. $2.75. 

Multiple-factor Analysis. By L. L. Thurstone. University of Chicago Press, 
1947. 19+-535 pages. $7.50. 

Plane Trigonometry. By E. B. Mode. New York, Prentice-Hall, Inc., 1947. 
10+216 pages. 

Relativity. The Special and General Theory. By Albert Einstein. New York, 
Henry Holt and Co., 1930. Reprint, New York, Peter Smith, 1947. 13+168 
pages. $2.50. 

Lecciones de Analisis Infinitesimal. By F. J. Duarte. Caracas, Tipografia 
Americana, 1943. 605 pages. 

An Introduction to Business Statistics. Second Edition. By J. R. Stockton. 
Boston, D. C. Heath and Co., 1947. 7+478 pages. $4.00. 

Six-Place Tables. Seventh Edition. By E. S. Allen. New York, McGraw-Hill 
Book Co., 1947. 23-+232 pages. $2.50. 


CLUBS AND ALLIED ACTIVITIES 


EDITED BY L. F. OLLMANN, Hofstra College 


Send reports of all activities, such as club reports, special features, topics with references, 
student papers, and other material of interest to L. F. Ollmann, Hofstra College, Hempstead, 
New York. 


CLUB REPORTS, 1946-47 
Mathematics Club, Berea College 


Professor W. R. Hutcherson of Berea College, was in charge of a mathematics 
and astronomy exhibit in connection with a science exhibit held at Berea, Ken- 
tucky on March 29, 1947. Many favorable remarks were made by visitors who 
classed the display in mathematics ahead of those of some of the sciences. Ex- 
tensive use of placards, maps, blackboards and models was made in the follow- 
ing exhibits: 

History of Mathematics: Development and trends 

Computing Machines: The mechanical brain 

Statistics: Applications and graphs (bar graphs, curves) 

Mechanical Drawing: Blueprinting and layout work 

Mathematics and Music 

Slide Rule: Uses and types 

Mathematics Tables and Applications of Calculus 

Surveying: Instruments, and maps 

_ Astronomy: Telescope, relative star sizes, and pictures 

Magic in Mathematics: Magic squares, perpetual calendar, and puzzles 

Modern Geomeiry: Law of duality and Desargues’ Theorem 

Calculus: Mechanics, and friction problems 
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Members of the club were divided into groups according to their interests 
and each group had charge of planning one of the exhibits and then demonstrated 
it during the period for exhibition. 


Mathematics Club, Rutgers University 


The Mathematics Club of Rutgers University, which had suspended its 
activity during the war, resumed operation on December 5, 1946, and regular 
semi-monthly meetings were held during the balance of the school year. 

The following papers were presented: 

Farey series, by Professor H. S. Grant 

Pythagorean triangles, by Professor C. R. Phelps 

Maxima and minima, by Dr. L. M. Court 

The actuarial profession, by Professor R. Walter 

Constructibtlity, by George Y. Cherlin 

Mathematics in industry, by Professor F. G. Fender 

The officers for 1946-47 were: President, George Y. Cherlin; Vice-President, 
Robert Coursen; Secretary-Treasurer, C. F. Pinzka. The Faculty Advisor was 
' Professor C. R. Phelps. 


Kappa Mu Epsilon, William Jewell College 


Mu Sigma Alpha, the mathematics honorary fraternity at William Jewell 
College was organized by a group of interested students in January, 1943. It 
has assumed a place of distinction and respect among the honor societies on 
the campus. During the year 1946-47, the programs consisted of the following 
speeches made by members of the club and guest speakers: 

Contribution of Einstein toward the atomic bomb and his mass-velocity rela- 
tionship, by Dr. W. A. Hilton 

The invention and development of the concept of zero, by Professor L. O. Jones 

Fallacies in mathematics, by Nicholas Housley 

Short-cuts of mathematics, by Professor C. O. Van Dyke 

Geometric designs in lighting, by LeRoy Heaton 

Telling time by the stars, by Lloyd Elrod 

Improvement of high school mathematics courses, by Paul Curau 

The case for mathematics, by Woody Rixey. 

During the year 1946-47, several of the students became interested in be- 
coming affiliated with a national mathematical fraternity. Kappa Mu Epsilon 
was petitioned for membership, and on May 7, 1947, the Missourt Gamma 
Chapter of Kappa Mu Epsilon was duly installed at William Jewell College by 
the Missouri Beta Chapter from Warrensburg under the direction of Dr. Claude 
Brown. The officers for 1946-47 were: President, Mary Ruth Carney; Vice- 
President, Truett Neese; Treasurer, LeRoy Heaton; Corresponding Secretary, 
Professor L. O. Jones; Secretary, Edwin Watson. 

The officers elected for the year 1947-48 are: President, LeRoy Heaton; 
Vice-President, Maynard Cowan; Secretary, Walter Binns; Corresponding 
Secretary, Paul Swedburg; Treasurer, Lloyd Elrod. 
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Mathematics Club, Haverford College 


During the past academic year, the following papers were prepared and 
informally discussed: 

Elements of topology, by Dr. C. B. Allendoerfer 

Squaring the circle, by Geert Prins 

The four-color problem, by James Thorpe 

Fermat's last theorem, by Murray Freeman 

Fibonacct’s series, by Norman Brous 

Ham sandwich theorems, by Dr. John W. Tukey of Princeton University 

The cattle problem of Archimedes, by Daniel Wagner. 

The members of the club who distinguished themselves by presenting solu- 
tions for the monthly prize problems were: Murray Freeman, William Warner, 
Daniel Wagner, and Thomas Crolius. 

The officers of the club for the year 1946-47 were: President, Geert Prins; 
Secretary, Leon Robbins, Jr. 


Pi Mu Epsilon, St. Louis University 


The Missouri Gamma Chapter of Pi Mu Epsilon has evidenced a very 
strong interest in the promotion of scholarship. At its three regular meetings, 
members of the chapter contributed scholarly papers on the following subjects: 

Mstory of logarithms, by Miss Margaret Willerding 

Transcendental numbers, by Mr. Edwin Karlowicz 

Mechanism and use of integrating machines, by Mr. Herman Plew, Jr. 

A summary of each of these papers will appear in the regular issue of the 
Chapter news magazine, The Missourt Gamma News. Each of the meetings was 
followed by a social hour. 

The principal and final function of the year took place on April 8 at Parks 
Air College. It consisted in the initiation of new members, the election of the 
new Director, Mr. Oliver F. Anderhalter, the Annual Lecture, and the Tenth 
Annual Banquet. The lecturer, Professor N. A. Court of the University of Okla- 
homa, spoke on Mathematical Asides. Rev. Patrick J. Holloran, S. J., President 
of Saint Louis University, addressed the group at the banquet. He expressed 
his personal satisfaction at the activity and growth of Pi Mu Epsilon. He gave 
a vote of thanks to Professor Regan for being the inspiration for much of this 
development. : 

Missouri Gamma News is a Chapter bulletin which is now in its second year 
of publication. It reviews the principal activities of the Chapter during the year 
and the plans for the year ahead. A summary by the author of the paper read 
at the regular meetings is included in the publication. News items about mem- 
bers of the Chapter, the plans of the Mathematics Department and of the allied 
sciences can be found in the Chapter news. 

Officers for the year 1946-47 were: Director, Mr. Herbert Gebhart; Vice- 
Director, Miss Margaret Willerding; Secretarv, Miss Frances Higgins; Faculty 
Advisor and Corresponding Secretary, Professor Francis Regan. 


NEWS AND NOTICES 


EDITED BY HARRY POLLARD, Cornell University 


Readers are invited to contribute to the general interest of this department by sending news 
items to Harry Pollard, White Hall, Cornell University, Ithaca, New York. 


STANFORD UNIVERSITY MATHEMATICS EXAMINATION 


The second Stanford University Mathematics Examination (see this 
MontTuazy, vol. LIII, no. 7, pp. 406-409 (1946)) was held April 19, 1947, 2:00 
p.m. to 5:00 p.m., in thirty-nine high schools in California; 196 students took 
part. The following problems were proposed. 

1. To number the pages of a bulky volume the printer used 1890 digits. How many 


pages has the volume? 
2. Among grandfather’s papers a bill was found: 


72 turkeys $—67.9— 


The first and last digit of the number that obviously represented the total price of 
those fowls are replaced here by blanks, for they have faded and are now illegible. 

What are the two faded digits and what was the price of one turkey? 

3. Determine m so that the equation in x 


xt — (3n + 2)x? + m? = 0 


has four real roots in arithmetic progression. 
4. Let a, Band y denote the angles of a triangle. Show that 


sin « + sin B +sin y = 4 cos — cos — cos ~ 


sin Za + sin 28 + sin 2y = 4sin asin B sin y 
and 
sin 4a + sin 46 + sin 4y = — 4 sin 2a sin 28 sin 24. 


The writer of the best paper, Miss Maxine Steineke, Los Altos, California, 
a student at Palo Alto High School, Palo Alto, California, received a $500 
scholarship at Stanford University. The following contestants received “Hon- 
orable Mention”: 
Mr. Raymond M. Hendricks, Santa Barbara, California, a student at 
Santa Barbara High School. 
Mr. Jerold Bernard Weller, Los Angeles, California, student at Alexander 
Hamilton High School, Los Angeles. 


PERSONAL ITEMS 


Paul Alexandroff has been elected a foreign member of the National Acad- 
emy of Sciences. 

K. J. Arrow of Columbia University has been appointed research associate 
with the Cowles Commission for Research in Economics at the University of 
Chicago. : 

Professor W. L. Ayres of Purdue University has been appointed Dean of the 
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School of Science. 

Dr. L. M. Brown of the University of Edinburgh, Dr. J. M. Hyslop of the 
University of Glasgow, Dr. J. M. Jackson of University College, Dundee, and 
Dr. A. J. Macintyre of the University of Aberdeen have been elected fellows of 
the Royal Society of Edinburgh. 

Dean R. D. Carmichael of the Graduate School, University of Illinois, has 
retired with the title emeritus. 

Miss Mary L. Cartwright of the University of Cambridge has been elected 
a fellow of the Royal Society. 

Professor T. G. Cowling of the University College of North Wales has been 
elected a fellow of the Royal Society. 

Associate Professor J. B. D. Derksen of the Netherlands School of Eco- 
nomics at Rotterdam has joined the Statistical Office of the United Nations at 
Lake Success. | 

Dr. Mary P. Dolciani of Cornell University has been awarded the Sigma 
Delta Epsilon post doctoral fellowship for 1947-48 and will study at the In- 
stitute for Advanced Study. 

T. K. Glennan of the Ansco Division of General Aniline and Film Corpora- 
tion, Binghamton, New York, has been appointed President of the Case In- 
stitute of Technology. He was wartime director of the U. S. Navy Underwater 
Sound Laboratory. 

Professor C. C. MacDuffee of the University of Wisconsin has been awarded 
the degree of Doctor of Science at Colgate University. 

Professor O. E. Neugebauer of Brown University and Professor Hassler 
Whitney of Harvard University have been elected to membership in the Ameri- 
can Philosophical Society. 

Messrs. Paul Olum of Harvard University and E. H. Spanier of the Uni- 
versity of Michigan have been awarded Frank B. Jewett fellowships for 1947— 
48 by the American Telephone and Telegraph Company. 

Professor P. A. Smith of Columbia University has been elected to member- 
ship in the National Academy of Sciences. 

Associate Professor Max Astrachan of Antioch College has been promoted to 
a professorship. 

Dr. W. D. Baten is now Chief, Operations Analysis Branch (A-5), Air De- 
fense Command, Mitchell Field, New York. 

Professor C. C. Bramble of the Naval Postgraduate School, Annapolis, 
Maryland, has accepted a position as Director of Computation and Ballistics 
at the Naval Proving Ground, Dahlgren, Virginia. 

Professor Talmon Bell of Sterling College has retired as chairman of the 
Mathematics Department with the title of Professor Emeritus. 

Assistant Professor Lipman Bers of Syracuse University has been promoted 
to an associate professorship. 

Professor Garrett Birkhoff of Harvard University served as Walker Ames 
Professor at the University of Washington during the spring quarter. 
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Associate Professor I. S. Carroll of Syracuse University has been promoted 
to a professorship. 

Dr. Myrtle Collier, Chairman of the Department of Mathematics of Im- 
maculate Heart College, has retired with the title of Professor Emeritus. 

Dr. John Dyer-Bennet of Purdue University has been promoted to an as- 
sistant professorship. 

Professor Samuel Eilenberg of Indiana University has been appointed to a 
professorship at Columbia University. 

Dr. Cleota G. Fry of Purdue University has been promoted to an assistant 
professorship. 

Assistant Professor Abe Gelbart of Syracuse University has been promoted 
to an associate professorship. He will be on leave for the academic year 1947-48 
to attend the Institute for Advanced Study. 

Dr. W. H. Gottschalk of the University of Pennsylvania has been promoted 
to an assistant professorship. 

Associate Professor S.-H. Gould ofthe University of Toronto has been ap- 
pointed to an assistant professorship at Purdue University. 

Assistant Professor May N. Harwood of Syracuse University has been pro- 
moted to an associate professorship. 

Associate Professor M. H. Heins of Brown University has been promoted 
to a professorship. 

Associate Professor Magnus R. Hestenes of the University of Chicago has 
been appointed to a professorship at the University of California at Los Angeles. 

Associate Professor H. K. Hughes of Purdue University has been promoted 
to a professorship. 

Assistant Professor Mark Kac of Cornell University has been promoted to a 
professorship. 

Dr. Irving Kaplansky of the University of Chicago has been promoted to 
an assistant professorship. 

Assistant Professor M. W. Keller of Purdue University has been promoted 
to an associate professorship. 

Assistant Professor J. L. Kelley of the University of Chicago has been 
appointed to an associate professorship at the University of California at 
Berkeley. 

Dr. Carl Kossack of the Navy Department has been appointed to an asso- 
ciate professorship at Purdue University. 

R. R. Kuebler of Dickinson College, Carlisle, Pennsylvania, has been pro- 
moted to an assistant professorship. 

Professor C. G. Latimer of the University of Kentucky has been apponted 
to a professorship at Emory University. 

Professor L. L. Lowenstein of Alfred University has been appointed professor 
and head of the department at Kent State University. 

Professor Saunders MacLane of Harvard University has been appointed to 
a professorship at the University of Chicago. He will be on leave as a Guggen- 
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heim Fellow until the summer quarter of 1948. 

G. E. Markle of the University of Detroit has been promoted to an assistant 
professorship. 

R. D. Mindlin of Columbia University has been promoted to a professorship. 

Associate Professor Harriet F. Montague of the (University of Buffalo has 
been promoted to a professorship. 

M. G. Moore of Bradley University, Peoria, Illinois, has been promoted to 
an associate professorship. 

Assistant Professor Andrewa R. Noble of Montana State University has 
been appointed to an associate professorship at Pacific University, Forest 
Grove, Oregon. 

Nilan Norris of Hunter College has been promoted to an assistant pro- 
fessorship. 

J. I. Northam of the University of Wisconsin has been appointed to an 
assistant professorship at Kansas State College, Manhattan, Kansas. ' 

Edward Paulson has been appointed lecturer in mathematics at the Univer- 
sity of Washington. 

Assistant Professor A. M. Peiser of Rutgers University has resigned to ac- 
cept a position as mathematician with Hydrocarbon Research, Inc., of New 
York. 

Dr. Clarence Perisho of McCook Junior College has been appointed assistant 
professor of chemistry and mathematics at Nebraska Wesleyan University, 
Lincoln, Nebraska. 

Dr. Sam Perlis of Purdue University has been promoted to an assistant pro- 
fessorship. 

Professor H. B. Phillips of the Massachusetts Institute of Technology has 
retired. 

Assistant Professor R. S. Phillips of New York University has been ap- 
pointed to an associate professorship at the University of Southern California. 

E. K. Ritter of the Postgraduate School, United States Naval Academy, has 
been promoted to an associate professorship. 

Assistant Professor C. K. Robbins of Purdue University has been promoted 
to an associate professorship. 

Associate Professor Arthur Rosenthal of the University of New Mexico has 
been appointed to a professorship at Purdue University. 

Professor A. C. Schaeffer of Stanford University has been appointed to a 
professorship at Purdue University. 

Dr. Edith R. Schneckenburger of Michigan State Normal College has been 
appointed to an assistant professorship at the University of Buffalo. 

Dr. I. E. Segal has been appointed to an assistant professorship at the 
University of Chicago. 

Assistant Professor Ruth G. Simon of Berea College has been appointed to 
an assistant professorship at Morningside College, Sioux City, Iowa. 

Dr. Jerome C. Smith of Lafayette College, Easton, Pennsylvania, has been 
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promoted to an assistant professorship. 

Assistant Professor B. M. Stewart of Michigan State College has been pro- 
moted to an associate professorship. 

Professor A. H. Taub of the University of Washington has been granted a 
leave of absence to accept a Guggenheim Fellowship. He will spend the year at 
Princeton University. 

Bradford Tye of Bethany College has been promoted to an assistant pro- 
fessorship. ; 

Assistant Professor G. B. Van Schaack of Union College has been appointed 
to an assistant professorship at Washington University. 

Assistant Professor G. L. Walker of Temple University has been ap- 
pointed to an assistant professorship at Purdue University 

Assistant Professor A. D. Wallace of the University of Pennsylvania has 
been appointed to a professorship at Tulane University. 

Professor Andre Weil of the University of Sao Paulo has been appointed 
visiting professor at the University of Chicago. 

Associate Professor E. L. Welker of the University of Illinois has been ap- 
pointed associate in mathematics in the Bureau of Medical Economic Research 
of the American Medical Association. 

D. W. Western of Brown University has been promoted to an assistant 
professorship. 

Dr. G. W. Whitehead of Princeton University ‘has been appointed to an 
assistant professorship at Brown University. 

Professor R. M. Winger of the University of Washington has been appointed 
Executive Officer of the Department of Mathematics. 

Dr. Hyman J. Zimmerberg of Rutgers University has been promoted to an 
assistant professorship. 

Assistant Professor H. S. Zuckerman of the University of Washington has 
been promoted to an associate professorship. 

Professor Antoni Zygmund of the University of Pennsylvania has been ap- 
pointed to a professorship at the University of Chicago. 


The following appointments to instructorships are announced: 

Brown University: Dr. A. B. Blakers, Mrs. R. C. Buck, Dr. Kathleen 
Butcher. 

Cornell University: Dr. Christine Williams, Dr. Bertram Yood, Dr. Bryant 
Tuckerman, Jr. 

General Motors Institute, Flint, Michigan: J. A. Straw 

Rutgers University: C. D. Firestone 

United States Naval Academy: J. R. Gorman 

University of California: Dr. E. W. Barankin 

University of Chicago: Edwin J. Akutowicz, J. Bruce Crabtree 

University of Washington: Dr. Fumio Yagi 

University of Wisconsin: Dr. A. M. Mark 

Wellesley College: Mrs. Jerry Cowen 
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C. C. Carter, Bluffs, Illinois, honorary life member of the Association, lost 
his life in an accident May 5, 1947. 

Professor P. J. Daniells of the University of Sheffield died May 25, 1946. 

Professor Emeritus C. J. Keyser of Columbia University died May 8, 1947 
at the age of eighty-six years. 

The death of M. A. D. Kinsman has been reported. 

Professor L. G. Owens, formerly of the University of Rangoon, died Febru- 
ary 23, 1947. 


THE MATHEMATICAL ASSOCIATION OF AMERICA 


Official Reports and Communications 
MEETING OF THE NORTHERN CALIFORNIA SECTION 


The ninth annual meeting of the Northern California Section was held at the 
University of San Francisco on Saturday, January 25, 1947. Professor W. H. 
Myers, Chairman of the Section, presided at the morning and afternoon ses- 
sions. 

The attendance was eighty-one including the following twenty-three mem- 
bers of the Association: H. M. Bacon; G. A. Baker; T. J. Bass, Jr.; Mable L. 
Beckwith; W. G. Brady; E. L. Fitzgerald, S.J.; S. A. Francis; Alice Graeber; 
W. R. Hanson; Emma V. Hesse; D. H. Lehmer; Sophia L. McDonald; E. D. 
Miller; F. R. Morris; W. H. Myers; C. D. Olds; George Pélya; Edris P. Rahn; 
E. B. Roessler; Pauline Sperry; Gabor Szegé; K. J. Waider; L. A. Walker. 

At the business meeting the following officers were elected for the coming 
year: Chairman, Professor George Pélya, Stanford University; Vice-Chairman, 
Professor G. C. Evans, University of California; Secretary-Treasurer, Professor 
E. B. Roessler, University of California at Davis; Representative on the Cali- 
fornia Journal of Secondary Education, Mrs. Ruth G. Sumner, Oakland High 
School. 

By invitation of the Section, Professor L. E. Reukema of the Department of 
Electrical Engineering, University of California, gave an hour’s address during 
the morning session. 

The following papers were presented: 

1. Vibration modes of tapered beams, by Dr. Edmund Pinney, University of 
California, introduced by the Secretary. 

The vibration modes of thin beams whose bending stiffness and linear densi- 
ties may be expressed in simple powers of the distancé along the beam may, in 
certain cases, be obtained in terms of Bessel functions. Four one-parameter fami- 
lies of beams are shown to have this property. These include the wedge and the 
cone. The results may be applied to finding bending modes for airplane wings 
while still in the preliminary design stage. 
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2. Estimating electrostatic capacity from geometric data, by Professor George 
Pélya, Stanford University. 

Professor Pélya’s paper appeared in this MontTHLY, April, 1947. 

3. Electronics in our modern world, by Professor L. E. Reukema, University 
of California, introduced by the Chairman. 

The speaker recalled that electronics includes the science and industry con- 
nected with vacuum tubes and their circuits. The tubes may be the tiny ones 
found in radio receivers, or tubes capable of passing many thousands of amperes 
or of generating pulses of millions of watts of radio-frequency power. They 
may act as rectifiers, amplifiers, oscillators, modulators, or detectors. Without 
vacuum tubes, long-distance telephones, world-wide radio communication, 
sound motion pictures, television, and radar would all be impossible. Vacuum 
tubes also guide our planes through the skies, our ships over the sea, and our 
missiles to enemy targets. They allow our planes to land through the densest fog. 
They automatically aim and fire our guns. In medicine and surgery electronic 
equipment has made notable contributions. : 

It is truly amazing what powers the vacuum tube gives to mankind. It makes 
possible the accurate measurement of distances as much smaller than the diame- 
ter of a raindrop as the diameter of the raindrop is smaller than that of a sphere 
50 miles across. It enables one to weigh particles too small to be seen with the 
finest microscope, to detect energy in space in such tiny quantities that it would 
have to be received continuously for over a year to amount to as much energy 
as a fly expends in raising itself one inch, to measure currents so small that they 
would have to flow for over a billion years to pass as much electricity as flows 
through the filament of an ordinary electric light in a second. It enables a single. 
television transmitter to hold a million or more receivers in synchronism to 
within one sixteen millionth part of a second. In the next few years it will proba- 
bly supply jobs to millions of men in completely new industries, and will in 
thousands of ways increase our safety, comfort, and material wealth, and hap- 
piness. 

4. The impact of high speed computing on mathematics, by Professor D. H. 
Lehmer, University of California. 

This paper dealt with the several projects now under way in high speed 
computing devices, and the influences they are likely to have on mathematical 
problems and mathematical points' of view. 

5. Refresher courses for returning students, by S. A. Francis, San Mateo Junior 
College. 

Mr. Francis discussed the topic of refresher courses as related to the field of 
mathematics. The speaker based his discussion on actual experiences with teach- 
ing such courses in classes under the auspices of E.S.M.W.T. during the war 
period from 1943 to 1945, and for returning students majoring in engineering 
and science at Stanford University and at San Mateo Junior College. Many 
sections of refresher courses were organized at San Jose State College, San Mateo 
Junior College, San Francisco Junior College, and at the University of California 
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to accommodate returning students who asked for such courses in the fields of 
algebra, trigonometry, analytic geometry, and calculus. The consensus of 
opinion of those engaged in the teaching of such classes is that the courses were 
of great value to the students as well as an encouraging and challenging experi- 
ence for teachers of mathematics. 

6. Some problems in aerodynamics, by Professor J. G. Herriot, Stanford Uni- 
versity, introduced by the Chairman. 

Professor Herriot gave a brief description of a wind tunnel, noting that the 
speed which can be attained is limited by the size of the test model even when 
sufficient power is available. In order to explain this he gave a simple mathe- 
matical proof of the fact that in subsonic flow a decrease in the cross-sectional 
area of the flow produces an increase in velocity whereas in supersonic flow the 
reverse is true. It was also shown how the non-linear differential equation of com- 
pressible flow can be linearized under the assumption of small perturbations of 
the velocity. It is then possible to deduce the properties of a compressible flow 
field from those of a known incompressible flow field. A number of other prob- 
lems of current interest were mentioned briefly. These included pressure dis- 
tributions over bodies of revolution in subsonic and supersonic flow, and mixed 
subsonic and supersonic flows. 

7. Some remarks on mathematical education, by Professor Sophia L. Mc- 
Donald, University of California. 

E. B. RokEssLer, Secretary 


MEETING OF THE OKLAHOMA SECTION 


The annual meeting of the Oklahoma Section of the Mathematical Associa- 
tion of America was held in connection with the convention of the Oklahoma 
Education Association in Oklahoma City on Friday morning, February 14, 1947. 
Professor O. H. Hamilton, Chairman of the Section, presided. 

Sixty-two persons attended the meeting, including the following twenty-one 
members of the Association: E. F. Allen, Arthur Bernhart, J. C. Brixey, H. N. 
Carter, N. A. Court, A. H. Diamond, O. H. Hamilton, J. O. Hassler, W. N. Huff, 
H. V. Huneke, J. E. LaFon, P. E. Lewis, G. E. Meador, H. A. Palmer, W. L. 
Shepherd, W. T. Short, D. R. Shreve, H. W. Smith, C. E. Springer, R. W. 
Veatch, J. H. Zant. 

At the business session the following officers were elected: Chairman, D. R. 
Shreve, University of Tulsa; Vice-Chairman, W. T. Short, Oklahoma Baptist 
University; Secretary, J. C. Brixey, University of Oklahoma. 

The program consisted of the following ten papers: 

1. On the representation problem for projective algebras, by Professor J. C. C. 
McKinsey, Oklahoma A. and M. College, introduced by Professor A. H. 
Diamond. 

C. J. Everett and S. Ulam have recently given postulates for projective alge- 
bras, and have solved the representation problem for all complete atomic projec- 
tive algebras. The author showed that every projective algebra is isomorphic to 
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a sub-algebra of a complete atomic projective algebra; this result, combined 
with that of Everett and Ulam, provides a solution of the representation problem 
for arbitrary projective algebras. The method of proof is similar to the method 
used by M. H. Stone to establish a representation theorem for Boolean algebras. 
If A is a prime ideal, then A, is defined to be the prime ideal which contains all 
elements of the form a,, for a in A. If A and B are prime ideals, then ACB 
is defined to be the class of all prime ideals C which contain all elements of the 
form ab, where a isin A and 6 isin B. These definitions were extended to per- 
mit operations on classes of prime ideals. 

2. Some properties of algebras and their subalgebras, by Professors A. H. 
Diamond and J. C. C. McKinsey, Oklahoma A. and M. College. 

The problem considered was that of sub-algebras, S, generated by 7 elements 
of an algebra A for a given value of 2, such that every S is a Boolean algebra 
but A is not Boolean. A proof was given that x is not less than 2. This result was 
used to prove a theorem of Wajsberg that every set of axioms for the sentential 
calculus must contain at least one axiom in at least three variables. 

3. Distance in the complex domain, by Professor W. T. Short, Oklahoma 
Baptist University. 

A point P in the complex domain was represented by the coédrdinates 
(x-+u1, y+vz). The distance between two such points P; and P, was defined by 
d? = (42 —%1)?+ (yo — 1)? + (ue — U1) ?-+ (Ve—01)?, where the real part 7? = («2,—41)? 
+-(yve—41)?, and the normal part 2?= (w2—11)?+ (ve—v1)?. The vector joining the 
two points is then r-+-1, where 1? = —1. The vector is in the plane determined by 
the perpendiculars at P; and P.. The vector in the complex domain consists of 
two parts. The real part 7 is the resultant of the two real vectors. To find the 
normal vector n, we take the resultant of the two normal vectors in the real 
plane. This length normal to the real plane is the normal vector. 

4. The wnverse geometry of Clifford numbers, by Professor E. F. Allen, Okla- 
homa A. and M. College. 

The number z=x+7y, r?= +k?, k real, was used to solve geometric problems. 
In particular it was used to demonstrate a generalization of the concept of the 
perpendicularity of two lines. 

5. A contribution to the four-color problem, by Professor Arthur Bernhart, 
University of Oklahoma. 

Though a map may not be 4-colorable, yet each hemisphere of a minimal 
map must be colorable, subject to certain boundary conditions on the equatorial 
ring. For an n-ring there are [3"-1+3(—1)"+2]/8 color schemes. In the case 
of an 8-ring this leads to homogeneous equations in 274 unknowns. The alge- 
braic solution is facilitated by a magic square arrangement. Results include a 
new reducible configuration: two hexagons guarded by two pentagons. 

6. A comment on the approximate solution of certain boundary value problems 
by submairic inversion, by R. R. Reynolds, Oklahoma A. and M. College, intro- 
duced by Professor O. H. Hamilton. 

Matric analysis was applied to the approximate solution and the improve- 
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ment of the approximate solution of certain boundary value problems. 

7. Mathematical analysts of artificial: pulse lines, by P. J. Miller, Oklahoma 
A. and M. College, introduced by Professor H. S. Smith. 

This was a preliminary report on work which is still in progress. 

8. A conic tn the tangent plane to a surface, by W. W. Dolan, University of 
Oklahoma, introduced by Professor C. E. Springer. 

The polar reciprocal of any line / at a point P of a surface, with respect toa 
Darboux quadric at the point, is a line in the tangent plane. If / varies so as to 
generate a quadric cone, the reciprocal line envelops a conic. Two theorems ap- 
pear: (1) the reciprocal conic will be a hyperbola, parabola, or ellipse according 
as the line of centers of the Darboux quadrics is outside, on, or inside the cone 
generated by /; (2) the point P will be outside, on, or inside the reciprocal conic 
according as the cone generated by / has two lines, one line, or no line in common 
with the tangent plane. 

Analytic treatment in a properly restricted case reveals that the reciprocal 
conic is an ellipse whose axes are simple functions of the principal radii of normal 
curvature of the surface at the point. 

9. On a differential equation satisfied by a certain set of polynomials, by Pro- 
fessor W. N. Huff, University of Oklahoma. 

The set { yn(x) } of polynomials given by the generating function 


g(x, t) = f(xé)o(t) = 2 Vn( ae” 


with 
f(a) => 2, 2" and ¢(t) = >, bps (Gn ¥ 0, bo ¥ 0), 
n=0 n! n=0 n! 
was briefly considered. A relation for which these polynomials are of A type k 
in according with the definition of Sheffer was given. Finally a differential equa- 
tion of infinite order satisfied by the set { n(x) } was obtained along with a neces- 
sary and sufficient condition that the differential equation be of finite order. 

10. Diagnostic testing and remedial instruction in freshman mathematics for 
engineers, by Professor D. R. Shreve, University of Tulsa. 

A report on a three-year program of diagnostic testing and remedial instruc- 
tion in freshman mathematics for engineers as carried out at Purdue University 
(1938-1942) was discussed. 

Joun C. BrIXEv, Secretary 


MARCH MEETING OF THE MICHIGAN SECTION 


The spring meeting of the Michigan Section of the Mathematical Associa- 
tion of America was held at the University of Michigan at Ann Arbor on Sat- 
day, March 22, 1947. This meeting also constituted the meeting of the Mathe- 
matics Section of the Michigan Academy of Science, Arts and Letters. Morning 
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and afternoon sessions and a luncheon-business meeting were held, at all of 
which the Chairman, Professor E. E. Ingalls, presided. 

About ninety persons attended the meeting including the following forty- 
seven members of the Association: N. H. Anning, J. W. Baldwin, J. M. Barbour, 
F. A. Beeler, W. M. Borgman, J. W. Bradshaw, J. B. Brandeberry, R. V. 
Churchill, Nathaniel Coburn, A. H. Copeland, C. C. Craig, Wayne Dancer, 
P. S.. Dwyer, C. M. Erikson, C. H. Fischer, J. S. Frame, V. G. Grove, G. E. Hay, 
Fritz Herzog, T. H. Hildebrandt, E. E. Ingalls, L. G. Johnson, L. S. Johnston, 
P. S. Jones, Wilfred Kaplan, G. P. Loweke, E. D. McCarthy, L. E. Mehlen- 
bacher, A. L. Nelson, C. V. Newsom, George Piranian, G. Y. Rainich, E. D. 
Rainville, M. O. Reade, C. C. Richtmeyer, E. H. Rothe, L. J. Rouse, T. R. 
Running, Hans Samelson, W. F. Smith, T. H. Southard, B. M. Stewart, C. G. 
Stripe, I. L. Stright, D. R. Sudborough, R. M. Thrall, C. P. Wells, and R. L. 
Wilder. 

The following officers were elected for the coming year: Chairman, Professor 
G. C. Bartoo, Western Michigan College of Education; Secretary-Treasurer, 
L. J. Rouse, University of Michigan. 

At the morning and afternoon sessions the following program of eight 
papers was presented: 

1. The geometrical representation of group C2, by Dr. Mary H. Payne, Uni- 
versity of Detroit, introduced by Professor L. S. Johnston. 

It is well known that the unitary matrices form a double-valued representa- 
tion of rotations in three-space, and that the entire group C2 is a double-valued 
representation of the true Lorentz group, consisting of rotations in three- -space 
and ordinary Lorentz transformations. The functions on which the matrices of 
the group C; act are two component vectors of the forms 


7] 7] 
cos -— etldty) [2 sin — ei(- ety) /2 
2 2 


each multiplied by a constant. Dr. Payne showed that these two components 
may be interpreted as the relativistic distances of some point. on the light cone 
from each of two reference points. 

. “Kasner” monogenic functions, by Professor Emeritus V. C. Poor, Uni- 
versivy of Michigan, introduced by the Secretary. 

This is a restricted class of polygenic functions dependent upon the existence 
of the Cioranescue derivative, a two-dimensional directed space derivative. 
This note is an analogue to the R. J. Haskell paper on areolar monogenic func- 
tions in the Bulletin of the American Mathematical Society, vol. 52, 1946, pp. 
332-337. 

3. Music and ternary continued fractions, by Professor J. M. Barbour, Michi- 
gan State College. 

The problem of dividing the octave (2:1) into a larger number of equal 
parts in terms of which the major third (5:4) and the perfect fifth (3:2) might 
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be expressed with nearly integral coefficients may be attacked by approximating 
the ratios of log 2:log 3/2:log 5/4 simultaneously by ternary continued frac- 
tions. The common division into twelve semitones gives the ratios 12:7:4. Some 
other known approximations are 19:11:6, 31:18:10, and 53:31:17. Slow con- 
vergence of the ternary continued fractions is desired in order to obtain ratios 
involving relatively small numbers. Hence in dividing to obtain the partial 
denominators for the left and right hand fractions it is well to divide by the 
larger remainder. For any right term Sp=@Sn1tSn-2, whereas for the left 
term S,=@Sn-1+Sn—z3 where k is the number of intervening right terms since 
the last left term. 

4. Transformations of sequences into regions, by Dr. George Piranian, Uni- 
versity of Michigan. 

The core of a sequence S,=x,+7y, is a certain non-empty set in the closed 
complex plane; in the case of a bounded sequence it reduces to the least convex 
set containing all limit points of the sequence (¢f. Knopp, Zur Theorve der 
Lemilierungsverfahren, Math. Zeitschr., vol. 31, 1929, pp. 95-127). In the formal 
transformation t,= >: p-00nese Of an arbirtary sequence s, by an arbitrary 
matrix a,,, some of the numbers ?¢, may fail to exist; but the core c, of the 
SequeNCE Wnp = > 20 AnpSp (P=0, 1, - - - ) always exists. The sequence of Cores Cn 
is used to define a convex region I‘ to be associated with the formal transforma- 
tion of the sequence s,. If the transformed sequence exists in the classical sense, 
the region I’ is the core of the transformed sequence. 

5. Multinomial theorem, by Professor G. P. Loweke, Wayne University. 

By proper arrangement of terms within the summation, the expansion of a 
multinomial of m terms may be expressed as 


p=[(n—y—b— ++ +n) /2] y=[n/3]  b=[n/4] 


(A+ B+C4+---+M)= >) 


B=¥7 y=5 S=e 
c=[n/m—1]  p=[n/ m] ny 


ef 1B BEC Ys MP 
a 0 (n—B-—y—b—--+ —p)IBly!- +> wl 


where the brackets in the upper limit indicate the integral part of the frac- 
tion, and the number of the summation signs will be m when m <n and » when 
n<m. Expressed in this form the binomial theorem becomes, 


p=n/2 


b)* = | n—B GB 
ot br= de 2 aan 


This summation for the multinomial expansion can be used to derive the 
terms of the expansion directly, or if an arbitrary selection of terms is employed, 
the evaluation of the limits only will indicate the number of characteristic terms 
which arise in the solution. 

6. Undergraduate program in mathematics, by Professor C. V. Newsom, 
Oberlin College. 
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7. A machine shop problem, by Professor B. M. Stewart, Michigan State 
College. 

A geometric solution is provided for the angular adjustments, A, B, of a drill 
vise which is to hold a rectangular parallelepiped so that a vertical drill will bore 
a hole whose projections on a pair of intersecting faces of the parallelepiped will 
make specified angles, a, b, with respect to the line of the intersection of these 
faces. The sdlution is found as follows: A =90°—a; B=arc tan (cos a tan b). A 
nomogram is provided for the latter relation. 

8. On graphical methods for elementary differential equations, by Professor 
Wilfred Kaplan, University of Michigan 

The purpose of this paper is to indicate how interest can be added to the 
course in elementary differential equations by a closer correlation between 
analytical and graphical methods. As illustrations, some significant properties 
of the graphs of linear, homogeneous, and exact equations, are pointed out. 

L. J. Rouse, Secretary 


CALENDAR OF FUTURE MEETINGS 
Thirty-first Annual Meeting, Athens, Georgia, January 1, 1948. 


The following is a list of the Sections of the Association with dates of future 
meetings so far as they have been reported to the Secretary. 


ALLEGHENY MOUNTAIN 

ILLINOIS 

INDIANA, Muncie, Oct. 17, 1947 

IowA, Fairfield, April 1, 1948 

KANSAS 

KENTUCKY 

LOUISIANA-MISSISSIPPI 

MARYLAND-DISTRICT OF COLUMBIA-VIR- 
GINIA 

METROPOLITAN NEw YorRK 

MICHIGAN 

MINNESOTA 

MIssouRI 

NEBRASKA 

NORTHERN CALIForNIA, Berkeley, Janu- 
ary 24, 1948 


OHIO 

OKLAHOMA 

PaciFic NorTHWEsT, Eugene, Oregon, 
March, 1948 

PHILADELPHIA, Bryn Mawr, Pa., Novem- © 
ber 29, 1947 

Rocky MovuntTAIN 

SOUTHEASTERN 

SOUTHERN CALIFORNIA, Redlands, March 
13, 1948 

SOUTHWESTERN 

TEXAS 

Upper NEw York STATE 

Wisconsin, Beloit, May 8, 1948 


FUNDAMENTALS OF STATISTICS 


J. B. SCARBOROUGH, U. S. Naval Academy 
R. W. WAGNER, Oberlin College 


Here is a clear, concise text covering the fun- 
damental principles and techniques of statistical 
analysis for the lower college level. Notable 
features are the early introduction and consistent 
use of the computing scale, the restricting of the 
terminology of moments and of the ‘normal 

Rea dy Oct. 1947 curve” to conform to student progtess and thor- 
ough discussion of the function of probability in 
statistics. 


GINN AND 
COMPANY Numerous problems. Illustrative examples. 


BOSTON 17 NEW YORK 1!) CHICAGO 16 ATLANTA 3 DALLAS |! 
COLUMBUS 16 SAN FRANCISCO 5 TORONTO 5 


TEXTBOOK NEWS 
SOLID ANALYTIC GEOMETRY 


By 


John M. H. Olmsted, Ph.D. 


University of Minnesota 


Ma, 


ERE is a new textbook designed for courses on the junior-senior or early graduate level in 
analytic geometry of three dimensions. The book contains the material for a very rich 
and extensive course, so arranged as to be conveniently adapted to courses of various content, 
and presented in a lucid understandable manner. Other features of the book are the simplicity 
of the presentation, the emphasis on logical reasoning and method, the many illustrative 
examples, over one thousand exercises, the systematic elementary treatment of Matrix Algebra, 
and the clarity of the fifty line drawings, representing surfaces and other spatial objects. 8vo. 
257 pages. $4.00. 


D. APPLETON-CENTURY COMPANY 
35 West 32nd Street New York 1, New York 


ANALYTIC GEOMETRY 
By David S. Nathan and Olaf Helmer 


@ Careful training in identifying and drawing loci from their equations and in 
setting up the equations of loci—a unique, simple and rapid treatment of conic 


sections—these are but two of many distinctive features in this superior text. 


PLANE TRIGONOMETRY 
Revised Edition 


By Fred W. Sparks and Paul K. Rees 


@ An amazingly simple, efficient text showing the principles of Plane Trigonometry 
and their application. During the past decade the authors worked daily to increase 
clarity for the student. Every page of this revision has been proved successful in 


the classroom. 


INTRODUCTION TO COLLEGE MATHEMATICS 


By Carroll V. Newsom 


@ Here is the ideal mathematics study—a special two-semester terminal ¢ourse— 
for that majority of college students who do not major in mathematics. The result 
of 12 years’ research, and pre-tested at two colleges, this text is the first ever 


written for this important group. 


MATHEMATICS IN HUMAN AFFAIRS 


By Franklin W. Kokomoor 


@ An unusual and absorbing text combining the history and the study of mathe- 
matics from algebra to calculus. Presented as exciting narrative, with human-interest 


applications and explanations simple enough for students with little previous training. 


SEND FOR YOUR APPROVAL COPIES 


|} PRENTICE-HALL, INC. 70 FIFTH AVENUE, NEW YORK 11 


Just published! 
COLLEGE ALGEBRA 


By Moses Richardson, author of FUNDAMENTALS OF MATHEMATICS, 
Former Member of Institute for Advanced Study at 
Princeton 


This new, remarkably lucid exposition of College Algebra 

© gives unusual insight into sound mathematics without excessive rigor. 

© is far more complete than most texts. 
Beginning with a full review of elementary algebra on a mature 
level, it covers thoroughly all conventional subjects, and adds op- 
tional material now needed by science students and students pre- 
paring to specialize in mathematics. 


© stresses fundamental concepts—but not at expense of technical 
achievement. 


© motivates and justifies techniques at the student's level. 
© includes ample exercises, many with practical application. 
First printing of 20,000 copies! 


Coming this fall! 


CALCULUS AND ITS APPLICATIONS 


By Raymond Douglas and Samuel Demiiry Zeldin, Massachusetts 
Institute of Technology 


This beginning course for students of mathematics, physics, chemistry 
and engineering is designed to cover a complete calculus program in 
an unusually short time. The text is particularly suited to engineering 
and technical schools and universities where the emphasis is on tech- 
nique. 

Note these significant qualities: 


© Presents material with maximum of simplicity and order. 


Combines brevity with sufficient rigor. 
Emphasizes essential topics, stresses applications. 
Includes many topics not found in one book. 


In Prentice-Hall Mathematics Series, Dr. Albert A. Bennett, Editor 


SEND FOR YOUR APPROVAL COPIES 


PRENTICE-HALL, INC. 70 FIFTH AVENUE, NEW YORK 11 


PRINCETON MATHEMATICAL SERIES 


Edited by Marston Morse H. P. RoBeRTSoNn A. W. Tucker 
1. The Classical Groups. 
By HERMANN WEYL 314 pages, $5.00 
2. Topological Groups. 
By L. Ponrryacin (translated by E. Lehmer) 310 pages, $5.00 
3. An Introduction to Differential Geometry. 
By LUTHER PFAHLER EISENHART 316 pages, $3.50 
4. Dimension Theory. 
By Wirotp Hurewicz & HENRY WALLMAN 174 pages, $3.00 
5. Analytical Foundations of Celestial Mechanics. 
By AUREL WINTNER 460 pages, $6.00 
6. Laplace Transform. 
By Davip VERNON WIDDER 416 pages, $6.00 
%. Integration. 
By Epwarp James McSHANE 400 pages, $6.00 
&. Theory of Lie Groups. 
By CLAUDE CHEVALLEY 228 pages, $3.00 
9, Mathematical Methods of Statistics. 
By HarRaLp CRAMER 570 pages, $6.00 
10. Several Complex Variables. 
By S. Bocuner & W. T. Martin (In preparation) 
Ll. Introduction to Topology. 
By S. LEFSCHETZ (In preparation) 


The prices above are subject to an educational discount of fifteen per cent. 


PRINCETON UNIVERSITY PRESS, PRINCETON, N.J. 


Mathematics 


FOR USE IN BUSINESS 
by C. E. HILBORN 


Lithoprint Edition Now Available 
through ADDISON-WESLEY PRESS INC. 
842” x 11” 352 pages. List Price $3.20 


1. The Fundamental Processes 12. Compound Interest 

2. Short-Cut Methods 13. Compound Present Value and Discount 

3. Formulas and Equations 14, Ordinary Annuities — Final Value 

4. Logarithms 15. Ordinary Annuities — Present Value 

5. Percentage 16, Annuities Due and Other Special Annuities 
6. Inventories and Turnover 17, Bonds 

7. Simple Interest 18, Depreciation, Depletion, Perpetuities, and 
8. Bank Discount Capitalized Cost 

9. Equation of Accounts 19, Probability and the Binomial Theorem 
10. Statistical Graphs 20. Approach of Statistics 
11. Progressions 


NOTE: A regular cloth-bound edition of Mathematics for 
Use In Business will be published in 1948 by Houghton HOUGHTON MIFFLIN COMPANY 


Mifflin Company. Orders for the preliminary lithoprint Boston 7 Dallas 1 
edition may be placed either through Houghton Miffiin 

Company or through Addison-Wesley Press Inc., New York 16 Atlanta 3 
Kendall Square Building, Cambridge 42, Mass. Chicago 16 San Francisco 5 


Algebra for College Students 
By BRITTON and SNIVELY 529 pp., $3.00 


Combines the advantages of a refreshet course in the fundamentals of arithmetic 
and elementary algebra as well as topics customarily covered in college courses. 
Complete with carefully graded exercises, both oral and written, suitable for stu- 
dents at all levels. 


Intermediate Algebra 
By BRITTON and SNIVELY 352 pp., $2.00 


This volume consists of the first twelve chapters of Algebra for College Students 
plus additional chapters on Logarithms, Progressions and the Binomial Theorem, 
and Systems involving Quadratic Equations, as well as drills and exercises. 


Plane Trigonometry 
By WILLIAM K. MORRILL 245 pp., $2.50 


An important revision of a successful text designed to provide the student with a 
complete study of the fundamentals of trigonometry. Among many outstanding 
featutes, it offers a study of the fundamentals of trigonometry, a chapter on the 
problems of elementary physics, engineering and navigation, and an enlarged sec- 
tion on graphs. 


Mathematics of Finance 
By JOHN A. NORTHCOTT 252 pp., $3.00 


The use of three fundamental formulas discussed in this book will enable the stu- 
dent to understand the subject of compound interest and its application. More than 
500 graded problems are included for drill purposes. 


(R 


inehart & Company, Inc. 


232 MADISON AVENUE - NEW YORK 16, N. Y. 


Fow Outstanding McGraw-Hill Books 


Differential and Integral Calculus 
By Harotp M. Bacon, Stanford University. 771 pages, $4.00 


Generally regarded as one of the best and most comprehensive expositions of the 
fundamentals of the calculus available. Presents the material so that the student can 
master it with a minimum of explanation by the instructor. Illustrative examples 
are worked out in great detail. There are more than 4,000 carefully chosen exercises. 


Essential Business Mathematics 
By LLEWELLYN R. Snyper, San Francisco Junior College. McGraw-Hill Pub- 
lications in Business Education. 434 pages, $2.75 
A collegiate text in arithmetic, presenting the fundamentals of business mathematics, 
including intensive refresher work in computation and an introduction to the primary 
principles and business practice in the arithmetical essentials of accounting, invest- 
ments, business finance, money and banking, insurance, retailing, real estate, sta- 
tistics, etc. 


Mathematical and Physical Principles of Engineering Analysis 
By WALTER C, JoHNSoN, Princeton University. 346 pages, $3.50 


Presents the essential physical and mathematical principles and methods of attack 
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THE HERBERT ELLSWORTH SLAUGHT MEMORIAL PAPERS 


The editorial committee is happy to present this, the first of the Slaught 
Memorial Papers. In view of the very great interest which Professor R. E. Langer 
has had in these Papers from their very inception, it is particularly fitting that 
he should be the author of the first of the series. 

At this time it may be appropriate to give a brief account of the origin of 
these Papers, and an indication of their purpose. This can perhaps best be done 
by quoting from the reports of two different committees of the Association. In 
the Montu ty for February, 1940, there appears the report of a “committee to 
review the activities of the Mathematical Association of America.” Along with 
other recommendations, this report, which was prepared by Professor Langer 
as chairman, suggested that the Association establish a series of expository 
pamphlets which might well take the form of a memorial to Professor Slaught. 
Subsequently, another committee was appointed, with Professor C. V. Newsom 
as chairman, to make specific recommendations for the establishment of such 
a series. The report of this committee appeared in the MONTHLY for February, 
1941. 

From the report of the “Langer Committee” we may quote as follows: 

“The encouragement and sponsorship of expository and critical writing is 
one of the objectives of the Association which enjoys the unanimous support of 
the members. There is a ready welcome and a general demand for more readable 
scholarly papers on all kinds of mathematical subjects from the classical to the 
modern, from the elementary to the advanced, on theory, on applications, on 
history, or on philosophy. In the past there have, of course, been the Carus 
monographs, and from time to time excellent papers in the MonTHLY. There 
seems, however, to be at the present little or no means for the ready publication 
of writings which in length are intermediate betwen the relatively few pages of 
a journal paper, and the relatively many pages of a complete monograph. Such 
papers, say in length between twenty and a hundred pages, could be profitably 
written on subjects in many categories, including among others, elementary 
introductory expositions of theories and their applications, more advanced 
expositions and interpretations of modern viewpoints and theories, philosophical 
essays and criticisms, broad historical accounts of important schools, or bio- 
graphical accounts of individuals.” 

The report of the “Newsom Committee” said in part: 

“The principal conclusion reached by this investigation is that there is a 
widespread interest in additional expository writing of the type discussed in the 
report of the ‘Langer Committee,’ and that those who are now sponsoring series 
of expository monographs would welcome the creation of additional opportuni- 
ties for the publication of studies pertaining to mathematical subjects. In truth, 
the members of the committee have been impressed with the enthusiasm which 
has been displayed by those who have given opinions relative to the possibility 
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of a new publication program sponsored by the Association. Syntheses of mod- 
ern investigations in many fields of mathematics seem to be wanted by college 
men who do not have an opportunity to follow developments in the mathe- 
matical literature. Instructors in our junior colleges and secondary schools who 
may have a limited preparation in mathematics are seeking easily accessible 
accounts of some of the older theories. Some correspondents have expressed the 
belief that there is an amazing dearth of readable mathematical material for 
college students who have studied little beyond the calculus. And finally, some 
have emphasized that the interest of the American public in mathematical at- 
tainments and methods needs to be cultivated; this interest is attested to by 
the recent wide sale of a few popular books upon mathematics.” 

In accordance with the recommendations of the “Newsom Committee,” the 
Board of Governors authorized a series of expository pamphlets to be known 
as the “Herbert Ellsworth Slaught Memorial Papers.” The long delay in the 
actual appearance of the first of these Papers was largely caused by the demands 
of the war which left little or no time for the writing of mathematical exposi- 
tions. 

The Slaught Memorial Papers are to be published in the form of supple- 
ments to the MONTHLY and, at least for the present, are being sent free to all 
subscribers. The success of this project will depend on the interest of mathe- 
maticians generally and, more particularly, upon the co-operation of com- 
petent scholars who will be willing to devote sufficient effort to the difficult but 
worth-while task of writing elementary expositions of their respective fields of 
interest. 

The editorial committee through the undersigned will welcome suggestions 
from any interested persons and, in particular, will be glad to hear from pro- 
spective authors of expository articles which might be suitable for publication in 
this series. 


N. H. McCoy 


FOURIER’S SERIES 
THE GENESIS AND EVOLUTION OF A THEORY 
R. E. LANGER 


PREFACE 


In choosing to present in this exposition some chapters from the theory of 
the representation of arbitrary functions in infinite series, I have done so in the 
belief that this subject has an unusually broad appeal. For in singular measure 
it serves both theoretical and practical ends. The pure analyst finds in it a wealth 
of structure and subtle inter-relationship, while the applied mathematician and 
the related scientist find in it, no less, a tool of almost endless flexibility and use. 

The simpler formal elements of the theory of trigonometrical infinite series 
are, it may be assumed, in some measure familiar to all who aspire to a level of 
mathematical attainment above the elementary one. Presentations of them in 
text-book form are common, and many of them eminently readable. It is not 
my purpose to duplicate any such expositions of fact and procedure, but rather 
to present here other matters less usually considered. These I have, in the main, 
centered about two focal theses, namely first, a sort of case history of the incep- 
tion of the theory and its development to the stage attained by Fourier, and 
second, a generalization of the theory in which the trigonometrical form of it is 
subordinated to the status of a mere special case. 

In its modern form the theory of Fourier’s series and its applications to prob- 
lems of physics admit of presentation in a direct and logical manner that is, on 
the whole, strikingly economical in design. The reasoning is straight-forward and 
to the point, and has at almost every turn an aspect of complete inevitability. 
The trigonometric formulas invariably appear to fit the needs at issue with such 
precision and neatness as could not have been more so had they been specifically 
tailored to the purpose. So completely is this true, that it seems no far cry to 
the suggestion that the whole structure might be the creation of some single 
master architect, who, in his genius, could draw to hand the exact and unerring 
means for an orderly and consummate unfolding of all the whole essential 
machinery of thought and analysis. Of erstwhile possible deficiencies, no trace 
is left revealed. 

Well developed mathematical theories are prone to seem like that, and in the 
deceptiveness of this there is weakness as well as strength. The craftsman, whose 
concern with the theory is motivated by the mere search for a tool, naturally has 
small interest in the cruder forms of it that are now obsolete. For the student 
whose concern is with ideas no less than with facts, on the other hand, the too 
finished result is often concealing as well as revealing. The confusion of germinal 
ideas, the labor and stumbling of the early advance, the frustrations in imprecise 
notions—all these are matters which for a speedy mastery of the facts are well 
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left aside. But precisely in these as in none other are to be discerned the creative 
imagination, the initial inductions and the logical strategy by which the final re- 
sult was shaped. When, as in the present instance, the ingenuity and the tech- 
nical exploits which gave the impetus and direction were those of such’ masters 
as the Bernoullis, Euler, d’Alembert, Lagrange and Fourier, it need hardly be 
feared that a review of the course of the developments will prove to be an unre- 
warding venture. In the growth of mathematics, much more than in its refined 
and polished results, is its living character evidenced. 

Generalization is the medium through which the mathematician constantly 
seeks the enlargement of his conceptions and understanding. The vista revealed 
by an extant theory may be broad, but it is broadened further by generalization. 
And from the more expansive viewpoint the scene may be revealed not only 
more amply but also more distinctly. A greater simplicity in the intrinsic plan 
may be discernible, for many features originally judged to be quite essential may 
be shown, on the contrary, to be in fact merely incidental or fortuitous. This is 
quite the case with the Fourier theory. Its dependence upon the trigonometric 
formulas of combination is so conspicuous as to seem to be the very essence of 
it. And if in the related theories of representations in series of Bessel functions or 
Legendre polynomials etc. other combination formulas are basic, these in turn 
generally seem, if anything, even more specialized. A true generalization, from 
which the Fourier theory may be drawn forth as a special case, is the theory of 
ordinary differential boundary problems in which the fundamental interval of 
the variable is one upon which the differential equation is without singular 
points. 

The discussion which I have given here is intended to serve these two pur- 
poses. In the first part the theme is historical. It centers about the incipience 
and the classical development of the theory, and is in fact a digest of some works 
by different masters through which conspicuous advances were made. This 
comes to its terminus with the discussion of Fourier’s deductions, and therewith 
the historical thread is definitively dropped. In the second part, which is de- 
voted to the generalization, the purpose is purely expository. The material is 
there set forth in as elementary a manner as I found possible, not with the gen- 
erality in which it exists in the literature, but with such generality as seemed to 
be adequate to the display of its essential character. The fact that this larger 
theory embraces that of Fourier, and the manner in which it does so, is shown at 
appropriate points by drawing the trigonometric formulas forth as specializa- 
tions obtainable without any peculiar implementations from the more general 
relationships derived. 

I believe that in the main the paper will be readable for students who in 
mathematics have gone but little beyond a good course in the calculus. The 
simplest facts about infinite series and differential equations, the formulas for 
the trigonometric functions in terms of exponentials, and such, have been as- 
sumed. Beyond that all pertinent deductions have been included until the clos- 
ing chapters are reached. Incidental material has, in part, been relegated to 
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appendices. In the final chapters the elementary theory of functions of a com- 
plex variable, and in particular the theory of residues is a requisite. 

In taking material from the literature, especially in the earlier parts of the 
paper, I have felt under no obligation to hold to the letter of the originals. The 
excerpts are, therefore, distinctly not to be regarded as facsimiles or verbatim 
reports. Although it was my intention to preserve the spirit, many formal 
changes were made, in part to bring the contributions from diverse sources under 
a consistent scheme of notation, but also in part to eliminate discursive material 
and to avail myself of such advantages as the presentation to modern readers 
might afford. The sources in the literature from which excerpts were made, or at 
which more extensive deductions may be found, have been indicated in the text, 
and are listed at the end of the paper. I have, however, made no attempt whatso- 
ever to be complete in this matter. 


PART I 


CHAPTER 1 


Introduction. It is perhaps true that few mathematical doctrines are built 
around facts which on first acquaintance seem so surprising as those of the infi- 
nite trigonometric series. That some such series represent functions is obvious. 
Simple examples are easily constructible in any abundance. How broad or how 
deep the adaptability of these series for functional representation may be, is, on 
the other hand, far from easy to see. The terms of the series are but elementary 
functions of a very simple type—the sines and cosines of the multiples of an 
angle. The theory of power series does not promise much by analogy, since those 
series Can represent only such functions as have all the regularity which unlim- 
ited differentiability assures. It might well be expected, therefore, that the prop- 
erty of trigonometric representability attaches only to the functions of a quite 
restricted class. Historically that was the opinion which originally held sway, 
and which was very generally maintained. It was, in fact, so long maintained 
and so tenaciously, even by the greatest of mathematical masters, and in the 
face of most insistent evidence to the contrary, that the final breach with it took 
on quite definitely the character of an emancipation. 

The concept of the function lies at the very heart of mathematical analysis. 
As it is now currently accepted it is a notion of very great breadth, covering very 
general interdependencies of variables upon each other. During the eighteenth 
century this concept was not only much more restricted, but precisely what its 
content and delimitations were had not yet been brought to any complete or 
clear formulation. Imprecise notions rarely fail to breed confusion, and in this 
respect the functional notion of that time was in no way an exception. It was 
differently conceived by different investigators. And these latter then disagreed 
among each other because unconsciously they talked at cross purposes. The 
written words flowing from different pens had different meanings. While, for: 
instance, the function and the analytic formula were one to d’Alembert, the func- 
tion was thought of as a graph by Euler, and probably meant something else 
again to still another. 

The basis of the functional notion was originally drawn, of course, from ob- 
servations upon concrete examples—in the main from such functions as we 
now designate as of elementary type, such as present themselves in the simpler 
applications of mathematics to the problems of physics. Such functions are al- 
most invariably expressible by formulas. They generally have comparatively 
simple, orderly, and continuous graphs, and the identity of any two of them is 
restricted to isolated values of the variable. Inasmuch as this category includes 
no examples of distinct functions whose graphs have an entire arc in common, 
it was no more than natural then to consider that generally the course of a func- 
tion over any interval was determinative and completely identifying, so that the 
graph over its entire range of definition was to be thought of as unambiguously 
fixed. Functional relationships such as are now commonly dealt with, in which 


4 


INTRODUCTION 5 


the variables are related by different laws in different parts of an interval, were 
not thought of then as subsumed in any single function at all, but were regarded 
rather as a composite of a plurality of functional fragments. The possibility of 
representing such a conglomerate by a single formula was not even conceived of. 

The eighteenth century stands out in mathematical history as an era of great 
genius. Through the work of an astonishing array of masters the science was ex- 
tended and broadened by the opening of many new fields. Technical skill at- 
tained to extraordinarily high levels and new ideas were crowded one upon the 
other. And yet through this period the facts of the trigonometric series withheld 
themselves. Euler, d’Alembert, Lagrange and others walked upon the very edge 
of them without falling upon them. A more conspicuous example of the confining 
effects of preconceptions is hardly to be found. The break with all this remained 
to become the accomplishment of the next century, the personal achievement 
of Fourier. Once the step to a broader conception of the function had been made, 
the results of computations upon trigonometric series could be given a much 
more inclusive interpretation. As is now generally familiar, such series may rep- 
resent functions which are not only discontinuous, but which may be quite 
arbitrary in the sense that over different portions of the interval they may ac- 
cord with laws that need have no logical relation with each other. Computations 
upon even a few of the initial terms of the series often reveal these facts quite 
clearly. 

As Fourier announced his famous theorem it was to the following effect: 

Any single-valued function f(x) defined over an interval —l1<x<l, is repre- 
sentable over thts interval by a series of sines and cosines in the manner 


id k k 
(1.1) f(“) = > + >| o cos = + b;, sin =|. 


k=1 


In this representation the coefficients are those which are computable from the func- 
tion f(x) by the formulas 


: kis 
a, =—] f(s) cos—ds, 
LJ _i } 
(1.2) m 


1 ¢! _ kas... 
b, = — f(s) sin — ds. 
LJ _; ] 


If the interval over which the representation is to maintain is only 0<x<l, then 
either sines or cosines alone suffice, the series being in the one case 


krx 


(1.3) f(«%) = > b;, sin ) 


with the coefficients 


2! _ krs 
(1.4) b, = —{ f(s) sin ~~ ds, 
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and in the other case 


a © kax 
(1.5) fx) =—+ >, ax COS * ) 
2 k=l 
with the coefficients 
2 l kis 
(1.6) a, = —f f(s) 08 ds. 
0 


This theorem, in this utter generality, is now known, of course, to be not 
strictly true, even with the modern notion of the term function. The restrictions 
which must be applied are, however, in no way gross. They are, on the contrary, 
so subtle that in the pursuit of them much further clarification of analytic 
notions was achieved. The réle which the trigonometric series have played in the 
development of precise conceptions is, on these many accounts, one of unusual 
interest to the student of the evolution of mathematical ideas. [1] 


CHAPTER 2 


Of mathematical applications to physics. By the time of the year 1725, a 
decade after the death of Leibniz and near the close of Newton’s life, familiarity 
with the formal processes of the calculus had become widely disseminated, and 
facility in the use of these new techniques had been developed to a very sub- 
stantial degree. In particular their effectiveness as instruments for the treatment 
of problems in mechanics had been generally recognized. This science was, 
therefore, under assiduous study. The more immediate of its problems—in the 
main those centering themselves around the motions of single mass particles— 
had already been pretty effectively brought to their solutions. The forefront of 
interest had, therefore, already been pushed beyond them to matters of greater 
complexity, such as presented themselves in connection with the motions of 
bodies with several or many degrees of freedom, or even with the reactions of 
flexible continuous mass distributions. Problems in the vibrations of elastic 
bodies in particular had begun to receive attention, and in the ensuing period 
these were to preoccupy an increasing number of investigators. The scientific 
literature of the following half century is, therefore, heavily interspersed with 
memoirs bearing upon this field. One may readily conjecture that the prob- 
lems to be found there must have seemed almost endless in their abundance 
and variety. They must, moreover, have exerted a very strong fascination, 
if for no other reason, then because of the evident suggestion that in them lay 
an important key to an analytic mastery over the manifestations of nature. 

Any review of the activities of the time show this to have been so. Important 
and difficult works were produced in great variety—among them, to name a few, 
investigations upon the oscillations of plates in vacuum or immersed in fluids, 
upon rods suspended from fixed or flexible mountings, upon jointed pendulums, 
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upon heavy dangling chains efc. etc. But among all these the researches upon the 
motions of tautly stretched elastic strings or wires were to be especially sig- 
nificant. Though these were perhaps of no greater mechanical importance than 
the discussion of many another problem, they did contemporaneously assume a 
quite disproportionate prominence, and they still do so in retrospect. They be- 
came, namely, a conspicuous point of impact for many divergent conceptions 
and opinions, and in the réle thereby thrust upon them they became crucial 
to the development not only of mechanics but of mathematics over a much 
wider range. Inasmuch as the ideas at issue are in large measure our essential 
concern in this discussion, we shall have to give a considerable modicum of our 
attention to this problem of the string in subsequent pages. 

From the very start of investigations upon them it seems to have been as- 
sumed that continuous material bodies could, for the purposes of analysis, be 
approximated by systems of discrete mass particles. The conception of an ex- 
tensive body as composed of particles is a very natural one. Quite apart from 
whether this viewpoint was intended in the end to be philosophically maintained 
or not, it was apparently seen to suggest more strongly than any other a prac- 
ticable mode of procedure. It requires no vivid imagination to picture the dis- 
crete system as merging into the continuous one as the size of the individual 
particles is diminished indefinitely while their number and density is correspond- 
ingly increased. If in the analysis of a finite approximating system the formulas 
can be so framed and dealt with that results are deducible from them without 
any actual specification of the number of the particles that are involved, then 
this number, retaining its generality, may be assumed to figure in the results in 
the way of a free parameter. This parameter may then logically be made the 
crux of limiting considerations, and through this means the physical transition 
from the discrete to the continuous configuration may be thought of as imple- 
mented mathematically by a passage from the finite to the infinite. 

It may well be recognized that success in the execution of any such subtle 
program as this would be contingent both upon superior insight and a high 
level of technical skill on the part of the investigator. Such is the case, no less, 
with almost any application of mathematics to a phenomenon of nature. The 
actual responses of physical bodies to ponderable influences are invariably of a 
discouraging degree of complexity, and this is generally due much less to the 
influences that are primarily under scrutiny than to the many others that are 
inevitable and yet really incidental and effectively irrelevant. Were complete 
recognition to be given to all these latter, the formulation of a natural problem 
would, almost without exception, be quite submerged in intricacies of detail. On 
the physical side the fortuitous distracting features might well obscure the 
salient ones, and mathematically they might well throw the problem far beyond 
the range of possible solution. 

At the very outset, therefore, it is usual and necessary to regard the physical 
configuration not as it actually is, but as it might be were it to be disencumbered 
of all but its primarily intrinsic features, The result of this is at once a simplifi- 
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cation and an idealization. It is this which is made the subject of analysis. The 
idealization is, of course, a departure from the physical reality, and this fact is 
certainly of no secondary importance. The original problem having been re- 
placed by another, no immediate guarantee exists, of course, that results de- 
rived for the latter have a sufficient relevancy or applicability to the former. It 
is evident that with too great a divergence from the original all practical purpose 
would thus be defeated. 

This is the consideration which checks the extent to which idealizing ab- 
stractions may be made. In determining upon these a fine sense of values and a 
depth of understanding are the indispensable guides. Whether in any case the 
permissible bounds were exceeded or not, must in the end ordinarily be decided 
after the fact by experiment. The applicability of the mathematically deduced 
theory stands or falls according as at strategic points its results agree or disagree 
with the data of observations. The decision, either way, implies no reflection 
whatever upon the theory’s logical soundness. Its implications bear only upon 
the legitimacy of the simplifications which were made in the determination of 
its basis, namely upon the insight with which suitability and adequacy in the 
initial idealizing approximations were sensed. 


CHAPTER 3 


The loaded string. A natural phenomenon that is universally familiar and 
frequently observable in our surroundings, and to which, despite this, the atten- 
tion is often sharply drawn, is that of the behavior of a stretched elastic string or 
wire in its response to a displacement from its state of equilibrium. In many cases 
this response is acoustically conspicuous, ranging from the hum of the heavy 
structural wire in the wind to the eloquent notes of the strings of a musical in- 
strument. And then again, not rarely, the response is visually noticeable, being 
sometimes marked by so curious a feature as the presence of nodal points that 
maintain the state of rest while the string between them is in violent agitation. 

The elastic string thus almost obtrudes itself upon the notice of the experi- 
menter, and, having drawn his attention, recommends itself in many ways. Its 
geometrical configuration is of the simplest sort, permitting the identification of 
any of its points by a single dimension. Its motions are, under many circum- 
stances, markedly regular, and respond promptly and prominently to adjust 
themselves to any quantitative modifications in the length, the tension, the 
weight or the initial state. It can hardly be looked upon as surprising, in virtue 
of all this, that the string should have been drawn under analysis at as early a 
time in the development of mechanics as that science became capable of dealing 
with continuous flexible bodies. 

The finite discrete system of particles that most naturally approximates the 
continuous material string is suggested by the string of beads. More precisely, 
it is to be conceived of as comprised of any number x of equal concentrated mass 
particles, that are mounted respectively at equally spaced points along a string 


THE LOADED STRING 9 


which is itself weightless, though strong, perfectly flexible, and elastic. Such 
“loaded strings” were used as the conceptual bases of a variety of significant 
investigations. Euler and Daniel Bernoulli based upon them, in 1732 or 1733, 
studies of the motions of heavy dangling chains, and Euler, among other things, 
regarding the particles as oscillating longitudinally, built upon them in 1746 
a theory of sound. [2] Mechanically simpler and chronologically even earlier than 
these researches, were certain investigations of John Bernoulli upon the trans- 
verse vibrations of a string with its end points fixed. We find in a consideration 
of this problem a convenient point of departure for our present discussion. 

Consider, therefore, a loaded string such as has been described, with loading 
particles having a total mass M. Let this string be thought of as held taut under 
a tension T, the magnitude of this being so large that the ratio M/T is negligible. 
' This last stipulation amounts, of course, to an idealization. Substantially its 
purpose is to discount the effects of gravity, and thus to concentrate the con- 
siderations upon those forces which spring from the tension alone. The diver- 
gence from physical actuality which this simplifying hypothesis sanctions is in 
many important instances of a very small amount. In the case of musical 
strings, for example, the ratio M/T which is to be ignored is quite commonly of 
a magnitude no greater than one one-thousandth. 

The initial state of the string in question is to be one of displacement from its 
equilibrium position, the forces which hold it in this state being coplanar and 
directed perpendicularly to the line through the string’s fixed end points. The 
particles of the string thus lie along some plane curve. We shall choose the plane 
of this curve as the (x, y) plane, and shall take the x-axis through the string’s end 
points with the origin at one of them. Under the hypotheses made, and in this 
system of reference, the x-axis then marks the string’s equilibrium position. 
With / designating the length of the string, with x»=0 its initial end, and with 


X14, X2, °° * , X, the equilibrium abscissas of the particles, the formulas for these 
are to be 
l 
4, = kR—>) k=0,1,2,---,m. 
n 


It will be noted that in this assignment one of the particles is allocated to be 
mounted at the point x, =/ which is the terminal end of the string. The motiva- 
tion for adopting this arrangement, which may well seem a bit curious, is not 
by any means profound. It is merely one having some formal advantages, since, 
as can be shown, it leads to somewhat simpler formulas. The réle of the nth 
particle under these circumstances is, of course, an entirely passive one since the 
particle is constrained from all motion. 

In the accompanying figure three adjacent particles and the tensions operat- 
ing between them are schematically indicated. The position shown is one of 
displacement from the equilibrium, and the particle which in the latter state is 
located at the point (x;, 0) is here shown to have the coordinates (xj, y,). Simple 
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mechanical considerations based upon this figure readily lead to usable results, 
as we now propose to show. 


Xt Xk Xe 


The segment of the string which joins the (k—1)th and the kth particles is, 
as is clear from the figure, of the length (xf —x,_/) sec ay. In the state of equi- 
librium this segment would be of the length J/n, and since, by the laws of elas- 
ticity, the respective lengths are to each other as the tensions, it must be con- 
cluded that 


(x4 — X41) sec agi— = T;:T, 
n 


or 
(3.1) (x4 — %4-1)Tn = IT; cos arn. 


Now the forces by which the particles are initially held displaced are by 
hypothesis in the direction of the y-axis. The tensions in the string segments 
which balance them must, therefore, have x-components which annul each 
other in pairs, namely they must be such that 


(3.2) T;, cos ay = Tyy1 COS @ny1, R=1,2,---, (a — 1). 


Since the right-hand members of the equations (3.1) are thus all equal, this 
equality must extend to the left-hand members as well. The differences 
(xz —x,-1) therefore have a common value, and since their sum is the length 
of the string this value is evidently 1/n. It follows that for each & the relation 
xX, =X, Maintains, namely that each particle has when displaced the same 
abscissa as in equilibrium. The measures of the displacements are thus simply 
the ordinates y;, and the relations (3.1) reduce to the forms 


(3.3) T;, cosa, = T, k=1,2,---,(m-—1). 


From the initial position which has been described the string is now to be 
thought of as released, while in the state of rest, at an instant which is to be taken 
as the origin of time, =0. The motion into which the kth particle springs is, 
of course, then governed by Newton’s law 
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M d* yy, 
n dat? 


= fy, 


the force F; acting upon it being shown by the figure to have the value 
Fy = Trai $i apy, — Ty sin ap. 
By virtue of the relations (3.3) this formula is alternatively expressible as 
Fy, = T(tan axi1 — tan ag), 
and in terms of the codrdinates this is 


Py = p [Se 


(1/n) 
Hence if the constant a? is defined by the relation 
(3.4) C= vo 

M 


the equations of motion are 


d*yj, nan? 
(3.5) ” = (“*) [vera — 24% + yer], k=1,2,---,m-—1). 

In many respects the simplest modes of vibration which the string is capable 
of are those in which the ordinates y, maintain constant ratios to each other. 
In these so-called normal vibrations all particles of the string traverse their 
positions of equilibrium in synchronism, and their displacements are expressible 
as functions of the time by formulas of the type 


(3.6) yu) = ur(t), k= 0, 1, 2, ce 8 yh, 


in which the coefficients u, are constants, with vu) =0, uv, =0, and ¢(é) is common 
to them all. The fact that the motion originates from the state of rest is then ex- 
pressed by the relation ¢’(0) =0. 

Now the substitution of the forms (3.6) into the equations (3.5) gives to 
these latter the aspect 


; na\? 
unb!() = |—- [wit1 — 2ux + uns o(A). 
From this it is clear that the second derivative ¢’’(t) stands in a constant ratio 
to the function $(¢) itself, namely that 
d*(?) 


(3.7) a = eH), 60) = 0, 


the constant c being one for which the relations 
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cl\? 
tes — Date + tea = — (<) ms, k=1,2,---,(m-— 1), 
na 


together with u)=0, w,=0 maintain. In terms of the coefficient q given by the 
formula 


cl\? 


the values u, must thus be solutions of the algebraic system of equations 


uo = Q, 
(3.9) Unri + gus + uri = 0, k= 1, 2,°°° »(n — 1), 
Un = 0. 


This system is neatly solvable (c.f. appendix I) having a non-trivial solution 
when and only when the coefficient g has one of the set of characteristic values 
91, 921° * +) Qn-1, given by the formulas (1.5). The values of c which respectively 
correspond to these under the relation (3.8) are those of the set 
2na . vr 
(3.10) Cc, =— sin —> y=1,2,---,(m-—1), 
l 2n 
and the solution 4, of the system (3.9) which exists for the value c, is obtain- 
able from the formulas (1.6). It is 
_ ker 
Uy, = A, sin —»> k=0,1,2,°--°,42, 
n 
with A, designating any constant. Since when c =c, the equations (3.7) are solved 
by the function 


p(t) = COs (cy), 


or by a constant multiple of this, it may be drawn from the relations (3.6) that 
the ordinates in any normal vibration of the loaded string must accord with the 
formulas 


ker 2ant VI 
(3.11) y x(t) = A, sin" cos ( sin *), k=0,1,2,---,n. 
n i 2n 
A loaded string carrying particles is thus seen to be capable of sustaining 
(n—1) distinct motions of the normal type, these being given by the formulas 
(3.11) in correspondence with the indices yp=1, 2,---, (n—1). 

Under assumptions that were somewhat more restrictive than those which 
we have here imposed, these normal vibrations were considered by John Ber- 
noulli as early as the year 1728 in the cases of loaded strings in which particles 
up to eight in number were involved. [3] 
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CHAPTER 4 


The equations of motion for the continuous string. When the differential 
equations (3.5) for the motions of the loaded string of 2 particles have once been 
deduced, two alternative modes of procedure for utilizing them toward the 
ultimate purpose of an analysis of the vibrations of a continuous string sug- 
gest themselves. On the one hand the equations may be integrated, as has 
already been done in the preceding chapter, and the resulting finite equations 
(3.11) may then be subjected to the limiting process in which the number 
n is indefinitely increased. On the other hand this limiting process may be ap- 
plied directly to the system of equations (3.5) itself, and the integration of the 
result may then subsequently be undertaken. Both of these procedures were 
carried out in the first half of the eighteenth century. As we shall see, their 
results are of quite dissimilar aspects. Indeed they seemed to the men of the 
time to be no less than contradictory, to the extent that the proponents of 
either method saw no alternative but to reject the other. That no real dilemma 
was actually involved therein at all, came to its realization only half a century 
‘or more later. The clarifications of ideas by which the way out of the quandary 
was ultimately found are of especial interest to us here. We propose, therefore, 
to pursue the analysis of the two mentioned procedures to such points, at least, 
as afford some surveys of their conclusions. 

Returning then, to begin with, to the equations (3.11), let any positive 
integer vy be chosen. Once chosen, »v is to be regarded as fixed. A loaded string 
with particles in number greater than vy, (n>v), may then be thought of, and 
for the normal motions of such a string the equations (3.11) are derivable. Let 
the attention then be fixed upon any one of the particles of this string, and let 
its abscissa and ordinate be designated by x and y(é, x). If this particle, in the 
enumeration that was adopted, is the kth one, the equalities 


l 
(4.1) s= ha y(t, x) = yx(t), 


evidently maintain. The respective kth equation of the set (3.11) may then be 
written in the manner 


x at 
(4.2) y(t, «) = A, sin — cos E ad 


with the significance of 6, given by the formula 


; (=*) 
Sln | — 
2n 


(4.3) 6, = 
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Suppose now that the parameters m and & are increased, and indefinitely so, 
in any way such that the ratio k/n remains fixed. The point x then clearly re- 
mains invariant, and inasmuch as the formula (4.3) familiarly shows that the 
value 0, approaches the limit 1 it follows that the relation (4.2) passes, as 
n— o, into the limiting form 


VrXx prat 


(4.4) y(t, «) = A, sin _ Cos 5 


This result is now evidently to be accepted as a formula applicable to the con- 
tinuous string and representing a normal vibration of it. Inasmuch as the integer 
y was initially open to an arbitrary choice, the inference that infinitely many 
such normal motions are possible and that they are given by the formulas (4.4) 
in conjunction with the indices y=1, 2, 3, +--+ is inevitable. 

The simplest of the normal vibrations, namely that described by the formula 
(4.4) with y=1 was deduced by Brook Taylor at as early a date as 1713. [4] In 
this motion the string vibrates without nodes and emits its fundamental tone. 
The existence of other normal motions, namely those associated by the formula 
(4.4) with other values of vy and in which the string emits its various over-tones, 
were known later to Daniel Bernoulli. We shall have occasion to return to this 
matter again. 

The alternative procedure, to which we now turn, is associated most prom- 
inently with the names of d’Alembert and Euler. With the notational changes 
(4.1) and with the definition of Ax by the formula Ax =1/n, the kth one of the 
equations (3.5) may evidently be written in the form 


(4.5) d2y(t, x) _” E x + Ax) — 2y(t, x) + y(t, « - —}. 


oT (Ax)? 


Now whenever the function y(#, x) is one which is twice differentiable as to x, 
its second partial derivative with respect to x is obtainable as the limit of the 
difference quotient within brackets on the right of the equality (4.5) as Ax—0, 
namely as n—. Basing himself upon this observation d’Alembert deduced in 
1747 the partial differential equation 


2 2 
(4.6) PIE 1) ig Ih #) 
or 0x? 

for the motion of the continuous string. This result is of course still a standard. 
A solution of it, if it is to represent the ordinates of a string that is fastened 
at its end points upon the x-axis and that springs into motion at the time ¢=0 
from the state of rest and from the position of a curve y=f(x), must, of course, 
also fulfill the conditions 
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y(t, 0) = 0, 
yi, 1) = 0, 
(4.7) S762) a" 
Ot t=0 
y(0, «) = f(x). 


The problem as thus formulated was solved by d’Alembert through the following 
ingenious use of familiar formulas from the calculus. [5] 

In terms of the abbreviations 
Oy oy 


p, ~~ = 4%) 


4.8 = 
(4.8) Ot Ox 


the differential equation (4.6) is expressible in the form 


6) 
dg = at+— as, 
Ot Ox 
may, however, be written thus 
6) 1 oO 
dq = “P dt + — “P ax 
0 a’? oO 


From this together with the companion formula 


6) 6) 
dp = oe di + oe ax, 
Ot Ox 
it may be seen at once that 


p 1 dp = 2] 
d{ — = |— —4+— —[d ; 
(Z +4) E dnt a? Ot (at + 2) 


p _ —1 0p 1 Op 
a(* 7 ‘) 7 | a aa! a? 5 Ee! *). 


(4.9) 


Consider the first one of these equations. The quantity (p/a+q) is a function 
of ¢ and x. These variables are in turn determinable from the combinations 
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(at+x) and (at—x). It follows from this that it is permissible to regard the 
quantity as a function of the variables (at+x) and (a#—<x), and that accordingly 
its differential is given by the formula 


, (2 +0) (= +0) 
i(2 +4)=—oalat + x) + Sapna eT x). 


But by the evaluation (4.9) this differential includes no term in d(at—x). The 
coefficient of this term must, therefore, be zero, namely 


(ots) 
a 


(at — x) 


This, however, is in effect the assertion that the quantity (p/a+q) does not de- 
pend upon the variable (at—x) but is a function of the remaining variable 
(at+x) alone. A similar chain of reasoning shows that the quantity (p/a—q) is 
a function of the variable (at—x) alone, namely that with appropriate functions 
designated by ¢ and jy, 


= +9 = $a +9), 


p 
——g=¥(ai — x). 
a 
If these relations are now multiplied respectively by the factors (adi+dx) /2 
and (adt—dx)/2 and are then added, the result on the left of the equality is 
pdt+q dx, which is identified as dy. Thus 


dy = 36(at + x)d(at + x) + d¥(at — x)d(at — 2). 


In this formula each term is an exact differential. An integration is, therefore, 
possible and shows that 


(4.10) y(t, x) = $®(at n x) + £V(at — x), 


the functions ® and WV being indefinite integrals of @ and W respectively. With 
the attainment of the result (4.10) d’Alembert had deduced the fact that every 
solution of the partial differential equation (4.6) is of necessity expressible as the 
sum of a function of the variable (af+.x) and a function of the variable (at— x). 
It is a simple matter to show conversely, by direct substitution, that if ® and V 
are any suitably differentiable functions, the formula (4.10) does in fact give a 
solution of the differential equation. 

To apply to the particular case of the vibrating string the solution (4.10) 
must furthermore conform to the conditions (4.7). Of these the first one, which 
when applied to the relation (4.10) assumes the form 
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4@(at) + 4¥(at) = 0, 


shows that the function Y must be identical with —®. That being so the second 
condition takes the form 


(4.11) 4O(at + 1) = $6(at — I), 


and since this is to be an identity in ¢ it shows that the function ® must be pe- 
riodic with the span 2/ as a period. The third condition (4.7) reduces to the re- 
latian 


 @'(x4) = &'(— x). 
Upon an integration this becomes 
(4.12) &(x) = — &(— x), 


and thus characterizes ® to be an odd function. The last condition, which must 
maintain over the string’s length, reduces then to the relation 


(4.13) ®(x) = f(x), 0OS%*sl. 
In total it is to be concluded, therefore, that for the vibrating string 
(4. 14) yt, %) = 3@(at + x) — 7 B(at — 2), 


every motion of the string being so representable with an appropriate function 
®, In the instance of any particular motion, in which the curve from which the 
string is released is y=f(x), the function ® that is concerned is determined over 
the interval (0, /) by the relation (4.13) and is defined for all other arguments by 
its character of being odd and periodic. 


CHAPTER 5 


The d’Alembert-Euler-Bernoulli controversy. [6| The method of d’Alembert 
in his analysis-of the problem of the vibrating string was also the method chosen 
by Euler. Superficially, therefore, the initial memoirs of these masters, written, 
as they were at short intervals of each other, differed mainly in their details. In 
their over-all aspect they resembled each other markedly, at least insofar as their 
formal features were concerned. Only below the surface did the lines of thought 
show themselves to be divergent, as sharply so, at points, as were the two men 
in the characters of their genius. Euler’s temperament was an imaginative one. 
He looked for guidance in large measure to practical considerations and physical 
intuition, and combined with a phenomenal ingenuity an almost naive faith in 
the infallibility of mathematical formulas and the results of manipulations upon 
them. D’Alembert was a more critical mind, much less susceptible to conviction 
by formalisms. A personality of impeccable scientific integrity, he was never 
inclined to minimize short-comings that he recognized, be they in his own work 
or in that of others. 
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To Euler the solution of the problem of the string seemed definitive. Since 
any and every motion originating from the state of rest would necessarily stem 
from some initial shape of the string, and since he was willing to accept as the 
function f(x) any distribution of values consistent with such a shape physically 
-realizable, he maintained the solution of d’Alembert and himself to be the com- 
pletely general one. The values f(x) involved in the formula (4.13) he regarded as 
appropriately subject, if necessary, to graphical definition. To such interpreta- 
tions d’Alembert took exception. He regarded the functional symbol as standing 
for an expression which could be constructed by the ordinary processes of alge- 
bra and the calculus from the independent variables. In having taken the ordi- 
nates of the string to be denotable in the form y(é, x), he believed that the results 
could apply only to such motions as might be characterized by the fact that in 
them the string shapes at any two instants 4; and # are obtainable from one and 
the same formal expression y(é, x) by giving to ¢ the respective values. He saw no 
reason to suppose that all possible motions conform to this. Furthermore, inas- 
much as the differential equation from which the solution emerges involves 
the derivative 0°y/dx*, he was unwilling to admit the applicability of the 
analysis to cases in which the function f(x) is not twice differentiable. Finally, 
because of the relation (4.13) he insisted upon restricting the solution to in- 
stances in which the function f(x) is periodic. That there might conceivably 
exist expressions ®(x) and f(x) yielding the same values over some specific 
interval but not persisting in this relationship for other values of the varia- 
ble, was believed by neither d’Alembert nor Euler nor by any of their contem- 
poraries. 

A difference between d’Alembert and Euler lay in the fact that whereas the 
former was inclined to look upon the concepts of the function and the analytic 
expression as synonymous, the latter would not hold to this. Euler saw no reason, 
for instance, to rule out the possibility of releasing a string from the position of 
a curve made up of circular arcs of different radii, provided these arcs joined 
with each other continuously and with a continuously turning tangent line. It is 
evident that Euler had advanced measurably to the conception of an arbitrary 
curve. It is understandable, however, that d’Alembert should have declined to 
acknowledge the legitimacy of admitting such curves into consideration where 
the operations of the calculus were to be employed. 

In 1755 a memoir of Daniel Bernoulli’s upon the motions of the string 
turned the entire disagreement into new channels. Bernoulli, who had inter- 
ested himself in acoustics, had recognized the relation between the several 
normal vibrations and the respective overtones which the string could be made 
to emit. It was a generally recognized fact at the time that a musical string 
ordinarily responds with a combination of its fundamental and overtones. Ber- 
noulli had discovered that the motions involved in this do, in a very definite 
sense, retain their individuality—that in the entire motion the several normal 
vibrations are simply superposed upon each other. It was a relatively moderate 
step from this to the conception that all possible motions of a string are but 
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linear combinations of the normal vibrations, variations in the relative intensi- 
ties of the overtone components producing the observable differences in the 
timbre of the tone. In terms of symbols, and with the use of the formulas (4.4), 
this comes to its formulation in the assertion that every motion of the string is 
expressible in the form 


< x at 
(5.1) y(t, «) = yA, sin— cos a 


p==l 


) 


with appropriate constant coefficients A,. 

Neither Euler nor d’Alembert was inclined to accept this, and each made 
his rejoinder. Euler quickly recognized the fact that a motion representable in 
the form (5.1) would be one for which the initial ordinates have the values 


(5.2) > A, sin - 
p=zl l 

To assume that all motions are here involved would, he pointed out, come to the 
assertion that an arbitrary function f(x) could be represented by a series of the 
type (5.2). Since among other things any expression (5.2) is odd and periodic, 
it seemed to Euler that he had reduced Bernoulli’s claim to a manifest absurdity. 
That Bernoulli’s result gave solutions—special ones—he did not deny. He 
had, in fact, made that discovery on his own account some years earlier. 

D’Alembert, on his part, not only endorsed all of Euler’s objections but went 
in fact well beyond them. He was unwilling to concede even that any and every 
odd and suitably periodic function could be represented by an expression (5.2), 
maintaining, in particular, that the function would need to be twice differentia- 
ble since that is so of all terms of the series. Bernoulli’s analysis, and especially 
his passage from the finite case of the loaded string to the continuous one, had 
been at best sketchy and fragmentary. His opponents found much that could 
properly be rejected in that. 

On the whole the objections left Bernoulli unshaken. In replying to Euler’s 
claim of absurdity he referred to the fact that any finite sum of m terms from 
the expression (5.2) could, by an appropriate determination of the coefficients, 
be made to coincide in value with any given function f(x) at any chosen set of 
points m in number. He saw no reason, therefore, for rejecting the possibility 
that the series (5.2), involving infinitely many coefficients as it does, might not 
coincide with an arbitrary function at an infinity of points. This viewpoint was 
indeed a worthy one. A development of it will concern us in the following chap- 
ter. 

The three cornered polemic spreads itself through the mathematical litera- 
ture over a period of more than a decade. Since no one of the contenders suc- 
ceeded in convincing another, the upshot of the matter at the time was negligible. 
Each of the disputants was in part right and in part wrong. Time has given the 
lion’s share of its endorsements to Bernoull1. 
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CHAPTER 6 


Lagrange’s solution of Bernoulli’s problem in curve fitting. [7| The fact 
invoked by Bernoulli, that an arbitrarily given curve is representable at any 
finite set of abscissas by a suitable segment of a series (5.2), is one of considera- 
ble importance both from the theoretical and practical standpoints. It devolves, 
of course, upon the possibility of determining the coefficients c, in a formula 


nl kwx 


y= >> cx, sin 


k=1 


? 


so that the curve here represented may pass through a prescribed set of points 
(x,, Fy), v=1, 2,---,(n—1), the abscissas of which lie upon the interval (0, /). 
Alternatively stated it comes to the fact that with an arbitrary assignment of 
constants F, the system of equations 


krx, 
= ff 


n—l 
(6.1) >> cz sin v y=1,2,---, (n—1), 


k=1 


is solvable for the values cy. 

The solution of any linear algebraic system of equations, and hence in par- 
ticular of this system, is, of course, possible by elementary procedures. Such a 
frontal attack upon it by the familiar method of determinants leads, however, 
through much tedious and protracted computation whenever the number of 
equations is large. The solution, moreover, is not likely to emerge from such 
manipulations in any neat or elegant form. At the very beginning of his career, 
while he was still in his early twenties, Lagrange concerned himself with this 
problem and gave solutions of it for both the cases in which the abscissas are 
equally and unequally spaced. It is the former of these which is of peculiar 
pertinence to our discussion, and although it appears in Lagrange’s work inci- 
dentally to the wider investigation with which we shall be concerned in the 
next chapter, a self-contained exposition of it is possible and is to be given 
here. It is a prime merit of this solution that it shows clearly how it depends 
upon the number z of points involved, and that it is therefore excellently 
adapted to an investigation in which this number is ultimately to be varied 
and to be allowed to become infinite. 

Let the abscissas x, be identified again thus 


(6.2) Ly = —) y=0,1,2,---, 7, 
nN 


and let any one of the integers 1, 2,---,(n—1) be chosen and designated 7. 
If the equations (6.1) are multiplied by the respective constant of an unde- 
termined set D;, and are then added, the result is the relation 


LAGRANGE’S SOLUTION OF BERNOULLI’S PROBLEM 21 


n—-l n—l krX,y n—1 
>» >, Dj.0Ck sin = >, Dj EF. 
v=z1 k=l y==1 


Since kx, =vx, this can be given the alternative form 


n—l 


n—-l 
(6.3) Dd, Oi(aner = 2, Di Fy, 
k==1 pol 


the function ®; herein being defined by the formula 


n—-1 x 
(6.4) @,(x) = >~ D,;,, sin — : 


p==l 
Now each function sin (vrx/l) in this relation is expressible as the product of 


sin (rx/l) by a.polynomial of the degree (v—1) in cos (wx/I) (cf. appendix IT). 
The complete function ®; may therefore be similarly expressed, namely thus 


x x 
(6.5) @,(”) = sin — Py» (co: =), 


with P,_» designating a polynomial of the degree (n —2). The coefficients of this 
polynomial depend, of course, upon the multipliers D;,,, and these have not thus 
far been specified. It is proposed now to specify them so that the function 
@,(x) may be zero at each of the points x, with the specific exception of x,, 
namely so that 


(6.6) ®; (xx) = 0, k# . 


Assuming this to be possible, it is clear from the equation (6.5) that each one of 
the (7—2) values cos (7x,/l), vj must then be a root of Pr», and that each 
corresponding difference (cos mx/l—cos mx,/l), must therefore be a factor. 
The factors are thus all accounted for, and with an appropriate constant @ the 
formula (6.5) may accordingly be written 


x nt x Ly 
(6.7) ®,(x) = asin — Il (cos-** — cos — ). 


v=lyetj 


As is shown by the formula (II.1), however, a relation 
_ nn%x _ Wx ( =) 
sin = siIn—— pr-i| Cos —— 
i } ) 


also maintains, and since the left-hand member of this is zero at each point x, 
without exception, the function pp_;(cos 7x/l) must admit as a factor each of 
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the differences (cos 7x/l—cos 7x,/l). The factors being thus again all accounted 
for, it follows that 


_ nuKx _ we mt TH TX, 
sin 5 = 6 sin — |] cos —— — Cos 7) 


p=] 


with 6 standing for some constant that is not zero. From this together with the 
evaluation (6.7) it appears that 


TX WX; Qa ~ nTX 
(6.8) (co: _ — Cos =) (x) = B sin ’ 


namely, because of the formula (6.4), that 


nl _ vrxX THX TX; a | nrx 
>> D;,, sin ——{ cos—— — cos—— ) — — sin = 
v=1 l l B 


This equation may be reduced by the use of the familiar relation 


_ UTX Tx 1 wt i)rx 1 . @w—1)rx 
sin —— Cos ~~ =~ sin si 


and by a rearrangement of its terms, to appear in the form 


nat _ kre 2a] . rx 
(6.9) » [Dj,441 + Q;Dj,x + D;,x-1| sin j + | Dit — B sin j = 0, 


k=1 
the coefficient q; being specifically 


TX; 
(6. 10) q; = — 2 cos — 


? 


and D;.. and D;,, being zero. 
The equation (6.9) is identically fulfilled if the multipliers D;,, satisfy the 
system 


D;,0 = 0, 
D541 + QjDj,% + Djin—1 = 0, k = 1, 2, mes (n a 1), 
Dijin = 0, 


and furthermore 
2a 


Din = —* 


This system is precisely that which is discussed in the appendix I, the coefficient 
(6.10) being that one of the values (I. 5) for which the system admits the solu- 
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(I. 6) with »v=j. The free coefficient A; in this may be determined, more- 
over, to yield the value prescribed above for D;,,1, and is thus found to have the 
value 2a/6 sin (n—1)jz/l, or because of the relations (6.2) 


A; = (— 1) Zax 
TX; 


sin —— 
p l 


The evaluation of the multipliers which thus results is 


. TX; 
2a sin —— 


(6.11) Dj, = (— 1)! ——__—_—__ 
_ WX; 
B mT 


and with these the equation (6.3) reduces by virtue of the values (6.6) to the 
form 


n—-1 


(6. 12) ®,(x;)c; = >, D;.F). 


pol 


It only remains, therefore, to determine the value of ®,(x;), and this may be 
done as follows. The formula for @,(x), as it is given by the equation (6.8), is 
indeterminate at x=x;. By an application of l’Hospital’s rule, however, its 
limiting value is found to be 


NTN; 


na COS 


. TH; 
— B mT 


namely because of the definitions (6.2), 


®;(%;) = (— 1) 
WX; 
B sin 1 


This result, together with the evaluations (6.11), causes a final reduction of the 
relation (6.12) to the form 


2 7! VUX; 


>> F, sin 


N y= 


? 


(6.13) Cc; = 


and therewith the coefficients in the equations (6.1) have been determined. 
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CHAPTER 7 


Lagrange and the vibrating string. [8] In the controversy over the problem 
of the vibrating string Lagrange was inclined on the whole to enlist himself 
upon the side of Euler. To support himself in this position he undertook to re- 
examine afresh the behavior of the weightless loaded string with an unspecified 
number of particles, his explicit purpose being to elicit from this a proof that in 
the case of the continuous string no restrictions upon the shape of the curve 
marking the initial position are requisite. His method in this has become a 
standard one. As do the deductions of the preceding chapter, it hinges primarily 
upon an introduction of undetermined multipliers. By this means he carried 
through, as we shall see, a general integration of the differential equations for 
the string’s motion, and thus displayed in terms of explicit formulas the de- 
pendence of the string’s position at any instant upon its initial shape. 

The differential equations for the particles of the loaded string of the length J 
under the tension 7, with x particles of total mass M located respectively at the 
points 


kl 
(7.1) Xv, =) (k= 1,2,---,(u—1) 
nN 


were deduced in chapter 3 and are given under (3.5). If the initial ordinates of 
the particles are denoted by f;, and if the particles spring at t=0 from the state 
of rest in these positions, the boundary relations to which the differential equa- 
tions are to be subjected are 


yu(O) = fr, 


(7.2) al 
dt Ir=0 


= () k=1,2,---,(n—1). 


? 


Let the equations (3.5) be multiplied respectively by unspecified constants M,. 
The addition of them then results in the single equation 


n—1 d*y;, na\2 21 
» Mi, = (“*) >» Mi\ yey — 2 Vk + Ve-1 4, 


kel at? l k=l 


and this, under a re-grouping of its terms, together with the evaluations 
M,)=0, M,=0, takes on alternatively the form 


ik n—-1 na 2 n—!1 


dt? p=4 k= 


Consider now the possibility of so choosing the multipliers Mj; as to make the 
corresponding terms of the two sums in the equation maintain a fixed ratio to 
each other. With a constant of proportionality y, the condition upon the multi- 


LAGRANGE AND THE VIBRATING STRING 25 


pliers is then this, that they may comprise a solution of the linear algebraic 
system 


Mo = 0, 
(7.4) Morar — 2M, + Me-1 = YM, k=1,2,---,(m-—1), 
M, = 0. 


This, however, is precisely the system (I. 1) of the appendix I, with (—y-—2) 
in the réle of the coefficient g. The values of y for which the system is non- 
trivially solvable are thus found from the relations (I. 5) to be (n—1) in num- 


ber, namely y=y,,v=1, 2,--++, (w—1), with 
VT 

(7.5) Y = —4sin?—- 
2n 


Upon designating by the symbols M,,, those multipliers M; which satisfy the 
system when vy has the value (7.5), we find from the formulas (I. 6) the respec- 
tive evaluations 
_ ker 
(7.6) | M,,. = A, sin —» k=0,1,2,--:,n, 
n 
the coefficient A, being arbitrary. 
Let o,(¢) be used now as an abbreviation in the sense 


Me xyeld). 


k=l 


(7 . 7) g(t) 


The differential equation (7.3) with its boundary relations (7.2) may then be 


written in the form 
dc, (“) 
= VYvl — J op, 
dt? l 


n-l 
a ,(0) = » M,, «fr, 
k=1 
doy 
| = 0. 
dt 11-0 


This is a differential system which is easily solvable by elementary means. Its 
solution is 


o(t) = ( > fiM») cos (v=7. ~), 


k=1 


namely, in terms of the evaluations (7.5), (7.6), and (7.7), 
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* cos (= ; =). 
Cos sin — 
l 2n 


Inasmuch as the index p is free to take the values 1, 2,---, (n—1), this is a 
system of (n—1) equations. 

In structure the system (7.8) is evidently of the form (6.1) with the values 
ye(t) in the place of unknowns c;. Its solution is therefore given by the formulas 
(6.13) to be 


2 2-1 a1 Xx; 2nat 
(7.9) yi) =— DD Se sin —— sin = cos ( sin =), 


p=z1 k=l 


(7.8) = yn(£) sin See -> fi sin — 


j=1,2,---,m-— 1). 


With this result Lagrange’s integration of the equations of motion is complete. 

It is suggestive for our purposes to consider the formalisms of a passage from 
the discretely loaded string to the continuous one upon the basis of Lagrange’s 
formulas. If in the equations (7.9) the notational changes indicated by the sub- 
stitutions of x and y(é, x) for x; and y,(t), of s, and f(s.) for x, and f;, and of 
As for I/n, are made, the formula assumes the aspect 


VO 
9 nt ; ; sin (=*) 
S/o vTs VIX yra nN 
y(t, 4) = 7 > ( >, f (sx) sin - As) sin TT cos _——_____—_ 
v=1 k=1 


As n is indefinitely increased the relation 


maintains for each value of v and from the very definition of the definite integral 


lim > f (Sx) sin — 


~ As -f f(s) sin as 


These relations suggest as the limiting form of the solution (7.9) the formula 


0/2 Y S t 
(7.10) y(t, x) = =(+f f(s) sin — is) sin — cos — . 
p=l 0 


It will be noted at once that this is precisely of the type of the solution (5.1) for 
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which Bernoulli had insisted upon holding out. In it the initial position of the 
string is along the curve whose ordinates are f(x). At the instant t=0 the 
formula (7.10) thus reduces to the form 


(7.11) f(*) = (= f f(s) sin — as) sin _ 


The representability of an “arbitrary” function by a series of sines in precisely 
the manner (1.3), (1.4), would hereby seem to be unmistakably presaged. 

Although Lagrange carried out a limiting analysis upon his formula (7.9), it 
varied in some respects from that outlined above. His comparative result was 
the relation 


(7.12) yt, x) = —f (x >> sin — sin — cos ynat o) fas, 


which differs from (7.10) in having the order of the integration and summation 
reversed. This form has the disadvantage of involving a series which is obviously 
divergent, a matter which was readily seized upon by opposing critics. Beyond 
that, both limiting considerations are open to criticism upon a number of ac- 
counts, for they fail to distinguish between the results of analytical operations 
upon an infinite series as a whole and upon the terms of the series individually. 
These distinctions, so essential to rigor, were but imperfectly understood at the 
time. 

While in the manner shown the formula (7.9) could easily have led to the 
conclusion (7.11), it remains a fact that it did not do so. In deducing the form 
(7.12) Lagrange was bent upon a different purpose, wholly remote from that 
of proving any such a theory as would be implied by the relation (7.11). In- 
deed, when such a theory was announced by Fourier more than a half century 
later, the then aged Lagrange is said to have remained incredulous of it. 


CHAPTER 8 


Euler’s determination of the coefficients. In the latter half of the eighteenth 
century the properties of trigonometrical series were very much to the fore of 
mathematical interest, and numerous memoirs were written during that time 
upon one phase or another of the subject of the representability of functions by 
means of such series. In the main, however, these papers advanced the general 
theory but little. They may well be left aside in the present discussion as of 
only subordinate interest. A conspicuous exception to this, however, is a work of 
Euler’s which he appears to have written in the year 1777, although its publica- 
tion was deferred until 1793, some years after his death. Concerned with func- 
tions known upon some grounds or other to be representable in terms of a cosine 
series of the type (1.5), Euler deduced in this work the formula (1.6) for the 
coefficients [9]. 
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If f(x) is any function which in terms of the variable £, under the relation 
£=cos rx/l, is expansible for —1<£<1 in a convergent power series )/ 7 9c,£/, 
then f(x) clearly admits of representation by a cosine power series of the form 


“ WX 
(8.1) f(x) = >> c; cosi —, 
j=0 l 
over the interval (0, 7). For each term in this, however, there maintains a re- 
spective trigonometric identity (cf. appendix III), namely 
Tx 1 I (’) (7 — 2u) rx 
>» cos TT 


cos? —— = — 
l 27-* po \M 


with [j/2] designating the greatest integer not exceeding j/2. The substitution 
of these evaluations into the equation (8.1) and the subsequent collection of 
terms of like character, give the equation formally the aspect 


Tx 
(8.2) f(x) = — >; + ya, cos 
pol 
This is the type (1.5). It will be clear that a rather extensive class of functions 
f(x) fulfills the assumptions that are basic to this reasoning. 

The argument given, although it is adequate to permit an inference of the 
form of the representation (8.2), is readily seen to be quite far from being prac- 
tical. It yields neither an easily applicable nor a generally lucid method by 
which the coefficients a, therein may be quantitatively evaluated. Since the 
series converges, it may, of course, be inferred that 
(8.3) lim a,=0. 

yp 0 
From this slender source Euler succeeded in deducing an evaluation of the 
contants a, which is directly referable to the function f(x) in question. 

Let the symbol ,,, for any integer m and any indices o, 7, be defined to have 


the values 
n, if o = 7 (mod 2n) 
(8.4) Ne = 


0, if o #7 (mod 2n). 
There is, then, a trigonometric evaluation (cf. appendix IV) to the effect that 


—1 
(8.5) ¥ cos 2% = —* [1 + cos on] + te 


p=1 


From this a certain related formula can be easily deduced. If the equation (8.5) is 
written successively with o replaced by (v-+k) and by (v—2), an addition of the 
results yields directly the equality 
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| co 


p= 


>| uv + k)r uv — “= 
5 ——_——_—— + cos —————_— 
nN nN 


= — [itdcos(v+ k)r +4 cos (vy — Rr] + mipio + M-x,0, 
and this is contractible in an obvious fashion into the formula 


v9 


n—~1 ukr 
(8.6) >. 2 cos —— cos — = — [1+ cos ka cos vr] + myx + My ~K- 
p=l1 n nN 
Consider now the representation (8.2). If this is multiplied by the factor 

2 cos (uka/n) and is then evaluated at x=yl/n, it yields the equalities 


ukr 


pl uka ka © evar 
2(*) cos —— = a) cos—— + ). a2 cos—— cos — - 
nN n n yal n n 


When these are summed with respect to w the constants d) and a, appear with 
coefficients that are given by the formulas (8.5) and (8.6) respectively. It is 
thus found that 


ml ful k —a ia 
2 > (=) cos —— = ; . [1 + cos kr] — >) a,[1 + cos kr cos vr | 


p==l 


+ donk, + » ay| ny, x + ny,—k|. 


pol 


This relation can be materially reduced. In the first place it will be found on the 
basis of the definitions (8,4) that for k=0, or for R>0 and n>k, 


Aonx,o + 3 ay [ty ,2+m,-~| = n| as + p> (@onx—k-+ coat) ; 
In the second place the formula (8.2) itself yields the equation 

f(0) + f(2) cos kr = = [1 + cos kr] + > a,[1 + cos kr cos vr. 
With these evaluations, however, the formula (8.7) is simplified into the form 


n—1 l Ruw © 
(8.8) 2>i(~) Cos — = NA, — [ f(0) +- f(1) cos kir| + n>, (Genr—k + Genr+h)- 


Let the notational substitutions s, =pl/n, As =1/n, now be introduced. These, 
together with a division by n, give to the equation (8.8) the form 


Rrsy 


n—1 1 — 
“ >, f(su) cos As = a, — — [7(0) + f@ cos kr] + D2 (Genre + Genrth)- 
\=1 


p=l l 
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In this ” is now to be permitted to become infinite. Since each term de,,4,1n the 
final sum approaches zero by virtue of the relation (8.3), and the term in 1/n 
does likewise, the right-hand member of the equation has as its limit a;. The 
limit of the left-hand member being a definite integral, the conclusion is that 


2 l kas 
(8.9) —f f(s) cos —— ds = Oy. 
0 


Herewith the problem was solved. 

Once in possession of the formula (8.9), Euler recognized the more direct 
manner in which he might have found it, and by means of which a verification 
of it might be made. This is, namely, the procedure now generally familiar, of 
multiplying the representation (8.2) by the factor cos (kx/l), integrating it 
then term by term and applying the elementary evaluations 


0, iif vk, 
t pre krx 
(8.10) J cos —— COs 5 dx = 41/2, if v= k#¥0, 
if »=k=0. 


To this day the constants a; as given by the formulas (8.9) are still widely 
known as the “Euler coefficients” of the function f(x). Such an attribution 
seems, however, to be somewhat over-generous if representations (8.2) of arbi- 
trary functions are in question. Euler was consciously concerned only with such 
functions as were known upon other grounds to be representable in.a cosine 
series. The crucial observation that the formulas (8.9) are significant for func- 
tions of a much wider class than those which, for instance, are representable in 
the manner (8.1) apparently escaped him. There is no evidence, either in this 
connection or in any other, that he ever receded from his opposition to Ber- 
noulli’s claim that arbitrary functions submit to trigonometric representation 


CHAPTER 9 


Fourier and the theory of heat. In the interior of a material body heat is in 
general distributed in a manner that is both non-uniform and fluctuating— 
that is to say with temperatures that vary from point to point and from time 
to time. The distribution of temperatures throughout a body is, therefore, 
naturally determined by a function of the codrdinates of position and time. 
What the precise form of this function is, in any particular case, depends in part 
upon the thermal properties of the material of which the body is constituted— 
its density, specific heat, and conductivity—but also in large part upon the 
instantaneous state in which the body finds itself at some specific time, and 
upon the conditions which thereafter maintain upon its surface. 
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In the early years of the nineteenth century Fourier devoted himself to an 
analysis of this temperature function 7, and deduced from physical funda- 
mentals [10] the fact that it must satisfy a partial differential equation of the 
form 


(9.1) Vr = Kk? — 


In this x? is a positive constant whose value is determined by the thermal 
properties of the material, whilc V°7 is the so-called “Laplacian of 7.” In terms 
of rectangular coérdinates this differential expression is 


027 027 027 


——— oO ———~ ) 
Ox ay? 02" 
if all three of the coordinates x, y, 2, are significant, or, more simply 


027 027 O0*r 
0x7 ay? 0x? 


respectively, if the only space coérdinates are x, y, or merely x alone. A tempera- 
ture function must accordingly solve a partial differential equation such as (9.1). 
In any specific instance it must be that solution of this equation which takes on 
those values which apply at some specific instant ¢, and which furthermore ful- 
fills upon the body’s surface the thermal relations that maintain there. 

A simple and familiar physical formulation illustrates this and will serve also 
to show the relevancy of this subject of the flow of heat to the basic matter be- 
fore us, namely that of the representation of arbitrary functions by the means of 
trigonometric series. Consider a homogeneous material bar in the shape of a 
right cylinder of the length / and of any cross section. We may choose our co- 
ordinate system so that the direction of this bar is that of the x-axis with the 
end faces of the bar located at the points x =0 and x =/. Let it be supposed now 
that at some specific instant, which may be designated as ¢=0, the temperatures 
at all points within the bar having the abscissa x have the common value f(x). 
From this instant onward each end face of the bar is to be held constantly at 
the temperature zero, while the lateral surface is insulated against the passage 
of heat. Except in the trivial case in which f(x) is everywhere zero, heat will flow 
within the bar, and the lines of flow will be parallel to the x-axis. The problem is 
to determine the temperature at any point of the bar at any instant subsequent 
to the initial one, namely to determine the function r(x, f) for 0<x<J, and #>0. 
The relations from which this is to be done are in this case evidently the dif- 
ferential equation 
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Or OT 
(9.2) — = *—,; 

Ox? Ot 
the boundary relations 

_7(0, 4) = 0, 


(9.3) 
7(1,#)=0, #>0, 


and the initial condition 
(9,4) t(x,0) = f(~), O<x<1. 


Fourier’s method of attack upon a problem such as this is one that is still 
widely current in practice, namely the method of the “separation of variables.” 
Let us, to begin with, seek a function 7,(x, ¢) to fulfill the equations (9.2) and 
(9.3), while being of the form of a product of a function of the single variable x 
by a function of the single variable ¢, namely 


(9.5) Tr(a, b) = or(x)pr(2). 


Upon substituting this form into the equations in question, it is found that these 
are satisfied if the function ¢,(x) fulfills the system of relations 


a2 
(i) Jap P28) 1 Datel) = 0, 
x 
(9.6) 
(ii) (0) = 0, 
(iii) (1) = 0, 


with A, designating a constant, provided that with this same constant the func- 
tion y,(¢) fulfills the equation 


d 
(9.7) ra + A, r(£) = 0. 
As a solution of the ordinary differential equation (9.61) the function ¢,(x) must 
familiarly be of the form 


o(x) = by sin VA, Kx + y), 


in which b, and y, may be any constants. It will fulfill the condition (9.611) if 
v,=0, and then also the condition (9.6i1i) if +/A, is any multiple of the constant 
z/xl, namely, when 


(9.8) = (=), 
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with v an integer. The associated solution of the equation (9.7) is then clearly 
v(t) — en? }K7 1") 


Through the formula (9.5) it has thus been found that the equations (9.2) and 
(9.3) are satisfied by the function 


VX 
(9.9) T(x, t) = bye ala 1?) t sin 7” 


in fact by each of the infinite set of functions obtained from this formula by 
setting v=1,2,3,---. 

Now it is a characteristic property of linear equations or of any system of 
such, that the sum of any set‘of solutions is itself a solution. One is motivated 
thus to infer from the set (9.9) a formal solution having the structure 


= vox 
(9.10) 7(a,t) = >> bye 07971717) sin —- ; 


p== 1 


Aside from questions of convergence which are clearly to be raised in this con- 
nection, a primary matter still to be dealt with is the fulfillment of the condi- 
tion (9.4) whatever the function f(x) may be. Upon substituting the value ‘=0 
into the formula (9.10), this is seen to devolve into the relation 


a VU X 
(9.11) >> b, sin = f(x), O0<a<i. 
p==1 
The question of the representability of any function f(x) in a series of sines is 
thus clearly brought into issue. 

We propose to review in the following chapters Fourier’s mode of coping with 
this problem. There are a number of reasons why a consideration of this may be 
regarded as worthwhile and of interest. It is, to begin with, ingenious and skill- 
ful. Aside from that it is a notable exemplar of work in the spirit of mathe- 
matics in the eighteenth century. Although this theory of Fourier’s was actually 
created in the next century, and was crowned by the prize of the Academy of 
Paris in 1811, its disregard for rigor was even then outmoded and seemed, in 
fact, to run counter to the better standards of which Fourier himself was 
conscious. It is a formalism—no more—a play upon symbols in accordance 
with accepted rules but without much or any regard for content or significance. 
As such it has, of course, no place in the mathematics of our time. Fourier’s 
work has had the profoundest effect both upon the development of pure mathe- 
matical concepts and upon the extension of the range of mathematical applica- 
tions to the sciences and technology. These deserts, however, sprung in the main 
from Fourier’s interpretations and not from his manipulations. It was, no doubt, 
partially because of his very disregard for rigor that he was able to take con- 
ceptual steps which were inherently impossible to men of more critical genius. 
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CHAPTER 10 


Fourier’s formal solution of his problem. [11] In the study of a representa- 
tion (9.11) it comes to a mere matter of the choice of a unit of measurement to 
identify the length / with the value 7. We shall suppose this to have been done 
since an appreciable formal simplification results from it. To summarize the 
problem at issue, then, it is that of determining from any given function f(x) 
a set of constants 6, such that 


(10.1) > b, sin px = f(x), 


for 0<x<r. 
Fourier began his considerations of this relation by substituting in it for each 


sine function its power series equivalent, namely 


ro) — 1 n—1,,2n—1 
n=] (2n — 1)! 


Upon interchanging the order of the summations, an operation which was at 
that time generally resorted to without question, the relation (10.1) was made 
to appear in the form 


(— 1)" 
f(x) — aonb ,) end, 
n=1 (2n — 1!IN\ja 

The function f(x) has thus been related to a series in powers of x, and since such 
a series must, in fact, be its MacLaurin series 


a | 
(10. 2) fe) = Le F/M Oat, 


in which f!*l(x) stands for the kth derivation of f(x), it was to be concluded by a 
comparison of the coefficients of like powers of x that f!1(0) is zero whenever k 
is even; and that otherwise 


co 


(10.3) >> v2rlp, = (= 1) 1f22-11(0), n=1,2,3,---. 
p=] 

The effect of this consideration has thus been to throw the constants 0, into the 

role of the infinitely many unknowns in a system of infinitely many linear 


equations. 
To deal with a system of this type Fourier had to invent his own method. 
He chose to base this upon the use of a chain of ordinary algebraic systems 


(10.4)  1B,(r) = dalr), n=l,2er-yr, 


po] 
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of arbitrarily large degree 7, the relevancy of these to the infinite system (10.3) 
to be assured by an adoption of the relations 


(10.5) on(%) = (— 1)*-1f2"-11(0), n=1,2,3,---. 


Inasmuch as the solution 8,(7),v=1, 2, ---,7, of the system (10.4) is unique, 
whatever the degree r may be, it was tacitly assumed that the solution of the 
infinite system could be inferred from those of the finite ones in the manner 

(10.6) ; By( 2 ) = p,, p= 1, 2, 3,°°° e 


In the system (10.4) let the mth equation be multiplied by r? and let the next 
following equation then be subtracted from it. If this is done for each value of 
n from 1 to (y—1) the result is the system of equations 


(10.7) > y2—1f Tr? — »2]B,(r)} = rba(r) — bayil(r), m= 1,2,-°+, (7-4). 


This suggests imposing upon the members @¢,(r) the relations 
(10.8) robn(r) — bntilr) = oalr — 1), n= 1,2,---,(r— 1), 


for, since the coefficients of the system (10.7) will then be precisely those of the 
system given by the equations (10.4) when 7 is replaced by (r—1), it may be in- 
ferred that the unknowns (7?—v?)G,(7) in the one case and 6,(7—1) in the other 
case, are, in fact, the same, namely that 


B.(r — 1) 
Bi) = 
By suitable iterations of this relation it is evidently found that 
(10.9) B,(r) = a) r> VY; 
I] (n? — vp?) 
n=v+1 


whence it follows by a simple formal step from the finite 7 to the infinite, that 


By(v) 
TL 1) 


n=)-+1 


(10.10) b, = 


To any modern investigator this conclusion could, of course, be only mean- 
ingless, for the infinite product involved in it is manifestly divergent. Nor is the 
source of this unfortunate result difficult to trace. It lies, namely, in the naive 
adoption of the relations (10.8) in the face of the fact that these are quite in- 
consistent with the previously adopted assignments (10.5). It requires no keen 
critical faculty to observe at once that under the formula (10.9) the sequence 
of values 8,(r) inevitably converges to zero with 1/r and hence that no conclu- 
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sion other than that of the vanishing of each coefficient 6, would be logically 

admissible. Fourier had no intention whatsoever of drawing that conclusion, 

and hence proceeded undismayed with the analysis of his formula. In so doing 

he found, quite naturally, that the divergence it already involved could be 

formally compensated for only by the introduction of still other divergencies. 
Let the determinant D(x) be defined by the formula 


1 2 -++@=-1) « 

1828 wee — 18 
(10.11) D(x) =| 15 28 + (p—- 198g’, 

12-1 22-1 ce (y — 1)??-1 rr 


and let the cofactor of its element in the 7th row and jth column be denoted by 
D;,;. Then since the determinant of the system (10.4) when ¢ =p is precisely D(v), 
it is seen at once that by Cramer’s rule 


> Dn, von{v) 
n=1 
10.12 y) = 
( ) B,(v) Dov 
This formula can be made much more explicit. The determinant D(x) is, in the 
first place, found to admit (cf. appendix V) of the evaluation 


(10. 13) D(x“) = (—- 1D, ,« TI] (n? — x7), 


n=l] 


Upon expanding the left-hand member of this equality by the elements of its 
last column, and by agreeing to define the coefficients c,(r) for any value of 7 not 
less than v by the relations 


(10. 14) Il (n? — x7) — > Cn(r) 02"—2, 


n=1 nz 


it evidently follows further that 


> Dry X?*! = (— 1)" D,, >, Cy(v) 027-1, 
n=1 


n=] 


Now in any identical equation between polynomials or power series, the 
coefficients of like powers of x in the two members of the equation must be the 
same. It will be seen at once that because of this the substitution of any quantity 
whatsoever in the place of any specific power of x will not destroy the equality. 
In the equation above, therefore, the replacement of x?"—! for each value of n 
by the respective quantity ¢,(v) is legitimate. It leads to the result 
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> Dnawonlv) = (— 1) Dy cal) ba(0), 


n=] n=] 


and this, together with the value of D(y) that is obtained from the relation 
(10.13), yields upon substitution into the equation (10.12) the formula 


> Cn(v) bal) 
(10.15) B,() = — 
Il (n? — py?) 


Let it be observed now that the removal of the factor (r?—x?) from the left- 
hand member of the equation (10.14) has the mere effect of reducing the index 7 
to (r—1). From that relation it is thus seen that 


r r—1 
D calr)a2e-? = (7? — 02) Veale — 1am, 
n=1 n=1 
namely that 
r r—~1 
DS Cnr) 02"? = D> cn(r — 1) [120222 — 42], 
n=1 n=] 


If in this each power x?/ is replaced by the respective value $j41(7), it follows 
because of the relation (10.8) that 


D ca(r)balr) = Leealr = Vda(r ~ 2). 


The sum on the left of this equality is thus independent of 7, and this having 
been established it is a simple formal step to write 


(10.16) Y calo)onlo) = Yo eal) ¥n( 0). 


It was familiar in Fourier’s time (c.f. appendix VI) that 


eo x? sin rx 
f(-2)-22 


TX 


a relation which in a formal sense, if in no other, yields the formula 


IT @-)=( I #)(i-4) ==. 


n=1,nx¥v n=1,nx<v v TX 


Upon replacing the left-hand member of this by the equivalent series (10.14) 
and substituting on the right the series equivalents 
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sin rx 2 (— 1) Fe? 
— >» 2-2 
TX k=1 (2k — 1)! 


it becomes 
oe) oe) 
>» Cy (0) 27-2 = ( II n*) > > gate h—2, 
n=1 


The procedure of replacing each power x?/-2 by ¢;() leads from this to the 
equation 
(— 1) k-1,-2k—2 


Decal 2 a) -( II nt) etal), 


n=1,n¥v 
or, by virtue of the relations (10.5) and (10.16), to the relation 
Fawaw =( Ht w) SS Coe 
Cn v) bn v) = ( n*) —___—_—_—_——. f[2a+2k—-1](Q), 
n=l n=1,nxév q—0 kai v74(2k — 1)! J ©) 


With this result the formula (10.15) for B,(v) becomes wholly explicit, and 
through it the formula (10.10) assumes the form 


co 


II n* re) (— 1)2 re) f 2at2k-11(Q) 


(10.17) by =~" ____ = Grob 
=0 4 k= — ; 
y (n? — v2) ° 
i 


Inasmuch as all quantities in the right-hand member of this are to be regarded 
as known when f(x) is known, this result amounts, at least in a formal sense, to 
an evaluation of the constant 0,. 


CHAPTER 11 


The reduction and interpretation of the solution. [12] The result (10.17), 
although it formally accomplishes the task originally set, namely the construc- 
tion of a formula through which the coefficients b, are expressed in terms of the 
given function f(x), will nevertheless hardly be found completely satisfying. For 
the purposes of practical calculation, namely, some reduction of its intricacy 
would clearly be imperative, and Fourier, realizing this, turned his attention to 
its simplification. His effectiveness in achieving this is eloquent commentary 
upon his skill in analytical manipulations. 

Consider, to begin with, the product of the values (n*—v?) which the formula 
contains. The first (v—1) factors of this are negative and have as their product 
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v—1 v—1 
(— 1) [] o-» I] 04m. 
n=l n=1 
The product of the remaining (positive) factors may be written in-the form 
Il @-») II @+»), 
n=v+l1 n=v+1 
and thus, by simple changes of the index in each of the partial products, the 


entire expression may be made to appear as 


y—1 2vy—1 


(-) Jn I «Jin IL » 


m=1 n=r~4+1 n=1 n=2r4+1 


Since in this each natural integer except v and 2v occurs twice, the excepted 
ones occurring just once, an alternative form for the product is evidently 


(— 1)! re 
2y* n=1 
It has been found thus that formally 
ro) — 1 y—l1 ro) 
(11.1) II (n? — py?) = oo II n*, 
n=1, nv n=1,nx¥v 
Consider now the formula 
roe) f7-(0) 
11.2 ¢%) = 721 
(11.2) fa) = Do 


which is the equivalent of the relation (10.2) by virtue of the fact that in the 
latter each coefficient fl*!(0) with an even index k is zero. A 2g-fold term by 
term differentiation leads from this to the companion formula 


og _ 00 f?*-(0) 
oe) = 2 (2n — 2g — 1)! 


and if in this x is given the value w and the index of summation is suitably 
changed, the result is the equation 
00 fl?#-2¢-11(() 


(11.3) du Gho Dr qtk-l = fla] (q), 


The substitution of the evaluations (11.1) and (11.3) into the formula (10.17) 
causes a reduction of this latter to the form 


(- dial 


2dor 


(11.4) b, = an —F1)"- >» 
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The infinite series which still appears in this result suggests the formal 
definition of a function u(x) by the relation 


ua) = LDL, 


q=0 perth 


Upon differentiating this twice term by term and thereupon adjusting the index 
of summation, it is found that 
2 (= t)afleal(x) 
” — _ 2 
Uu (x) = Vv >» oa. ’ 
q=1 id 
and hence that 


u(x) + v?u(x) = vf(x). 


This is a differential equation of an elementary type. Its reduced equation is 
solved by the function (c; sin yx+cez cos yx) and from this fact the method of 
“variation of parameters” [13] leads readily to the conclusion that the equation 
itself has a solution 


U(«) = f “#(s) sin v(x — s)ds. 


This is, of course, verifiable at once by direct substitution into the differential 
equation. Upon setting x= 7 it is thus found that 


(11.5) U(r) = (- yf A sin ysds. 


Let the integral in this formula now be integrated by parts 2n times in 
succession, the trigonometric factor being each time the one to be integrated. 
Since, as may be seen from the formula (11.2), every even ordered derivative of 
f(s) is zero at s=0, while the function sin vs vanishes at both s=0 and s=7, the 
result of these integrations is the relation 


se pyen@) (ope 


T 
— [2n+2] ° 
y2atl eat J f (s) sin ysds. 


U(r) = 


q=0 


By the step from the finite 2 to the infinite the formal relation 


0 6 (— 1)2fl22) (7 
= | )efla)(m) 


p2atl 


U(r) = 


) 

q=0 
may be drawn therefrom, and this together with the formula (11.5) yields the 
equality 


0 (— 1)9fl[24](4 us 
i > Oo = (— yf f(s) sin vsds. 
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By virtue of this the formula (11.4) is now once more and finally reduced to the 
form 


2 v 
(11.6) b, = —{ f(s) sin vsds. 
Td 9 


This is, of course, the familiar formula in virtue of which the coefficients b, are 
generally known as those of Fourier. It is the formula (1.4) for the special case 
in which /=7. 

Elegant though the conclusion (11.6) unquestionably is, the verdict of any 
critical appraisal of Fourier’s accomplishment to the point of its derivation must 
inevitably be profoundly disappointing. As to the result, in the first place, that 
was not new. It had been contained in the mathematical literature for over a 
decade—to be precise, since the publication of the memoir of Euler that was 
discussed in chapter 8. While, to be sure, Euler’s results applied only to func- 
tions of a certain class, that is no less true of Fourier’s, since his deductions 
were based upon such material restrictions as the representability of the func- 
tion f(x) in power series of the form (11.2) that converge when x=7. 

Nor could any advantage be claimed by Fourier in the matter of method. 
On the contrary—and even leaving aside the important fact that. by its em- 
ployment of divergent processes it divested itself of all rigorous validity—the 
method of Fourier suffers in almost every respect by comparison with that of 
Euler. The device of referring the problem to a system of linear equations, 
ingenious though it is, is nevertheless quite foreign to the nature of the problem. 
The trigonometric functions are conspicuously endowed with many peculiar 
properties and fulfill a great many characteristic interrelationships. Of this im- 
portant fact Fourier’s approach in no way avails itself, while Euler’s, by contrast, 
exploits it to the utmost. In cutting directly to the heart of the matter Euler 
thus attained his result more perspicuously and incomparably more cheaply. In 
this respect the superiority is all his. 

With the priority and preference in manipulative matters thus denied him, 
Fourier’s claim to renown must be based upon other grounds, and these are, 
namely, those of interpretation. Approaching the formula (11.6) afresh, without 
regard for the manner of its derivation, it was observed by him that through it 
each coefficient b, admits of interpretation as the area between the abscissas 
x=0 and x=7, and under the graph 


(11.7) y= 2 Hx) sin px. 


Such an area is evidently conceivable, and retains its clear-cut significance, in 
association with functions f(x) that are in a very general sense quite arbitrary. 
Certainly these functions need not be assumed to be continuous or expansible 
by any simple analytical formulas. They might be graphically defined and 
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might well represent distributions of functional values that are extremely er- 
ratic. On the basis of such considerations Fourier concluded that any and every 
function f(x) had associated with it a set of constants ),. 

From this fact alone it would not follow, of course, that with such coefficients 
the representation of the function f(x) by a series (10.1) would result. As has 
been seen in chapters 1 and 5, the masters of the eighteenth century had re- 
jected such a possibility as manifestly absurd. In this matter, however, Fourier 
was willing to disregard opinions and precedents, however well established, and 
to look further for himself. From calculations of the coefficients b, with small 
indices v in the cases of a great variety of functions f(x), and from subsequent 
plottings of the respective initial segments of the resulting trigonometric series, 
he came to convictions upon two salient points, namely: (i) that the series (10.1) 
always represents the function over the interval 0<x <7, and (ii) that in general 
this representation does not persist for values of x outside that interval. 

Fourier’s announcement of these facts was quite generally met with in- 
credulity. Even the mass of his substantiating evidence won, in many cases, only 
grudging and reluctant acceptance. The implications behind the new assertions 
were too revolutionary to be easily assimilated. They called for no less than a 
fundamental revision of many concepts that were wholly traditional, some of 
them lying at the very basis of mathematical analysis. On the other hand 
Fourier’s new theory did now finally vindicate the half century old reasoning of 
Daniel Bernoulli by which he had convinced himself, if no others, that any curve 
from which a taut elastic string could spring into vibration could be represented 
by a trigonometric series. 


CHAPTER 12 


The Dirichlet integrals. Once Fourier had deduced the formula (11.6), he, 
like Euler before him, observed that in a schematic way the result is recoverable 
in a most direct and simple manner by the mere expedient of multiplying the 
relation (10.1) through by sin ux with any natural integer yu, and then integrating 
term by term over the interval (0, 7). The infinite series reduces under this 
process to a single term, because of the evaluations 


(12.1) f sin yx sin pxdx = 0, fory ¥ mt, 
0 


and the formula for 5, thus emerges. The procedure is obviously adaptable also 
to the case of a cosine representation 


(12.2) f(x) = > + >° a, cos vx, 
p=] 


the evaluations 
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(12.3) f cos yx cos pxdx = 0, for vp ¥ p, 
0 
leading in this case to the formulas 
2 T 
(12.4) Ly = =f f(s) cos ysds, — 1, 2, 3, eee 
TJ 0 


An extension of these results to the case of a function that is given over the 
larger interval (—7, 7) is of importance and is easily deduced. Through the 
relation 


f(x) = fo(x) + f(x), 
with 
fo(x) = $Lf(~) — f(- )], 
fox) = $[f(x) + f(— »)], 
the function f(x) is expressed as the sum of two components of which the first 


one is an odd function and the second one even. Now the relations (10.1) and 
(12.2) for these respective functions, namely 


fo(x) = >> d, sin va, 
y=1 


a [oe] 
fe(x) = > + » dy COS vax, 
p=l 


obviously remain quite unchanged if x is replaced by —x. Any validity they may 
have over the interval (0, 7) therefore implies the same over the larger interval 
(—7, 7). It follows at once that for the originally given function the representa- 
tion in question is of the form 


co 


(12.5) f(x) = +> [a, cos vx + 6, sin vax]. 


p=1 


The formulas for the coefficients in this are, moreover, easily freed from 
reference to the components fo(x) and f.(«), and may thus be brought to expres- 
sion directly in terms of the function f(x) itself. Since 


T 1 T 
f fo(s) sin vsds = a f f(s) sin vsds, 
0 —T 


as may easily be verified, and also 


T 1 T 
f fe(s) cosvsds = 7 f f(s) cos vsds, 
0 —T 
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the formulas in question are, namely, seen to be 


1 v 
a, = — f f(s) cos vsds, 
Td x 
(12.6) 


1 T 
b, =— f f(s) sin vsds. 
Tv —7 


In the instance that the interval (—7, 7) which has been taken to be basic is 
replaced by the more general interval (—/, 1), the representation (12.5), (12.6), 
is correspondingly replaced by that given in the formulas (1.1), (1.2). 

Let the sum of the first 2N-+1 terms of the series (12.5) be designated by 
Sy(x), thus 


N 


(12.7) Sy(4) = > + >> [a, cos vx + b, sin vx]. 


pu=] 


The substitution of the values of the coefficients (12.6) into this gives it the 
aspect 


Sy(“) = = f "46 - 4 2 cos p(s — adds | 


and this may be contracted by the use of elementary trigonometric relations 
(cf. appendix VII) into the wholly compact form 


sin [W + 2)(s — #)I 
a 
sin [#(s — x) ] 


An equivalent manner of writing this, and one that has some analytic ad- 
vantages, is 


1 wT 
(12.8) Swv(x) = al f(s) 


LW + OG — I], 
nn YS 


(12.9) Sw(x) = =f 7) sin +f "F(s)W(s, x, N)ds, 


(s — 2) 
with the symbols F(s) and V(s, x, N) having the significance 
1 1 
ry of tN 
2r (sin [3(s — x)] 4(s — x) 


V(s, x, WN) = sin [(V + 4)(s — x) |. 
From the latter of these formulas it is easily inferred that 


| W(s,*, N)| <1, and 


< ’ for —-wSa<6PSr. 


B 
f W(s, x, N)ds 


2N+ 1 
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The function Y(s, x, NV) thus possesses the properties: 

(i) that it is bounded uniformly as to N and s; 

(ii) that its integral over any sub-interval of the range (—7, 7) converges 
to zero with 1/N uniformly as to the sub-interval. 
These properties. are sufficient to insure [14] the relation 


im F(s)W(s, x, N)ds = 0, 


(12.10) l 
N- 0 


—TT 


whenever the function F(s) is integrable (in the sense of Lebesgue) over the 
interval (—7, 7). 

Now from the definition of the function F(s) it may readily be seen that 
integrability is assured to it by that of the function f(s) provided the point x is 
in the interior of the interval (—7, 7). Thus for every integrable function f(x) the 
final integral in the relation (12.9) converges to zero, and that relation thus 
implies that 


(12.11) lim Sy(#) = lim =f" f0 sin (WF HG I 
N-> 0 Noo tJ» (s — 4) 


? 


whenever the right-hand limit involved in this exists. This permits us at once 
the conclusion: that any function f(x) which is integrable and which is further- 
more such that for it 


(12.12) lim ~ "49 sin [(W + HG — I = f(x), 
Noo tJ _» (s — x) 


is a function which is representable by a trigonometric series in the manner 
(12.5), (12.6). 

Although Fourier made calculations upon many specific cases, he gave no 
general proof of his ultimate assertion of the trigonometric representability of 
arbitrary functions. Indeed no such proof could have been given, since in the 
omission of all qualifications upon the functions the assertion is too broad to 
be valid. The first proof that was both satisfactory in the matter of rigor and 
ample in the matter of generality was given by Dirichlet in the year 1829. In 
the manner that has been indicated above, this proof was based by Dirichlet 
upon an establishment of the relation (12.12). The integrals involved in that 
relation and‘in (12.8) are accordingly known generally as “Dirichlet integrals.” 
Dirichlet’s proof in its original form, or as it has been improved and refined, is 
to be found at many places in the mathematical literature [15]. We shall, 
therefore, go no further into it here but shall draw this part of the discussion 
to its close. In the following part the primary subject of study is to be a gen- 
eralization of the entire theory in which the representations of functions in 
trigonometric terms sink to the status of special cases. 


PART II 


CHAPTER 13 


The differential boundary problem. Among the most powerful of mathe- 
matical means for the formulation of natural laws are the linear differential 
equations of either the partial or the ordinary type. Varied and diverse as 
physical phenomena certainly are, they nevertheless submit quite generally to 
description by such equations. The flow of heat in material bodies and the 
vibrations of elastic strings under tension are instances of this that have already 
been noted. 

By its very nature as the formulation of a more or less general law, any par- 
ticular differential equation applies, of course, to the entire category of mani- 
festations which the law itself governs. To single out for description any indi- 
vidual phenomenon from such a category, therefore requires that some auxiliary 
means beyond the equation itself be resorted to. This ordinarily takes on the 
form of a set of one or more restricting relations that are expressive of the 
characterizing initial or boundary conditions. The differential equation to- 
gether with such relations is commonly designated as a differential system. It is 
also said to define a differential boundary problem. The system consisting of the 
equations (4.6) and (4.7), for instance, thus defines a partial differential 
boundary problem, namely the one which is descriptive of a certain stretched 
string vibrating with specified end points and initial position of release. The 
equations (9.2), (9.3) and (9.4), define a similar problem, one which describes 
a linear flow of heat from specific initial temperatures and under certain bound- 
ary conditions. 

The method that was employed in the reduction of the boundary problem 
of chapter 9 was designated there as that of the “separation of variables.” Its 
immediate effect was to refer the partial differential system to an ordinary 
system (9.6), this latter having the peculiarity of involving an unspecified con- 
stant or parameter, which was designated by X,. Following the solution of this 
ordinary boundary problem at characteristic values of this parameter, the 
theory led in a natural way to the further problem of representing an arbitrary 
function in terms of the respective solutions. This method was in no way espe- 
cially designed for the problem of chapter 9. It is on the contrary one that is 
highly flexible and of very wide applicability. In the particular instance there 
considered the ordinary differential equation which characterized the problem 
was one whose solutions were trigonometric functions, and it was because of 
that, that the representation of the function f(x) took the form (9.11), namely 
that of the Fourier theory. This feature was special, to the extent that it would 
not even have maintained for the equation (9.2) if the coefficient x? involved in 
it had been dependent upon the codrdinate x, rather than constant. In the fol- 
lowing a discussion is to be framed which is free from such peculiar specializa- 
tions. 
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Let the variable x be real, with the range 
(13.1) asxs4d, 


and on this interval let p(x), g(x), and r(x), be differentiable functions. The sym- 
bol L(¢, Xd) is to designate the differential expression 


(13.2) L(g, +) = ¢” + p(x)’ + [g(x)r + r(x) Jo. 


In this \ is to play the réle of a parameter, the range of which is to be the 
entire complex plane. The differential equation 


(13.3) L(g, X) = 0, 


is, then, one that is regular, in the sense that it has no singular points upon the 
interval (13.1). As an equation of the second order it will, of course, not gen- 
erally be explicitly solvable. Certain facts concerning its solutions are, however, 
familiar. Of these the following ones will be especially relevant to the discussion 
proposed [16]. 

(i) The equation admits of solutions ¢(x, A) that have continuous second 
derivatives as to x, and that are analytic in \ over the entire complex ) plane. 

(ii) There is a pair of such solutions ¢1(x, X), d2(x, A), that are linearly inde- 
pendent as functions of x for all values of 2. 

(iii) The Wronskian Q(x, \) of this pair, namely the determinant 


o1(x, d) do(x, d) 


13.4 ,A) = , 
3.4 ae, ») bi (x, rd) 2 (x, d) 


is subject to the relation 
(13.5) Q(x, r) = Aa, Ree? 4z, 


with Q(a, \) an analytic function of \ that is different from zero for all X. 
(iv) The general solution of the equation (13.3) is expressible in terms of the 
pair @i(x, A), de(x, A) by a form 


(13.6) hoobi(4, d) + hido( x, r), 


in which the coefficients 4, h, are constants as to x, though they may be func- 
tions of X. 

For any equation (13.3) there are known to be infinitely many pairs of solu- 
tions $1(x, A), de(x, A), that have the properties enumerated. Of these pairs any 
one serves in every way as well as any other, and the choice that is made is 
accordingly immaterial. For the sake of avoiding gratuitous complications, how- 
ever, it will be supposed throughout the discussion that when a choice of such a 
pair in the instance of any specific equation has been made, it will be con- 
sistently adhered to. To that extent, then, the designations ¢1(x, A), de(x, A) 
will be understood to apply not to random but to specific solutions. 

Let the symbols G;,;, ¥:,;,4=1, 2;7=1, 2, 3, 4; now denote any constants which 
are such that when 
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(13.7) aA) = Bia + Yan 


then the matrix 


(13.8) 


o1,1(A)  a1,2(A) — e,3(A) — e,4(A) 
ot2,1(A) ata2(A)@2,3(A) a a(A) 


is of the rank 2 for every value of \. In terms of the values of any function 8 and 
its derivative 0’ at x =a and x=), the forms 


(13.9)  Ai(O, A) = aG,1(A)O’(a) + ai,2(A)O(a) + ai,3(A)0’(b) + ai 4(A)O(0), 7 = 1,2, 


are then always linearly independent. Under these circumstances the dif- 
ferential system 


L(u, »\) = 0, 
(13.10) Ai(u, A) = 0, 
A(u, d) = 0, 


defines an ordinary boundary problem. It is this problem which is to be central 
to our discussion. It will be seen at once to include as a special case the problem 
(9.6), and to do that even if in the latter the coefficient x? varies with x. Many — 
other boundary problems that stem from physical origins are also included, as 
will upon occasion be seen in the following. 


CHAPTER 14 


The characteristic values and solutions. Since any solution u(x) of the differ- 
ential system (13.10) must in particular solve the differential equation (13.3), 
it must have the form 


(14. 1) u(x) = hedi(%, d) + hida(x, d). 


Except for the trivial solution u(x) =0, which we shall herewith specifically and 
permanently rule out of this discussion, the values (4, 4» will not both be zero. 
The substitution of this form into the boundary relations of the system give to 
the latter the aspect 


heAr(d) + M1A1,2(A) = 0, 
hoAe.s(A) + h1A2,2(A) = 0, 
in which the abbreviations 
(14.3) Ai,i(A) = A(o,(x, d), d), i,j = 1, 2, 


have been resorted to. 

The equations (14.2) constitute an algebraic system in which the values 
hy, he, function as the unknowns. Since this system is homogeneous its non- 
trivial solvability is contingent upon the vanishing of its determinant A()), 
where 


(14.2) 
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A1,1(A) A1,2(A) 


(14.4) AQ) = Asstt) Avald) |" 


A proper solution of the boundary problem thus exists if and only if X is a root 
of the so-called characteristic equation 


(14.5) A(r) = 0. 


These roots are called the characteristic values (Eigenwerte) of the boundary 
problem. The multiplicity with which such a value occurs as a root of the equa- 
tion (14.5) is also designated to be its multiplicity as a characteristic value. If 
the root is one at which the elements of the determinant (14.4) do not all 
vanish, namely at which the rank of the determinant is 1, it is said to be a char- 
acteristic value of the zndex 1. On the other hand a value at which the elements 
do all vanish is said to be of the index 2. It is not difficult to see that in this 
latter case its multiplicity must also be at least 2, and hence that in every case 


(14.6) (The index) S (The multiplicity). 


There is material advantage to be gained by formally regarding a value whose 
index is 2 as being, in fact, two coincident characteristic values. We shall here- 
with, once for all, adopt this convention. 

The determinant A(A) is an analytic function for all values of \. The number 
of its zeros in any finite region of the d plane is, therefore, finite. Thus, in par- 
ticular, only a finite number of these zeros fulfill a relation |\| <N, whatever the 
constant NV may be, a fact from which it follows that they—the characteristic 
values—may be sequentially ordered in a succession of non-decreasing absolute 
value. With the assignment of subscripts in such a succession, the characteristic 
values thus follow each other in the array 


(14.7) No, Ai, Az, Asp °° * 
In this, then, 
(14.8) [Ar | S| Aral, 


for every subscript 7. Each characteristic value of the index 2 occurs in the 
array twice, occupying, as we may and shall assume, two consecutive positions. 
Each characteristic value of the index 1 occurs just once. 

Consider now any characteristic value \, that is of the index 1. The pairs of 
values (I, he) =(h”, WS) which satisfy the system (14.2), namely for which 


he Ara(dr) + hi Ara(d,) = 0, 


(7) 


(14.9) (r) 
he Aai(Ar) + hi Azer) = 0, 


have in this case members that stand in a fixed ratio to each other. Any such 
pair yields through the formula 


(14.10) Ug(@) = ha br, de) + her G2(a, Ar), 
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an associated solution for the boundary problem, and the solution so obtain- 
able from any other pair is a mere multiple of this. The function u,(x) is known 
as a characteristic solution (Eigenfunkiton) of the boundary problem. 

If now, on the other hand, 4, and A,11 are the designations of a characteristic 
value of the index 2, then at this value the system (14.9) is vacuous since each 
quantity A;,;(\,) is zero. There is, therefore, no restriction upon the choice of 
hi, he, and hence in particular two pairs that are not multiples of each other may 
be taken. These lead through the formula (14.1) to two linearly independent 
characteristic solutions u,(x), U,1i1(”), which we may regard as associated with 
the values A, and A,4; respectively. Thus in every instance each symbol i, has 
associated with it a function u,(x). 

There exist boundary problems that have only a finite number of character- 
istic values or even none at all. There also exists, however, a large class of such 
problems for which the characteristic values are infinitely numerous. It is only 
to problems of this latter category that the continuing discussion will, in all its 
phases, be relevant. 


CHAPTER 15 


The adjoint boundary problem. With the coefficient functions p(x), g(x), and 
r(x), that occur in the expression (13.2) let M(¢, \) be defined by the formula 


(15.1) M(o, ) = 6” — (p6)’ + [q(a)d + r(x) Jo. 


This differential form is said to be adjoint to the form L(q, d). It is customary 
also to refer to it as the adjoint of L(¢, dX). If it is completely written out, thus 


oe” — p(x)d’ + [q(x)rd + r(x) — 9’(x) Jo, 


and its adjoint is in turn constructed, this latter is found to be again the form 
Lig, \). The relationship of being adjoint is thus a reciprocal one, either of 
two forms so associated being the adjoint of the other. For the two adjoint 
forms the equality 


d 
(15.2) YL(¢, A) — MY, ») = We O(¢, ¥, %), 
with 
(15.3) O(d, ¥, %) = o'(x)¥(~) — o(x) P(x) + p(%) O(a) (4), 


is easily verified for any two suitably differentiable functions ¢ and y. The rela- 
tion is thus an identity. It is generally known as the “Lagrange identity,” and is 
the source of many important analytical formulas. 

The notion of the adjoint relationship is extensible in the most direct and 
immediate way to differential equations such as the equation (13.3). This latter 
and the equation 
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(15.4) M(p, d) = 0, 


are thus likewise said to be adjoint. As the discussion proceeds there will be 
ample illustration of the manner in which the differential equations of an ad- 
joint pair, or their respective solutions, interplay in the development of a 
theory. Even here it may be observed that the solubility of either equation 
implies that of the other, since the’ solutions of either are simply expressible in 
terms of those of the other. Thus if the solutions $1(x%, A), d2(x, A) of the equa- 
tion (13.3) and their Wronskian (13.4) are used to construct the functions 
¥i(x, A), We(x, A) by the formulas 


— d2(%, dr i(x, A 
(15.5) Vis, d) = a, yo(x, d) = ae 


these latter are found by direct substitution to satisfy the equation (15.4). They 

are similarly seen to fulfill the relations 

(15.6) Obs, Vin *) ; ae 
. Vj %) = 

Pa ¥i 0, if jf ¥i, 


and to be linearly independent. In terms of them the general solution of the 
equation (15.4) is accordingly expressible in the form 


(15.7) v(x, d) = koi(a, d) + kipe(x, d), 


with coefficients ki, ke that are free from x. The relations (15.6) when applied 
to the form (15.7) yield at once the evaluations 


O(¢1, d, x) = Ro, 
O(¢d2, d, x) = ki. 


The extension of the notion of the adjoint relationship to the complete 
boundary problem (13.10), although it is not immediate is nevertheless possible, 
and may in fact be made in several formally different but essentially equivalent 
ways. We shall do this in the following manner. Consider the differential system 


(15.8) 


M(v, r+) = 0, 
v(a) = M2a1,1(A) + Miae,1(A), 
(15.9) — v'(a) + p(a)v(a) = pear,e(A) + piae,2(A), 


— 0(b) = peoar,3(A) + pice,s(A), 
v'(b) — p(b)v(b) = pears(A) + piea,a(A), 


in which there occurs besides the function v(x) also a pair of “parameters” ji, be 
that are independent of x. The coefficients a;,;(A) are to be those which were 
defined by the formulas (13.7). We shall show that this system in fact defines a 
boundary problem which is essentially of the type (13.10), and that the param- 
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eters ui, We may be looked upon as standing for certain specific linear forms in 
the values v’(a), v(a), v’(b) and v(b), with coefficients that are functions of X. 

The condition that the set of boundary relations of the system (15.9) be 
consistent in the “unknowns” jy, Me, is that the matrix 


VG) air er 
—v'(a) + p(a)v(@) ore ae,2 
— v(b) Q1,3 2,3 


v'(b) — p(b)v(b) aia aay 


be of the rank 2. Now by hypothesis there is, for every \, some two rowed 
determinant from the last two columns of this matrix that is not zero. This 
occurs as a minor in two of the three rowed determinants of the matrix. The 
results of setting these latter equal to zero are two equations in the quantities 
v’(a), v(a), v’(b), v(b). That these equations are independent follows at once 
from the fact that each contains one of the four quantities which the other does 
not contain. Thus the differential equation of the system (15.9) is seen to have 
imposed upon it two linear boundary conditions. A boundary problem is thus 
defined. The boundary relations of this problem evidently have coefficients 
that are polynomials in X. To this significant extent the problem is accordingly 
similar in form to the problem (13.10). It is true that the coefficients of the 
boundary relations of the system (13.10) were taken to be linear polynomials, 
whereas those of the newly found system may be quadratic. That, however, is 
not truly important, for the assumption of the coefficients of the problem (13.10) 
to be of the first degree in X was motivated only by the desire for simplicity, 
and is in no way essential. Finally some pair of the equations (15.9) is always 
solvable for uw; and pe. By that solution mw: and pe are expressed as linear forms in 
the values v’(a), v(a), v’(b), v(b) as was asserted above to be possible. 

It is a matter to be observed that if in the equations (15.9) the parameters 
Ma, M2 were to be both zero, it would follow that v’(a) and v(a) would also neces- 
sarily vanish. Only the trivial solution of the differential equation M(v, \) con- 
forms to these values. Since this solution is to be ruled out of the discussion, it 
is evident that the simultaneous vanishing of wu: and pe is likewise to be barred. 
It is to be understood henceforth, therefore, that of the value pair i, ue at least 
one member is in every case different from zero. 

If in any differential system the differential equation is replaced by its gen- 
eral solution, and the boundary relations are replaced by independent linear 
combinations of them, the content of the system clearly remains unchanged. In 
consonance with this let the first two of the boundary relations of the set (15.9) be 
multiplied respectively by the factors ¢/ (a, \) and ¢;(a, A) with j =1, 2, and let 
them then be added. The left-hand members thus obtained are found to be 
O(@¢;, v, a), and thus by the relations (15.8) the resulting equalities are 


(15.10) hs; = weAri(d) + wre i(d), 7 = 1,2, 
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with 
(15.11) Ais (\) = ai,1(\)o; (a, A) + ai,2(A)¢;(@, A), i,j = 1, 2. 


In a similar way the last two of the relations (15.9) may be combined with 
the multipliers —¢,(b, A) and —¢@;(b, A) to assume the forms 


(15.12) hag = malAriQ) — AnsQ)] + le) — 4250], 9 7 = 1,2. 
In content the equations (15.7), (15.10) and (15.12) are thus equivalent to the 
set (15.9). 


Consider now the case in which J is any characteristic value of the boundary 
problem (15.9), namely a value for which a set of elements v(x), wi, pe, fulfilling 
the equations (15.9) exists. From the fulfillment of the equations (15.10) and 
(15.12) it follows then at once that 


weAri(A) + wiA2.(A) = 0, 
M2A 1,2(X) + M1A2,0(A) = 0). 


Since wi and pe are not both zero, the determinant of this system must vanish. 
This determinant is, however, precisely A(A), as that was defined by the formula 
(14.4). Thus \ must be a root of the equation (14.5), namely a characteristic 
value of the boundary problem (13.10). Every characteristic value of the adjoint 
boundary problem is thus also a characteristic value of the given one. 

The converse of this may also be established. Thus let \, be any value from 
the set (14.7). With A at this value the system (15.13) is non-trivially satisfiable 
by values pu, ws”, which, of course, fulfill the relations 


(15.13) 


wa” Arr(An) + 1 Aen) = 0, 


45.4) pn” A1:2(Nn) + wt Ae,2(Nn) = 0. 

Let v,(«) be the solution of the first three equations of the set (15.9) with A=), 
and wj;=ui”, j=1, 2. The familiar “existence theorem” for a linear ordinary 
differential equation [17 | gives assurance of both the existence and the unique- 
ness of this function. Now with the values at hand the equations (15.10) are ful- 
filled. Because of this, however, and with the equations (15.14), the relations 
(15.12) are seen to be also fulfilled. This means that the entire system (15.9) 
admits this solution, namely that X, is also a characteristic value of the boundary 
problem (15.9). We may go even somewhat further. If the index of X, relative 
to the boundary problem (13.10) is 1, the system (15.14) determines the values 
ps”, ws”, except for a common multiplicative factor which remains arbitrary. 
From the manner in which v,(x) is determined it is then seen that this function 
is also fixed except for a constant multiplier. If, on the other hand, \, is of the 
index 2 relative to the boundary problem (13.10), the system (15.14) admits of 
solution by two linearly independent pairs of values pi, ue. Each of these leads in 
the manner described to an associated solution v(x), and the two of these so ob- 
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tained are also linearly independent. It has thus been shown that adjoint bound- 
ary problems have the same characteristic values, and, moreover, that each 
such value has the same index relative to each of the two problems. 

For the characteristic solutions v,(x) of the boundary problem (15.9) the 
formula (15.7) yields the form 
(15.15) Un(2) = he Wil, Xn) + Bi Wo(a, An). 
The coefficients in this, as they may be drawn from the equations (15.10), have 
the evaluations 


ky = up” Ay t(An) + pi” An i(An); 


15.16 n n) . (a n) . (a 
( ) hy” = wy” Ato(\n) + py Ag o(\n). 


In general the boundary problems (13.10) and (15.9) are distinct. In a re- 
stricted class of cases, however, they may be effectively the same. Boundary 
problems of this class are said to be self-adjoint. Many familiar physical phe- 
nomena admit of mathematical formulations in terms of self-adjoint differential 
systems. 


CHAPTER 16 


Generalized orthogonality. Of the methods for the determination of coeffi- 
cients in a trigonometric representation, that of Euler (Chapter 8) was seen to 
be by all odds the simpler one. It is more direct and very much shorter than 
Fourier’s (Chapters 10, 11). And this advantage was recognized in Chapter 11 
to be attributable essentially to the fact that from the very start it exploits 
strategically the peculiar properties of the functions in terms of which the 
representation is made. These properties are particularly those which enter into 
the so-called orthogonality of the trigonometric functions, namely, those which 
come to their most familiar expression, at least in part, in the relations (12.1), 
(12.3), (8.10) etc. A directive influence upon the present discussion is evidently 
to be discerned in this fact. The réle that is filled by the trigonometric functions 
in the classical theory is to be assigned in this generalization to the characteristic 
solutions of the boundary problem (13.10). The discovery of interrelations be- 
tween these solutions, and especially of such as reduce to orthogonality under 
suitable specialization, therefore appears as a significant issue at this turn. 

In terms of the coefficients 4”, h, with which the relation (14.10) main- 

tains, let the function U,(x, \) be defined by the formula 
(16.1) U(x, ) = hy oi(x, ) + ha bo(x, d). 
This is evidently a solution of the differential equation (13.3), specifically one 
which becomes a characteristic solution of the boundary problem (13.10) when 
A is given the value ),. If, then, as usual, v(x) is used to designate the mth char- 
acteristic solution of the adjoint problem, it is clear that 
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L(U;, ) = 0, 
M (an, +) = (A — An) g(%)0n(4). 


In virtue of these relations the identity (15.2), with U,(x, \) and »,(x) in the 
place of ¢ andy, yields, upon integration, the equation 


(16.2) (A—A,) i) “g(2) U(x, A)%n(x)dx = QOCU,, In, @) — OCU ;, Un, 0). 


Now when yp”, u& and 2X, stand in the place of wi, we and A, the boundary 
relations of the system (15.9) are fulfilled by the function v,(x), while their right- 
hand members may be written as 


wa” [a,s(A) — (A — Aw) Baa] + ar” [o2,s) — AA), 7 = 12,34 
Upon multiplying them respectively by U; (a, X), U,(a, \), Us (b, A), U,(B, d), 
and then adding them, it is accordingly found that 


O(Ur, Uny @) — O(U ry ny b) = pg” Ar(Uy, ¥) + wr” Aa(U,, d) 


— (X= Yo) [a2 BuO) + a1” Ba(U,)], 


the symbols B; having been introduced here in the sense 
(16.3) Bild) = Bi,r0'(a) + Bi,26(@) + Bi,26"(0) + Bi,so(), a= 1, 2. 
The equation (16.2) therefore assumes, after a division by (A—An), the form 


(16.4) J “qe U(x, d)0n(x)dax + wo” Bi(U;) + wr” Bo(U,) = Ba r(d), 


a 


in which the right-hand member is explicitly given by the formula 


we” A(Us, ) + uy Aa(Ue, d) 
Ba AO MT Hr Aa€On A) 


A — An 


(16.5) ®,,.(A) = if \ ¥ Xp. 
We are to be specifically concerned with the form of the relation (16.4) and hence 
with the value of the expression (16.5) when \=\),. 

From the relations (16.1) it is to be seen at once that 
(16.6) Aj(Us, ) = he Aga) + yA; (d), j= 1,2. 
The equations (14.9) thus assure the relations 
(16.7) A ,(U;, +) = 0, qj = 1, 2, 


and from these it follows that the expression (16.5) vanishes at \,, whenever 
\,¥A,. For its evaluation at \ =), we may observe that by virtue of the formulas 
(16.6) the numerator of the expression (16.5) may be written out explicitly as 
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hin [ua Asad) + m1” Aa,r(d)] + de” [we Aa.) + wt” 2,2(d)]), 

and that the relations (15.14) thereupon show it to reduce to zero at A, At this 
value of \ the expression (16.5) is, therefore, indeterminate. To fulfill the rela- 
tion (16.4) it must, however, be continuous. The value to be assigned it at An 
is, therefore, that which is obtainable by an application of the familiar “l’Hospi- 
tal’s rule,” namely, with the use of a superscribing dot to denote a derivative 
with respect to A, thus 


F) 
(16.8) F(x, _) = | — Fa, ») | 
Or =n 
the value 
(16.9) Brr(Mn) = wa” Ar(Ur, dn) + wr Ao(Ur, An)- 


For the further analysis of this formula we must distinguish between the case in 
which the index of X, is 1, and that in which it is 2. 

If A, is of the index 1 we are still concerned with the formula (16.9) only in 
the case that r=n. In this instance the relation 


(16.10) Ag,z(An) ¥ 0, 


is, moreover, fulfilled for some choice of the subscripts o, 7, and this implies 
through the equations (14.9) and (15.14) that 


(16.11) he #0, pe” £0. 


Now the relations (14.4) and (16.1) assure the equation 
Ai(U,, d) A2(U,, d) 
A1,7(A) Ag,7(A) 


and a differentiation of this, together with the evaluations (16.7), shows that 


T, (n) 


= (— 1) hf, AQ), 


Ai(Un An) A(Uns An) 
A4,r(An) Ae,r(An) 


The determinant on the left of this equality is, however, that of the system 
which is comprised of the equation (16.9) with r=n, and the equation 


TL (nn): 


= (— 1)'h,” Az). 


0 = pw.” Arc(An) + ot” Aa.c(\n), 


which is one of the pair (15.14). The eliminant of the coefficient of A.,-(An) in 
this system is, therefore, found to be the relation 


(n) (n) 
t Mo 


Agyr(An) 


(16.12) Bain(An) = (— 1) A(rn). 
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The right-hand member of this is different from zero or equal to zero according 
as the multiplicity of \, as a root of the characteristic equation (14.5) is equal 
to or greater than 1. It has been shown thus for the case at hand, namely when 
the index of i, is 1, that the relations 


=0, if r#¥xn, 


16.13 Dr r(Ar 
( ) O19 if r=n, 


maintain if and only if the multiplicity of \,, and its index are equal. 

Consider now the case of a characteristic value A, of the index 2, and let its 
designations in the array (14.7) be Am and Amy1. The set of equations obtained 
from the relation (16.9) when and 7 are given values from the pair m, m-+1, 
yield the determinant relation 


Pm,m(Nn) Dinst,m(An) | Ai(Um An) A(Um, An) a wor? 
~ { { ; (m m+1) |- 
Prnjmti(An) — Pmyt,mti(rn) | A1(Um41, An) A2(U m+, An) M1 Mi ™” 


Now the formulas (16.6) assure the equation 


| Ax(Um, ) Ao(Um, d) | he (m) he (m-+1) say 
Ai(U m4, d) ALU ms; d) - hi” ner? ’ 


and a two-fold differentiation of this together with the evaluation (16.7) leads 
to the equality 


| Ai(Um, An) Ao(Um, An) he om he ome A(n ) 
A(U mr, An) A(U mit; An) hy” nr? _ 


The combination of this result with that above evidently leads to the relation 


Bin,m(An) Dinst,m(An) 1 us ust he” he” oe 
(16.14) = (m) — (m+1) (my _(m+1) | A(An). 
Bin,mriAn) Pmp1,m41(An) 2) er My Ay hy 


If the multiplicity of \, is greater than 2 the right-hand member of the 
equation (16.14) is zero. It is clear that in that case the equation is contradicted 
by the relations (16.13) and that these latter, therefore, do not maintain. If, 
on the other hand, the multiplicity of \, is 2, namely the same as its index, no 
such contradiction is involved. If in this case the parameter pairs yy, wy and 
wet! yt} which have thus far been left unspecified except that they be 
linearly independent, are now specified to fulfill the relations 


(16 15) pe.” A (OU m1, An) + wr” As(Umar, An) = 0, 
uy A (Om, An) + wi Aa(Um An) = 0, 


it follows at once through the equations (16.9) that Bn mii(An) = Pm4i,m(An) =9, 
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and then through the equation (16.14) that ®,,,(A,) #0, for n=m, m+1. The 
relations (16.13), which by virtue of the equation (16.4) take the form 


= 0, if rn, 


b 
(16.16) J g( 2) (a) On( a) da + pe” By(ot,) + us Balu) 4 
4 ~0, if r=, 


thus maintain whenever the characteristic value \, is one whose index and 
multiplicity are equal, and do not maintain in any other case. These relations 
are the ones that were sought. They are, namely, those which are expressive of 
the generalized orthogonality which subsists among the characteristic solutions 
of two boundary problems that are adjoint. 


CHAPTER 17 


The formal representation of an arbitrary function. In the instance of any 
boundary problem which admits of infinitely many characteristic solutions, the 
physical context in connection with which the problem arises leads in a natural 
way to the question of the representability of an arbitrary function in terms of 
these solutions in the manner 


(17.1) f(*) = 3 CrUr(X). 


This has already been observed in several instances of the Fourier theory, which 
is, of course, exemplary of the more general case. As in the trigonometric case, 
the crux of the formal problem thrown up in this way devolves upon a deter- 
mination of the coefficients c,.. We shall consider this matter now, not in a rigor- 
ous way, but formally. The relation (17.1) will, therefore, be taken to be amen- 
able to all such operations as shall be made upon it, and no consideration will be 
given to matters of convergence. The deductions will, therefore, of course, be 
devoid of all power of proof. Their purpose is purely an exploratory one. 

To begin with, let the symbols f;, 7=1, 2 be used as abbreviations for the 
expressions B,(f), as these latter are obtainable from the relations (16.3). The 
equation (17.1) thus has associated with it the pair of auxiliary relations 


(17.2) i= > C,Bi (Ur), a= 1,2, 
r=0 

and in terms of the elements f(x), f; and f. the formulas 

(17.3) L(f) = i)  a(a)oa(a)/la)de tu fit fy = 2 =0,1,2,0°°, 

may be taken to define their left-hand members. Upon substituting into these 

formulas the infinite series evaluations (17.1) and (17.2), interchanging the order 


of the integrations and summations, and collecting the terms in any coefficient 
cr, it is found that alternatively 
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If) = > CrP (Ar) 


The symbols ©®,,,(A,) in this stand, as heretofore, for the left-hand members of 
the relations (16.16). Since these latter vanish whenever rn, the equation 
reduces to the simple form 


(17.4) Inf) = Cn®njn(An)- 


Let it be assumed now as a hypothesis which is to cover the entire remaining 
portion of these deductions, that the boundary problem (13.10) an question 1s one 
for which there are infinitely many characteristic values, and for which, moreover, 
each of these is of a multiplicity that is equal to its index. By the relations (16.13) 
the equations (17.4) yield, then, for each n, the evaluation 


_ tA 
P, n\An) 


It will be evident even from the most casual review of the procedure de- 
scribed that it is limited, insofar as actual applicability is concerned, to the 
functions of a materially restricted class. The expressions B;(f) are, for instance, 
significant only for functions that are differentiable at x =a and x =), while other 
heavy restrictions are manifestly involved. Beyond that it is clear that the result 
can imply nothing of the representability of a function f(x), since that repre- 
sentability was at the very outset assumed. A theory of representation must, 
accordingly, be approached differently. 

Let it be supposed, therefore, that a function f(x) which is arbitrary except 
that it possesses certain requisite properties of integrability, and a pair of con- 
stants fi, fe are given. The constants are likewise to be regarded as arbitrary. In 
particular they need have no specific relation to the values of f(x). From these 
elements f(x), fi, and fe the values J,,(f) are constructible through the formulas 
(17.3). There is thus associated with them a sequence of constants (17.5), or, 
in other words, a series of the form (17.1). We shall indicate this association in 
the manner 


(17.6) f(a) ~ 


(17.5) Cn 


© Inf) unl) 
2 Bain(Xn) 


There is no implication at this stage that the series here written down is con- 
vergent, or, even should that be the case, that its value is f(x). The continuing 
theory is to be shaped toward the investigation of those matters. As it stands, the 
series is to be approached afresh and with no regard for the manner in which it 
was deduced. Its convergence is to be studied. Any conditions, if such are found, 
under which the series does converge and to the value f(x), will be conditions 
under which the symbol of association in the relation (17.6) may be replaced 
by one of equality and a theory of representation maintains. The direction of 
our further theoretical developments is thus forecast. 
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CHAPTER 18 


Some examples. Throughout the discussion thus far no references whatso- 
ever to illustrative examples have been made. A stage has now been reached, 
however, at which the consideration of some explicit cases may be both interest- 
ing and instructive. We shall, therefore, interrupt the theoretical developments 
at this point to review some particular examples with the special purpose of 
illustrating concretely some of the salient features of the theory as it has thus 
far been deduced. It will be seen in connection with one of these cases how the 
present more general theory wholly includes that of Fourier. 

Because of the breadth of the basis upon which the theory is built, it is a sim- 
ple matter to construct in great variety examples that are subsumed under it. 
In the choice that is set forth below, however, an effort has been made to avoid 
in as large a measure as possible all such complications as are not germane to 
the matters essentially at issue. Such could be only distracting and not illuminat- 
ing. For this reason, in particular, the boundary problems that are drawn upon 
have all been chosen to be such as involve differential equations that are ex- 
plicitly solvable. The theory in no way requires that. For convenience in the 
notation the symbol p has been introduced to stand for a square root of \, thus 


(18.1) pr =r. 


This, however, is to be looked upon merely as an abbreviation. The effective 
parameter will continue to be \ even when an expression is written in terms of p. 
It will generally be found on this account that a form that is indeterminate as 
to p is quite specific in \, as is the case with the form sin ap/p, which near \=0 
is to be thought of as defined by the power series 


It may also be worth observing in conjunction with the notation defined through 


the relation (16.8), that 
. 1 OF 
(18.2) F = -— —- 
2p Op 


Example 1. The boundary problem 


vis 
(18.3) o(=) = 0, 
2 
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The fundamental interval at the ends of which the boundary relations of this 
problem apply, namely 7/2 $x S$37/2, is one upon which the differential equa- 
tion has continuous coefficients and no singular points. Beyond that the coeff- 
cients a;,; of the boundary relations are the elements of the matrix 


0 1 0 0 
00 0 1 


and this, the matrix (13.8), is of the rank 2 for all values of \. The boundary 
problem is thus of the type (13.10). Its differential equation admits as linearly 
independent solutions analytic in ), the functions 


o1(x, ») = xler= + eno], 


? 


x 
p(x, d) =—_ [er — —ea I, 
p 


and as it is formed from these the determinant (14.4) is 


T TT. 
_ [eon /2 + e-em /2| __ [eon/2 _ —er/2| 
Op 
A(A) = |. 
v 31 
— [esen/2 + e~8er/2| — [eaon/2 _— —8er/2| 
2 2p 
The evaluation 
3a? Tee™ — e-P™ 
so) = EPA] 
2 p 
shows that its zeros occur at the points p= +i, with n=1, 2,3, ---.At each of 


these points the determinant A(A) is reduced to the rank 1 and A(A) is not zero. 

The characteristic values, which are infinitely many, are thus all of the index 

and multiplicity 1. They are to be arranged after the fashion (14.7) in the order 

= — (nt 1), n=0,1,2,-°-. 

When 7 is any even integer, say r= 2n, the coefficient of h2” in the first one 

of the equations (14.9) is zero. This is seen to determine h2” to be zero, while 

leaving #2” arbitrary (not zero). This latter coefficient may evidently be chosen, 

therefore, so that the respective characteristic solution, as it is given by the 
formula (14.10), is explicitly 


Uon(*) = x cos (2n + 1)x. 


In a quite similar manner it is found that A&""? =0, and that we may accordingly 
choose 


Uon1(%) = x sin 2nx. 


By the formulas (15.9) the differential system adjoint to (18.3) is 
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2 
vy’ +—v’ —vrv=0, 


(=) 4 (=) 
y { — —y{—])= uw. 
2)" 3e \o) ™ 
Of the equations in this, the first, the second, and the fourth, effectively define 
the adjoint boundary problem, while the remaining ones give equivalents of the 


parameters pi and pe. The formulas (15.5) yield as solutions of the differential 
equation in this system the functions 


—j| 
ti(%, +) = — [er* — e-#*], 
4px 


1 
wo(x, 4) = — [er + e-?]. 
Ax 


The equations (15.16) show that for any n, k?”"'=0 and k3"=0. The character- 
istic solutions v,(x) may accordingly be taken to be 


sin 2nx 
Von—1(X) =e) 
x 


cos (2 + 1)x 
Von(x) = —————__ 


The boundary problem (18.3) does not involve \ in its boundary relations. 
Hence the constants @;,; that appear in the formulas (13.7) and (16.3) are all 
zero, and the forms (16.3) accordingly all vanish. The relation (16.4) thus shows 
that 


37/2 
®, Ar) = -f Uy (%)v,( x) ax, 
r/2 
and the relations of orthogonality (16.16) therefore assume a familiar, purely 
trigonometrical form. With the special choice of constants f;=0, fe=0, the 
formulas (17.3) and (17.6) yield, in association with an arbitrary function f(x), 
the series of characteristic solutions 


f(“) ~ cox cos % + 1% sin 24 + cox cos 34 + cgx sin 4x + --- 
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with the coefficients 
2 8a /2 sin 2ns 
Cn-1 = — J f(s) ds, 
Tv a/2 S 


2 srl an +1 
f Als) cos (2n + 1)s is 
Td) s 


> 
S 
l 


? 


(18.4) 


u(1) = 0, 
2u'(1) — u’(2) = 0. 


This boundary problem is of the form (13.10) on the fundamental interval 
1<x 2. Its differential equation admits the solutions 


27 p 
$1(x, A) = cos (= ), 


[sm (CF) (EY) Fle) em (FY 
——]|sin{—— }—sin {—— —!cos{——}]}—cos {[—— 
3 3 3 3 3 3 
The evaluation 


Sa 
A(A) = 3 (1 — cos 27p), 


shows that the zeros occur at the points p=0 +1, +2,---. There are thus 
infinitely many characteristic values, and since at each of them the determinant 
is reduced to the rank 1 they are all of the index 1. We may accordingly write 


An = n’, n=0,1,2,-- 


But it is now seen at once that A(\,) =0 for each n. The characteristic values 
are thus each of a multiplicity that is higher than its index and the boundary 
problem is therefore excluded by the hypothesis of chapter 17. 
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Example 3. The boundary problem 
u’ + ru = 0, 
(18.5) u(— 7) — u(r) = 0, 
u'(— 7) — u(r) = 0. 


On the interval —7rSxSza this boundary problem is of the form (13.10). 
We find for it 


sin px 
(18.6) i(x, A) = COS px, go(x, A) = ) 
and accordingly 
2 
0 — — sin pa 

(18.7) A(\) = p 

2p sin pw 0 
Since from this 
(18.8) ‘A(A) = 4 sin? pz, 
its zeros occur for p=0, +1, +2,---. At the first of these the rank of the 


determinant (18.7) is 1, at all others it is 0. The first characteristic value \) =0 
is thus of the index 1 and the remaining ones are of the index 2. They are ac- 
cordingly to be arranged thus 


(18.9) ro = 0, Non—1 = Non = n*, n = 1, 2, 3, oe 


Each value is found to be of a multiplicity equal to its index. By the relations 
(14.9) it is shown that h{? =0, so that the first characteristic solution is u(x) =1, 
or any multiple of this. For the other characteristic values the equations (14.9) 
are vacuous and the coefficients h% and h® accordingly arbitrary. We may 
therefore choose ten1(x) and won(x) as b1(X, Nen—1) and de(x, en) respectively, 


Uon—1(%) = COS n4, 
(18.10) 


o,(X) = sin nx. 

The boundary problem (18.5) is readily seen to be self-adjoint. It is, there- 
fore, admissible to choose 2,(x) =Un(x) for every n. Since the boundary relations 
are independent of \ the forms B,(uz,) all vanish, and it is found accordingly that 


By (Ar) =f tla)un(a)dx 


The relations (16.13) are thus, in this instance, merely expressive of the familiar 
property of orthogonality of the sines and cosines of multiples of x. With the 
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choice of constants fi:=0, fe=0, the formulas (17.3) and (17.5) define the co- 
efficients c, to be those of Fourier, and the relation (17.6) is simply the associa- 
tion of a function f(x) with its Fourier series. 


CHAPTER 19 


Another example. Although the examples that have been cited in the chapter 
above were earmarked among themselves by some conspicuous qualitative dis- 
similarities, they fail, even when taken together, to illustrate adequately some 
of the more pronounced departures from classical theory which the generaliza- 
tion permits. The reason for this lies in the fact that the boundary problems 
that are basic to them all involve only such boundary relations as do not depend 
upon the parameter J. In the following a problem of the excepted class is to be 
briefly analyzed. 


Example 4. The boundary problem 
u’’ + Ahu = 0, 
(19.1) u(0) = 0, 
w'(1) + [p? +1 —d]u(1) = 0, 


with » standing for any real constant. 


Such boundary problems as this present themselves in connection with a 
variety of physical investigations of which the following ones may be looked 
upon as in sorie measure typical. [18] 


Problem (2). A right cylindrical solid with a cross-section of any shape and 
size, and with plane terminal faces at x =0 and x =1, has its lateral surface insu- 
lated against the passage of heat and has an initial distribution of temperatures 
depending only upon the longitudinal coérdinate x. At the time t=0 this solid is 
placed in contact with a quantity of liquid at one of its terminal faces, and the 
liquid is thereupon kept well stirred to insure that the temperature is uniform 
throughout it at each instant. The temperature of the liquid and the temperature 
distribution in the solid at any subsequent time are to be calculated. 


Problem (it). A solid metal sphere with an initial distribution of temperatures 
that is symmetrical about its center, is cooled by being plunged into a mass of 
liquid. The liquid is kept well stirred. The temperatures of the liquid and those 
within the solid during the cooling are to be determined. 


Problem (iit). A mass of material is uniformly distributed at the time t=0 
throughout a jelly in a cylindrical container. The jelly is covered with a liquid 
that is kept well stirred. From the experimental measurements of the concentra- 
tion of material in the liquid as a function of the time, the coefficient of diffusion 
of the material in the jelly is to be found. 
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The boundary problem (19.1) is of the form (13.10). Its differential equation 
admits as solutions the functions 


i(#, A) = cos 2px, 


19.2 in 2 
( ) a(t, d) = sin 2px 


I 


and the evaluation of the determinant 


1 0 


(19.3) A(A) = sin 2p |, 
—2p sin 2p+(v?+1—A) cos 2p 2 cos 2p+(y?+1—A) 


gives as the characteristic equation 


sin 2p 
(19. 4a) 2 cos 2p + (v? + 1 — p?) = 
Alternative forms of this are 
2 1 
19, 4b) cot 2p = 2-7, 
( 
2 2p 
and 
+2)? — py? 
(19 4c) etpt — ore” 
(p — i)? — 


The characteristic values are thus the squares of the roots of a transcendental 
equation and it is readily seen that they do not admit of expression by any 
elementary formula. The essential facts concerning them are nevertheless deduci- 
ble. 

Thus if p is any complex value with a positive imaginary part, the point 
(9 +7) in the complex plane is more distant than the point (ep —7) from any point 
on the axis of reals, and hence in particular from the points »y and —v. Hence 


l@+i-v[>|@-4) >|, 
l\@@+i+r|>|@-—a +7], 


and from these relations it follows that the right-hand member of the equation 
(19.4c) is greater than 1 in absolute value. But for a value of p such as this the 
left-hand member of that equation has an absolute value that is less than 1. 
This p is, therefore, not one for which the equation is satisfied. A similar argu- 
ment establishes that same fact for any value of p that has a negative imaginary 
part. The roots of the equation must thus all be real. 
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Now that being so, it is observable from the equation in the form (19.4b), 
that its roots are the abscissas of the points common to the graphs 


y = cot 2p, 
p yeti 
a, 2p 


in the Cartesian (p, y) plane. These graphs are easily seen to intersect infinitely 
often and without being tangent to each other at any intersection point. From 
this it follows at once that there are infinitely many characteristic values and 
that they are each of the multiplicity 1. From the general relation (14.6), or from 
the fact that the determinant (19.3) has a constant non-vanishing element, it is 
to be seen that every characteristic value is of the index 1. 

By the first one of the equations (14.9) it is shown that for each r, h¥ =0. 
The characteristic solutions may, therefore, be taken as the functions 


(19.5) U,(x) = sin 2/r, *, 


and since the boundary problem is self-adjoint we may also take v,(x) =u,(x). 
The formulas (16.3) and the boundary relations of the system (15.9) give in this 
case the evaluations 


By(u,;) = 0, Bo(u,) 


— u,(1), 


(7) (n) _ v,(1). 


| 7 os Un (0), M1 


It is thus found from the equations (16.4) that 
1 
®, (Ar) = af Ur(x)Un(x)dx + u,(1)u,(1). 
0 


Because of the simple form of the functions u,(x) the integration in this expres- 
sion is explicitly possible, and the relations of generalized orthogonality (16.16) 
are therefore verifiable upon the basis of the equation (19.4a). The formulas 
(17.3) and (17.5) yield as the coefficients in the association 


(19.6) f(%)~ > C, Sin 24/Xn 4, 
the values 
Af H)un(s)ds — fied (0) — fatal) 


(19.7) Cn 7 
af u,(s)ds + u,(1) 
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A scrutiny of the formulas (19.7) reveals one of the salient features in which 
this and the Fourier representations are effectively dissimilar. While the coeffi- 
cients of the latter are wholly determined by the function f(x), those given by the 
formulas (19.7) depend also upon the prescribed constants f; and fe. The same 
function f(x) may thus be associated here with many different representations. 
This is quite consonant with the nature of the physical problems from which 
boundary problems of the type (19.1) arise, as may easily be appreciated from 
a consideration of the problems (i) and (ii) that were cited above. In each of those 
cases the function f(x) represents the initial temperatures in the solid. The sub- 
sequent temperatures therein depend, however, not only upon these but also 
upon the initial temperature of the fluid into which the solid is immersed or with 
which it is placed in contact. It is through the constants f; and fe that this initial 
fluid temperature comes to account. [19] 


CHAPTER 20 


The Green’s function. A noteworthy feature of the Fourier’s series, and one 
which is almost invariably taken as the point of departure for studies of its 
convergence properties, is the fact that any initial segment of it may be ex- 
plicitly summed and hence expressed by a compact formula. This was observed 
in chapter 12, the summation of the segment Sy(x) as given by the relation 
(12.7) having been accomplished there by the formula (12.8). It is far from 
obvious that the advantages inherent in this are retainable in the generalization 
of the theory, for the derivation of the formula in question is directly and ex- 
plicitly based upon relationships that are peculiarly trigonometric. We shall 
show that this may nevertheless be done, the key to the requisite deductions 
residing in a certain function, the so-called Green’s function, which generally 
plays an important réle in the theory of boundary problems. . 

Let \ be taken and retained throughout the deductions of this chapter as not 
a characteristic value of the boundary problem (13.10). This problem then ad- 
mits of no solution, which is to say that a function which fulfills its boundary 
relations cannot also satisfy the stipulations of its differential equation for all 
values of x upon the fundamental interval. Now it is significant that the conces- 
sion which must be made on the part of the differential equation is very slight, 
amounting to no more, in fact, than the partial relaxation of its stipulations at 
only a single point x=s of the interval. The function which fulfills the specifica- 
tions except at x=s may even be required to be continuous there. The failure 
will occur in its first derivative, which is subject at this point to an ordinary 
discontinuity. When this discontinuity is of the proper sign and of the unit 
magnitude, matters which are adjustable without otherwise affecting the issues, 
the function is called the Green’s function. Inasmuch as it depends upon the 
location of the point s as well as upon the variables x and \X, it is to be denoted by 
the symbol G(x, s, \). Its properties, by way of summary, are, then: 
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(i) As a function of x it satisfies the differential equation of the system 
(13.10) over each of the intervals a<x<s, and s<x<b; © 

(ii) It is continuous in x over the whole interval (a, 6), but its derivative 
is discontinuous at the point x=s to accord with the prescription 


6) 
— —G(%, s, ») | = 1; 
Ox 


L==8— 


(20.1) © oe, S, ») | 
Ox zw=8-+ 

(iii) It fulfills the boundary relations of the differential system (13.10). 

By these properties the function G(x, s, A) is uniquely determined, as the fol- 
lowing derivation of its form will incidentally show. 

As a solution of the differential equation (13.3) the function is expressible 
upon each of the intervals (a, s) and (s, 6) as a linear combination of the solutions 
(x, \),7=1, 2, namely | 


71,201(4, A) + ¥1,162(%, A), for a 


G(x, s, \) = ‘ 
v2,201(%, A) + y2,1¢0(4%, A), for s 


IA IIA 
8 

IA IIA 
oO 


The specifications (ii) impose upon these forms the relations 


Y2,261(5, A) + Y2,12(5, 4) = Y1,261(5, A) + Y1,162(5, A), 
2,201 (S, A) + 2,162 (Ss, A) — 1,267 (5, A) — 1,197 (s, A) = 1, 


in other words, a pair of equations which may be solved into the form 


_ _ oi(s, d) 

Y1,1 Y2,1 “Q(s, d) ) ’ 
$2(s, d) 
71,2 = Y2,2 + Qs, ») 


Because of the formulas (15.5) these relations are alternatively 
V1.1 = 2,1 — ¥2(s, A), 
V1.2 = Y2,2 — rls, A). 
The formulas for G(x, s, \) are, therefore, more explicitly 
(20.2) G(x, Ss, ) = Y2,261(%, A) + Y2,162(%, A) + g1(4, 5, A), 
in which the final term is that defined by the relations 


— o1(%, A)Wi(s, A) — Go( 4, A)~o2(s, A), for a 


0, for s 


(20.3) gi(x, 5s, A) = ‘ 


IA IIA 
IA IIA 
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The requirement (iii), that G(x, s, \) fulfill the boundary relations, comes to 
its expression in terms of the symbols (13.9), (14.3) and (15.11), in the pair of 
equations 
ya2Asald) + y214i20) — Ais Ava(s, ) — A Ovals, )) = 0, 2 = 1,2. 


Their solution determines for the coefficients ye. and 2,1 the evaluations 


(a) (a) 


_ (— 1" Ai,A) Ai, A)¥i(s, A) + Ai,2 (A)p2(s, A) 


Y2,3 (a) (a) ’ = 1, 2. 
A(A) AeA) Aas (A)Y1(5, A) + A2,2(A) Pals, d) 
The substitution of these into the formula (20.2) leads to the result 
go(x, 5, d) 
20.4 G(4%, s, A) = , 5, A —_——_—_——— ; 
(20.4) (x, 5,4) = gi(x, 5, A) + AO 
in which 
oi(x, d) p2(x, dr) 0 
(20.5) ga(a, s,d) = —] Arad) Are) Arr Q)¥als, ) + Arie DAs, d) |. 


Aax(X) Aao(d) Aza A)oa(s, 4) + Aaiz (vals, 2) 
The Green’s function has thus been completely determined. 

The method which has in this way been described in connection with the 
differential system (13.10), may now be applied equally well to the calculation 
of the Green’s function G,(x, s, \) of the adjoint system (15.9). If this is done it 
will be found that the two Green’s functions are simply related by the equation 


(20.6) Ga(x, s, 4) = G(s, %, d). 


The function (20.4) thus operates as the Green’s function of the adjoint differen- 
tial system when its second argument is taken to be the variable and the first 
one is fixed. The set of its properties enumerated above may thus be extended to 
include the following ones: 


(iv) As a function of s it satisfies the differential equation of the system 
(15.9) over each of the intervals a<s<x andx<s<b; 

(v) Itis continuous in s over the whole interval (a, 0), but its derivative as to 
sis discontinuous at the point s=x to accord with the prescription 


6) 
~~ — G(x, S; »)| = 1; 
OSs 


s= J— 


20.7 °C d 
(20.7) <cle, 5 | 


s== E+ 


(vi) As a function of s it fulfills the boundary relations of the differential 
system (15.9), with appropriate determinations of yi(x, \) and pe(x, A). 
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It is on the whole simpler to verify these facts than to deduce them. By the 
formulas (20.4), (20.3) and (20.5), the function G(x, s, \) is evidently expressed 
as a linear combination of the solutionsy,(s, \), 7=1, 2, on each of the intervals 
(a, x) and (x, 6). The property (iv) is thus assured to it. The forms 


oi(x, A)vi(s, \) + p(x, A) Wels, d), 
o1(%, Avi (s, d) + p(x, A)Pe2 (s, A), 
are readily seen from the relations (15.5) and (13.5) to take on the values 0 and 1 


respectively at the point s=x. By that the properties (v) are implied. Finally the 
formulas (15.5) and (15.11) may be drawn upon to supply the evaluations 


Ast (i(a, A) + Asa (Ayala, A) = ai,1(A), a= 1, 2. 


By virtue of them it is clear that 
o1(%, A) g2(4%, A) 0 
G(x, a, ) = xa Aia(d) Axa(d) at1,(d) 
Aoi(A) Ae2(A)  a@e,1(A) 


This, however, is simply the statement that 
G(x, a, d) = pol x, d)o1,1(A) + eal, d)ae,1(A), 


namely that the first boundary relation of the system (15.9) is fulfilled, with the 
parameter values 


(—1)* | bi(%, A) dex, A) 


(20.8) mi(, d) = A(A) | Aéi(\)  Az2(A) 


a= 1, 2. 


By the same procedure it may equally well be shown that the remaining bound- 
ary relations are also fulfilled with the same values (20.8). Thus the property 
(vi) maintains. 

Although it will not be relevant to the discussion which follows, a conspicu- 
ous property of the Green’s function may still be mentioned. This is, namely, 
that the non-homogeneous differential system 


I(w, 4) = F(x), 
A1(w, dr) = 0, 
Ao(w, d) = 0, 


which is obviously related to the system (13.10), is solved, whatever the function 
F(x) may be, by the formula 


w(x, A) = f Cla, s, A)F(s)ds. 
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CHAPTER 21 


The residues of the Green’s function. If the requirement that d be fixed is 
now abandoned and this parameter is, on the contrary, regarded henceforth asa 
variable that is free to range over the complex plane, it is recognizable from the 
formulas (20.3) and (20.5) that the functions g(x, s,\) and ge(x, s, A) are analytic 
in A. The same is also true of the function A(A). The formula (20.4) therefore 
shows that the Green’s function is analytic except for poles, these latter occur- 
ring at and only at the zeros of A(A), namely at the characteristic values. It has 
been assumed as a part of our general hypothesis that each characteristic value 
is of a multiplicity equal to its index. As a consequence of that it will be found 
that for each n the product (A—A,)G(x, s, 4) approaches a finite limit when 
A—An. This limit is known as the residue of G(x, s, \) at An. We shall use the 
prefix “res,” to designate it, thus 


(21.1) res, G(x, s, A) = lim (A — A,)G(4, 5, A), 
AA, 


and shall show that certain residues closely related to these are significantly 
associated with the terms of the series in a representation (17.6). 

Since the function gi(x, s, \) is analytic in \ when x and s have any specified 
values, this part of G(x, s,A) evidently makes no contribution to the right-hand 
member of the relation (21.1). It is, therefore, only the part ge(x, s, \)/A(A) that 
needs consideration. Upon expanding the determinant (20.5) by the elements 
of its last column, therefore, it is found that the relation (21.1) may be more 
explicitly written as 


2 
res, G(x, s, 4) = lim (X — An) Do x(a, ¥) [Aa a.a(d)vi(s, ¥) + Age z.o(A)va(s, d)], 
AA, : 


=I1 
the functions E,(x, \) being defined by the formulas 


(—1)* | bia, A) d2(, A) 
AQ) | Ai(A)  Ai2(A) 


; a= 1, Zz. 


(21.2) Ei(x, ) = 


From the alternative form 
res, G(x, s, A) 


(21.3) (a) 


= > {res, E(x, d)} [Ag-i,1(dn)¥als, Nn) + Agei,2(An)a(s, An) f, 


t=] 


it thus follows that the evaluation of the residues of G(x, s, \) may be made to 
depend upon the determination of residues of the functions (21.2). To make 
these determinations we must consider separately the case in which the index of 
An is 1 and that in which it is 2. In doing that it will be convenient to employ 
the symbol 6;,; to stand for the “Kronecker delta,” namely in the sense 
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; ‘° if «= 4, 
ij = wes . 
0, if 247. 


Suppose then, to begin with, that d, is of the index 1. Then 


lim AQ) 


AA, ON — n 


— A(\n); 


and there is a pair of subscripts ¢, r, for which the relations (16.10) and (16.11) 
maintain. It will be clear that we may write 


oils, d) d2(x, d) 0 
Ayi(A) Aije(A) 63-11], 2 = 1, 2, 
Aoi(A) Ase(A) S3—2,2 


(21.4) (A — An) Ei(x, A) = 


and that therefore 
o1(%, An) $2(%, An) 0 
(21.5) res, E;(a, \) = Tap Arian) A1a(da) baer |. 
Aa,1(An) A2,2(An) 63—i,2 


This formula may be considerably modified. It will be seen that if it is multiplied 
on the right by the determinant 


(n) 


he 61,7 0 
hi Oo,7 0 ’ 
0 0 1 


and this operation is then compensated for by dividing out the value of this 
determinant, (—1)7h™, the resulting form is, by virtue of the relations (14.9) 
and (14.10), 


Un( x) r(%, An) O 
0 A 1,r(An) 63—7,1 ° 
0 Ao,r(An) d3_i,2 


—{ 
(—1)7hPA(An) 


The further multiplication of this on the left by the determinant 


1 O 0 

O die See |; 
(n) (n) 

O pe M1 


and the appropriate subsequent division gives it the form 
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Un(X) r(x, An) 0 
0 Agr(An) 
0 0 Mi 


1 
(—1)7tth Pu PAA) 


by virtue of the relations (15.14). The expansion of this reduces it, because of the 
equation (16.12), to the evaluation 


(n) 
n(x) Mi 


(21.6) RD” 


res, E;(x,\) = i= 1,2, 


and the substitution of these results into the equation (21.3), together with an 
application of the relations (15.16) and (15.15), leads to the conclusion that 


tn( x) Un(S) 


(21.7) 3,0.) 


res, G(x, s, A) = 


Finally with the formulas (21.6) and (21.7) at hand it isa simple matter to recog- 
nize that the value of 


b 
(21.8) res, if q(s)G(x, s, A)f(s)ds + Ei(x, A) fo + Ea(s, righ , 


is precisely the term 


Tn(f) Un( x) 
Ban(An) 


ef the series (17.6). 


If \, is of the index 2 and appears in the array (14.7) as Am and Am4i, the rela- 
tion (21.4) is more appropriately taken in the form 


oi(x, A) ~p2(x,r) 0 
Aix1(A) A1,2(A) 
rs 63-7,1 
AN —An AmAna 
Aa ji(a) Ao,2(A) 
——— 63-i,2 
(X — Ag) Ei(x, d) XT Mn ATMs 
nei 0 0 1 
A1,1(A) A1,2(A) 0 
A—An A—An 
Aoi(A) A2,2(A) 0 
A—An Aw Ana 


Since in this instance each element A;,;(A) vanishes at ),, it is seen that 


THE RESIDUES OF THE GREEN’S FUNCTION 75 


_ Aa, g(A) 
lim 


rman A — An 


= Aj, i(\n); 


and hence that 
b1(%, Xn) 2(%, An) 0 
| AraQrn) Arj2(An)  d3-4,1 
Aei(\n) Ae2(An)  S3-2,2 
0 0 1 
A1,1(An) -A1,2(An) 0 
Aaa(An) Aa,2(An) 0 


res, £:(%, A) = 


Let each one of the determinants in this ratio be multiplied on the right by 
(m) | (m+1) 


he he 0 
mr err? og |, 
0 0 1 


Because of the relations (14.10) and (16.6) it then takes the form 
Um(X) Umi %) 0 
= Ai(Um An) Ai(U mit, An) 63—4,1 
Ao(Um, An) Ao(U mii, An) 63—4,2 
0 0 1 
Ax(Um, An) Ar(Umy1, x) 0 
Ao(Um Xn) A2(Umi1, An) 0 
and if this is again modified by multiplying each of the determinants on the left 
by the factor 
1 0 0 
(m+1) (m-+1) 
O me M1 
(m) (m) 


0 Me M1 


? 


the result, as a consequence of the relations (16.9) and (16.13), is 


Um (x) tUm+1() 0 
_ 0 Drtimein) Me 
Pm,m(An) 0 be 
0 0 1 
0 Ping1,m+1(An) 0 


Bi m(An) 0 0 
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Upon expansion this yields the formula 


(m) (m+1) 
Um( x) Mi Umsi(%) hi 


d 
Bin,m(An) Bins t,mti(An) 


(21.9) res, Ei(x, \) = i= 1, 2, 


in accordance with which the relation (21.4) assumes the explicit form 
Um(X)Vm(S)  Um+1(%)Ym+r(S) 

Bin, m(Am) Dingt,mtiAm+1) 
Thus when X, is of the index 2 the residue (21.8) is the sum 


I m(f) Um( 2) I milf) Um41(2) 
—__ —— 
Bin, m(Am) Dint,m+i(Am+1) 


(21.10) res, G(x, 5, A) = 


of the pair of terms which appear in the series (17.6) in association with X,. 

From these conclusions it may now be seen that if the points representing 
the characteristic values are plotted in the complex plane, and if the first 
(N+1) of them taken in the order of increasing distance from the origin are 
enclosed by a curve Cy, the segment Sy(x) of the series (17.6) that is made up 
of terms that are associated with these characteristic values is given by the 
formula 


Syw(x*) = » reSn \f g(s)G(x, s, A) f(s)ds + E(x, A)fe + Ee(x, rypih . 


n=0 


Such a sum of residues is, however, familiarly expressible as a contour integral 
with respect to \ over the curve Cy, namely as 


1 b 
(21.11) Sy(x) = sod. \f g(s)G(x, s, A)f(s)ds + Ei(a, A) fe + Eo(x, rvpip dn. 


This is the formula in the general theory that stands in the place of the Fourier 
formula (12.8) 


CHAPTER 22 


The Fourier’s series again. The formula (21.11) is useful, like its specialized 
counterpart (12.8), as the natural medium through which an investigation of the 
associated representations of arbitrary functions may be made. As the contour 
of integration Cy is successively taken to include more and more characteristic 
values the formula sums more and more terms of the series, and the approach 
of the integral to a limit reflects the convergence of the series. An identification 
of the function (if any) which the series represents thus becomes accessible 
through a study of the formula’s integrand, more particularly through an 
analysis of the Green’s function and the functions (21.2) when || is large. 
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The exposition of the complete analysis that would be requisite for the gen- 
eral case would at this point go well beyond the bounds which have been set for 
the scope of this discussion. The character of the functions ¢1(x, A), @2(x, X) as 
these depend upon \ would need to be determined. In general, however, no ex- 
plicit formulas for these functions are available, since the differential equation 
(13.3) is not ordinarily solvable. The difficulties which this circumstance inter- 
poses will be manifest, although, to be sure, they are not insurmountable. So- 
called asymptotic forms for the solutions of an equation of the type (13.3) are 
deducible by well established methods, and these are entirely adequate to the 
requirements. This theory of asymptotic solutions, however, we do not propose 
to go into here. Without it, a restriction of the discussion to considerably nar- 
rower confines than have hitherto been observed is in the nature of things in- 
evitable. We shall yield to the necessity by limiting the exposition henceforward 
to the basis of an outright, albeit a wholly typical, specialization. In fact, there- 
fore, the further investigation is to take the form of an extended analysis of the 
example 3 of chapter 18. It will be recalled ‘that the theory of the boundary 
problem basic to that example is none other than the theory of Fourier’s series. 

For the boundary problem (18.5), and with the choice of constants f;= 
fe=0, the special form of the formula (21.11) to which the attention is to be ven 
is 


(22.1) Sy(x) = sid. f- G(x, s, A) f(s)dsdn. 


The functions ¢1(x, \), ¢2(x, \) may be chosen as those that are given by the 
relations (18.6), and these lead through the formulas (15.11) and (15.5) to the 
evaluations 


a a __ sin pw 
Ai1 (A) = cos pr, Ate (A) = ) 
p 
Ani (A) = psin pz, Ass (A) = cos pz, 


and 


1 
¥i(s, \) = — — sin ps, Wo(s, A) = Cos ps. 
p 


The formula (20.5) is thus explicitly 


1 
COs px — sin px 0 
p 
4%, 5,A) = — ? 
gol ) 0 — — sin pr — — sin pla + S) ’ 
p p 
2p sin pr 0 cos p(r + Ss) 


and this with the relations (20.3) and (20.4) yields the form 
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sin p(x — 5) 


Cos +s—¢4 ——— when —rw Suns, 
(22.2) G(x, s,\) = cos ofr “ts = 4) — p . 
2p sin pr 
0, when sinsr 


In the complex \-plane the characteristic values are located at the points 
n*, with n=0, 1, 2, 3,---. The contour Cy, which must enclose precisely the 
first (V+1) of these, may, therefore, be chosen as the circle centered at the or- 
igin and of the radius (V+4)%. In the p-plane the semi-circle Py which is 
centered at p=0, which has the radius (V+), and upon which 0 Sarg p<r, 
is an image of the circle Cy under the mapping defined by the relation (18.1). The 
formula (22.1) with its integration expressed in terms of p is, therefore, 


1 T 
(22.3) Sy(x) = aide, J occ, s, A) f(s)dsdp. 


When the point x at which the sum Sy(x) is to be considered lies in thein- 
terior of the interval (—7, 7), it is advantageous to take the formula (22.2) in 
the equivalent form 

—i _ e7* cos p(s — x) 
(22.4) G(x, 5, \) = ——els—#let 4 —_______, 

2p 2p sin pr 
the symbol |s—x| standing as usual for (s—x) or (x—s) according as xs or 
x>s. The formula (22.3) then assumes the form 


— 1 v T 
(22.5) Sy(«) = —f f els—zlet f(s) dsdp +f W(s, x, NV) f(s)ds, 
Qn Py —7 — 
with the function Y(s, x, N) defined by the formula 
1 e™>* cos p(s — x) 
(22.6) V(s, «, N) = — Oo ap. 
driJd ry sin pr 


Since this latter function is explicitly integrable as to s, it is found at once that 
for any choice of (a, 8) as a sub-interval of the range (—7, 7) 


B 1 e7°t sin — x 
W(s, x, N)ds = — om sin 0B T #) 
a rid ry p Sin pr 
(22.7) 
1 e™>* sin p(a — x) i 


—_ —— p. 


driJd ry p sin pr 


The integrals which appear in this formula closely resemble that in the formula 
(22.6) since the sine and cosine functions are effectively similar in structure. 
The analysis of the one, which is to be set forth, will therefore be found obvi- 


THE FOURIER’S SERIES AGAIN 79 


ously and readily adaptable to the others also. In the event that the point x is 
an end point of the interval (—7, 7) a somewhat different grouping of terms in 
the formulas (22.4) and (22.5) is advantageous. The analysis is, however, es- 
sentially similar to that which applies when —7<x<za, and that being so we 
shall content ourselves with the discussion of this latter case alone. 

When it is expressed entirely in terms of exponentials the formula (22.6) may 
be made to appear in the form 


—{ el2rt(s—x) I pi + el2r—(s—x) lpi 


22.8 ¥(s, «, N) =—— | 9 ——_—-—__— a. 
(22.8) SN) = J, (1 — e2*P) ° 


N 


Even relatively crude appraisals of the functions which appear in the integrand 
of this yield some significant results. Under the resolution p= £+7n, with € and 
n real, the equation of the arc I'y is 


£2 + 9? = (NW + 3)’, n = 0, 
and from this it is readily seen that each one of its points is either one for which 
N+3slelSnu+h, 
or else one for which 
1 > 3/3. 
At every point of the first one of these categories cos 27~ <0, and the value 
|4—e?i| which is explicitly 
(22.9) {1 — e?™ cos Qré + e~ tm} 1/2, 


thus clearly exceeds 1. At any point of the second category the value (22.9) ex- 
ceeds (1—e-7¥3/+), and is thus ipso facto greater than 1/7. The relation 


(22.10) r|1— e279] > 1, 


thus maintains‘over the whole arc Ivy. 
Consider now the values 


(22 ; 11) | el2rk (s—x) pt | ; 
with s and x both upon the interval (—7, 7) and p still upon I'y. For all such 
s and x the relation 

2a + (s—«*)2r—|x\, 
is easily verified, and since the formula p= (N+4)e*, in which @ stands for arg p, 
shows that the real part of pi is —(N-+4) sin @, it is seen that the values (22.11) 


are both less than 
e—[r—-lal](N+4) sin 6 
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Since this latter value is increased by the substitution of 30 for sin @ when 
0SO6S7/2 and of $(r—8), for sin 6 when 7/2 S@S7, we may evidently draw 
from the formula (22.8) the relation 


WT 


/2 
e~lr—l211 +4) 40° +. 2) 00 


ws, 2m) < f 
0 
+f ea lr—lall(V+4) RO (NV + 1) d0, 
w/2 
By explicit integrations this reduces to the inequality 
4 
(22.12) | w(s, «, N) | <——_—_.. 
r—| 2 
The companion result 


(22.13) c 


B 

f W(s, x, N)ds ei, 
, (w —| «| )(N + 4) 
may be drawn by similar reasoning from the formula (22.7). 

These conclusions are significant. In accordance with them the function 
W(s, x, N) is uniformly bounded as to s and N, and is such that its integral as 
to s converges to zero with 1/N uniformly as to the interval of integration. 
These properties, however, are precisely those which were invoked in chapter 12 
as being sufficient to insure the relation (12.10) for an arbitrary integrable 
function F(s). In the present instance, therefore, we may similarly conclude 
upon the basis of them that the final integral in the equation (22.5) converges 
to zero. Since the remaining integral in that equation may be evaluated thus 


_ ~ f J eteay(syasdp — — f " 4(5) sin (W + 2) — 4) 


S— %& 


it is clear that the equation (22.5) implies for every integrable function f(x) the 


relation 
1 7 in (N + 4)(s — 
lim | Se(e _ —{ f(s) a as | = 0. 
N- 0 i —T S—- %& 


This is the relation (12.11) already familiar, and through it the reference of the 
sum Sy(x) to the Dirichlet integral has evidently again been accomplished. The 
method of its accomplishment here, however, by contrast with that of chapter 
12, is one of very general applicability. In particular it is one which in no way 
depends upon the special trigonometric combination formulas. With adaptations 
which essentially concern only details, this method is adequate to the analysis 
of the general series (17.6), namely to the representations of arbitrary functions 
in terms of the characteristic solutions of any properly constructed boundary 
problem [20]. 
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APPENDICES 


I. The solution of the system of equations 


uy = 0, 
(I.1) Untit qui + Ura = 0, k= 1, 2,°°°,(4— 1), 
Un = 0. 


If, in terms of unspecified constants @ and 8, a solution of the system is 
sought in the form 


(I.2) uy, = a* — BF, 

it is found upon substitution into the equations to be requisite that 

(1.3) ao? + ga + 1] — B[6?+ 8 +1] =0, k= 1,2,--+, (m— 1). 

T hese conditions are fulfilled if w and @ are roots of the equation 
x?-+gx+1=0, 

namely if 

(I.4) a+tPp=-—4q, aB = 1. 


Since 6 must thus be the reciprocal of a, whereas the form (1.2) must vanish 
when k=n, it is seen to be necessary that 


a®—a” = Q, 
namely that 


— pyrifn — p-vrifn 
a= é In, B= mifn, 


with an integral value of »v. For such an index pv the relations (I.4) and (1.2) 
show that g and uz, have the values 


. . VO 
(I. 5) qv = — (erin + e-vttin) = — 2 cos—,) 
n 
and 
. ., Rew 
Uy i — (ekertin — e— kv nil n) — 214 sin ——» 
nN 


respectively. Since the system under consideration is homogeneous, any multiple 
of a solution is also such. Hence we may write 
kya 


(1.6) Uy ,~ = Ay Sin—) k=0,1,2,°--,42, 
n 


with the coefficient A, arbitrary. 
82 
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For the indices y=1, 2, - - - , (n—1), the characteristic values of q, as given 
by the formula (1.5), are distinct. There can be no others, for by inspection the 
determinant of the system of equations is a polynomial of the degree (n—1) 
in g. 


II. A proof of the relation 
(II. 1) sin pE = sin £- p,_1(cos &), 


with p,, a polynomial of the degree (v—1). 
If in Demoivre’s formula 


(cos vE + i sin v€) = (cos — + 7 sin &)’, 


the right-hand member is expanded by the binomial theorem, each resulting 
term that involves 7 to an odd power also involves sin £ to such a power. Upon 
equating the pure imaginary components on the two sides of the equation it is 
thus found that 


sin v§ = sin £-Q(cos &, sin? &), 


each term of Q being of the degree (v—1) in cos £ and sin &, and of even degree 
in sin £. By the substitution of (1—cos?&) for sin?é the form (II.1) results. 


III. A deduction of the identity 


1 (Wiley j 
(III. 1) cosi x = _ » ( ) cos (7 — 2u)x. 
2] p=0 M 


If in the familiar equality 
(IIT. 2) cos x= $(e** + e—**) 


each member is raised to the jth power and the one on the right is then ex- 
panded by the binomial theorem, the result is the relation 


1 iyi 
(III. 3) cos? x = — »(7 ecrini, 
2! bh 


p=0 


in which the symbol ( ‘ ) designates the coefficient of a in the expansion of 


(1+¢a)?. Since( , J .) -( : ), the formula (III.3) may be written alternatively as 
1 Wilts j 
cosi' x = — > ( ) feces + emda 
23 p=0 bh 
with [7/2] denoting the largest integer not exceeding j/2. By invoking the rela- 
tion (III.2) again this may be given the form (III.1). 
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IV. A derivation of the evaluations 


nal S n—34(1+ cossm), if s =O (mod 2n), 
(IV. 1) >» cos — = ‘ ah + *) ( 
ual n —$(1+cossm), if s 40 (mod 2n). 


The first one of these evaluations is obvious. For when s=0 (mod 27) each 
term in the sum on the left has the value 1 while the right-hand member is 
(n—1). If s40 (mod. 27) the relation 


psr 4 . 
cos —— = — (ensriin +. evati/n) 
nN 2 


leads at once to the equation 


n—1 St 1 n—1 
>> cos ——-=— >) exsriln, 
p= n 2 p——n-+1,nx0 
or, as it may equally well be written, to 
n—1 n—1 
MSar 1 . 
(IV.2) cos -—— = >|- 1 + > (emi | 
p=1 nN 2 p=—nt+1 


The sum in the right-hand member of this is a geometric progression. It is 
summed, therefore, by the formula 


3 (esttin)—nt1 — (estiin)n 
(esttln) pe = 
wnt 1— (esttin) 


and since 
(estiln) in — (— 1) = COS S7, 


its value reduces to —cos sw. The formula (IV.2) thus takes on the form of the 
second evaluation (IV.1). 


V. An evaluation of the determinant 


1 2 -(y— 1) x 

323 -~—1)8 #8 
(V.1) Dix) =| 15 2 wee (y—- 1988 

12-1 p01 ce (y — 1) 2-1 n2r—l 


If in this determinant the elements of each row, beginning with the last 
one and extending in turn back to the second one, are modified by subtracting 
from them x? times the corresponding elements of the preceding row, the value 
of the determinant is unchanged. In its new form, however, all but the first ele- 
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ment in the last column are zeros, and hence, upon an expansion by the ele- 
ments of this column, it is found that 


1(1? — x?) 2(2? — x?) -a° [vy — 1](fy — 1]? — 2?) 
13(12 — 4?) 23(22 — x2) we E _ 1]3([p _ 1]? — x?) 


12-3(42 _ x?) 2%-3(22 _ x?) tae [y _ 1 ]-3([p _ 1]? _ x?) 


D(x) = (— 1)’"!x 


As it now stands, the factor (n?— x?) is common to the elements of the mth 


column for n=1,2,---,(v—1). Upon factoring these from the determinant the 
evaluation 

v—1 
(v.2) D(a) = (= ya] Th nt = 24) [Daw 

n=1 


is obtained, D,,, designating the cofactor of the element in the vth row and 
vth column of the original form of D(x). 


VI. A formal deduction of the relation 


(VI.1) f1(1-=)- sn 


TX 


The roots of the equation 2?*=1 are obviously z=4+1 and g=et"74, for 
n=1,2,---+, (k—1). The factorization 


k—]1 
atk — 1 = (22? — 1)[] {(2 — enti) (g — email) } 
n=l 


is, therefore, proper. It is, however, clearly equivalent to 
k—-1 NI 
gek— f= (2 — oT(# + 1— 2g cos), 
n=1 


a relation from which it follows that 


gk — gk Z— zg} T1( =) 
= | ——___—_- zg -+ 27! — 2 cos—— }. 
2i ( 2i ) a k 


Now if in this the quantity e‘**/* is substituted for z, the equation becomes 
. , WX kal TX wn 
sin 7x = sin — |] 2 cos-——- — 2 cos—— |» 
n=] k k 
or, since 
TX TH 


Tn Te 
cos —— — cos—— = 2( sin —— — sin? =), 
k k 2k 2k 
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_ fax _ we)? 
. sin a b-1 hI a Ok 
S1In 7X — TH — 
(VI. 2) ---4} eT sint II31- 
TX TX n=1 2k n=1 , Wn 
sin —— 
2k 


This is an identity. Its limiting form as x0 must, therefore, maintain, namely 


1 kt Tn 
1 = —< 22-2] | sin? = ; 
Rk ‘ 2k 


n=] 


an evaluation by virtue of which the relation (VI.2) may itself be reduced to the 


form 
(=) _ wx)? 
_ sin { —— sin —— 
sin rx k ist \ 2k 
TX (=) n=1 , wn 
—— sin —— 
k 2k 


This is valid for all k, and we may, therefore, permit this index to become in- 
finite. The evaluation (VI.1) formally results. 


VII. Establishment of the formula 


. E +1 
, sin 6 
(VII.1) 1+ >) 2cosv = : 
yal sin [40] 


, for 630 (mod 2n). 


Upon substitution of the relations 
2 cos vO = 679% + e798, 


into the left-hand member of the formula (VII.1), this latter is found to be 
expressible as 


nN 


>> ert, 


year 
This is a geometric progression whose sum, if 940 (mod 27) is 
en nt —. o(n+1)0i 


If in this the numerator and the denominator are each divided by the factor 


— Ziel? the fraction assumes the form of the right-hand member of the formula 
(VII.1). This latter is, therefore, established. 
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A DISTINGUISHED CONTRIBUTOR TO THE MONTHLY 


The name, Victor Thébault, is familiar to every reader of this MONTHLY. As a prolific and 
ingenious contributor to its pages, he has been the subject of many inquiries sent by readers to 
members of the editorial staff. This tripartite tribute to Monsieur Thébault has been written by 
three men who have observed his work through the years with great interest.— EDITOR. 


VICTOR THEBAULT—THE MAN 
CoL. W. E. Byrne, Virginia Military Institute 


In 1932, Victor Thébault became a member of the Mathematical Associa- 
tion of America. It was not long before his name appeared frequently among the 
contributors to the problem department. Since then many readers of this 
MOoNTHLY have wondered about the author of so many interesting problems and 
discussions. 

Victor Michel Jean-Marie Thébault was born on March 6, 1882, at Am- 
briéres-le-Grand (Mayenne), France. His father was a weaver. At the local 
primary school his teacher noted his native ability and took steps to obtain for 
him a scholarship at the teacher’s college in Laval (Mayenne), where he re- 
mained as a student from 1898 to 1901. After graduation he became a school 
teacher at Pré-en-Pail (Mayenne) (1902-1905) until he was called to be a 
professor at the technical school of Ernée (Mayenne). In 1909, he received his 
certificate of capacity for a professorship (scientific) in teachers’ colleges; this 
resulted from winning first place in competitive examination. 

The modest salary of a professor was not sufficient to care for his family, 
now blessed with six children. Therefore Monsieur Thébault reluctantly gave 
up teaching to become a factory superintendent at Ernée (1910-23). This was 
followed by another change, to the position of Chief Insurance Inspector at 
Le Mans (Sarthe) (1924-40). In 1940 he retired to live at ‘‘Le Paradis’’ in Tennie 
(Sarthe). 

That the farewell to teaching of mathematics did not mean any loss of inter- 
est in that field is attested by the honor conferred upon him by the French gov- 
ernment. In 1932 he was made an Officier de l’Instruction Publique upon the 
recommendation of M. d’Ocagne, Member of the Institute, with the citation: 
“Personally I hold him in high esteem for his outstanding talent as a mathe- 
matician as shown by the numerous ingenious contributions to what is called 
elementary geometry, an unending source of problems whose solution requires 
a quite special gift of invention.” 

In 1935, he was made a Chevalier de l’Ordre de la Couronne of Belgium 
because of his activity in connection with the Scientific Society of Bruxelles, 
its Annales, and Mathesis. 

Not only has Monsieur Thébault continued his publications (which include 
15 communications to the Paris Académie des Sciences, hundreds of memoirs 
and articles concerning the modern geometry of the triangle and tetrahedron 
and the theory of numbers, and more than 1000 original problems), but also he 
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has contributed articles to the new French Intermédiaire des Recherches Mathé- 
matiques, and put his own library and services at the disposition of other mathe- 
maticians. Quite typical of the man is a notice appearing in the June, 1946, 
Mathesis: “M. V. Thébault, desirous of giving a new proof of his tnterest in 
Mathesis, offers to foreign subscribers the means of facilitating currency opera- 
tions by accepting payment of their subscriptions at his postal checking account 
339-03, Rennes, France.” Moreover he established in 1943 the Prix Victor 
Thébault to be awarded every two years by the Paris Académie des Sciences 
to the author, preferably a teacher of the primary or secondary system, of an 
original study or of an interesting work on geometry or number theory. 

Those who have had an occasion, as I have had, to correspond with 
Monsieur Thébault, have been greatly impressed by his charm and tact as well 
as by his keen interest in mathematics. 


THEBAULT—THE NUMBER THEORIST 


E. P. STARKE, Rutgers University 


M. Thébault’s prolific output of theorems and problems about numbers 
is a source of constant admiration, little short of wonder, on the part of all 
those upon whom the higher arithmetic exerts its fascination. Since 1934 this 
MoNnrTHLY and the National Mathematics Magazine have published upwards of a 
hundred thirty of these little gems. Few tools are needed to handle these prob- 
lems beyond the simplest ideas of scales of notation, congruences, and occa- 
sionally the solution of a Pell equation, but there is also required a certain de- 
gree of analytical skill and considerable insight into numerical relations. 

The character of a large majority of these problems may be judged from a 
few samples. | 

Determine the largest and smallest perfect squares which can be written 
with the digits 0, 1, 2, 3, 4, 5, 6, 7, 8, 9) used once each in both cases. (E404. 
1940, 48.) 

In the scale of B there is a perfect square of sixteen digits of the form 
abcdefghabcdefgh. What is the smallest possible value of Be (E442. 1940, 656.) 

Find three positive integers x, y, 2, such that the sum of the ratios y/z+2/x 
+x/y is an integer. (E682. 1945, 395.) 

In what system of numbers with the base less than 10,000 are there the great- 
est number of squares of four digits of the form aabb=(cc)?? (4184. 1945, 582.) 

At first sight it might seem that so many problems of the same general 
nature could not all be interesting. On the other hand, however, the fascination 
increases and the little differences become as exciting to the student of the 
higher arithmetic as the next cross-word puzzle can be to the cross-word puzzle 
devotee. . 

No apology is needed for the expenditure of time and effort on these inter- 
esting little items. However, it seems appropriate to quote M. Thébault’s own 
modest statement of his feelings on this point (Mathésits 1943, supplement). 
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“Some mathematicians exhibit a tendency, not altogether free from a cer- 
tain disdain, to see in such problems only insignificant trifles. Trifles, if you 
please, but the solution of which often demands no less penetration of mind, 
ingenuity, and subtle artifice than many questions of allegedly deeper sig- 
nificance. Moreover the study of an elementary proposition sometimes neces- 
sitates an effort which is far from negligible, which constitutes an excellent in- 
tellectual exercise, and which leads to something worthwhile indeed. 

“It is a fact that not all the great masters of the science have professed similar 
disdain for mathematical recreations. [Here M. Thébault gives quotations 
from Euler, Jacobi, and others. | 

“This discipline by which we personally have been inspired has incited us 
to publish in a number of mathematical reviews a great many arithmetical 
curiosities in the form of notes or proposed problems which invited the reader 
to pause there with interest if not with delight. We have had the satisfaction of 
hearing it said that this modest contribution to the life of these journals, and to 
that extent to the mathematical growth of their readers, has been one of 
some service.” | 


THEBAULT—THE GEOMETER 
N. A. Court, University of Oklahoma 


When Victor Thébault appeared on the mathematical scene during the first 
decade of the present century, the geometry of the triangle had already left 
behind its “period of mushroom growth.” It was a well established and exten- 
sive body of doctrine which commanded the loyalty of a considerable number 
of enthusiastic workers. 

During the ensuing years the keen imagination of M. Thébault found in 
this domain a fertile field for the development of his powers. Practically every 
part of this discipline has attracted his attention, from the most modest to the 
most abstruse. He dealt with equilateral triangles as well as with conics and 
cubics associated with the triangle, with quadrilaterals and polygons, with the 
various remarkable points of the triangle, with the orthopole, the isopole, and 
SO On. : 

An eloquent comment upon the quality and originality that characterized 
Thébault’s work from the very start is the fact that J. L. Coolidge included 
in his renowned and much quoted Treatise on the Circle and the Sphere (1916) a 
proposition of Thébault (p. 113) that came to his notice after the corresponding 
chapter of the book had already been completed. 

Some elements associated with the triangle have had a particular appeal 
for M. Thébault, and he returned to them time and again. Among them is 
Feuerbach’s theorem. He considered Feuerbach’s points in the very first article 
he contributed to the Nouvelles Annales de Mathématiques (series 4, vol. 10, 
1910, pp. 271-281). Subsequently he devoted half a dozen papers to this topic, 
at various times, in which he exhibited a wealth of properties of these points. 
As late as 1935, he published a paper Sur les points de Feuerbach in the Annales 
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de la Société scientifique de Bruxelles, series A, vol. 55, pp. 39, in which he 
proves the following curious proposition: In a triangle (7) the four triangles 
having for vertices the four Feuerbach points of (T) are similar to the four 
triangles having for vertices the feet of the bisectors of (T). 

As a side line, Thébault studied the “Shoemaker’s knife” in several papers 
which appeared in various periodicals (l’Enseignement Mathématique, Bulletin 
de la Société mathématique de France, and so on). 

The many and lasting contributions that M. Thébault made to the geometry 
of the triangle could not keep his inquiring mind from becoming attracted by 
the much less developed geometry of the tetrahedron which held out greater 
promise, even if it offered greater difficulty. His first paper dealing with the 
tetrahedron appeared in Mathests in 1922. Of the many articles he has published 
since on this subject, articles in which he obtained a variety of important prop- 
erties, the most important are those in which he associated with the tetrahedron 
spheres analogous to well-known circles associated with the triangle. 

In 1932, he introduced the Longchamps sphere of the tetrahedron. In 1935 
he added the Lucas spheres. Then came in rapid succession the Adams sphere, 
the Tucker sphere, the second Lemoine sphere. The adding of these spheres to 
the elements connected with the tetrahedron is undoubtedly a milestone in the 
development of the theory of the tetrahedron and promises to stimulate further 
advances. It is remarkable that this fruitful activity of M. Thébault took place 
during the sinister occupation of France by the Nazi hordes. 

An outstanding feature of the prolific activities of Thébault is his interest 
in problems. There is hardly a periodical published anywhere with a problem 
department to which he has not contributed. The total number of questions 
proposed by him is counted by the hundreds and his record in this respect has 
few rivals. During the last decade or so American readers enjoyed the benefit 
of his contributions in this line both in the MONTHLY and in the National 
Mathematics Magazine. The originality and the variety of these questions have 
been the object of general admiration. 

The quality and quantity of Thébault’s geometrical contributions have 
earned for him a distinguished and enduring place among the most notable con- 
tinuators of the work of Brocard, Lemoine, and Neuberg, the founders of the 
geometry of the triangle and the tetrahedron. 


CONCERNING THE EULER LINE OF A TRIANGLE* 
VICTOR THEBAULT, Tennie, Sarthe, France 


1. Notation. Consider a triangle ABC inscribed in a circle (O), of center O 
and radius R. Let G be the centroid, H the orthocenter, N the center of the 
nine-point circle (NV); Ai, Bi, Ci, the midpoints of the sides BC=a, CA=), 
AB=c; A’, B’, C’, the feet of the altitudes on these sides; S the area of the 
triangle. Unless otherwise stated we limit our discussion to the case of a triangle 
ABC with acute angles, not all three equal, leaving the examination of the other 
cases to the reader. 


2. A homothetic transform of the orthic triangle. The centers O,, Os, O. 
of the circumcircles of the triangles BOC, COA, AOB, of radii Ra, Rs, R., coincide 
with the intersections of the perpendicular bisectors of BC, CA, AB and those 
of OA, OB, OC, and 


R, = R/2cos A, R,y=R/2cosB, R, = R/2 cosC. 


Since these circles intersect in pairs in A, B, C and meet at the circumcenter 
O of triangle ABC, O is the incenter of triangle O.0,0,.} Triangle O.0,0, is 
directly homothetic to the orthic triangle A’B’C’. Since O and H are corre- 
sponding points of O.0,0, and A’B’C’, the lines O,A’, O;B’, O.C’ are concurrent 
in a point P of the Euler line of ABC, and 


(1) k = PH/PO = r'/4R = 2R cos A cos BcosC/4R = 4 cos A cos B cos C, 


v’=2R cos A cos B cos C where R/2 is the inradius of triangles A’B’C’ and 
O,0,0,. Thus we have 


THEOREM 1. Triangle O,O,0, is the transform, under the homothety (P, k), of 
the orthic triangle A’B’C’, where P 1s the point which divides the segment HO in 
the ratio 

k = 4cosA cos BcosC. 


The normal coérdinates of P with respect to ABC are cos 2A/cos A, 
cos 2B/cos B, cos 2C/cos C. It is not difficult to verify that P is the center of 
similitude of triangles O,0,0, and A’B’C’. 


3. The twin point of the circumcenter of the reference triangle. The circles 
(Og), (0%), (O2), (with centers Og , Of , Of ), symmetric to the circles (Oa), (Ob), 
(O.), with respect to BC, CA, AB, intersect in the twin point [D1] Q of O. 
These circles intersect in pairs at A, B, C, so that O and Q are the foci of a conic 
= inscribed in the triangle Oj Of O;. The axis of 2 along OQ has a length equal 
to R. The locus of points symmetric to Q with respect to the tangent lines 


* Translated from the French by Col. W. E. Byrne. 

7 If A isa right angle, Og is rejected to infinity in a direction perpendicular to BC and the 
midpoint O of BC is equidistant from the lines 0,0., O-0e, OaOv. If A is obtuse, O is the excenter of 
the triangle 0,0,0, opposite vertex Og. 
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of 2 is the circle (O). The points of contact of 2 with the sides of the triangle 
Og Oy O2 are the points of intersection of the lines OA, OB, OC with the cor- 
responding sides. The segment OQ is a diameter of the hyperbola of Jerabek 
[D2] of triangle ABC. The midpoint w of OQ is the orthopole of the Euler line 
Of. Hence w is on the circle (V) and HO=R. It follows that H lies on the circle 
of center Q and radius R, the locus of points symmetric to O with respect to 
the tangent lines of 2. Furthermore, the circle of center H and radius R con- 
tains Q and the transforms (Az, Be, C2) of (A1, Bi, Ci) and (A”’, B’”’, C’’) of 
(A’, B’, C’) under the homothety (O, 2). If we give to the distances from w to 
the points A’, B’, C’, which are proportional to 6?—c?, c?—a?, a?—b?, [1], the 
signs of these differences, we have [2 | : 


@A! + wB’ + wl’ = 0 
and, by the homothetic transformation (O, 2), 


QA” + QB” + OC” = 0. 
This gives us 


THEOREM 2. The point Q coincides with the symmetric with respect to N of the 
Feuerbach point of the tangential triangle of ABC [3] and also with the Feuerbach 
point of the anticomplimentary triangle |D3| of triangle A’'B'’C!’ (anticomph- 
mentation with respect to A’'B''C"’). |4]. 


4. A relation between triangles O0,0,0. and O, 0; O/. The point Q’, sym- 
metrical to Q with respect to N, coincides with the point of intersection of the 
lines symmetric to OH with respect to the sides of ABC. [5]. The point Q 
is therefore the point of intersection of the lines A,, A;, A,, symmetric to OH with 
respect to the sides of A2B.,C.. The lines QA, QB, QC coincide also with 
A., As, A., and as they are perpendicular to Oy O/, O/O7, Od O¢ , the triangles 
Og Os Of and O,0,0, are inversely similar. Let H,, Hi be the feet of the altitudes 
OwlZa, Oc He of triangles O,0,0., Of OF Of ; Od’ be symmetric to Of with re- 
spect to Oy O); Ai be the midpoint of O,0q’. Since triangle O/’ Of O/ is sym- 
metric to triangle O,;O/O/, triangles O,0,0., Oj'0s O/, Ai BiC, are directly 
similar and the midpoint Hi’ of H,HZ is the foot of the altitude A/ HZ’ of 
triangle A’ BiC;. As the line A/ HZ is parallel to O,O/, it is perpendicular to 
B,C;, and consequently it coincides with A/{H{’. Hence Hi H, is parallel to 
O,O¢ and, if we denote by H’ the intersection of O,H. and O/ Hd, we have 


O.H'/H'H, =O2H'/HH!. 


Thus the point H’, the intersection of any two corresponding altitudes, is the 
double point of the inversely conformal collineation carrying O,0,0, into 
Oz Of Of ; H’ is the common orthocenter of triangles O,0;0, and Oj Of Of. We 
state this as 
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THEOREM 3. The triangles O.OsO0. and O¢ Of O2 are inversely similar, the 
double point being their common orthocenter. 


Note 1. If H” is the orthocenter of triangle O7’O; O2, the midpoint Ha 
of H’H" coincides with the orthocenter of triangle Ai BiC:. Hence if we con- 
struct on the sides of the medial triangle A1BiCi of ABC triangles directly 
similar to triangle O.0:0,. (O¢ Of O/), their orthocenters coincide with the 
feet of the altitudes of the triangle O,0,0. (Od Oy O27). 

Note 2. The properties discussed in this section also hold when the center 
O of the circle (O) is replaced by an arbitrary point of the plane of the reference 
triangle. 


5. A relation between the orthic triangle and triangle 0; 0; O02. In virtue 
of (1), the area of triangle O,0,0, has for its value* 


0,0,0, = S/8 cos A cos B cos C. 


In magnitude and sign [6] we have the relation 


— 


0.000. + 010102 = ABC = S 
so that 
0/002 = S(1 — 1/8 cos A cos B cos C), 
and 
(2) k’ = 0,0./0%02 = [1/(1 — 8 cos A cos B cos C)]!/? = R/O. 
Furthermore 


0,0, = R sin A/2 cos B cos C, OO! =O8 sin A/2 cos B cos C, 
O00. = Rsin B/2 cos C cos A, OLO/ = OF sin B/2 cos C cos A, 
0,0, = Rsin C/2 cos A cos B, . O¢4O% = OF sin C/2 cos A cos B, 
from which we obtain the ratio of similitude 
Rk’ = OF O?2 /B’C’ = OH/4R cos A cos B cosC 


of triangles OJ Of Of and A’B’C’. If we orthogonally project the orthocenter H 
on OO/, simple calculations give 


HO{ = OH/2 cos A, HO{ = OH/2 cos B, HO! = OH /2 cos C. 
From this we obtain the ratios 
HO! /HA’ = OH/4R cos A cos B cosC = HO} /HB' = HO? /HC", 


which show that H coincides with the double point of the inversely conformal 


* The symbol ABC is used to denote the signed area of the oriented triangle ABC. 
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collineation carrying O7 OO? into A’B’C’. As H is the incenter of triangle 
A’'B’C’ and also the incenter of triangle OJ O; O/ , we find, by (2) that the radius 
of the inscribed circle of O{ Oy O/ is 


R 
6’ = = (OH/R) = OH/2. 


Summarizing we have 


THEOREM 4. Triangles O7 Of O7 and A’B’C’ are inversely similar, the double 
potnt being the orthocenter H of the reference triangle, which coincides with the 
center of the inscribed circle, of radius OH /2, of the triangle Og Oy OZ . 


It may be verified that O/O/ O; and A’B’C’ (or O,0,0,.) are both meta- 
parallel [D4] and orthologic [D5]. 


6. The isogonal conjugate of the twin point Q of the circumcenter of the 
reference triangle. As the points O and Q are diametrically opposite on the 
Jerabek hyperbola, the center of which coincides with the orthopole of OH, the 
isogonal conjugate Q”’ of Q is on OH. The points H, Q’’ divide harmonically the 
diameter of the circle (O) determined by OH, and OH-OQ’’=R?, so that 
OQ’’=R/OH. The pedal triangle A’’’B’’’C’”’ of Q’’ with respect to the triangle 
ABC is inversely similar to A’B’C’ and inversely homothetic to triangle 
Oz Os O; , since the sides of these two triangles are perpendicular to AQ, BO, 
CQ. Since O and Q” are corresponding points in triangles O,O;O/ and 
A’’’B''’C'"’, their homothetic center T is on OH and the homothetic ratio is 
equal to 


OvO2 /B''C'” = OH?/2Rr’ = 1/4 cos A cos BcosC — 2. 

We also have 

FBC [ABC = — OH*/R?; 
so that 

BIC'/ BI" C'’ = OH/R = O¥O2 /00e, 
and finally the area relations, in magnitude and sign, 
A’B'C’ 0.00. = A” B'"C” O08 02 = ABC?/A4. 
Furthermore, the center h of the incircle (#) of triangle A’’’B’’’C’”’ is on OH, 
and 
TH/Th = Of02 /B'"C' = OH?/2Rr' = OH?/4R? cos A cos B cos C. 
It follows that 
TO/TQ” = OH?/2Rr' 
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and that 
hQ"” = 2Rr'/OH = 2p’”, 


p’’’ being the radius of circle (h). 


THEOREM 5. In a triangle ABC, the incenter h of the pedal triangle of the isogonal 
conjugate Q’’ of the point Q, on the hyperbola of Jerabek, diametrically opposite to 
the circumcenter O of triangle ABC, ts on the Euler line and the radius of (h) is 
hQ’'/2. | 

Note that between the inradii of triangles O,0,0,., A’B’C’, O/ Of O/ and 
A’’'B'''C'"’ there is the relation 


Rr = 2p'p’”. 


Also the incircles (#1) and (h) of triangles O/ O} O2 and A’’’B’’’C’"’ subtend at 
the points O and Q’’, respectively, angles of 60°. 


7. Isogonal and harmonic conjugates. The line A N meets the perpendicular 
bisector A of BC at As. Also 


OA, = AH = 2R cosA, 


so that 
OA2:00, = R? = OV? = OV’, 


where V, V’ are the points of intersection of A and the circle (O). The lines AA: 
and AO, are harmonic conjugates with respect to the bisectors AV, AV’ of the 
angle A of triangle ABC. They are isogonal conjugates with respect to the angle 
(AO, AH) as well as with respect to the angle (AB, AC). The lines BB, and BO,, 
CC, and CO, have similar properties. Furthermore, triangles ABC and O,0,0, 
are orthologic, the orthologic centers [D5] being coincident at O. 


THEOREM 6. Triangles ABC and O,0,0, are both orthologic and in perspective. 
The center of perspectivity is the tsogonal conjugate N’ of the center N of the nine- 
point circle of triangle ABC. The orthologic centers coincide with the circumcenter 
O of triangle ABC, and the axis of perspectivity is normal to ON’. 


We note that N’ is on the Jerabek hyperbola of triangle ABC and, by virtue 
of the Weill-Aybar theorem [6], 


N’O/N'N = 2R/OH. 
Theorem 6 is a special case of the following 


THEOREM 7. Given a triangle ABC, two isogonal conjugate points Q, Q’, and 
an arbitrary point P of the plane of triangle ABC, the harmonic conjugates of the 
lines AP, BP, CP with respect to the pairs AQ and AQ’, BQO and BQ’, CQ and 
CQ’, intersect in the isogonal conjugate P' of P. 


8. A special triangle. Let us consider the triangle ABC for which the nine- 
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point center NV is on the circumcircle (O). For this special triangle 


OH = 2R 
and, consequently, 


a? + ob? + ¢? = 5R?, 


Some properties of this triangle have already been published [7]. Those which 
follow may be new. 

1. The lines AO., BOs, CO., joining the vertices of ABC to the circumcenters 
of triangles BOC, COA, AOB, are parallel. They are perpendicular to the straight 
line on which are situated the three points obtained by taking the symmetrics 
of A, B, C with respect to BC, CA, AB. 

2. The circumcircle (Q) of the tangential triangle of ABC coincides with the 
circle described on GH as a diameter. 

3. The circumcircle of triangle O,0,0., of center G and radius R/3, is tan- 
gent to (O) at N. 

4. The excircle (of center H) of triangle O/ Of O/ is equal to the circumcircle 
(O) of ABC. Triangle O/ O O? is inversely congruent to the tangential triangle 
of ABC. . 


Definitions 


D1. Twin point. With respect to a reference triangle ABC, two points P* and P are said to 
be twin points if P is the isogonal conjugate (with respect to ABC) of a point M and P* is the 
isogonal conjugate (with respect to ABC) of the inverse of M with respect to the circumcircle of 
ABC. 

In the present paper, if we take as M the orthocenter H, P will coincide with the circumcenter 
O of ABC and P* will coincide with the point Q defined by Monsieur Thébault. 

Also see Gallaty, The Modern Geometry of the Triangle, 2nd edition, page 62. 


D2. Hyperbola of Jerabek. The hyperbola of Jerabek of a triangle ABC is the transform by 
isogonal conjugates with respect to ABC of the Euler line of triangle ABC. 


D3. Anticomplimentary point. With respect to a triangle ABC of centroid G, the point P 
anticomplimentary to a point P of the plane of ABC is defined by 


— — 
GP’ = — 2GP. 


D4. Metaparallel triangles. Two triangles A142A3, BiB,B; are said to be metaparallel if the 
lines from A, parallel to B2B3, from A: parallel to B3B,, and from As parallel to BiB, are concur- 
rent. Then the parallels to 4243 drawn through Bi, - - - , will also be concurrent. 


DS. Orthologic triangles. Two triangles A142A3, BiB2Bs, are said to be orthologic if the per- 
pendiculars drawn from A; to B2Bs, Az to B3;B,, A; to B,B2 are concurrent in a point M. Then the 
perpendiculars from B, to A2A3, ++ -, will also be concurrent in a point M’. The points M and 
M' are called orthologic centers. 
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A NAVIGATION COMPUTER 
O. E. BROWN anp J. J. NASSAU, Case Institute of Technology 


1. Introduction. This paper presents a mathematical description of a com- 
puter of the circular slide rule type prepared for the graphical solution of the 
spherical triangle, particularly as applied to the astronomical triangle. The 
computer is rectangular and on each side a transparent rotor is attached with 
the pivot point at the lower left hand corner. On each rotor appear two one- 
parameter families of curves, one family consisting of constant altitude curves 
and the other of curves of constant azimuth angle. Through each transparent 
rotor appears the grid made up of many dots. These dots define two sets of 
curves, one for constant meridian angle (7.e., local hour angle with a range 
from 0° to 180°) and the other set for constant declination. The meridian angles 
represented are integral degrees while the declinations used are those of 44 
navigation stars and a few integers under 30°. 

Figure 1 shows the grid, Figure 2 the rotor, both with some intermediate 
curves and dots removed to permit the necessary reduction in size. 

The finished computer has the following properties: 

1. At one setting of a rotor both the altitude and azimuth angle are ob- 
tained. 

2. The errors in altitude are rarely over four minutes of arc and their 
average without regard to sign is under two minutes. 

3. Although, from the map projection point of view, each grid and rotor is 
of a size to represent $% of the celestial sphere, the one grid and two rotors are 
sufficient to solve any spherical triangle. 

4. The declinations of each of 44 navigation stars are plotted permanently 
on the grid. 

5. The entire device is about 11 by 12 inches and less than } of an inch thick. 


2. A description of the mathematical principles of the computer. 
The Astronomical Triangle. The fundamental problem of finding an ob- 
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server's position by celestial observation is that of solving the PZS spherical 
triangle for hk and 2, given d, L and t. The vertices of this triangle are Z, the 
observer’s zenith, P, the celestial pole above the horizon, and S, the heavenly 
body observed and hereafter referred to as the star. The arcs SP, PZ, and ZS 
are respectively the complements of the star’s declination, the observer’s as- 
sumed latitude, and the star’s altitude. Given the quantities d, L, and #, the 


eee o \ 7 7» 
cee oo . / 
weet” : “ Sse 
| \ A. we \ \ Ne i AN — NG 
py mr \ Pee ck Qe? \ wt et? S% 
en ee era vn Nagai Ne Ve 
souk eee eet ry. on ee ve, a 
{ ooo oee ee? uw oe ° \ we \ eet \ eie\ e° x ° NE 
t.wt tee ee maRFAK re Noe y \- Nets re, 
rere Cee weer Veer Nat ve wy \ 7 Xx 
ee rr 0) he Vom \ a Fao) 
tou. arr ee ae \ ° -\ wet \. \ ues 
Pees be ee ety Se \ pst \ LS 
wc ee ee eo 0 © BVOES \ oA Lee .° _ Ca 
| \ re or \ ete NG 
rr ee \ eo: aL . \ = _s 
| | \ \ a ee e \ ee \23 
TEDL LDL elu hee CRE VANS 
rere ere \ Ss ae Vie \= 
rn re ce nn rr ne \ te - 
: oe ; oe a neTU RUS A a Loenire 10'S we wee - \ | \= 
SOLD D ADD acaracage \ oN. ott <4 
| | | . | wee SPAGa ee es - 
PLL DDD t il letinace oe ee ett igtleen. pS = 
port tga heeee eee ih vee — 
i ae ; ree: P-R-0-C-Y¥:O-N> > ° 7° | | ; — 
6° a ne ee Se aay Shea hay nT i 
MERIDIAN ANGLE 


Fig. 1 


quantities # and g are determined. They may be computed in any numerical 
case by using the formulas of spherical trigonometry or they may be found for 
given integral values in such tables as H.O. 214,* and H.O. 218. 


* U.S. Hydrographic Office. 
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Graphical Solution. The required quantity, h, is expressed in terms of the 

known quantities d, L, and ¢ by the law of cosines as 

(1) sin kh = sind sin L + cos d cos# cos L. 

By the substitution 


(2) sind = y, cos d cost = x, 


ay a 7] 
iggy, ae 
et 
ay CLL EET 
TTT TT 


ALTITUDE 


© 
°o 
0 


0 10 20 30 40 50 
AZIMUTH ANGLE 
Fig. 2 
Equation (1) becomes 
(3) . «cosL+ ysinZ — sin h = 0, 


which is the equation of a straight line with L as normal angle and sin h as normal 


456 A NAVIGATION COMPUTER [October, 


intercept. Equations (2) are used to define a coérdinate system. It is apparent 
that the “d=constant curves” are straight lines parallel to the x axis while the 
“t=constant curves” are ellipses with common major axis. The figure, thus 
constructed, ultimately becomes the grid. These two families of curves are 
transformed to improve the scale and are replaced by dots at their points of 
intersection. Integer declinations are also replaced by the actual declinations of 
the 44 stars selected. 
Applying the law of cosines again to the same triangle, we obtain: 


(4) sind = sin hsinZ-+ cos hcosgcos L, 
which, after the substitution, 

(5) y’ = sin h, x’ = cos hcos 2 
becomes 

(6) x’ cosL+ y’ sinL — y= 0. 


With Z and y constant this equation defines another straight line with normal 
intercept y and the same normal angle L as that of the previous line. Obviously 
the coérdinate system defined by Equations (5) is exactly similar to that de- 
fined by Equations (2), except that now the straight lines represent constant 
values of # while the ellipses correspond to constant values of z. As in the previ- 
ous case, the figure thus obtained is transformed to improve the scale and be- 
comes the rotor of the computer. 


Fig. 3 


Since equations (3) and (6) have the same normal angle, and the normal inter- 
cept of each is the ordinate of the other, the two may be superimposed as shown 
in Figure 3. The dotted ellipse PST represents one of the hour angle curves of 
the grid and corresponds to an assumed value of ¢. The dotted line SD is one of 
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the grid lines of constant declination to be marked on the finished computer by 
the name of the corresponding star. The straight line SH perpendicular to OY’, 
and the ellipse ZSV represent, respectively, constant altitude and constant 
azimuth curves on the rotor. The angle L of the figure is the angle through which 
the rotor has been turned and corresponds to the assumed latitude of the prob- 
lem. This is essentially the underlying principle of the computer. The star Sis 
located on the grid from its given coérdinates (t, d) on the XOY-system, the 
rotor is turned through the assumed latitude Z and the codérdinates (2, i) of 
the star are read on the X’OY’-system. 

The Transformation. As the reader will observe, the lines and ellipses de- 
scribed previously in connection with the XOY-system make up an ortho- 
graphic projection of the hour circles and parallels of the celestial sphere. The 
corresponding curves of the rotor represent the “parallels” of constant altitude 
and the vertical circles through Z. Computers of the same fundamental nature 
as the one described here have been built using the orthographic projection as 
well as some using a stereographic projection. These two projections have some 
advantage in preparation because of the lines, ellipses, and circles which make 
up their coérdinate systems. The orthographic projection exhibits great radial 
crowding around the outside while the stereographic projection has its greatest 
crowding at the center. A suitable projection in our case is obtained by trans- 
forming the orthographic projection by means of the polar coédrdinate equations 


’ = 6, ry’ = arc sin 7. 


The resulting figure is known as an azimuthal equidistant projection about the 
point O. All distances from O are true while the circumferential scale varies 
from the radial scale to 7/2 times the radial scale. ° 

Reduction to One Quadrant. Any quadrant of the grid figure is like any other 
quadrant except possibly for a reflection, and the same is true of the rotor fig- 
ure. Thus one quadrant of grid figure and two quadrants of rotor figure are suffi- 
cient to represent any configuration. One quadrant of the grid figure is printed 
in duplicate on both sides of an opaque sheet and one transparent rotor quad- 
rant is mounted over each. | 

Reference Lines of the Grid and Rotor. The grid carries rows of dots corre- 

sponding to the declination of the 44 navigation stars and a few additional rows 
for integer declinations under 30°. The dots on each row are spaced'one degree 
apart, thus forming the family of hour circles. Each dot, therefore, represents 
the position of a star of known d and ?, taken to the nearest integer. The rotor 
carries the set of equal altitude curves one degree apart and azimuth lines two 
degrees apart. The latitude scale is marked on the grid at the limiting circum- 
ference of the rotor (Figure 1). 


3. Uses. The computer is primarily a navigation instrument for securing the 
necessary quantities (/, 2) to establish the line of position. The value of ¢ is ob- 
tained in the usual way with the assumed longitude adjusted so that ¢ is equal 
to the nearest integer. Knowing the value of ¢ and the coérdinates of the star 
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observed, the corresponding dot of the grid is located and circled with a pencil. 
The rotor is turned to the assumed latitude and the value of / is read tothe 
nearest minute by eye interpolation between the constant altitude curves. The 
value of z is obtained likewise and read to the nearest degree. In observing a 
body in the solar system the required dot is penciled in at its proper position 
on the grid and h and gz obtained as before. The surface of the grid is matte- 
finished to permit marking and erasing. 

The above procedure conforms to the standard method for determining the 
line of position. The computer may also be used for identifying a star from its 
approximate altitude and azimuth. 


4. Accuracy. The device is amazingly accurate. The navigator wants the 
azimuth only to the nearest degree but desires the altitude to the nearest few 
minutes. H.O. 218 gives the altitude to the nearest minute of arc while H.O. 
214 gives the altitude to the nearest tenth of a minute. Bearing in mind that one 
minute of arc amounts to one nautical mile and the additional fact that the 
sextant reading, with which the computed altitude is to be compared, is prob- 
ably in error by a few minutes it appears that this computer is sufficiently ac- 
curate for position fixing in the air and in surface craft if an error of a very 
few miles can be tolerated. The computer was used in long over-ocean flying 
with results essentially as stated above. 


THE JEEP PROBLEM: A MORE GENERAL SOLUTION | 
C. G. PHIPPS, University of Florida 


1. Introduction. In this MontTHLY, January, 1947, N. J. Fine discusses the 
problem of advancing a single jeep a given distance beyond a base of supply. He 
finds where the dumps must be established in order that the amount of gasoline 
used is a minimum. This problem is one of a more general class whose solution 
I wish to discuss in detail here. 

Now a solution which yields the minimum amount of gasoline for a given 
distance is also a solution which yields the maximum distance for a given 
initial amount, and conversely. It so happens that a solution for the latter 
conditions appears much easier to obtain. This is therefore the type of problem to 
be treated first. 

Before formulating the various problems in detail, it is necessary to define the 
special terms that will be used. A group of jeeps traveling together will be re- 
ferred to as a caravan. A station is defined as a point where it is necessary to 
establish a dump, or where the number of jeeps in the caravan is changed. The 
home station is the fixed base from which all jeeps originally set out. A stage is 
defined as the distance between two successive stations. In general, the dif- 
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ferent stages will be of different lengths. And lastly, the letter d will be used 
throughout to indicate the number of miles a jeep can travel on a full load of 
gasoline. Consequently, all distances will be given in miles. 

There are possible many final dispositions of the jeeps in a caravan. Only two 
will be considered here: (1) a jeep may be abandoned at a station without its 
returning any distance, or (2) a jeep may be returned the whole distance to the 
home station. Other dispositions may be treated by the general methods pres- 
ently to be outlined. 


2. Special problems. Suppose m jeeps fully loaded with gasoline set out from 
the home station. Their object is to advance one of their number to the greatest 
possible distance away from the home station. Three cases will be considered: 
(a) none return, (0) all return, and (c) all but one return to the home station. 

(a) None return. It is readily apparent that at some point gasoline must be 
transferred to the other jeeps and the empty ones abandoned. Otherwise the 
caravan would advance one of their number no farther than one jeep could 
advance alone. Where that transfer is made and how many are left at each 
station are the points to be determined. 

When the caravan has advanced a distance of d/m miles, exactly one load of 
gasoline has been consumed. If one jeep is emptied of its load, the other m —1 can 
proceed fully loaded; the empty one can be abandoned on the spot. 

If a jeep is abandoned before this distance is reached, the other jeeps can 
not carry all the gasoline on hand. They could proceed fully loaded as above 
but from a point closer to the home station. Ultimately then the farthest ad- 
vance would be less than if the station were established at a distance of d/m. 

On the other hand, if the now empty jeep were to be driven farther than this 
point, it must consume gasoline carried by the other jeeps. This procedure 
would correspondingly reduce the supply of gasoline available for the others. 
With a smaller supply, they would ultimately reach a shorter distance. 

Therefore the most advantageous length for the first stage is d/m, at the 
end of which the first jeep is abandoned. Likewise, for the remaining m—1 
jeeps, the second stage would be d/(m—1), and so on. The last stage would be d 
since it would be traversed by a single jeep fully loaded. The total distance this 
last jeep has advanced would be d times the series 

141/2+1/3+---+1/m. 

It has been tacitly assumed above that m jeeps partly loaded would still 
consume more gasoline than m—1 jeeps fully loaded. To simplify the solutions 
in the problems which follow, it is necessary in all of them to make the stronger 
assumption that a jeep consumes gasoline at exactly the same rate whether 
lightly or fully loaded. 

(b) All jeeps return. In this case, it would require just as much gasoline for 
the return trip as for the outward trip. The caravan would advance until half 
a load had been used up; the other half load would be put into a dump for use 
on the return trip. The single jeep now empty could take enough from the 
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dump to return at once or it could wait until the others returned. The same 
amount of gasoline would be used either way. 

Since half as much gasoline would be available for the outward trip, each 
stage would be half as long as before. Hence the greatest advance would be d 
times the series 


1/2 +1/4+1/6+--- +1/2m. 


Now it would be possible to establish dumps between the stations indicated 
above but it would be unnecessary. There would be no saving in doing so unless 
a jeep used less gasoline the lighter its load, contrary to our assumption. Here- 
after, therefore, we shall be concerned with only the minimum number of 
stations needed for the solution. 

(c) All jeeps but one return. Over the first stage, there will be m trips out- 
ward bound and m—1 return. If the first station is established at a distance 
d/(2m—1), this traffic will consume exactly one load of gasoline. To prove that 
this is the proper distance we argue as before. If the first station is established 
closer, not all the gasoline will be consumed. If it is established at a greater 
distance, gasoline will be consumed unnecessarily. 

By repeating the argument, the second stage would be d/(2m—3) in length, 
and so on. The last stage would again be d. Hence the total distance advanced 
by the last jeep would be d times the series 


1414/3 +1/5+---+1/(2m — 1). 


(d) Equivalence for one jeep. So far we have considered a caravan of jeeps. 
The problem as treated by Mr. Fine involved only one jeep. We wish now to 
establish the equivalence between the travel of one jeep and that of m jeeps. 

A single jeep can return. to the home station or it can remain at the point of 
its greatest advance. Assume the former. Supplied with m loads of gasoline, 
it must shuttle on the first stage between the home station and the first dump. 
Each time, it departs from the home station fully loaded, deposits in a dump 
all but enough to return to the home station, and reaches there with an empty 
tank for its next load. Thus the jeep makes 2m trips over the first stage. The 
consumption of gasoline is exactly the same as if m different jeeps transported 
the same amount over the first stage. This is the same as case (0). Consequently, 
the minimum number of stations and their location needed to advance a single 
jeep to a maximum distance, and return, are identical in number and location 
with the stations of case (0). 

If the jeep remains at the far end of its advance, the first stage is traversed 
2m—1 times. It should now be obvious that this situation corresponds to 
case (Cc). 


3. General principles of solution. Several general principles governing the 
solution of this type of problem should now either be evident or else be easily 
established. These principles apply with equal force to the special problems 
above. 


1947] THE JEEP PROBLEM: A MORE GENERAL SOLUTION 461 


(I) The first of these is that, if the travel on any stage is begun with fully 
loaded jeeps, the length of this stage is such that all the travel along it, both 
outward and return, will consume exactly one load of gasoline. 

Let m be the number of fully loaded jeeps (or trips of one jeep) which are 
outward bound. Let k be the number of jeeps which return, 0<&Sm. Since 
there will be m-+-k trips along this stage, the principle requires that the length 
of the stage be d/(m+k). The proof goes the same as before: a shorter stage will 
not use all the gasoline; a longer stage will require too much. 

It follows from this principle that, if there is to be a minimum number of 
stations, a stage does not end until the supply of gasoline to be transported 
beyond that point is an integral number of loads. 


(II) Thus, if a fractional part of a jeep-load is to be consumed, it must be 
used on the first stage of the journey. 

Or, thought of in another way, it will require an extra jeep to carry the 
fraction of a load. Naturally, this extra jeep will be sent back, or abandoned, as 
soon as possible; that is, as soon as the fractional load is used up. 

(III) It is to be observed in passing that the number of terms in the series 
is equal to the number of loads of gasoline. 

A fractional load will add an irregular term at the end. Other general prin- 
ciples will be developed in the section which follows. 


4, The inverse problem. The inverse problem is that in which the distance 
is given and the number of stations and the amount of gasoline are each to be a 
minimum. Since the location of the stations for the greatest advance on a given 
supply of gasoline is the same as the location of the stations for going a given 
distance on a minimum amount, there remains only to fit the terms of the proper 
series to the distance to be covered in order to determine the number of loads 
needed. 

(a) When the manner by which the jeeps are advanced leads us to a di- 
vergent series, as in the problems above, any distance from the home station 
can be reached. By Principle III, the number of loads of gasoline needed is 
exactly equal to the number of the terms of the series required to equal the 
distance. If the given distance is such that it is more than the sum of m terms 
of the series but less than m+1 terms, a fractional load must be used on the 
first short stage (Principle IT). 

(6) The problem of reaching a certain point has an interesting variation 
when it is required to arrive at the point with a given amount of gasoline. 

Since the method of transporting gasoline as outlined in Section 3 enables 
one to reach the greatest distance on a given supply, it is the most economical 
method for transporting to that point the amount on hand at any moment. 
This amount can be shown by a table or a broken line graph or other means 
(not including the amount needed for the scheduled return trips). We can then 
select the place where the amount available, above that needed for return, is’ 
equal to the amount it is required to deliver. From that point measure back- 
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wards the required distance and count the number of stations included. This is 
the number of loads required to transport the given amount to the given dis- 
tance. A fraction of an interval will require a fraction of a load for the first 
stage. The problem can be complicated by varying the disposition of the jeeps 
or the number that are to remain with the delivered gasoline. 

The result above can be summarized into a general principle. 

(IV) The amount of gasoline delivered unconsumed must be saved from 
the final stage, or stages, of the journey. 


5. Conclusions. The conclusions reached by Mr. Fine hold here when- 
ever the corresponding series is harmonic. The locations of the stations are 
the same whether the distance traveled is to be a maximum or the amount of 
gasoline used is to be a minimum. In addition, the number of stations estab- 
lished can be made a minimum, in which case their locations are unique. 

The number of variations upon these problems is almost endless. One could 
have rendezvous points where jeeps are to assemble. One could consider the 
delivery of a certain number of jeeps to another supply station by having 
caravans meet halfway. Still another variation would be to have tank-trucks 
accompany the jeeps. Most of such problems can be worked by the general 
principles developed here. 

The application of these problems is found, as Mr. Fine suggested, in polar 
regions or other places where there is no local supply. It is to be noted that the 
first solution (Section 3, Problem (a)) is exactly the one adopted for a space 
rocket with a multiple charge. 


MATHEMATICAL NOTES 


EpITED By E, F, BECKENBACH, University of California 


Material for this department should be sent directly to E. F. Beckenbach, University of 
California, Los Angeles 24, California. 


SUBSERIES OF A MONOTONE DIVERGENT SERIES 
R. W. Hamuine, Murray Hill, New Jersey. 


1. Introduction. There is a class of theorems in analysis in which the proof 
depends on showing that some quantity is greater than the sum of a series 
which is either known or proved to be divergent. In studying such theorems it 
is natural to ask to what extent they can be weakened by taking fewer terms. 
If the series is merely divergent, then at most a finite number may be neglected. 
If, however, the series is also monotone, then more terms may be neglected. 
The following theorem shows how many must be kept in order to still be able 
to prove theorems of this class. 
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THEOREM. Let I(n) be an increasing sequence of distinct positive integers, 
and let >/d, be a monotone divergent series. A necessary and sufficient condition 
for the divergence of the subseries)_drin) 1s that I(n)/n be bounded. 


In the paper originally submitted the condition lim inf I(n)/n<o was 
derived as an application of another theorem. For the result that the condition 
lim sup I(n)/n< © is necessary, the author is indebted to R. P. Agnew. 


2. Proof of the theorem. The proof of the sufficiency of the condition 
I(n)/n <M is left to the reader. 
To prove the necessity of the condition, we assume that 


(1) lim sup I(n)/n = © 


and exhibit a monotone divergent series ) dn for which the subseries > drin) 
converges. Let mp=I(m) =0, and choose a positive integer m; such that the 
formula 


(2) [Z(nx41) — I(nx)]/[neu1 — ne] > 2* 

holds when k=0. Then choose, in order, integers m2, 3, °° +, such that both 
(3), Nit — Nk > Nk — Nk 

and (2) hold for each R=1, 2, 3, +--+. For each k=0, 1, 2, - - + ; choose con- 


stants B(v) such that 
2= BiI(n,) +1] = Bll(m,) + 2) = --- & BlT(nes1)] 2 1. 
For each k=0, 1, 2,---, let 
(4) » = Biv) /2* [nas — nz], I(nz) <v S I(mny1). 


Then > 3d, is a monotone decreasing series with d,—0. But for each 
k=1, 2, 3,---,we have, where the summations cover the range 


I(nx) <v S I (nes), 
Dy dy = D> Bv)/2* (nega — ne) > D5 1/2*(migs — nx) 
= [T (nes) — I(x) ]/[2*(eg — me) > 1, 


and therefore > d, diverges. Finally, for each k=1, 2, 3, +--+, we have, where 
the summations cover the range, 


Ne <v S Ne+1, 
D Gro) = Dy BIL) ]/2*(negr — me) < Dy 2/2 (tags — me) = 1/21, 


and therefore > drin) converges. Thus the series > \d, has the required properties 
and the theorem is proved. 


Pa 
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ONE MORE PROOF OF THE FUNDAMENTAL THEOREM OF ALGEBRA 
N. C. ANKENY, Stanford University 


Many proofs of the Fundamental Theorem of Algebra, including various 
proofs based on the theory of analytic functions of a complex variable, are 
known. The following proof is a little different from the usual ones that use the 
Calculus of Residues. 

To start with, we assume that the polynomial P(z) is of degree N22 and 
has real coefficients. We consider the integral 


dz 
(1) J, P(z) 


where I denotes the boundary of a semi-circle: I’ consists of a straight line 
from —R to R, where R is a large positive number, and of a semi-circle in the 
upper half plane, of radius R and center 0, connecting R to —R. When R tends 
to infinity, the integral over the circular arc approaches 0 by the usual argu- 
ment, since the degree of P(g) is at least 2. 

Suppose now, in contradiction to the theorem we desire to prove, that P(z) 
has no roots. Then 1/P(zg) is everywhere regular and the value of (1) is 0. It 
follows that 


o 6d 
”) J = P(e) 


the integral being extended along the real axis. If, however, P(x) has no roots, 
it keeps the same sign for all real values. This contradicts (2); and so it is 
proved that P(z) must have roots. 

If Q(z) is any polynomial, let O(z) denote the polynomial whose coefficients 
are conjugate complex to those of Q(z) and apply the foregoing proof to 


P(z) =Q(z)Q(z). 


CLASSROOM NOTES 


EDITED BY C. B. ALLENDOERFER, Haverford College 


All material for this depariment should be sent to C. B. Allendoerfer, Haverford College, 
Haverford, Pennsylvania. 


DIFFERENTIATION OF THE TRIGONOMETRIC FUNCTIONS 
C. I. Lubin, University of Cincinnati 


The discussion of the differentiation of the common trigonometric functions 
can be based on relations which do not involve a particular trigonometric func- 
tion the way the usual procedure involves the sine. This unifies the develop- 
ment and gives it a symmetry which might be a pedagogic advantage. On the 
other hand, this procedure makes use of such ideas as implicit differentiation, 
and possibly demands a somewhat more ‘sophisticated’ approach than the 
usual treatment. 


The basic relation is obtained by using the circle 
(1) hy aa! 
and introducing the angle, 6, made with the x-axis by a radius OP drawn to the 
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point P(x, y) on the circumference. (See figure.) Then 


x = acosé 
(2) , 
y = asin 6. 

Let the angle @ have an increment AO, A9>0, thereby determining the point 
Q(x+Ax, y+Ay) lying on the circumference of the circle and in the same quad- 
rant as P. In case P lies on one of the axes, Q is to lie in the following quadrant. 
We then obtain 


0 0 1 
1 1 
area of APOO = 7 x y 1j;= a (xAy — yAx) > 0. 
x+Ax ytAy 1 


The area of the sector is 3a°A@ and since it is known from plane geometry that 
these two areas differ by an infinitesimal of higher order we can write as a limit 


(3) ty =a 


assuming the limit dx/d0 or dy/d@ exists. This is the basic relation mentioned 
above. Its derivation is independent of the quadrant in which @ lies. 

Recourse to the above limit theorems of plane geometry, as well as the as- 
sumption that dx/d@ or dy/d6 exists, can be avoided by considering in addition 
to the two areas above, the area of the quadrilateral OPRQ which is greater 
than the area of the sector POQ. Here the point R is obtained by drawing lines 
parallel to the axes through P and Q and choosing the point of intersection lying 
outside the circle (see figure). Then on removing, say, Ax/A@ from the expres- 
sion 3(xAy/A0 — yAx/Aé) by use of equation (1), the limit dy/d0, then dx/d0, and 
finally (3) are readily established. 

To apply this to the determination of the differentiation formulas we also 
need the relation 


ax dy 


4 — = 0, 
@) "9 uw 


which is obtained by differentiating the equation (1) ‘implicitly.’ 
We then find on eliminating dx/d@ from (3) and (4) 


(x? ++ y?)dy/d0 = a®x 
or 


(5) dy/d0 = x. 


Similarly 
dx/d@ = — . 


These last two expressions yield the following derivatives on substituting (2) 
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in them: 


OT 


and similarly 


—cos@ = — sin @. 
d@ 


If we now consider @ as a function of y, namely, 
@ = arcsin y/a, 


we can rewrite (5) as 


dé 1 7 T 
—=1/x*= —-—<0<— 

dy /a? — ¥? 2 

— 1 
n/a — x 2 SG 
We thus find 

, 1 T 
dy mon 0 = a .: “7 <8 <— 
~ 2! T eget. 
/a? — vy? 2 2 


The formulas for the differentiation of the remaining functions can be found 
in a similar manner. 


Editorial Note. Another “unorthodox” derivation of these formulae is the 
following (essentially due to F. D. Murnaghan, this MontTuLy, vol. 53 (1946) 
p. 424). Consider the unit circle, and let arc length be measured positively in a 
counterclockwise direction from the point (1, 0). Then the angle 6 (see above 
figure) is equal to the arc length s. But: from the arc length formula: 


(1) ds = — e4/ + (2) as 


where ¢= +1 when @ is in the first or second quadrant and e= —1 when @ is in 
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the third or fourth quadrant. Now since x=cos 6 and y=sin 6, and x?+y?=1; 


d 
2-5 cot 0. 
ax y 
So from (1) 
(2) d0 = — er/1 + cot? 6 d(cos 6) — 


= — e/csc? 6 d(cos @). 


But csc?@ =e csc 8; so 


d@ = — e*® csc Od(cos 6) = — csc 6d(cos #);_ or 
d(cos 6) ot 
———_———- = — sin#. 
dé 


A similar argument gives the formula for the derivative of sin 0. 

The chief point to notice is that in every derivation some “work” must be 
done by way of a limiting process. This “work” may be introduced in any ofa 
number of places, but it can not be escaped. The objective, then, is to make this 
process as simple and as intuitive as possible. It is on this basis that the relative 
merit of various derivations should be judged. In the proof just given, ad- 
vantage is taken of the customary derivation of the formula for the differential 
of arc length, and this enables one to get the desired result without any addi- 
tional limit process. Whether or not this procedure is too “slick” is a matter 
which each teacher will have to decide for himself. 


A TREATMENT OF BONDS BETWEEN INTEREST DATES 


P, M. HuMMEL and C, L. SEEBECK, JR., University of Alabama 


Since the flat price of a bond fluctuates according to the nearness of the 
forthcoming interest date, it has long been customary to quote bonds at an 
and-interest price. Consequently a purchaser pays the quoted price plus that 
part of the current bond interest payment which has already been earned. 
Thus if Q is the quoted price, R’ the accrued bond interest, and P the flat price, 
then 


(1) P=QO+R. 


In practice, the accrued bond interest is usually computed by the simple 
formula (or its equivalent) 


(2) R' = fR, 
where R is the periodic bond interest payment and f is the fractional part of the 


interest period that has elapsed since the preceding interest date. 
When a bond is bought between interest dates it is customary to consider 
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the purchase as consisting of two transactions, namely: (1) A loan of R’ to 
the seller which will be repaid, without interest, out of the first bond interest 
payment, and (2), the purchase of a bond with a present value of Q and a first 
bond interest payment of R—R’. If C is the redemption value, an investment 
schedule is then set up to amortize (or accumulate) the excess, Q—C (or the 
deficiency, C—Q). 

The practical treatment outlined above leaves two important questions un- 
answered, namely: (1) If the compound interest law is used, what is the accrued 
bond interest? (2) Should not the investment schedule be made out for the 
flat price rather than the quoted price? 

To clarify these issues we first develop a formula for R’ based on the com- 
pound interest law. Clearly when the quoted price of a bond is given, the yield 
rate, 7, which the bond will furnish is established. Consequently the forthcom- 
ing bond interest payment should be divided between the buyer and the seller 
in an equitable manner consistent with the compound interest law at the estab- 
lished rate 7. To this end let R’ be the seller’s share, due on the date of sale, and 
let R’’ be the buyer’s share, due on the forthcoming interest date. These two 
shares must be equivalent to the bond interest payment due at the end of the 
interest period as shown on the time diagram below. 

R’ R"” 
| | |, 
f i-f R 
An equation of equivalence taken at the end of the interest period gives 
R’'(1 + it + R” = R. 


Since both R’ and R” are unknown, we need another relation between them in 
order to determine their values. A second relation is obtained by symmetry. 
Since the determination of R’ and R”’ is to be equitable to both the buyer and 
the seller, interchanging the two times, f and 1—/f, would likewise interchange 
R’ and R” as shown on the following time diagram. 
R"” R’ 
| | | 
1-—f f R 


An equation of equivalence now gives 


R+R'(1+ if = RP. 


\ 


We now solve these last two equations for R’ and get 


pitt 


i] 


(3) R’ = Rs}; fe 


In a similar manner, R’’ = Rsyj:. 
It is easily shown that s7j; is always slightly less than f, so that the practical 
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determination of R’ is slightly in favor of the seller. Also, (3) disproves the 
statement made in some texts, that the accrued bond interest is fR but that it 
is not due until the end of the period, since this statement implies that 
R’ =fR(1+72)!-/ which is not identical with (3). 

Since (3) is an exact formula for R’, it is now possible to develop an exact 
formula for Q. We start with the well known formula 


(4) P= Pol + i, 


where Po is the value of the bond on the preceding interest date and may be 
computed from the standard bond formula 


(5) | Py = C(I + i)-" + Raw. 
If (1), (3), (4), and (5) are combined, one readily obtains 
(6) Q= CF OP $ Raji 


Thus we see that the exact formula for Q is the standard bond formula (5) with 
n replaced by n—f. This means that Q is the present value, on the date of pur- 
chase, of the redemption value plus the present value of future interest earnings 
and does not include that part of the current bond interest payment which has 
already accrued. Consequently the total purchase price should be Q+R’. Since 
(5) and (6) have the same form, it can be said that (5) is a formula for the 
quoted price of a bond which is valid whether n, the number of interest periods 
until maturity, is an integer or not. 

In actual practice, Q is usually given whereas only an approximate value of 1 
is known. Consequently the exact formulas developed here are of little practical 
value. However, these exact formulas justify the common accounting practice 
of treating Q and R’ as separate transactions. Therefore when the buyer of a 
bond considers R’ as a temporary loan which will be repaid out of the first bond 
interest payment, and treats Q as the book value of the bond that is being 
purchased and consequently sets up an investment schedule with Q as the 
original value of the bond, the procedure is theoretically correct. 

Finally it should be noted that the approximate formulas used in the prac- 
tical treatment are obtainable from the exact formulas developed here by re- 
placing (1+7)/ by 1+7f, and a7; by f. Since f is a fraction it can be shown that 
these replacements usually differ very little from the exact values. 


ELEMENTARY PROBLEMS AND SOLUTIONS 
EDITED BY HowArpD Eves, Oregon State College 


Send all communications concerning Elementary Problems and Solutions to Howard 
Eves, Mathematics Department, Oregon State College, Corvallis, Oregon. This department 
welcomes problems believed to be new, and demanding no tools beyond those ordinarily fur- 
nished in the first two years of college mathematics. To facilitate their consideration, solutions 
should be submitted on separate, signed sheets, within three months after publication of 
problems. 


PROBLEMS FOR SOLUTION 
E 786. Proposed by Michael Goldberg, Washington, D.C. 


Suppose that an equilateral triangle is circumscribed about a regular 2-gon, 
where »=3k+1, so that one side of the 2-gon lies on one of the sides of the 
triangle. Show that the angle subtended by this side of the n-gon at the opposite 
vertex of the triangle is 27/3n. 


E 787. Proposed by Victor Thébault, Tennie, Sarthe, France 
In a triangle ABC, show that 
s4+ (s — a)*+ (s — b)4 + (8s — o)* — at — Ot — c4# = 125%, 
where a, b, c are the sides, s the semi-perimeter, and S the area. 


E 788. Proposed by Leo Moser, University of Manitoba 


Consider a map on a spherical surface where the countries are determined 
by n great circles of which no three are concurrent. Show that if ” is a multiple 
of four it is impossible to make a trip visiting each country once and only once, 
if travelling along a boundary or crossing at a boundary point of more than 
two countries is forbidden. 


E 789. Proposed by Kaidy Tan, Chip-Bee Institute, Amoy, Fukien, China 
If y=tan x, show that 
(d*y/dx") cos*+! x 


cos x 0 ++ sin x 
cos (7 -+ 7/2) cosx -+ + sin (4% + 7/2) 


=| cos (x + 27/2) 2 cos (x + 7/2) -++ sin (4 + 27/2) 


cos (« + nr/2) ncos («+n — 17/2) +--+ sin (% + n/2) 
E 790. Proposed by H. S. Wall, University of Texas 
Let 
a+ xy(er-? Ee grBy Le grmty? too. yn?) 

471 


f(%, 9) = 
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where 7 is an integer greater than unity, and a>0. If xo>0, x1>0, and xe, xs, 
%4, ° + + are computed recurrently by means of the formula 


Xpt2 = f(%p, Xpit)s p=0,1,2,--- 
then 
limxz, = a}/”, 


p= 0 


SOLUTIONS 
A Conjecture by Srinivasan 
E 755 [1947, 39]. Proposed by Alfred Brauer, University of North Carolina 


Let ai, d2, a3, a, be relatively prime integers such that 


(1) a; + a2+a3+ a= 0. 
Let a,(v =1, 2, 3, 4) by the smallest non-negative residue of a, (mod 6). Then 
(2) ay + ae + a3 + a, = 0 (mod 6). 


In this paper, Residual Types of Partitions of 0 into Four Cubes (The Mathe- 
matics Student, vol. 13, 1945, pp. 47-48), A. K. Srinivasan tries to find solutions 
of (1) for each set of numbers a, satisfying (2). For instance, for a1=a2.=0, 
a3=1, a,=5, he gives the solution a,=12, ag= —54, a3=19, a4=53. In the fol- 
lowing cases he did not succeed in finding examples: 


a, = 0, a2 = a3 = 1, ag = 4; 
(3) a1 = ag = a3 = l, a4, = 3; 


01=a2= 2, azg=3, as=5; 


and in the cases obtained from (3) if each a, is replaced by 6—a,. He conjectures 
that these cases are impossible. Prove that this conjecture is true. 


Solution by the Proposer. Let 
a, = 6q, + a (vy = 1, 2, 3, 4). 
Then 
a, = 216g, + 108g,a, + 189.0, + ay = ay (mod 9). 

Now 

oy =( (mod 9) if a, = 0 (mod 3), 

a, =1(mod 9) if a, =1 (mod 3), 

a, = 8 (mod 9) if a, = 2 (mod 3). 
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Since 


4 
“a, = doa, = 0 (mod 9), 


pol pol 


the cases given in the problem are impossible, because in these cases 


> a, = 3 or 6 (mod 9). 
v=1 
Also solved by R. A. Bradley and D. H. Browne. Browne employed the 
general three-parameter solution of (1) as given by Euler and later simplified 
by Binet. The Euler-Binet formulas may be found in Carmichael, Diophantine 
Analysis (1915), pp. 62-66, or in Hardy and Wright, An Introduction to the 
Theory of Numbers (1938), pp. 198-203. 


Expansion of a Determinant 


E 756 [1947, 107]. Proposed by G. Pélya, Stanford University 
Show that 


“es 
bo OR 
a 
”’”.m™~ Q 
hb 8 | 
Ne” 2 
Q 
| — 
3 
—_ om) 
_) _) 


Q 


(S) G2.) G2) Goa) cer 


—1 2 —2 3 — 3 
-(°"" y-" yer (rr Jatt (= Dee 
nN n—1 n—2 
Solution by the Proposer. 1. We consider first the general problem: Being 


ZIVEN Ao, di, de, -- +, to find uo, m1, ue, - - - so that for indeterminate 


(ao + ayt + aol? + +++ )(to + at + uel? + ---) = 1, 


We have 
aAouo = 0, 
AyUy + Apt = Q, 
Agty + A1U, + ApUe = 0, 


Anty + An—1U1 + Apollo ae + dou, = 0. 
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Hence, by Cramer’s rule, 
ay ao 0 
ao Qa} ao 


(— 1) ao ta =| a3 Ge G1 a 


an Qn—1 On—-2 OUn—3°*° 1 


2. Our problem is the special case in which 
a 
ao = 1, ad, =a— 4%, a= (") for n 2 2. 
n 


In order to evaluate the determinant we have to pick out wn, the coefficient of i*, 
in the expansion of 


1 _ (1 + 4)-¢ 
(1 + #)¢ — xt —41- xt(1 + #)-¢ 
=(1+A)"+ #1 +p) + er +)7%44+--- 


—a — 2a — 3a 
oC) a)re Be 

nN n— 1 n—2 
Observing that 


(“*)- —a(—a—1)++--(—a-—n+1) =F" "), 


Nn n} 


Thus 


we obtain the proposed equation. 


Editorial Note. Many remarkable identities may be obtained from this ex- 
pansion by substituting particular values for x and a, e.g., x=0, 1, —1, a and 
a=n. : 


Volume of Cylindrical Wedge by Cavalieri’s Theorem 
E 757 [1947, 107]. Proposed by Kirkland Stewart, College of Puget Sound 


A wedge is cut from a right circular cylinder by an oblique plane passing 
through a diameter of the base of the cylinder. Find the volume of the wedge us- 
ing Cavalieri’s theorem. 

Solution by H. E. Fettis, Dayton, Ohio. Let the wedge be divided into two 
equal parts by a plane M through the axis of the cylinder, and let A be the area 
of the resulting triangular cross-section of the wedge. Construct a prism having 
as its base a square of side a, such that a?=A, the base lying in the plane MM, 
and having an altitude equal to the radius 7 of the cylinder. Cut from this prism 
a pyramid whose base is the base of the prism not lying in M/, and whose vertex 
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is a point within the square A. If B and B’ are the areas of cross-section of these 
two solids made by any plane parallel to M and at a distance x from M, then 
B and A are areas of similar triangles, and 


B/A = (7? — x?) /r?. 
Also, 
B’ = a® — (ax/r)? = (1 — «2/r?) = A(r? — x?) /r?, 


Therefore B=B’ for all values of x, so that the half wedge is, by Cavalieri’s 
theorem, equal to the volume of the prism less the volume of the removed 
pyramid, which in turn equals 


ay — a7/3 = 20°r/3. 
Thus the volume of the wedge is equal to 
Aa?7/3 = 2r7h/3, 


where h is the length of the longest element of the wedge. 
Also solved by Elmer Latshaw and the proposer. 


Editorial Note. Often, in elementary courses in solid geometry, simplicity of 
treatment and wider scope'in application are gained by assuming Cavalieri’s 
volume theorem. For courses where this is done the above problem makes a 
fine exercise. 

It is well known that the volume of a sphere of radius 7 can very readily be 
obtained by Cavalieri’s theorem by using for the comparison solid a right circular 
cylinder of radius 7 and altitude 27, with two cones removed having their bases 
coinciding with those of the cylinder and having common vertex at the center 
of the cylinder. A nice exercise is to produce, in this case, a polyhedron which 
may serve as the comparison solid. 


The Kite 
E 758 [1947, 107]. Proposed by Victor Thébault, Tennie, Sarthe, France 


A kite consists of the area bounded by a major arc of a circle of radius 7 and 
the two tangents drawn at the end points of the arc. Show that (1) the area of 
the kite is equal to half the product of its perimeter by the radius 7, (2) 
Og/OG =3/2, where g and G are the centroids of the perimeter and area, and O 
is the center of the kite’s arc, (3) Og’/OG’ =4/3, where g’ and G’ are the cen- 
troids of the surface and volume of the solid of revolution obtained by revolving 
the kite about its axis, (4) the plane through G’ perpendicular to the axis bisects 
the lateral area of the solid, (5) the volume of the solid is equal to one third the 
product of its surface by the radius 7. 


Solution by the Proposer. Let A, B, M be the endpoints and the midpoint, 
respectively, of the arc of the kite, S the foot (where the tangents meet) of the 
kite, and 2(7—6) the central angle of the arc of the kite. 
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Note. The relations of parts (2) and (3) conform with results given by 
Brassine, Journal de Liouville, 1843, in a study of polygons circumscribed to a 
circle and polyhedra circumscribed to a sphere. 


The Difference of Two Squares 
E 759 [1947, 223]. Proposed by Theodore Running, Ann Arbor, Michigan 


Show that x*—(x—a)* can be expressed as the difference of two squares in 
at least one way for all positive integral values of ”, x, and a, a less than x, not 
counting the obvious way when 1 is even. 


Solution by six men from Athens, Georgia, and .Columbia, South Carolina. 
Exercise 11, page 83, in Elementary Number Theory, by Uspensky and Heaslet, 
states that 


(1) An integer N can be represented as a difference of two squares tf tt 1s ether 
odd or divisible by 4, otherwise not. The representation is unique tf and only if N 1s 
an odd prime number. 

Now if N=x"—(x—a)", the values n, x, a=1, 3, 2 yield N=2, which is not 
a difference of squares. Further, n, x, a=2, 2, 1 yield N=3, a prime which has 
only the “obvious” representation as a difference of squares. We conclude that 
the problem as stated is incorrect, and needs to be modified as follows: 


(2) If x and n are odd and a=4k+42, then N=x*—(x—a)* ts not a difference 
of squares, but tf one of these fatls then N is indeed a difference of squares. If nis 
even and greater than 2, there 1s at least one such expression not counting the ob- 
VIOUS ONE. 

The first statement is established by canvassing the cases and observing that 
that N=4k-+-2 if and only if x, m are odd and a=4k-+2. If ” is even and greater 
than 2, N contains x?—(x—a)?=a(2«—a)>1 as a factor and is not a prime; by 
(1) it can be written as a difference of two squares in at least two ways and at 
least one must be different from the “obvious” one. The restriction >2 is in- 
deed essential since every odd prime may be expressed as a difference of two 
squares in one and only one way. 


Remark. The probability that an example constructed at random for n>2 
would verify the original statement is 15/16. 

Also solved by Murray Barbour, Louis Berkofsky, D. H. Browne, Paul 
Brock, R. E. Crane, Monte Dernham, W. P. DeWitt, N. J. Fine, L. M. Kelly, 
C. F. Pinzka, Joseph Rosenbaum, and the proposer. A number of these solutions 
were not complete. . 

Fine proved the theorem: Let N be an odd positive integer, RCN) the number of 
representations N=u?—v? (u>0, v>0), and d(N) the number of (positive) di- 
visors of N. Then 


R(N) = 3d(N), if N is not a square, 
= 3(d(N) — 1), if N is a square. 
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A Faltung 
E 760 [1947, 108]. Proposed by C. D. Olds, San Jose State College 
If 
2-6:10-++ (4k — 2) 
Uk — oO. TY 
2:3:4-5-++(k+1) 


find the value of 
Un + UiUyn—1 + U2lln—g $0 4 Uniti + Un. 


Solution by D. H. Lehmer, Berkeley, California. If we set uyp=1, then the 
problem is equivalent to that of finding the coefficient of x* in the square of the 
function 


y= > Unix". 


n=0 
It is easily verified that 
y= {1 — (1 — 4x)1/2} 2, 
so that 


y= (y-/e= x Uns i” 
Hence the answer to the problem is simply uj. 

Also solved by Joshua Barlaz, Paul Brock, N. J. Fine, William Gustin, H. 
D. Larsen, F. C. Smith, F. Underwood, and the proposer. 

Gustin pointed out that the integer u, is the number of ways that a sequence 
of n+1 elements may be bracketed under a binary composition. For example, 
we have the following u3=5 bracketing combinations of a sequence of 3-+1=4 
elements: (((--)-)-), (-G-))-), GIG), GU), CCG). 

The problem suggested to Barlaz the associated one of finding the most 
general function y= 19 @ax" such that y?= >°° dayx*. He easily showed 
that 


y= {1+ (1 — 4agx)/2} /2e. 


- The function y of the above problem is the case where we have the negative 
sign and a@o=1. 


ADVANCED PROBLEMS AND SOLUTIONS 
EDITED BY E. P. STaRKE, Rutgers University 


Send all communications concerning Advanced Problems and Solutions to E. P. Starke, 
Ruigers University, New Brunswick, New Jersey. All manuscripts should be typewritten 
with double spacing and margins at least one inch wide. Problems containing results believed to 
be new or extensions of old results are especially sought. Proposers of problems should also en- 
close any solutions or information that will assist the editor. In general, problems in well 
known text books or results in readily accessible sources should not be proposed for this de- 
pariment. 


PROBLEMS FOR SOLUTION 
4264. Proposed by G. Pélya, Stanford University 
Given a>0, 0>0, and given that f(x) is a non-linear function such that 
f(0) =0, f(a) =b and that 
f(x) 20 f(x) 20 OS “8a, 


give an analytic proof that 
ef fe) [L + @)* Pde < abla? + 0)”, 
0 


(The inequality becomes intuitive when both sides are interpreted as areas of 
curved surfaces.) 
4265. Proposed by Victor Thébauli, Tennie, Sarthe, France 


If two tetrahedra are homothetic with respect to their common centroid, 
the twelve point sphere of one of these tetrahedra is tangent to the twelve 
point spheres of the four tetrahedra which the planes of its faces cut off from 
the trihedral angles of the other tetrahedron. 


4266. Proposed by Victor Thébault, Tennie, Sarthe, France 


Given a tetrahedron ABCD and a sphere (S). If the polar planes of the 
vertices, A, B, C, D with respect to (S) and the corresponding planes tangent 
to the circumsphere at A, B, C, D cut each other, respectively, on the faces 
BCD, CDA, DAB, ABC, the tetrahedron is orthocentric. Establish a converse 
theorem. 

4267. Proposed by C. F. Pinzka, Student, Ruigers University 

Let » be a prime greater than 3, and let r/ps be the sum of the harmonic 
series, 1+1/2+1/3+ ---, to p terms. Prove that p* divides r—s. 

4268. Proposed by Paul Erdés, Syracuse University 

Let a1<ae< +--+ be an infinite sequence of integers of upper density greater 
than 1/k. (Denote by f(m) the number of a’s up to n, then the upper density is 
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defined as lim f(n)/n as n—> ©.) Then for suitable ¢ the equation 
Gp = 4, + G,+°°> +4, 1<r<k 
is solvable. In fact, there are infinitely many ¢ with this property. 


4269. Proposed by Victor Thébault, Tennie, Sarthe, France 


Find all numbers N =abcd of four distinct digits, zero excluded, such that 
the sum 


ab + ac + ad + bce + bd + cd 
of products of the digits two at a time shall equal the sum 
eve+P+et+ @&? 


of the squares of the digits. For which among these is it true that the sum of the 
two-digit numbers ab and cd equals 


a® +c + d?? 


SOLUTIONS 
A Special Sphere of the Tetrahedron 
3987 [1941, 152]. Proposed by Victor Thébault, Tennie, Sarthe, France 


The spheres Sq, Ss, S., Sa have their respective centers at the vertices of the 
tetrahedron ABCD, and radii whose squares are one-half the sum of the squares 
of the sides of the face opposite to the vertex considered; and the spheres 
Sé, S#, SZ, Sd have centers at A1, By, Ci, Di, symmetrics of A, B, C, D with 
respect to G the centroid of the tetrahedron, and radii A1A, BiB, iC, DD. Let 
C, be the intersection of S, and Sf, and similarly for Cs, C., Ca. Prove that: (1) 
The four circles Cy, Cy, C., Ca lie upon the same sphere 2 with its center at G and 
passing through the intersection of the Longchamps sphere with the anticomple- 
mentary sphere of the circumsphere of ABCD. (2) Show that 2 is the Monge 
sphere for the Steiner ellipsoid circumscribing ABCD. 


Note. The Longchamps sphere is orthogonal to the spheres Sq, Ss, S., Sa 
See N. A. Court, L’ Enseignement Mathématique, Geneva, 1930, pp. 31-34; 
V. Thébault, loc. cit., 1937, pp. 81-89. The anticomplementary sphere of the 
sphere (ABCD) is the circumsphere of the tetrahedron formed by planes 
through the vertices of ABCD parallel to the respective opposite faces. 


Solution by the Proposer. If the lengths of the edges BC and DA, CA and DB, 
AB and DC are designated by a and a’, b and b’, c and c’, then the squares of 
the radii of the spheres Sy, Ss, S., Sa, are 

a? + b/2 + c’? b2 + c’2 + q’2 C2 + q’? + 6’? a’ + b2 + C2 
a, eee eC 


) 


2 2 2 2 
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The radii A,A, BiB, CiC, D:D of the spheres Si, S’, SJ, Sd are 3M./2, 3M, /2, 
3M./2, 3Ma/2, where M,, Ms, M., Ma are the medians of the tetrahedron 
ABCD. 

Let P be an arbitrary point on the intersection Ca of the spheres Sg and Sj. 
The theorem concerning the square of the median, applied to the triangle 
DD,P, gives 


— 9 — 2 —_2 —_-—2 
PD + PD, = 2GP + 3DD,, 
or, by virtue of a known expression for M7,* 
GP? = 3(a? + a! + B+ BW? + co? + €)/16 = o°. 


This relation shows that the circumferences C,, Cy, C., Ca are on a sphere 2 
with center G and with radius o. That this is the Monge sphere for the Steiner 
ellipsoid circumscribing ABCD has been shown. t 

Since further, the sphere 2, the Longchamps sphere for the tetrahedron 
ABCD and the anticomplementary sphere of the sphere (ABCD) form a pencilf 
the demonstration of the theorem is complete. 


A Feuerbach Point Theorem 


4059 [1942, 617]. Proposed by Victor Thébault, Tennie, Sarthe, France 


Let D, E, F be the points of contact of the inscribed circle (J) with the sides 
BC, CA, AB of triangle ABC, and A’, B’, C’ the feet of its altitudes. Show 
that the distances of the points of intersection of the pairs of straight lines such 
as B’C’, EF from the radical axis of (I) and the nine-point circle of triangle 
ABC are inversely proportional to the distances of the Feuerbach point from the 
feet of the altitudes. 


Solution by R. Bouvaist, Vincelles, Saéne-et-Loire, France.§ Let ABC be 
taken as the reference triangle for a system of normal trilinear codérdinates 
(x, y, z). Also let a, b, c denote the lengths of the sides BC, CA, AB; 2p=a+b+e 
the perimeter, S the area, R the radius of the circumcircle, and 7 the radius of the 
incircle. 

The equations of B’C’ and EF are respectively 


— xcosA + ycosB+2cosC = 0, — a(p — a)x + O(p — by + clp — c)z = 0, 
and the coérdinates (absolute) of their intersection M are 


_ 2S(c — b)(p — a) _ 2S(c — a)(p — b) _ 2S(a — b)(p — c) . 


bc(c — 5) _ bc(c — b) ° bc(c — Bb) 


* 'V. Thébault, this MONTHLY, 1935, p. 429. 

+ V. Thébault, L’Enseignement Mathématique, 1937, p. 98. 

t V. Thébault, ibid. 

§ Translated and checked by W. E. Byrne, Virginia Military Institute, Lexington, Virginia. 
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The required radical axis is tangent to the incircle (I) at the Feuerbach point ¢, 
and its equation is given by 


ax by Cz 


=ux+ovy+ wz = 0.* 
b—c c—a a-—b 


The distance from MM to this line is 


ss AS(p — — 
fi’ = (p — b)(p 6) 
be|b —c| Vo 


with 
o =F(u,v, w) = wv+ 2+ w? — 20w cos A — 2wu cos B — 2uv cos C. 


The distance from the incenter I to this radical axis is 


b C 
"boc cna a—b 
Ve ma 
so that 
a b C 
vemst a—b 
Butt 
sq - a elle = VR 
a\/R — 2r 
and therefore 
—. —. - 4S(p—a(p—-d(p- 
TR = IS SEB 


which establishes the proposition. 
It has been assumed throughout that (a—b)(@—c)(c—a) £0. 


An Envelope of the Third Class 
4154 [1945, 220]. Proposed by H. F. Sandham, Trinity College, Dublin 


Find the envelope of the axes of conics inscribed in a quadrilateral. 


Solution by the Proposer. Let PP’ =0, QQ’ =0 be the tangential equations of 
two pairs of opposite vertices of the quadrilateral, and [J=0 the equation of 


* See Salmon, Conic Sections, §131. 
} Victor Thébault, Ann. Soc. Scient. de Bruxelles, 1932, p. 3. 
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the circular points at infinity. The equation of any inscribed conic is then 
APP’+pQQ’=0. For a suitable v, the foci of this conic are given by 2=APP’ 
+yuQQ’+rIJ=0. If r, s, t are the coérdinates of the line joining the foci, then 
02/0r =02/0s =02/dt=0. Hence, performing these differentiations and elim- 
inating A, pw, v from the resulting three equations, we obtain 


P(dP’/dr) + P’(dP/dr) Q(0Q'/dr) + Q’(aO/dr) TI(dJ/dr) + J(dal /or) 
etc. = 0) 
etc. 


as the required envelope. 

The curve is of the third class and is the Jacobian of PP’=QQ’=IJ=0. 
It is at once verified that it touches once each the lines joining the opposite 
vertices, and the line at infinity. 

There are three tangents to the curve from any point. One of the tangents 
from I is the line at infinity, so that there are just two others. These must be the 
axes which pass through I of conics inscribed in the quadrilateral. Since the axes 
of a conic which passes through a circular point coincides with the tangent 
there, these axes must be the tangents at I to the two inscribed conics which 
pass through I. Now tangents from I to these conics are pairs in an involution 
of which the tangents to the two conics passing through I are double lines. 
Since tangents from a circular point to a curve have on each of them one real 
point which is a real focus of the curve, the above argument shows that the 
two real foci of the envelope are the double points of the complex involution to 
which belong the foci of inscribed conics. 

Hence, to sum up: The axes of conics inscribed in a quadrilateral envelop 
a curve of the third class which is the Jacobian of two pairs of opposite vertices 
and the circular points, and which touches just once the diagonals of the 
quadrilateral and the line at infinity. The two real finite foci are the double 
points of the complex involution to which belong the foci of inscribed conics. 


Note. The corollary that the foci of conics inscribed in a quadrilateral are 
pairs in a complex involution seems to be new, though the case of the de- 
generate point pairs is given in Morley’s Inversive Geometry. 


Four Spheres in a Tetrahedron 
4160 [1945, 281]. Proposed by Victor Thébault, Tennie, Sarthe, France 


Show how to construct four spheres passing through a given point and 
tangent respectively to the planes of three faces of a given tetrahedron so that 
the points of contact are twelve points of the same sphere. 


Solution by the Proposer.* In a tetrahedron T=ABCD, the inscribed sphere 
(I, r), of center J and radius 7, touches the faces BCD, CDA, DAB, ABC, at 
A’, B’, C’, D’. A sphere (I, p), of arbitrary radius p>r, concentric to (J, 7), in- 


* Translation by W. E. Byrne, Virginia Military Institute. 
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tersects these same faces in equal circles (A’), (B’), (C’), (D’), which the rays 
(A’B, A’C, A’D), (B’C, B’D, B’A), (C’D, C’A, C’B), (D’A, D’'B, D’C) meet in 
the points (Xz, X-, Xa), (Ye, Ya, Va), (Za, Za, Zs), (Va, Vs, Ve). The triangles 
XpXeXa, VYeYaVa, ZaZaZy, VaVnV_. are equal since their circumscribed circles 
are equal and the angles BA’C, CA’D, DA’B formed by the lines which join 
the vertices of T to the points of contact of the sphere (J, 7) on the planes of the 
faces are the same for the four faces. [1], [2]. 

The planes Y~Z.Va, X1Z Vs, X-VeVc, Xa VaZaform a tetrahedron T;=AiBiCiwD; 
homothetic to the tetrahedron T’=A’B’C’D’. The planes of the faces of T, 
which are perpendicular to the radii ITA’, IB’, IC’, ID’ of the sphere (J, r) 
circumscribed about tetrahedron T’, are anti-parallel to the opposite faces of 
T, in the trihedral angles (A), (Bi), (Ci), (D1). The planes of the faces of T 
meet the edges of 7: at the vertices of the tangential triangles X7X/X¢, 
Vi ViVd, Za'Zd Zé, Vi Vi Vi of the equal triangles XpX.Xa, Y.VaVa, ZaZaZo, 
VaViV.. These tangential triangles are also equal. The homothetic center of 
the tetrahedron T and the tangential tetrahedron TY of 71 is the point Z whose 
distances from the planes of the faces of J7{ are proportional to the radii of the 
circles circumscribed about these faces [3], [4]. This point Z, the second 
Lemoine point of Jj, is also the homothetic center of tetrahedrons T’ and T; 
[5]. Hence with respect to tetrahedron T, the sphere (J, p) belongs to a system 
of Tucker spheres of axis O,L, O,; being the circumcenter of tetrahedron 7}. 

If we construct spheres (wa), (ws), (w.), (wa), inscribed in the trihedral angles 
(A), (B), (C), ZD) of T and tangent respectively to the three adjacent faces at 
(Ya, Za, Va), (Xs, Zs, Vo), (Xe, Ye, Ve), (Xa, Ya, Za), the points A’ and Ai, B’ 
and Bi, and C’ and Ci, D’ and D, belong to the radical axes of the spheres 
[(ws), (We), (wa) I, [(w.), (wa), (Wa) iF [(wa), (Wa), (ws) iF [(wa), (ws), (w.) |. The radical 
center of the spheres (wa), (ws), (we), (wa) is therefore the point L which remains 
fixed when the radius p of the sphere (J, p) varies. The spheres (wa), (ws), (we), (wa) 
are orthogonal to a sphere (ZL), of center ZL, which reduces to a point when 
(wa) - + +, pass through L. 

Conversely, if a sphere (Z) is given, the spheres (O,), (Os), (O.), (Oa), 
orthogonal to (Z) and inscribed respectively in the trihedral angles (A), (B), 
(C), (D), are tangent to the adjacent faces in twelve points situated on a sphere 
concentric to the inscribed sphere (J, 7) of tetrahedron 7. As a special case, when 
the sphere (ZL) is a point sphere, the spheres (wd’), (ws’), (w2’), wd’) passing 
through Z and having their centers on AI, BI, CI, DI, between A and IJ, B and 
I, Cand I, D and J, are tangent to the four faces of T at twelve points situated 
on the same sphere concentric with the inscribed sphere (J, 7). (Sphere of Adams.) 


Note 1. We have fixed the position of the points (Xs, X-, Xa), °° ° , but as the 
lines BA’, CA’, DA’ meet the circle (A’) in six points, there are four sets of 
spheres like (wa), (ws), (@-), (wa) to consider. Furthermore, to each of the pedal 
tetrahedrons such as T’ of the eight centers of spheres tangent to the four faces 
of T, there corresponds a point L. There are in all eight positions of Z to which 
there may be associated spheres such as (Wa), (ws), (Wc), (wa), each touching three 
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faces of ) T. 


Note 2. The following remarks concerning the construction of the spheres 
which satisfy the problem may be added [6]. 

Given a tetrahedron ABCD and the second point of Lemoine L, the planes 
drawn through L perpendicular to the lines AI, BI, CI, DI joining the vertices 
to the center of the inscribed sphere, cut the cones of vertices A, B, C, D arcum- 
scribed about the inscribed sphere in four circles which are all on the same 
sphere of center J. (Sphere of Adams.) 

An isogonic tetrahedron has the lines joining the vertices of the tetrahedron 
to the points of contact of the opposite faces with the inscribed sphere of the 
tetrahedron concurrent [7]. This point of intersection coincides with the sec- 
ond Lemoine point Z defined above. In this case we have a complete analogy 
between the plane figure [8] and the three-dimensional figure. 
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A Property of the Adams Sphere of a Tetrahedron 
3998 [1941, 341]. Proposed by Victor Thébault, Tennie, Sarthe, France 


A sphere (S) is tangent to the faces of a tetrahedron ABCD at the points 
A’, B’, C’, D’ and the straight lines 4A’, BB’, CC’, DD’ are concurrent in the 
point P. The cones (I'4), (I's), (Ic), (I'v) with vertices at A, B, C, D circum- 
scribe (S). The planes through P parallel to the planes B’C’D’, C'D'A’, 
D'A'B', A’B'C’ cut the respective cones in four circles which lie on a sphere 
concentric with (S). 


Solution by the Proposer. In case (S) is the inscribed sphere, the point P is 
the second Lemoine point mentioned in the above Solution of 4160 and the proof 
of the present proposition is included in the final remarks there. If (S) is one of 
the externally tangent spheres, P is one of the associates of the second Lemoine 
point, and the proof follows without essential change. See also V. Thébault, 
Comptes-Rendus, 1940, p. 377; Mathesis, 1941, Supplément, p. 20; this MONTHLY, 
1942, p. 170. 


Upper Bound for Terms of the Binomial Expansion 
4186 [1946, 45]. Proposed by Fritz Herzog, Michigan State College 
It is known from the theory of probability that for x fixed, 0<«<1, the 
largest of the n-+1 terms ,C,x"(1—x)""", r=0, 1, -- +, ”, is asymptotically equal 
to [2rnx(1—x) |-/?, as n—> 0. Show that for all integral values of m and r with 
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n2z1,O0Srsn and for all values of x with 0<x<1 
nCrur(1 — x)" < 1/[2enx(1 — x) ]1/? 


and that this represents the best inequality in the sense that the numerator on 
its right cannot be replaced by any number less than unity. 


Solution by the Proposer. We put 
(1) R(n, r; x) = (nCr) ?*nxPrth(] — 4)?n-2rtl 


and proceed to show that l.u.b. R(m, r;x) =1/(2e), the l.u.b. being taken over 
the ranges of ”,7, and x, indicated in the problem. For fixed n and r we denote 
the maximum of R(n, 7; x) in the interval 0<x<1 by S(n, r) and have then 
to show that l.u.b. S(n, r) =1/2e, this l.u.b. being taken over all integral 2 and r 
with 221 and 0SrSn. By differentiation of (1) it is easily seen that the maxi- 
mum of R(n, r; x) as a function of x in the interval 0<x*x<1 is obtained when 
x= (2r+1)/(2n+4+2), so that 
(2) S(n, 7) = (nCy)?n(2r + 1)?**1(2n — Qr 4+ 1)2"-2r+1/(2n 4 2) 2042, 
We now put, for r=0, 1,--+,”—1; q(n, ry) =S(n, r+1)/S(n, 7) and obtain 
from (2) 
(n — r)*(2r + 3)2"+8(2n — 2p — 1)20-2r-1 
(3) q(t, ?) = _—" 
(r + 1)2(2r + 1)2+1(2n — Qr + 1)2m-2rt1 


Considering 7 for a moment as a continuous variable (0S7<n—1), we obtain 
from (3). 
d log g(n, r)/dr = — 2/(r + 1) + 2 log [1 + 2/(2r + 1)] 
(4) — 2/(n — r) +2 log [1 + 2/(2n — 2r — 1)] 
= f(2r + 1) + f(Qn — 2r — 1), 
where f(¢) = —4/(¢+1)+2 log (1+2/#), >0. (Since OSrSn—1, 2r+121 and 


2n—2r—-121.) From f(i)—-0, as to+o, and f’(#)=4/(t+1)?—4/t(t+2) <0, 
it follows that f(#) >0 for >0. We thus conclude from (4) that d log g(n, r)/dr>0 


and hence that g(, r) increases with r (r=0, 1, - ++, m—1). In particular, we 
have for OSr<(n—1)/2 
(5) q(n,7r) <q(n,n—1—7). 


On the other hand, from (1) we have R(n, n—r; x)=R(n, r; 1—x) so that 
S(n, n—r) =S(n, 7) and g(n, n—1—r) =1/q(n, r). The last relation together with 
(5) yields g(n, r)<1<q(n, n—1—r) for OSr<(n—1)/2. (In the.case m odd, 
q(n, r)=1 for r=(m—1)/2.) Thus, for fixed n, S(n, r). decreases with r for 
0S7r<(n+1)/2 and increases with r for (n—1)/2<rSn. Therefore, the largest 
of the S(n, r) (r=0, 1, +--+, 2) is 


(6) S(n, 0) = S(n, n) = n(Qn + 1)2+1/(In + 2)2042, 
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and it remains to show that |. u. b. S(m, 0) =1/2e, the |. u. b. being taken over all 
positive integral values of m. Considering x in (6) for a moment as a continuous 
variable, we have d log S(n, 0)/dn=1/n—2 log [1+1/(2n+1) ]>1/n—2/(2n 
+1)>0 (since log (1+) <u for u>0). Hence S(n, 0) increases with n for 
n2=1. On the other hand, from (6) we have S(n, 0) =[n/(2n+2)| [1+1/(2n 
+-1)|-@+), whence lim S(n, 0)=1/2e, as n—>. This proves 1. u. b. S(m, 0) 
=1/2e. Since S(n, 0) is actually less than 1/2e for n=1, 2,---, the < sign in 
the proposed inequality (rather than S) is justified. 

The following references to the asymptotic relation from the theory of prob- 
ability, mentioned in the beginning of the problem, may be of interest: E. Czu- 
ber, Wahrscheinlichkettsrechnung, 3rd ed., 1914, v. I, p. 134, (7), Arne Fisher, 
Mathematical Theory of Probabilities, 1922, v. I, pp. 101-102, and H. C. Plum- 
mer, Probability and Frequency, 1940, p. 34, (44.1). 


Greatest Integer Function 
4199 [1946, 225]. Proposed by N. J. Fine, Indianapolis, Ind. 


Let r be any integer greater than unity, ~ a non-negative integer, and aa 
non-negative integer less than 7. Let vy be the number of digits in the expression of 
n in the scale r which are not less than r—a, and let o be the sum of the digits. 


Show that 


k=1 rk 


where the brackets denote the greatest integer function. 


Solution by R. C. Buck, Harvard University. Let n(k) be the individual digits 
so that 


n= > n(k)r*, o¢ = > nk). 
k=0 k=0 
Then, 
k—1 re) 
=I — > n(r\)P-* + Ox, 
rk A=k 
where 
k-~2 
6, = jos n(r)rr +- {n(k —1)+ a} | . 
h=1 


If n(k—1)+a<r, then 6, =0; otherwise 6,=1. Summing from 1 to infinity on , 
we have 


00 k-1 0c 00 
> | = Didi ndjr-* + Dio 
r k=1 


k=1 k=l \=k 
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ra) r 
dD mr) Dy P-* +p 
A=1 k==1 


rr) A — | 
> n(d) —— + 
= r—i 


hel 
moo 

= V. 
r—i 


If a=0, this reduces to }\(n/r*) =(n—o)/(r—1). If 7 is a prime, this gives 
the highest power of p dividing n! 
Solved also by Paul Bateman, Paul Brock, C. D. Olds, and the Proposer. 


Partial Derangements 
4202 [1946, 278]. Proposed by Vladimir Karapetoff, New York, N. Y. 


In a certain game of chance, consecutive numbers from 1 to ” are written 
on a table. The same number of discs are provided with consecutive numbers 
written on them. The discs are turned with the numbers down so that the play- 
ers cannot see the numbers written on them. A player covers all the numbers on 
the table with the discs at random, because he does not see the numbers on 
them. The discs are then turned over and the score is made on the basis of the 
number of discs whose numbers agree with the numbers on the table which 
they are covering. It is required to deduce an expression for the chance that 
k of the 2 discs covered the correct numbers. 


I. Solution by E. S. Keeping, University of Alberta. The number of possible 
arrangements of discs is 2! The number of arrangements with k matches and no 
more is A;, where A; is the coefficient of x1, x2 - + + X,f* in * 


b = (xb + we +e H+ Xn) (41 + vot fee Hn) ++ (41 tte fee + ah) 
[Dat @-— Dal[D a+ ¢- te] --- Doa+t+ G- ta] 


nN 


>» (>> x) (t — 1)"-9| eix2 8) Keg bee |, 

g=0 

the last bracket including all the sets of n—g different variables out of x1, %2,---, 
Xn. 

Now the coefficient of ¢* in (t—1)*-9 is ("2% (—1)"-9* and the coefficient of 
x1X2° + + Xnin (>, x;)% is g! The number of ways of picking out g different varia- 
bles from x1, %2, - °°, %. is (7), and for each such choice there is one and only 
one term in the last bracket of ¢ which will give a term x1%2 - + + x, in . There- 
fore the required coefficient is 


A, = SS (") g! (" 7 \- 1) "97, 
g=0 \§ k 


* Each ¢ in such a term means that some x; came from the jth factor (xi-+-%e-+ ° + + +x; 


foes Atty). 
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The probability of k matches is therefore 
Ar n—k (— 1) n—g—k 
n!} go k(n — k— g)! 


-+( 11 be per ) 
Rl 11° 2! Ge bi) 


II. Solution by C. F. Pinzka, Student, Rutgers University. The Rk correct pairs 
may be chosen in C(n, k) ways, the number of combinations of ” objects taken 
kata time. For each of these C(n, k) correct pairings, there are D(n— k) incor- 
rect pairings of the remaining discs and numbers, where D(n—k) is the number 
of derangements of »—k objects. This is known (See W. W. Ball, Mathematical 
Recreations and Essays, 11th ed., pp. 46-47) to be 


n—k 
D(n — k) = (n — RB)! D5 (— 1941/22). 
i=0 
The total number of ways of arranging all the discs on all the numbers is !, and 
the required probability is therefore 


C(n, k)D(n —.k) 1 2-* (- 1) 
n! ~ Rl i-0.~—ti! 


Solved also by D. W. Alling, Paul Bateman, R. C. Buck, W. B. Campbell, 
Clara M. Feller, and Free Jamison. 


Editorial Note. See also 4146 [1946, 107-110], where many references are 
given. Another reference is Wilks, Mathematical Statistics, p. 208. See also the 
related problems, E 719 [1947, 45-46] and E 589 [1944, 287]. 


The Generalized Coin Problem 
4203 [1946, 278]. Proposed by N. J. Fine, Washington, D. C. 


This is a generalization of E 651 [1945, 42]. If one is allowed 2 weighings on 
a beam balance, what is the maximum number A, of coins, exactly one of which 
is bad, from which one can isolate the bad coin and determine whether it is 
heavy or light? (Cf. E 712 [1946, 156].) 


Solution by the Proposer. It will be shown that A,=(3"—3) /2. 

I. Given k coins, exactly one of which is bad, separated into two sets X and 
Y (not necessarily non-empty) such that the odd coin is known to be heavy or 
light according as it isin X or Y; if $3”, one can isolate the bad coin and iden- 
tify it as light or heavy in not more than ” weighings. Put x coins of X and y 
coins of Y in each scale pan, where x and y are so chosen that x+y $3"-!, k—2x 
—2y 33", If the scales do not balance the bad coin is among the x coins on the 
heavy side or the y coins on the light side. If the scales balance, the bad coin is 
among the unweighed coins. In either case a complete induction is possible, the 
statement being evidently true for n=1. 
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To show by induction that 3” is maximum (even if one has extra good coins 
available) suppose that x coins of X and y coins of Y are weighed against x’ coins 
of X, y’ coins of Y and 2’ good coins, leaving w unweighed. The possibility of 
balancing (with induction) implies that wS3*-!. The possibility of unbalance 
(with induction) implies that the larger of x+y’ and x’+y does not exceed 
3”-!, Hence the total number cannot exceed 3”. 

II. Given (3"—1)/2 coins and a single additional good coin, one can isolate 
and identify the bad coin in ” weighings. Weigh the good coin and (3"-!—1)/2 
coins against (3"-!+1)/2, leaving unweighed (3"-!—1)/2. If the scales balance 
we have (3"-!—1)/2 unidentified coins plus a good one, so that the induction 
can go through. If the scales do not balance, we have (3"-!—1)/2-+(3"-!+1)/2 
= 3"! coins to which I applies. 

To show that the stated number is maximum (even if more good coins are 
available) suppose x unidentified and y good coins are weighed against x+y 
unidentified coins, leaving z coins unweighed. The possibility of balancing (with 
induction) implies that z S$ (3"-!—1)/2. The possibility of not balancing implies, 
by I, that y+2x <3"-1, Hence the total cannot exceed (3°-!—1)/2+3°-! = (3" 
—1)/2. 

III. Given (3"—3)/2 unidentified coins (with no extra good coins) one can 
isolate and identify the bad coin in n weighings. Weigh (3"-!—1)/2 against the 
same number, leaving as many unweighed. If the scales balance, we have 
(3"-!—1)/2 unidentified coins to work with, and in addition more than one good 
coin. By II only n—1 more weighings are needed. If the scales do not balance, 
we have 3”~!—1 coins to which I applies. 

To prove that this number is maximum, suppose that x coins are weighed 
against x, leaving y unweighed. The possibility of balancing implies, by II, that 
y S$ (3"-!—1)/2. The possibility of not balancing implies, by I, that 2x <3"—!, 
But 3"! is odd, so that 2x<3"-!—1. Hence the total number does not exceed 
(37-1! —1)/2+3°-!—-1 = (3"—3) /2. 

Solved also by Murray Barbour, R. L. Brooks and C. A. B. Smith, H. Dow- 
ker and A. Seidenberg, Clara M. Feller, Ralph Keffer, Victor Perlo, J. Rosen- 
baum, and G. Szekeres. 


Editorial Note. C. F. Pinzka referred to The Mathematical Gazette, 1945, pp. 
227-229, and 1946, ‘pp. 231-234, where two solutions are given. Rosenbaum’s 
solution associates the individual coins with integers in the ternary scale and 
gives a scheme whereby the number may be obtained from the results of the 
weighings, similar to the second solution in the Gazette. Brooks and Smith give 
an analogous solution using vector terminology. 

Every solver assumed either that the coins are marked so as to be individu- 
ally identifiable at any stage, or that each scale pan is divided in some way so 
that it is possible to put on it coins of different sets without mixing. From the 
clause, “all of which appear exactly alike,” in the statement of E 712, a more nat- 
ural interpretation seems to be that after coins have been placed together in a 
scale pan they are to be considered as a single set. With this nestriction the maxi- 
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mum seems to be given by 
An = (7-3"-2 — 1)/2 = 3-3™-2 4 3Br-8 4 Bete... 4341, 


In two weighings we can determine whether the three sets of 3"~* coins are of 
equal weight, and hence all good, or whether one set contains a light or a heavy 
coin. If they are all good, a third weighing (against 3”-% good coins) will deter- 
mine whether the set of 3”-’ coins is all good or contains a heavy or a light coin. 
Continuing thus, since one coin is known to be bad, for some s (s=2, 3, 4, --+-, 
n) we reach in s weighings a set of 3”-* coins containing a heavy or a light coin. 
By I in Fine’s solution above, n—s further weighings will isolate the bad coin. 
(When either X or Y is empty, the method of I comes under our present restric- 
tion. ) 


- RECENT PUBLICATIONS 


Epitep By H. P. Evans, University of Wisconsin 


All books for review should be sent directly to the editor of this department, American 
Mathematical Monthly, 531 West 116th Street, New York 27, N. Y., and not to any of the 
other editors or officers of the Association. 


Science Since 1500. By H. T. Pledge. New York, Philosophical Library, 1947. 
(Originally published by H. M. Stationery Office, London, 1939). 357 pages. 
$5.00. 


Interest in the history of science has grown so rapidly in recent years that the 
publication of this book in America should be welcome. The reader will find it 
both valuable and entertaining, provided he is forewarned of its numerous short- 
comings. 

The style is uneven, being usually good but often so bad as to obscure the 
sense. Surely “the mutual ignorance of the chief scientists” (p. 55) is not idio- 
matic English to express their lack of personal acquaintance with one another. 
Spelling, punctuation and printing show similar carelessness, though much more 
rarely. There are about thirty inserts, in the form of illustrations, graphs, charts 
and maps, which are interesting in themselves but have little connection with the 
text. 

More serious defects are connected with the author’s laudable but difficult 
attempt to provide a unifying thread through the history of modern science. 
Such a thread he finds in the relation between industry and science, or as he 
often says, between the crafts and theory. Thus Chapter V—Mechanics, Astron- 
omy and Optics in the 17th Century—begins 
the story of this, the most important single episode in the history of science, is a complex one. 


Improvements in the science of mechanics are severely tested by difficulties in astronomy, brought 
to the front by advances in the manipulation of lenses. Other experiments made possible by skill 
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in the handling of glass give definiteness to the concept of a gas. This, and advances in hydraulics, 
enrich the idea of the physical; and the concept of mass crystallises out. With its aid, and with 
that of advances in mathematics, the astronomical difficulty is overcome. Doubly the advance 
depends upon the properties of glass. 


And the whole idea is summed up in a thought-provoking sentence (p. 322) 
“abstract science is not knowledge of nature but of the artefacts of industry 
from nature.” 

On this chosen thread the author has attempted to string a truly amazing 
number of facts, the indices of his book containing nearly four thousand entries. 
He is thereby confronted by two complementary dangers, which he does not 
altogether avoid. The unifying thread may not be sufficiently strong, so that 
facts are set down without much connection. This is certainly the case in the 
closing chapters, on “Real Materials.” On the other hand, a desire for unity may 
lead an author to discern similarities where none exist. The present book is full 
of comparisons between mathematics and religion, psychology and bacteriology, 
and so forth, which have excited ridicule, e.g., in the review in Nature, April 13, 
1940. As an example, consider the following comparison (p. 324) between mathe- 
matics and geography: 
we suggested in the first chapter that elbow-room rather than order came, with the Explorations, 
to be the dominant idea as to space. We suggested that, with its tacit implication of relativity, 
this led to Copericanism in the 16th century. ... But meanwhile (in the nineteenth century) 
white man was being forced to realise that, on this planet, elbow-room is not unlimited: and, as if 
reflecting this, the idea of order rather than of room began to come to the front again, with the 
added point that there might be types of order more general than any sort of space. For even the 


abstract spaces of Frechet recognise the limitation that there must be a meaning for the “vicinity” 
of points. 


Such an argument, apart from its lack of clarity, goes much too far in an at- 
tempt to explain the history of mathematics in terms of navigational instru- 
ments and discoverable territory. It will prove almost anything. Fréchet’s spaces 
are based on Cantor’s theory of aggregates, arising from a study of Fourier’s 
series, which contain the trigonometrical functions used in navigation. So we 
have reached the opposite conclusion: it is the Portuguese explorations which are 
responsible for modern abstract spaces! 

The author himself is uncomfortably aware that many of his linkages are 
fanciful and sometimes apologizes for them in the wrong places. Thus, in a para- 
graph on theories of heat (p. 111): 
in the early 18th century, gin engulfed Britain in an overwhelming wave of drunkenness, We may, 
fancifully, see in these new sciences of chemistry and of heat one reaction to this! For not only is 
distillation one of the best methods of preparing pure substances, but distillers, Black found, were 
aware, as users of fuel, of a quantitative aspect of heat other than mere temperature. Two branches 
of technology were thus exchanging influences, at the very start, with this new theoretical science 
of heat. Black, in fact, ended another case of the isolation of craft knowledge and theorist’s knowl- 
edge; and the union of traditions gave him the doctrine of the latent heat of freezing and of 
vaporisation (1757-62). This was of special interest to Watt. 


But what is fanciful in a statement that the process of .manufacturing gin has © 
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contributed to our knowledge of heat and chemistry? It is true, important, and 
a first-class example of the author’s general method. 

From what has already been said, it is clear that in spite of serious flaws the 
book has great positive merit. Most of our quotations have been chosen to dis- 
play some fault; yet they are both informative and interesting. In fact, a book 
which gives a perspicuous and reasonably inclusive account, in less than five 
lines, of the history of Cepheid variables in determining distances to the stars 
(p. 293), of the early enthusiasm and opposition encountered by the practice 
of asepsis (p. 164) and vaccination (p. 166), of the relation of logical positivism 
to science (p. 190), or in less than twenty lines, of the history of the insolubility 
of the quintic (p. 175), of the theoretical and practical discovery of Dirac’s posi- 
tron (p. 282), and so on almost endlessly, in such a way as to produce in the 
reader, through at least two-thirds of its course, a sense of mounting excitement 
and of pride in human achievement, such a book is worthy of respect, let its de- 
fects be what they may. 

The five chapters devoted to mathematics are: IV: Mathematics before the 
Calculus; VI: Mathematics 1600-1800; X: Mathematical Physics (to the end 
of the nineteenth century); and XII and XIII: 19th-Century Mathematics. As 
in the rest of the book, their extreme conciseness makes it impossible to give an 
account of what they include. To put it roughly: everybody is mentioned at 
least once. 

The above remarks about the book as a whole apply equally well to the 
mathematical chapters. It is easy to quote passages of distinct merit which con- 
tain a serious flaw. The following paragraph (p. 187) is perhaps the best example: 
another worker in algebraic numbers, Dedekind, joined hands with Weierstrass in developing a 
method for dealing with the position (the need for “arithmetisation” of analysis). It lay in work- 
ing out an analytically usable definition of irrational numbers, by extending that of Eudoxus. 
Dedekind’s “cut” (1858, published 1872) divided the rational numbers into a L(eft) and R(ight) 
class, each with at least one member, such that every L is less than every R. A rational number 
makes a cut in which it is either the greatest of the L’s or the least of the R’s: which both exist. An 


irrational is then defined as one for which neither exists, but which (Weierstrass) can be defined, 
and reached in practice, by a convergent infinite sequence among the L’s. 


Taken as a whole, the paragraph is excellent, in line with the best passages in 
other parts of the book. But the words “which both exist” (instead of “one or 
the other of which exists,” or perhaps “both of which possibilities always ex- 
ist”) constitute an elementary mistake which could easily prove baffling. 

It is probable that the book will be useful; but for what type of reader ? Cer- 
tainly not for the undergraduate, who cannot defend himself against its errors 
and has never heard of Fréchet. But if, as signs indicate, the history of science 
will soon find its place in the curriculum of the American college, then the intend- 
ing lecturer will do well to turn to this book. It will provide him with a frame- 
work, and with information which he can supplement and correct from more 
voluminous and more exact sources. 


S. H. GouLp 
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Advanced Mathematics for Engineers. Second Edition. By H. W. Reddick and 
F. H. Miller. New York, John Wiley and Sons, Inc., 1947. 12+508 pages. 
$5.00. 


The first edition (1938) of this book was reviewed in this MONTHLY (v. 48, 204, 
1941) by Professor E. B. Allen. This second edition differs but slightly in content 
from the first, the character of which is familiar enough to justify omission here 
of detailed comment. Suffice it to say that the qualified undergraduate engineer- 
ing student who has finished the calctilus and wishes to take a next course in 
mathematics pertinent to his engineering studies will find this book instructive 
and to his taste. The critical remarks which follow are not to be understood as 
detracting from the many merits of this book. 

To begin with, superficially, the format will not be found as pleasing nor the 
quality of the paper as good as in the first edition. However, it should be empha- 
sized that the publishers have taken pains with the book; it has been reset, 
legibly printed, and is singularly free from typographic errors. This edition does 
no disservice to the reputation of the publishers for the much admired standard 
of their technical publications. 

All of the problems of the first edition have been retained but with considera- 
ble rearrangement within each list. A great many new exercises have been added 
throughout the book, and several are of interest. Others are “routine,” and it is 
not always clear just what these and certain of the rearrangements are intended 
to accomplish. The answers to all the problems are given at the end of the book. 
The engineering student will no doubt continue to be attracted by the practical 
aura of the exercises; some first rate students although finding many of the exer- 
cises worthwhile for drill purposes may miss both those significantly hard and 
also those delicate problems by which mettle is proved. 

Beside extensive revisions of the problem lists throughout the book there are 
certain revisions in the text proper. In Chapter I (“Ordinary Differential Equa- 
tions”) the same presentation occurs except for certain revisions to several sec- 
tions of Article 7: (1) a numerical change in the efflux of the problem in Section ¢ 
makes the discussion more instructive; (2) there is a literal revision of Section d; 
(3) a more careful statement of Hooke’s law and subsequent discussion are given 
in Section f; (4) Figures 3 and 4 have been redrawn. In Chapter II (“Hyperbolic 
Functions”) an article on the “geometric representation of hyperbolic functions” 
and accompanying figure have been deleted. In Chapter III (“Elliptic Inte- 
grals”) Article 31, dealing with a mechanical brake problem, is new. Chapter 
IV (“Infinite Series”) and Chapter VI (“Gamma and Bessel Functions”) are 
substantially unchanged. In Chapter V (“Fourier Series”) a new Section 49 
called “Combination of Series” has been added; this turns out to be merely a 
quotation of the sine and cosine half-range series for a particular linear poly- 
nomial. In Chapter VII (“Partial Derivatives and Differential Equations”) the 
latter parts of Articles 70 and 71 dealing respectively with the solutions of the 
vibrating string and one-dimensional heat-flow equations are entirely rewritten 
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and improved. Now (pp. 282-284) a numerical illustration of the “telephone 
equations” replaces the former illustration (pp. 265-267) of the “telegraph equa- 
tions.” Finally, the chapter is extended by the inclusion of a discussion of the 
partial differential equation of a vibrating membrane (Art. 77). The contents 
of Chapter VIII (“Vector Analysis”) and Chapter IX (“Probability”) remain 
essentially unchanged. 

Chapters X and XI remain the same as in the first edition. These are in- 
tended to serve as first introductions to the study of functions of a complex 
variable and of the Heaviside operational calculus. A distinguishing feature in 
each of these chapters will be recalled by readers of the first edition. A third of 
the former chapter is given over to a readable introductory account of the idea 
of the Schwarz-Christoffel transformation, with some of the familiar applica- 
tions. The second half of the last chapter may serve as an introduction, by way 
of purely formal procedures, to the classical Bromwich “justification” analysis. 

Finally, an appendix of five pages’ length has been added on “Units and Di- 
mensional Analysis.” It is perhaps convenient to have these tables of dimen- 
sions of various physical quantities collected here. The remarks on “dimensional 
analysis” are cursory; a few illustrations but no explicit exercises for the student 
are given. The table of contents and the index have been carefully revised. 

In the first edition of this book there were a few rather well-chosen references 
to the engineering literature which were incorporated in the text. These of 
course remain; one can but wish that circumstances had permitted several ad- 
ditions to them in the years since 1938. The reader of the appendix is referred 
to Eshbach’s handbook and Bridgman’s monograph for further information on 
dimensional analysis; other than these only two new references to the literature 
have been added. The first is to a paper by I. Opatowski which appeared in this 
Monru_y (v. 48, 443, 1941), the essence of which is now included as Article 31; 
the other reference, to some work of one of the authors, occurs in connection 
with an exercise in Chapter IX. It may also be remarked that it would be helpful 
if authors would consistently cite references to journals and books completely 
and in some one of the accepted ways; defects of this kind need remedying in 
this book. 

The highways of modern engineering science are so many-laned and the 
traffic is so heavy and fast that the mathematical vehicles upon which we some- 
times sanguinely mount our students seem to be “Model T.” Let us hope that 
this book, and others written with the same intent, will eventually lead (with 
the engineer’s cooperation) to courses in what really is advanced mathematics 
for undergraduates in engineering which will go far toward modernizing their 
mathematical transportation as they start off on their careers. 

The appearance of the second edition of this book, implying the growing 
number of such courses and the wide adoption of the book itself, would seem to 


call for congratulations all around. 
S. G. HACKER 
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Cours Complet de Mathématiques Elémentaires, Tome 1, Arithmétique. By J. Haag. 
Paris, Gauthier-Villars, 1945. 6+103 pages. 80 fr. 


This is a nice little book in the theory of arithmetic from a not too advanced 
standpoint. The chapter headings mention the four rational operations, decimal 
notation, prime numbers, fractions, decimal fractions, squares and square roots, 
ratio and proportion, mensuration, theory of errors. There are no problems, 
these doubtless being provided in a supplement. 

C. C. MACDUFFEE 


NEW BOOKS RECEIVED 


Applied Bessel Functions. By F. E. Relton. London and Glasgow, Blackie 
and Son, Ltd., 1946. 7+191 pages. 17s. 6d. 

Advanced Calculus. By D. V. Widder. New York, Prentice-Hall, Inc., 1947. 
16+432 pages. $5.00. 

Brief Analytic Geometry. Second Edition. By T. E. Mason and C. T. Hazzard. 
Boston, Ginn and Co., 1947. 9+205 pages. $2.50. 

Calculating Machines. By D. R. Hartree. Cambridge University Press, 1947. 
40 pages. $0.75. 

Curso de Matematica en Forma de Problemas. By J. Gallego-Diaz. Madrid, 
Dossat, 1944. 12+333 pages. 

Differential and Integral Calculus. Functions of One Variable. By F. D. Mur- 
naghan. Brooklyn, Remsen Press, 1947. 10-+502 pages. $5.00. 

Elements of Symbolic Logic. By H. Reichenbach. New York, The Macmillan 
Company, 1947. 13-444 pages. $5.00. 

Great Engines and Great Planes. By W. W. Stout. Detroit, Chrysler Corpora- 
tion, 1947. 8-+-133 pages. 

An Introduction to Mechanics. By J. W. Campbell. New York and London, 
Pitman Publishing Corporation, 1947. 18+372 pages. $4.50. 

Introduction to the Theory of Equations. Second Edition. By L. W. Griffiths. 
New York, John Wiley and Sons, Inc., 1947. 9+278 pages. $3.50. 

Intermediate Algebra. Revised Edition. By H. L. Rietz, A. R. Crathorne, and 
L. J. Adams. New York, Henry Holt and Co., 1947. 10-+-294 pages. $2.40. 

Mathematics as a Culture Clue and Other Essays. (Collected Works, Vol. 1). 
By C. J. Keyser. New York, Scripta Mathematica, 1947. 7+-277 pages. $3.75. 

The Physical Principles of Wave Guide Transmission and Antenna Systems. 
By W. H. Watson. Oxford University Press, 1947. 10-+208 pages. $7.00. 

Proceedings of the First Canadian Mathematical Congress, Montreal, 1945. 
Toronto, University of Toronto Press, 1946. 44+-367 pages. $3.25. 

Romping Through Mathematics. By R. W. Anderson. New York, Alfred 
Knopf, 1947. 150 pages. $2.50. 

The Sirange Story of the Quantum. By B. Hoffman. New York, Harper and 
Brothers, 1947, 11+239 pages. $3.00. 


CLUBS AND ALLIED ACTIVITIES 
EpITEeD By L, F. OLLMANN, Hofstra College 


Send reports of all activities, such as club reports, special features, topics with references, 
student papers, and other material of interest to L. F. Ollmann, Hofstra College, Hempstead, 
New York. 


CLUB REPORTS, 1946-47 
Pi Mu Epsilon, University of Nebraska 


During 1946-47, seven meetings were held by the Nebraska Alpha Chapter 
of Pi Mu Epsilon, including a business meeting, the initiation banquet and the 
annual spring picnic. The following talks were given: 

The Laplace transformations, by Dale Rippe 

Continuous functions which are nowhere differentiable, by Mr. W. T. Lanser 

The simplest problem in the calculus of variations, by Mr. Lloyd Jackson 

Pascal's triangle, by Mr. Dale M. Mesner. 

Ten men were initiated at the annual banquet held December 8, while 
twenty-three members were initiated on May 13 at the spring picnic. 

The annual Freshman and, Sophomore competitions were held May 10. 
The Freshman prize was won by Mr. William Mundell, the Sophomore prize by 
Mr. William Bade. 

Officers for the year 1946-47 were: President, Dick Bresee; Vice-President, 
Marilyn Stahl; Secretary, Louise Gardels; Treasurer, Simon Delisi. 

Officers for 1947—48, who took office in March, are: President, Martha Clark; 
Vice-President, R. N. Scheidt; Secretary, Maurice Lamoree; Treasurer, Harold 
B. Frost. The faculty advisor is Miss Lulu L. Runge. 


Pi Mu Epsilon, University of Alabama 


The activities of the Alabama Alpha Chapter of Pi Mu Epsilon centered 
around applications of mathematics. Several papers showed how mathematics 
was used by various members of the chapter during the war. The topics were: 

The Army University at Biarritz, by Dr. H. S. Thurston 

Geometric proofs of some trigonometric theorems, by Dr. C. L. Seebeck, Jr. 

Mathematics in meteorology, by Ria J. Clinkscales, a former U.S.N. meteor- 
ologist 

Mathematics in navigation, by Herschel E. Morrison, former U.S. A. A. F. 
navigation instructor 

Differentiating and integrating circuits, by Dr. Ferdinand H. Mitchell 

Internal stresses in beams, by T. W. Wilder. 

The chapter started the year with 31 members and initiated 22 new members 
during the year. Other activities included a party and a picnic. 

The officers for 1946-47 were: Director, Emily Jones; Vice-Director, Hazel 
Reynolds; Treasurer, Dr. H. S. Thurston; Publicity Chairman, Linda Simpson; 
Secretary, Dr. C. L. Seebeck, Jr.; Social Chairman, Kathleen Cannon. 
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The officers elected for 1947-48 are: Director, Kathleen Cannon; Vice- 
Director, Linda Simpson; Treasurer, Dr. H. S. Thurston; Secretary, Dr. C. L. 
Seebeck, Jr.; Publicity Chairman, Dr. F. A. Lewis; Social Chairman, Susie 
Lee Ward. 


Kappa Mu Epsilon, Central Missouri State College 


The theme of the program of Missouri Beta Chapter of Kappa Mu Epsilon 
for the year 1946-47 was the uses of mathematics. The following papers were 
presented: 

Mathematics in the social sciences, by Dr. Royal J. Briggs, Professor of 
Economics 

Mathematics in the natural sciences, by Dr. Laura J. Nahm, Professor of 
Zoology 

Some interesting variations of the Pythagorean theorem, by Edgar Curtis 

Actuarial mathematics, by Gordon Cross 

Mathematical recreations, by Mrs. Virginia Moore 

Magic squares, by Ronald Evans 

Radar, by James Remley. 

The annual spring banquet was held on April 30. On May 7, 1947, mem- 
bers of the Missouri Beta Chapter went to the campus of William Jewell Col- 
lege, Liberty, Missouri, and installed the Missouri Gamma Chapter of Kappa Mu 
. Epsilon. 

The officers for the year 1946-47 were: President, Ernest Hoover; Vice- 
President Ronald Evans; Secretary, Robert Ellis; Treasurer, Norman Hoover. 

The officers for 1947-48 will be: President, Mrs. Virginia Moore; Vice- 
President, Samuel Herndon; Secretary, Patricia Stewart; Treasurer, Berna 
Deane Rist. 


Pi Mu Epsilon, University of Oklahoma 


The Oklahoma Alpha Chapter of Pi Mu Epsilon, having been inactive since 
the summer of 1943, held a reorganization meeting in October 1946. 

The following papers were presented as part of the programs of the regular 
meetings during the year: 

Ballistic meteorology, by Mr. Otis S. Spears 

Graeffe’s method for the solution of algebraic equations, by Mr. Clarence R. 
Gates 

Some aspects of topology, by Mr. Roy B. Deal 

The life of Newton and the development of the calculus, by Mr. H. Milton 
Peek 

Non-Euchdean geometry, by Mr. John D. Lennes. 

The annual spring banquet was held on May 9, 1947 at which the new 
members were initiated. Dr. N. A. Court, Professor of Mathematics, gave the 
principal address, Perplexities of a Potato-pusher. 

The chapter also sponsored a renewal of its annual all-school mathematics 
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contest. This contest is open to any undergraduate student and consists of 
problems in applied calculus and analytic geometry. A prize of ten dollars in 
books and a second prize of five dollars in books were given to the first and second 
place winners. Mr. Lester D. Fisher, junior engineer, and Mr. Kay N. Burns, 
sophomore engineer, were guests of honor at the spring banquet. 

The officers serving for 1946-47 were: Director, Mr. Charles J. Pipes; As- 
sistant Director, Mr. Gene Levy; Secretary-Treasurer, Mr. Garth A. Abbott. 


Pi Mu Epsilon, Louisiana State University 


Louisiana Alpha of Pi Mu Epsilon at Louisiana State University met early 
in October, 1946, for an organization meeting and to map out a program for the 
year. 

The following papers were given at various meetings throughout the year: 

Checking hunches, by Dr. Frank A. Rickey 

A fish tale, by Dr. W. V. Parker 

Intusttive discussion of the point-calculus of Grassman, by Dr. H. L. Smith 

There 1s another way, by Dr. Paul K. Rees 

The generalized water-fetching problem, by Mr. John C. Currie 

The degenerate forms of conic sections, by Mr. Ernest Ikenberry. 

The winner of the annual Freshman Honors Examination was Mr. Earl P. 
Babin, and the winner of the annual Senior Award was Mr. Charles W. Mc- 
Arthur. 

One hundred and two new members were initiated at the May meeting. 

Eight new volumes have been added to the Pi Mu Epsilon collection of 
books, which is housed in the Mathematics Library. 

The following officers served for the year: Director, Mr. Ben Mitchell; 
Vice-Director, Mr. Charles McCleskey; Secretary, Miss Beverly Jean Russell; 
Treasurer, Miss Kathryn Jumonville; Corresponding Secretary, Dr. Houston 
T. Karnes. ” 

The new officers will not be elected until the fall semester. 


Mathematics Club, University of Buffalo 


The activities of the club centered around lectures on different phases of 
mathematics given by the students at monthly meetings, the topics were: 

Celestial navigation, by Charles Kurland 

Modular arithmetic, by Harold Schwartz 

The discovery of logarithms, by Jean Ackerman 

“Math” magic, by Kathleen Butz 

Contributions of the Greeks to mathematics, by Edward Fadell 

Approximations of definite integrals, by Mildred Scaffidi 

New numbers, by Sara Zubkoff 

Calendars, by Katherine Konst 

Continuous deformation of solids, by William Braun, Jr. 

Probability, by Harold Schwartz. 
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A Christmas party was held at the December meeting at which time games 
were played and refreshments were served. 

At the April meeting the members of the club were hosts for the annual 
meeting of the students from the various local high schools. The purpose of this 
meeting was to show prospective university students what the Mathematics 
Department offers. 

The officers for 1946-47 were: President, Jane Noller; Vice-President, Ruth 
Cohen; Secretary, Shirley Schwartz; Treasurer, Robert Locke; Faculty Advisor, 
Dr. H. F. Montague. 

The officers elected for 1947-48 are: President, Jean Ackerman; Vice-Presi- 
dent, Edward Fadell; Secretary, Mildred Scaffidi; Treasurer, William Braun, 
Jr.; Faculty Advisor, Dr. Harriet F. Montague. 


Kappa Mu Epsilon, Central Michigan College 


The fall and spring initiations brought twenty-seven new members to the 
Michigan Beta Chapter of Kappa Mu Epsilon, which increased the total num- 
ber of active members to fifty. 

The lectures and readings presented at our monthly meetings were: 

Reading of Stephen Leacock’s, The Human Element of Mathematics and 
Boarding House Geometry, by Miss Gertrude Pratt 

The fundamental imporiance of the theory of numbers, by Mr. Dana Sud- 
borough 

Computation of firing data for field artillery, by Thomas Selby, presented at 
the National Kappa Mu Epsilon convention, and later reprinted in the spring 
edition, 1947, of the Pentagon. 

The social activities of the chapter included a sleigh ride and den party, and 
the annual spring picnic held at School Section Lake. 

Officers for the fall semester 1946 were: President, Dorothy Michener; Vice- 
President, Louis Stasaski: Secretary, Raymond Williams; Treasurer, Coleen 
Edison; Corresponding Secretary, Dr. C. C. Rf{chtmeyer. 

Officers for the spring semester 1947 were: President, Thomas Selby; Vice- 
President, Leon Kimball; Secretary, Genevieve Waszkiewicz; Treasurer, Mary 
Welsh; Corresponding Secretary, Mr. Lester Serier. 


Pi Mu Epsilon, University of Washington 


Pi Mu Epstion has begun its reorganization from inactive status. The fol- 
lowing men have been elected to associate memberships: F. Andrews, F. Ballan- 
tine, W. J. Firey, J. L. Hildebrand, E. Schlesinger, and R. Kraft. A speech on 
some phase of mathematics must be delivered by an associate member before 
an assembled body preliminary to promotion to full membership. In conformity 
with this rule F. Ballantine discussed a generalization of a problem appearing 
in this MONTHLY entitled The stability of balanced objects. Mr. Kraft will give 
a discussion of stellar spectroscopy. 

Officers pro-tem are: Director, M. Stippes; Vice-Director, R. Bradford. 


NEWS AND NOTICES 
EDITED BY HARRY POLLARD, Cornell University 


Readers are invited to contribute to the general interest of this department by sending news 
items to Harry Pollard, White Hall, Cornell University, Ithaca, New York. 


COMPUTING MACHINERY SECTION ANNOUNCED BY QUARTERLY 


Beginning with the October issue, the quarterly journal, Mathematical 
Tables and Other Aids to Computation, will publish a new feature section, “Auto- 
matic Computing Machinery,” designed to disseminate information and news 
on research and development in the field of high-speed automatic calculating 
machinery. Material should fall under the general headings of Bibliography, 
Technical Developments, Discussion (including correspondence), and News. 
Contributions to this section are invited, and should be addressed to Dr. E. W. 
Cannon, Head of the Mathematics Group, Machine Development Laboratory, 
National Bureau of Standards, Washington, D. C. 

The journal, edited on behalf of the Committee on Mathematical Tables and 
Other Aids to Computation, is published quarterly by the National Research 
Council, and can be obtained from the National Academy of Sciences, 2101 Con- 
stitution Avenue, Washington, D. C. A calendar year subscription is $4.00; 
single numbers, $1.25. Payments should be made to the National Academy of 
Sciences. | 


AWARDS IN PRELIMINARY ACTUARIAL EXAMINATIONS 


The winners of the prize awards offered by the Actuarial Society of America 
and the American Institute of Actuaries to-the nine undergraduates ranking 
highest in the combined score on Part 1 and Part 2 of the 1947 Preliminary Ac- 
tuarial Examinations are as follows: 


First Prize of $200 
James H. Chung, University of Toronto 


Additional Prizes of $100 


James F. A. Briggs, Yale University 

George Y. Cherlin, Rutgers University 

Frank H. David, Harvard University 

Thomas M. Galt, University of Manitoba 
Charles F. Pinzka, Rutgers University 

Philip C. Rapp, University of Buffalo 

Morton K. Schwartz, Brown University 

James G. C. Templeton, University of Toronto 


The two actuarial organizations have authorized a similar set of nine prize 
awards for the 1948 Examinations. | 

The Preliminary Actuarial Examinations consist of the following three ex- 
aminations: 
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Part 1. Language Aptitude Examination: Reading comprehension, meaning 

of words and word relationships, antonyms, and verbal reasoning. 

Part 2. General Mathematics Examination: Algebra, trigonometry, co- 

ordinate geometry, differential and integral calculus. 

Part 3. Special Mathematics Examination: Finite differences, probability 

and statistics. 

The 1948 Examinations will be administered by the College Entrance Exami- 
nation Board at centers throughout the United States and Canada on May 14 
15, 1948. Further information on these examinations, and an application for 
taking them will be found in a booklet entitled, Preliminary Actuarial Exami- 
nations, which may be secured from either of the following organizations: 


The Actuarial Society of America 
393 Seventh Avenue 
New York 1, New York. 


American Institute of Actuaries 
135 South LaSalle Street 
Chicago 3, Illinois. 


COLLECTED WORKS OF G. D. BIRKHOFF 


Plans for the publication of a three-volume edition of the collected mathe- 
matical papers of the late Professor George D. Birkhoff have been laid by the 
American Mathematical Society. It is proposed to publish the papers by the 
photo-offset process so as to reduce the cost and to make the papers more widely 
available. A tentative prepublication price of $18.00 has been set for the three 
volumes. Advance subscriptions payable now or later may be sent to Professor 
J. R. Kline, American Mathematical Society, University of Pennsylvania, Phila- 

~delphia 4, Pennsylvania. 


TULANE UNIVERSITY GRADUATE PROGRAM 


The graduate work in mathematics at Tulane is being expanded to incor- 
porate a program leading to the doctorate. 


PERSONAL ITEMS 


The following have received Guggenheim fellowship appointments: Profes- 
sor Warren Ambrose of the Massachusetts Institute of Technology; Professor 
Garrett Birkhoff of Harvard University; Professor P. R. Halmos of the Univer- 
sity of Chicago; Professor Saunders MacLane of the University of Chicago; Pro- 
fessor A. H. Taub of the University of Washington. 

The following have received National Research Council fellowship appoint- 
ments in mathematics: Mr. Hing Tong of Columbia University; Mr. Herman 
Rubin of the University of Chicago; Dr. Daniel Zelinsky of the University of 
Chicago. 

Professor E. J. Cartan of the University of Paris has been elected to mem- 
bership in the Royal Society. 
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Professor Emeritus G. H. Hardy of Cambridge University has been elected 
to membership in the French Academy of Science. 

Dr. Samuel Karlen of Princeton University has been awarded the first 
Harry Bateman Research Fellowship by California Institute of Technology. 

Professor H. A. Kramers of the University of Leyden has been elected cor- 
respondent of the French Academy of Science. 

Professor E. J. McShane of the University of Virginia has been awarded an 
honorary doctorate of science by Tulane University. 

Dr. Irving Reiner has been appointed a member at the Institute for Ad- 
vanced Study for 1947-48. 

Professor J. H. Van Vleck of Harvard University has received an honorary 
doctorate of science from the University of Wisconsin. 

' Professor Hermann Wey] of the Institute for Advanced Study and Professor 
George Pélya of Stanford University have been elected correspondents of the 
French Academy of Science. 

Assistant Professor Florence E. Allen of the University of Wisconsin has re- 
tired. 

Dr. Harriet W. Allen of Air Reduction Company, Stamford, Connecticut, 
has been appointed to an associate professorship in physics at Connecticut 
College. 

Assistant Professor Warren Ambrose of the University of Michigan has been 
appointed to an assistant professorship at Massachusetts Institute of Technol- 
ogy. 

Assistant Professor B. H. Arnold of Montana State College has been ap- 
pointed to an assistant professorship at Oregon State College. 

Assistant Professor D. H. Ballou of Middlebury College, Middlebury, Ver- 
mont, has been promoted to an associate professorship. 

Associate Professor T. A. Bancroft of the University of Georgia has accepted 
a position as director of the Statistical Laboratory, Alabama Polytechnic Insti- 
tute. 

Dr. J. D. Bankier of McMaster University, Hamilton, Ontario, has been pro- 
moted to an assistant professorship. 

Assistant Professor Joseph Barnett of the Oklahoma Agricultural and Me- 
chanical College has been promoted to an associate professorship. 

Professor C. F. Barr has been made Head of the Mathematics Department 
at the University of Wyoming. 

Dr. Grace E. Bates of Mount Holyoke College has been promoted to an as- 
sistant professorship. 

Assistant Professor E. E. Betz of the United States Naval Academy has been 
promoted to an associate professorship. 

Assistant Professor F. C. Biesale of the University of Utah has been pro- 
moted to an associate professorship. 

Assistant Professor M. T. Bird of Allegheny College has been appointed 
to an assistant professorship at San Jose State College, San Jose, California. 
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Associate Professor Z. W. Birnbaum of the University of Washington has 
been appointed Director of the Institute of Mathematical Statistics which has 
been established at the University of Washington. 

Associate Professor David Blackwell of Howard University has been pro- 
moted to a professorship and has been appointed Chairman of the Department 
of Mathematics. He is visiting Cornell University from June 10 to September 20 
to work on probability. 

Associate Professor A. W. Boldyreff of Wittenberg College has been ap- 
pointed to an associate professorship at the University of New Mexico. 

Associate Professor J. C. Brixey of the University of Oklahoma has been pro- 
moted to a professorship. 

Associate Professor G. W. Brown of the Iowa State College of Agriculture 
and Mechanical Arts has been promoted to a professorship. 

Assistant Professor R, H. Bruck of the University of Wisconsin has been 
promoted to an associate professorship. 

Professor H. E. Buchanan of Tulane University is retiring as Chairman of 
the Department of Mathematics, but is returning in 1947-48 to teach. 

Dr. E. L. Buell of Northwestern University has been appointed mathemati- 
cian at the Aerial Measurements Laboratory, Northwestern Technical Institute, 
Evanston, Illinois. 

Associate Professor G. P. Burns of Marshal College, Huntington, West Vir- 
ginia, has accepted a position as research physicist at the Naval Research Labo- 
ratory, Washington, D. C. 

Assistant Professor G. F. Carrier of Brown University has been promoted to 
an associate professorship. 

Edmund Churchill of Rutgers University has been appointed to an assistant 
professorship at Antioch College. 

Assistant Professor J. A. Clarkson of the University of Pennsylvania has 
been promoted to an associate professorship. 

Professor A. B. Coble of the University of Illinois has been appointed to a 
professorship at Haverford Collége. 

Dr. I. S. Cohen of the University of Pennsylvania has been promoted to an 
assistant professorship. 

G. R. Costello has accepted a position as mathematician with the National 
Advisory Committee on Aeronautics, Cleveland, Ohio. 

Dr. S. H. Crandall of the Massachusetts Institute of Technology has been 
promoted to an assistant professorship. 

Dr. D. A. Darling of the California Institute of Technology has been ap- 
pointed research associate at Cornell University. 

Dr. Norman Davids of Johns Hopkins University has been appointed to an 
associate professorship at Pennsylvania State College. 

Georgia K. Del Franco of the University of Miami has been promoted to an 
assistant professorship. 

Dr. W. W. Denton of Minden City, Michigan, has been apppointed to an 
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assistant professorship at the University of Arizona. 

Assistant Professor J. B. Diaz of Carnegie Institute of Technology has been 
appointed to an assistant professorship at Brown University. 

Dr. Bernard Dimsdale has accepted a position as mathematician at the Bal- 
listic Research Laboratory, Aberdeen Proving Ground, Maryland. 

Professor P. A. M. Dirac of Cambridge University has been appointed visit- 
ing professor at the Institute for Advanced Study for the current academic year. 

W. W. Dolan of the University of Oklahoma has been promoted to an assist- 
ant professorship. 

Associate Professor H. L. Dorwart of Washington and Jefferson College, 
Washington, Pennsylvania, has been promoted to a professorship. 

Associate Professor T. L. Downs of the United States Naval Academy has 
been appointed to an associate professorship at Washington University. 

Professor W. L. Duren, Jr., has been appointed Chairman of the Department 
of Mathematics in the College of Arts and Sciences at Tulane University. 

Dr. William H. Durfee of Dartmouth College has been promoted to an as- 
sistant professorship. 

Dr. Jacques Dutka of Princeton University has been appointed to an assist- 
ant professorship at Rutgers University. 

M. W. Eudey of the University of California has accepted a position as 
operations analyst with the Army Air Force, Washington, D. C. 

Assistant Professor C. J. Everett of the University of Wisconsin is on leave 
of absence and will be at the Los Alamos Scientific Laboratories. 

Albert Furman of the University of Chicago has been appointed to an assist- 
ant professorship at Kansas State College of Agriculture and Mechanical Arts. 

Professor Abel Gauthier of the University of Montreal has been appointed 
head of the Institute of Mathematics. 

Assistant Professor Gladys Gibbens of the University of Minnesota has been 
promoted to an associate professorship. 

Associate Professor M. E. Gillis of the University of Florida has been ap- 
pointed to a professorship at Blue Mountain College, Blue Mountain, Missts- 
sippl. 

Dr. M. A. Girschick of the Bureau of the Census has accepted a position 
as research mathematician with Douglas Aircraft Corporation, Santa Monica, 
California. 

Associate Professor Wallace Givens of the Illinois Institute of Technology 
has been appointed to a professorship at the University of Tennessee. 

Dr. C. Hi. Graves, formerly of the Office of Price Administration, has ac- 
cepted a position as operations analyst with the Army Air Forces, Air Defense 
Command, Mitchell Field, New York. 

H. J. Greenberg of Brown University has been promoted to an assistant pro- 
fessorship. 

Bernard Greenspan of Drew University, Madison, New Jersey, has been pro- 
moted to an assistant professorship. 
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Associate Professor P. C. Hammer of Oregon State College has accepted a 
position as mathematician at the Los Alamos Scientific Laboratory. 

I. H. Harris of the University of Illinois has been appointed to a professor- 
ship at Oklahoma Baptist University. 

Assistant Professor Philip Hartman of Johns Hopkins University has been 
promoted to an associate professorship. 

Assistant Professor G. E. Hay of the University of Michigan has been 
promoted to an associate professorship. 

J. J. Hayes of the University of Utah has been promoted to an assistant pro- 
fessorship. 

Dr. Katherine E. Hazard of the New Jersey College for Women, Rutgers 
University, has been promoted to an assistant professorship. 

Assistant Professor Anna S. Henriques of the University of Utah has been 
promoted to an associate professorship. 

W. C. Hoffman of the University of California at Los Angeles has accepted 
a position as mathematician at the Naval Electronics Laboratory, San Diego, 
California. 

Professor Ralph Hull of the University of Nebraska has accepted a position 
as mathematician at Boeing Aircraft Company, Seattle, Washington. 

Associate Professor Nathan Jacobson of Johns Hopkins University has been 
appointed to an associate professorship at Yale University. 

Associate Professor E. D. Jenkins of Eastern Kentucky State Teachers Col- 
lege has been appointed to an associate professorship at Kent State University. 

Assistant Professor Walter Jennings of Virginia Polytechnic Institute has 
been appointed to an assistant professorship at the Postgraduate School, United 
States Naval Academy. 

Assistant Professor R. E. Johnson of Mount Holyoke College has been ap- 
pointed to an associate professorship at Smith College. 

Professor B. W. Jones of Cornell University will be on leave of absence for 
the current academic year and will be at California Institute of Technology. 

Dr. William Karush of the University of Chicago has been promoted to an 
assistant professorship. 

E. H. Larguier of the University of Michigan has been appointed to a pro-. 
fessorship at Spring Hill College, Spring Hill, Alabama. 

M. M. Lemme of Purdue University has been appointed to an associate pro- 
fessorship at Illinois Wesleyan University. He will also be assistant dean of ad- 
missions. 

Assistant Professor R. J. Levit of the University of Georgia has been pro- 
moted to an associate professorship. 

Associate Professor C. C. Lin of Brown University has been appointed to an 
associate professorship at Massachusetts Institute of Technology. 

Associate Professor H. W. Linscheid of the College of Emporia, Emporia, 
Kansas, has been appointed to an associate professorship at the Southwestern 
Institute of Technology, Weatherford, Oklahoma. 

A. J. Lorenz of St. Louis University has been promoted to an assistant pro- 
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R. E. Luce of Rutgers University has been promoted to an assistant profes- 
sorship. 

R. T. Luginbuhl of the City Bank Farmers Trust Company has been pro- 
moted to the position of actuarial assistant. 

Professor J. C. C. McKinsey of Oklahoma Agricultural and Mechanical 
College has accepted a position with Douglas Aircraft Company, Santa Monica, 
California. 

F, A. McMahon of Manhattan College has been promoted to an assistant 
professorship. | 

Dr. N. S. Mendelsohn of Queens University has been appointed to an assist- 
ant professorship at the University of Manitoba. 

Dr. W. A. Mersman of Taylor Instrument Company, Rochester, New York, 
has accepted a position as mathematician with the National Advisory Commit- 
tee on Aeronautics, Moffett Field, California. 

Dr. D. S. Miller of Yale University has been appointed to an assistant pro- 
fessorship at the University of Rochester. 

A. M. Mood of Iowa State College of Agriculture and Mechanical Arts has 
been promoted to a professorship. 

Leo Moser of the University of Toronto has been appointed lecturer at the 
University of Manitoba. 

Associate Professor Ivan Niven of Purdue University has been appointed to 
an associate professorship at the University of Oregon. 

Dr. Anne F. O’Neill of Smith College has been promoted to an assistant pro- 
fessorship. 

Dr. B. J. Pettis of Yale University has been appointed to an associate pro- 
fessorship at Tulane University of Louisiana. 

Assistant Professor Everett Pitcher of Lehigh University has been promoted 
to an associate professorship. 

Associate Professor E. J. Purcell of the University of Arizona has been pro- 
moted to a professorship. 

Assistant Professor Haim Reingold of the Illinois Institute of Technology has 
been promoted to an associate professorship. 

Assistant Professor Helene Reschovsky of Russell Sage College, Troy, New 
York, has been promoted to an associate professorship. 

Professor C. E. Rhodes of Washington College, Chestertown, Maryland, 
has been appointed to a professorship at'Alfred University, Alfred, New York. 

Associate Professor L. F. S. Ritcey of United College, Winnipeg, Manitoba, 
has been appointed to a professorship in actuarial science at the University of 
Manitoba. 

Professor H. P. Robertson of Princeton University has been appointed to a 
professorship at California Institute of Technology. 

Dr. H..M. Schaerf of Montana State College has been appointed to an as- 
sistant professorship at Washington University. 

A. E. Schild of Carnegie Institute of Technology has been promoted to an 
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assistant professorship. | 

Dr. H. M. Schwartz of the Franklin Institute has accepted a position as sci- 
entist with the Brookhaven National Laboratory, Patchogue, New York. 

Assistant Professor Domina E. Spencer of Tufts College has been appointed 
to an assistant professorship of physics at Brown University. 

Associate Professor N. E. Steenrod of the University of Michigan has been 
appointed to an associate professorship at Princeton University. 

Professor M. H. Stone of the University of Chicago has been lecturing at the 
University of Brazil. 

W. M. Stone of Iowa State College of Agriculture and Mechanical Arts has 
been appointed to an assistant professorship at Oregon State College. \ 

Dr. Walter Strodt of Columbia University has been promoted to an assistant 
professorship. 

F. W. Thalgott of the University of Illinois has accepted a position as me- 
chanical engineer at the Clinton Laboratories, Oak Ridge, Tennessee. 

Assistant Professor C. J. Thorne of the University of Utah has been pro- 
moted to an associate professorship. 

Dr. W. J. Thron of Washington University has been promoted to an assistant 
professorship. 

Dr. E. B. Tolsted of Brown University has been appointed to an assistant 
professorship at Pomona College, Claremont, California. 

Assistant Professor H. C. Trimble of Iowa State Teachers College has been 
appointed to an associate professorship at Florida State College. 

Professor G. R. Trott of Blue Mountain College, Blue Mountain, Missis- 
sippi, has. been appointed to an associate professorship at the University of 
Mississippi. 

Professor Bird M. Turner of West Virginia University has retired with the 
title emeritus. 

Dr. G. B. Van Schaack of Union College has been appointed to an assistant 
professorship at Washington University, St. Louis, Missouri. 

Assistant Professor Kenichi Watanabe of the University of Hawaii has been 
appointed assistant professor in physics at Wabash College. 

Associate Professor F. P. Welch of Mississippi State College has been ap- 
pointed to a professorship at Washington and Lee University. 

R. L. Wine of the University of Oklahoma has been appointed to an assistant 
professorship at Washington and Lee University. 

Dr. Y. C. Wong of the University of Pennsylvania has been appointed to a 
professorship at the National Sun Yat-Sen University, Canton, China. 

Assistant Professor G. S. Young of Purdue University has been appointed 
to an assistant professorship at the University of Michigan. 

Professor Oscar Zariski of the University of Illinois has been appointed to a 
professorship at Harvard University. 

The following appointments to instructorships are announced: 

Allegheny College: E. A. Sturley 
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Brown University: Dr. F. M. Stewart 

Grinnell College: R. E. Cross 

Harvard University: Dr. W. J. Leveque, Dr. G. R. MacLane 

Haverford College: D. L. Thomsen 

Rutgers University: A. G. Anderson, A. F. Bartholomay, Dr. Erwin Biser, 
Dr. R. M. Cohn, A. W. Goodman 

Syracuse University: Dr. Erik Hemmingsen 

Texas Technological College: Mrs. Virginia B. Roberts 

Washington University: Dr. C. W. Mathews 

Western I]linois State Technological College, Macomb, Ill.: J. J. Stipanowich 

University of California at Los Angeles: L. J. Paige, J. D. Swift 

University of Minnesota: Irwin Stoner 

University of Pennsylvania: D. M. Adelman 

University of Tennessee: R. L. Wilson 

University of Wisconsin: Dr. A. M. Mark 

University of Wisconsin at Racine: M. R. Moore 

Dean Arthur Léveillé, who was Head of the Institute of Mathematics at the 
University of Montreal, died March 15, 1947. 


THE MATHEMATICAL ASSOCIATION OF AMERICA 
Official Reporis and Communications 


MARCH MEETING OF THE SOUTHERN CALIFORNIA SECTION 


The twenty-seventh regular meeting of the Southern California Section of 
the Mathematical Association of America was held at Pomona College, Clare- 
mont, California, on Saturday, March 8, 1947. Professor H. J. Hamilton, Chair- 
man of the Section, presided at the morning and afternoon sessions. 

The attendance was one hundred and thirty, including the following forty- 
nine members of the Association: L. J. Adams, O. W. Albert, E. F. Beckenbach, 
Clifford Bell, Garrett Birkhoff, L. T. Black, H. F. Bohnenblust, Frances L. 
Campbell, L. M. Coffin, F. E. Cothran, D. R. Curtis, P. H. Daus, R. P. Dil- 
worth, H. P. Edmundson, Iva B. Ernsberger, C. M. Fulton, J. W. Green, W. S. 
Gustin, H. J. Hamilton, R. B. Herrera, R. E. Horton, D. H. Hyers, C. G. 
Jaeger, Glenn James, G. R. Kaelin, Margaret B. Lehman, Ada A. McClellan, 
G. F. McEwen, P. M. Niersbach, R. P. Peterson, W. T. Puckett, H. R. Pyle, 
L. T. Ratner, E. C. Rex, G. E. F. Sherwood, I. S. Sokolnikoff, R. H. Sorgenfrey, 
D. V. Steed, H. L. Steinberg, A. E. Taylor, F. B. Thompson, W. I. Thompson, 
S. E. Urner, F. A. Valentine, Morgan Ward, R. L. White, Mabel G. Whiting, 
Euphemia R. Worthington. 

At the business meeting the following officers were elected for the next 
academic year: Chairman, D. V. Steed, University of Southern California; 
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Vice-Chairman, E. F. Beckenbach, University of California at Los Angeles; 
Program Committee, J. W. Green (Chairman), O. W. Albert, C. W. Trigg, and 
the Secretary, Paul H. Daus, ex-officio. The regular meeting was scheduled for 
March 13, 1948, at the University of Redlands. 

The following papers were presented: 


1. Symposium on opportunities for mathematically trained college graduates, 
conducted by Professor I. S. Sokolnikoff, University of California at Los Angeles. 

Participants (introduced by Professor Sokolnikoff) were Dr. William Bollay, 
North American Aviation, Inc.; Dr. J. B. Smyth, U. S. Navy Electronic 
Laboratory, San Diego; Dr. J. W. Odle, Naval Ordnance Test Station, Inyokern. 

Professor Sokolnikoff set the stage by relating something of the history of the 
growing demand for trained mathematicians in industrial and civil-service posi- 
tions. The other speakers described the opportunities in their respective fields, 
and the necessary training the candidate should have. They all stressed the im- 
portance of a broad background i in analysis and the urgent need for training in 
applied mathematics in such fields as statistics, hydrodynamics, and aero- 
dynamics, potential theory, elasticity, and electric circuit theory. 


2. The recent development of lattice theory, by Professor Garrett Birkhoff, 
Harvard University. 

Professor Birkhoff gave a historical description of the recent development of 
lattice theory. The features of a number of interesting results, many of which are 
due to young American mathematicians, were described. The only new result 
was the following relation between lattice theory and the wave question in two- 
dimensional space-time. A real-valued function on a lattice may be called a 
valuation if it satisfies the identity v[x]+v[y]=v[xUy]+o[xNy], satisfied by 
dimension in projective geometry and by probability. Let space-time be par- 
tially ordered as in special relativity. Then the solutions of the wave equation 
are the different valuations of space-time. 


3. Averaging operators for functions, by Professor F. H. Bohnenblust, Cali- 
fornia Institute of Technology. 

Professor Bohnenblust, considered a general notion of averaging whereby the 
average of a function is a function (not necessarily constant). If the average of 
f be denoted by f, it is assumed that: (1) fith=fith; (2) cf=d, if cis a con- 
stant; (3) f depends continuously (in some sense) on f; (4) (fg) = = fz; (5) fa. 
After considering an example in which f was determined by omitting certain of 
the harmonics in the Fourier representation of f, Professor Bohnenblust stressed 
the importance of condition (4) by showing how it can point the way to a stand- 
ard representation of the averaging operator. Condition (5) appears then 
merely as an additional normalizing requirement. 


4. Collegiate mathematics in Mexico, by Dr. Alfredo Banos, Associate Pro- 
fessor of Physics, University of California at Los Angeles, introduced by Pro- 
fessor A. E. Taylor. 
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An account of the development of collegiate mathematics in Mexico neces- 
sarily includes an account of the history of the National University of Mexico 
since the founding, in 1910, of the present day institution. Because the National 
University was, in its early formative years, almost exclusively a conglomeration 
of professional schools, such as the School of Law, the School of Medicine, the 
School of Engineering, and so forth, and because even today the Mexican uni- 
versities do not have, properly speaking, the counterpart of the American Col- 
lege of Letters and Science, it turns out that an account of so-called collegiate 
mathematics must necessarily describe the development of the teaching of 
mathematics in the technical and engineering schools of the country as well as 
the teaching of mathematics in the Preparatory School of the National Univer- 
sity and all other similar schools. In recent years, however, particularly after 
the founding of the Faculty of Sciences at the National University (1939), there 
has been a tendency to establish scientific curricula closely paralleling the trend 
in this country, and thus it is that, today, the Mexican University offers courses 
of instruction leading to degrees in mathematics entirely equivalent to the 
graduate and undergraduate degrees offered in the United States. 


5. Computing machines, by Myron Tribus, Lecturer in Engineering, Univer- 
sity of California at Los Angeles, introduced by Professor Clifford Bell. 

The recent developments in computing machines were described and some 
details of the unique features of the new machines were given. It was suggested 
that the machines of the future may be capable of performing 20,000 to 40,000 
computations per second. The machines are considered as being capable of eight 
basic operations: (a) programming, (b) addition, (c) subtraction, (d) multiplica- 
tion, (e) division, (f) looking up in tables, (g) storage or memory, and (h) print- 
ing results. Existing machines perform these operations at slower speeds, have 
limited memory capacity, and require considerable time to program. The use of 
a binary base simplifies equipment and permits faster operation. It is expected 
that more attention will have to be given to the mathematics of finite difference 
equations and methods of solving equations, in order to utilize the full possibili- 
ties of the machines. 


6. On the interior of the convex hull of a euclidean set, by W. S. Gustin, Uni- 
versity of California at Los Angeles. 

Let £ be an arbitrary set in an n-dimensional euclidean space. It is known 
that any point in the convex hull of £ lies in the convex hull of some subset of 
E containing at most ~+1 points. It is shown that any point in the interior of 
the convex hull of E lies in the interior of the convex hull of some subset of E 
containing at most 2” points. 

P. H. Daus, Secretary 


APRIL MEETING OF THE OHIO SECTION 


The thirty-first annual meeting of the Ohio Section of the Mathematical 
Association of America was held at the Ohio State University, Columbus, Ohio, 
April 3, 1947. Professor S. A. Rowland, Chairman of the Section, presided. 
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Eighty persons registered attendance, including the following fifty-four 
members of the Association: W. E. Anderson, F. R. Bamforth, Grace M. Bareis, 
H. M. Beatty, Foster Brooks, V. B. Caris, F. E. Carr, A. B. Carson, E. H. 
Clarke, Florentina M. Clinton, Rufus Crane, Wayne Dancer, R. H. Downing, 
H. P. Fawcett, H. E. Fettis, Frances Freese, B. E. Gatewood, B. C. Glover, 
E. L. Godfrey, L. J. Green, C. H. Heinke, R. G. Helsel, R. C. Hildner, L. A. 
Jehn, Margaret E. Jones, L. C. Knight, A. C. Ladner, S. W. McCuskey, Mar- 
garet Mauch, H. E. Menke, E. J. Mickle, C. V. Newsom, H. C. Parrish, H. S. 
Pollard, J. F. Randolph, S. E. Rasor, Hortense Rickard, R. F. Rinehart, L. D. 
Rodabaugh, Louis Ross, S. A. Rowland, K. C. Schraut, Samuel Selby, G. W. 
Starcher, H. E. Stelson, Irving Sussman, H. S. Toney, E. P. Vance, R. W. Wag- 
ner, D. R. Whitney, R. B. Wildermuth, F. B. Wiley, C. O. Williamson, C. R. 
Wylie, Jr., P. M. Young. 

The following officers were elected for the coming year: Chairman, H.S. Pol- 
lard, Miami University ; Secretary-Treasurer, Foster Brooks, Kent State Uni- 
versity; Member of Executive Committee, E. J. Mickle, Ohio State University; 
Member of Program Committee, R. B. Wildermuth, Capital University. It is 
expected that the next meeting will be held on Saturday, April 3, 1948. 

The following program was presented: 


1. The Assoctation’s interest in pre-college training, by Professor S. A. Row- 
land, Ohio Wesleyan University. 

This paper is concerned especially with the situation in Ohio, but is doubt- 
less applicable elsewhere. For a good many years the standard of achievement 
of pre-college students in mathematics has been deteriorating. The state-sup- 
ported colleges and universities do not have complete freedom of action to main- 
tain high standards of admission since by law they must admit graduates of ap- 
proved high schools, and the approval of high schools is not controlled by them. 
Few private colleges have enough endowment to be independent as to standards 
of admission. 

This Association has fostered high achievement in college mathematics, but 
faulty preparation for college is now undermining some of our best efforts. 
Possibly our most important task now is to embark upon an educational cam- 
paign, and to establish cooperation with the Ohio College Association and with 
other educational organizations in an endeavor to get the legislature to estab- 
lish a State College Entrance Board independent of the State Department of 
Education. Such a board would not attempt to dictate the requirements for a 
high school diploma, but would set up entrance examinations which would en- 
sure reasonable uniformity of preparation for college. The high schools could 
provide an intensive fifth year for such students as needed it and wanted it in 
order to pass the college entrance examinations. 


2. A proof of five-color sufficiency, by Professor L. D. Rodabaugh, University 
of Akron. 


Use is made in this paper of the well-known duality between regions and 
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common segments of their boundaries on the one hand, and points and their 
joins (no two points being permitted to have more than one join) on the other. 
There is described a completion procedure, which is to be applied to any ad- 
missible network of points and joins, the result being defined as a complete net- 
work. There follow the statements and proofs of nine properties possessed by 
every complete network, after which it is easy to prove the five-color sufficiency. 

The proof does not depend on the formula of Euler which states that 
V—E+F=2, and has immediate application to any set of regions simply and 
completely covering the plane or sphere, regardless of the order of connectivity 
of any of the regions. The techniques used in this paper can, however, be used 
to prove this formula for any set of simply connected regions simply and com- 
pletely covering the sphere. If the four-color problem be considered, the tech- 
niques employed can be used to prove many of the properties of the so-called 
“first non-colorable map.” One illustration is given. 


3. An experimental evaluation of the base e, by Professor H. S. Pollard, Miami 
University. 

Buffon’s needle problem deals with the probability that a needle, thrown at 
random on a table ruled with parallel lines, will cross one of these lines. This 
probability is a function of the length of the needle, the distance between the 
rulings, and +. By determining the relative frequency of crossings, many experi- 
mental calculations of the value of 7 have been made. 

This paper discusses a method of evaluating experimentally the number e. 
When a needle, which rotates about its mid-point, comes to rest, its direction 
will locate a definite point x on an axis which does not pass through the mid- 
point of the needle. The probability density of the variable x is given by the 
expression 1/[7(1+ x?) ]. The mathematical expectation of ¢(x) =cos x is then 


~f" COs % 
_ ine! 


whose value may be shown to be e~!. Hence e—! may be evaluated by making 
successive spins of the needle and calculating the mean of the values of cos x at 
the points x so located. 


4. A proof of Wilson’s theorem, by Robert E. Seall, Denison University, 
introduced by Professor F. B. Wiley. 

The theorem (p—1)*++-1=0 (mod p), p any prime, is established as a corol- 
lary to two lemmas. 


Lemma 1. If 1 ts any positive integer prime to each of the integers 2 to k, then 
n—-1 
>> #1 = 0 (mod 7). 
i=1 
The proof of this comes from writing 2*, 3*, +--+, m* as (1+1)4, (1 +2)", 
(1+2—1)*, expanding each by the binomial theorem, and then summing all to 
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obtain 


k k(k — 1 k 
Ayit ret tit = ak a, 


Now give & the successive values 2 to & in this last expression, and then solve 
the resulting system of equations, linear in the >.’s for }\i*-. 


LEMMA 2. If Sn. represents the sum of all possible products of k unlike factors 
chosen from the positive integers 1 to n, then 


Sink = Snead, i — Snead Peters $(— DOD 7 


The truth of this may be established by beginning with the last term and 
adding each preceding term in turn. 


5. Intuition in mathematics, by Professor Tibor Radé, Ohio State Uni- 
versity 

In teaching, as well as in research, the initial reaction of a person toward a 
specific mathematical issue is largely determined by what may be termed in- 
tuition. From this point of view, intuition is an important component of motiva- 
tion for the student, the teacher, and the research man. These general remarks 
were illustrated with a number of specific examples. 


6. The teacher training program for teachers in elementary schools, by Professor 
H. P. Fawcett, Ohio State University. 

This was a report from a committee that has been working on this problem 
for some time. It is hoped that some changes may be effected in the program 
which will strengthen the preparation of the teacher in mathematics. 

RuFus CRANE, Secretary 


CALENDAR OF FUTURE MEETINGS 


Thirty-first Annual Meeting, Athens, Georgia, January 1, 1948. 
The following is a list of the Sections of the Association with dates of future 
meetings so far as they have been reported to the Secretary. 


ALLEGHENY MOUNTAIN OHIO 
ILLINOIS OKLAHOMA 


INDIANA, Muncie, Oct. 17, 1947 

Iowa, Fairfield, April 1, 1948 

KANSAS 

KENTUCKY 

LOvUISIANA- MISSISSIPPI 

MARYLAND-DISTRICT OF COLUMBIA-VIR- 
GINIA 

METROPOLITAN NEw YORK 

MICHIGAN ' 

MINNESOTA 

MISSOURI 

NEBRASKA 

NoRTHERN CALIFORNIA, Berkeley, Janu- 
ary 24, 1948 


Paciric NorTHWEST, Eugene, Oregon, 
March, 1948 

PHILADELPHIA, Bryn Mawr, Pa., Novem- 
ber 29, 1947 

Rocky MountTAIN 

SOUTHEASTERN 

SoUTHERN CALIFORNIA, Redlands, March 
13, 1948 

SOUTHWESTERN 

TEXAS 

Uprer NEw YorK STATE 

Wisconsin, Beloit, May 8, 1948 


Annals of the Computation Laboratory 
of Harvard Unwersity 


VOL. I A MANUAL OF OPERATION FOR THE AUTOMATIC 
SEQUENCE CONTROLLED CALCULATOR ........-....0000- $10.00 


VOL. II TABLES OF THE MODIFIED HANKEL FUNCTIONS OF 
ORDER ONE-THIRD AND OF THEIR DERIVATIVES ...........-. $10.00 


VOL. III] TABLES OF THE BESSEL FUNCTIONS OF THE FIRST 
KIND OF ORDERS ZERO AND ONE ..-..-cceccccceesseees $10.00 


VOL. IV’ TABLES OF THE BESSEL FUNCTIONS OF THE FIRST 
KIND OF ORDERS TWO AND THREE ........eeee0 Sone een $10.00 


VOL. V TABLES OF THE BESSEL FUNCTIONS OF THE FIRST . 
KIND OF ORDERS FOUR, FIVE AND SIX ..-.. 0. eee eee eee ees $10.00 


VOL. VI TABLES OF THE BESSEL FUNCTIONS OF THE FIRST 
KIND OF ORDERS SEVEN, EIGHT AND NINE ........2+---0-% $10.00 


By the Staff of the Computation Laboratory 


—_ 


The Automatic Sequence Controlled Calculator is operated by the Computation Labora- 
tory of Harvard University under Navy direction. It is a generalized machine that will do 
virtually any mathematical problem. 


The first volume of the Annals of the Computation Laboratory is a manual of operation 
for the Calculator which includes all the mathematical and operational techniques involved. 
A valuable bibliography of numerical analysis—the first ever compiled—and an index are 
included. 


The volumes of tables listed above have been computed by the Calculator. In Volume II, 
the tabulation of Hankel Functions is carried to eight decimal places. In the four volumes 
of Bessel Functions the tabulation is carried to eighteen (Vols. III and IV) and ten (Vols. 
V and VI) decimal places, with a wide range of argument and order, fine argument interval, 
and, as in the case of Volume II, is accurate to a point heretofore unattainable. 


The publishers welcome the placing of continuation orders for the forthcoming volumes 
of Bessel Functions: the series will cover a wide range of orders, i.e., Jn(x) for O= n =100. 


GPP OPPNOPPN 


HARVARD UNIVERSITY PRESS 
38 Quincy Street, Cambridge 38, Mass. 


FORTHCOMING TEXTS 


College Algebra 


By HARVEY A. SIMMONS 


Associate Professor of Mathematics, Northwestern University 


Presenting material sufficient for a year’s course in college algebra, this 
text is carefully and accurately written so that all statements stand 
out clearly. Among the special features of the book are: the early 
introduction of the functional notation; the extreme care with which 
the admissible values permitted for newly defined mathematical sym- 
bols are clearly indicated as they make their first appearance; the 
painstakingly simple approaches to calculus, and the more important 
concepts of trigonometry and analytics. The problems are numerous 
and well graded. To be published in the early fall. $3.25 (probable) 


Elementary Concepts 
of Mathematics 


By BURTON W. JONES 


Professor of Mathematics, Cornell University 


This new text is designed for students with a minimum of training 
in mathematics, who do not expect to specialize in mathematics or 
science. Much space and effort have been given to cultivate an under- 
standing of the material, and techniques are developed only when 
necessary. One aim of the book is to clarify certain mathematical 
concepts of the student’s everyday life: compound interest, the graph, 
averages, probability and games of chance, cause versus coincidence. — 
Numerous book references are given to encourage the student to 
study some topic further and to acquire some knowledge of mathe- 
matical literature. Much puzzle material is introduced and the many 
exercises are an important part of the text. Fo be published in the 
fall. $4.00 (probable) 


THE MACMILLAN COMPANY 


Distinctwe McGraw-Hill Books 


DIFFERENTIAL AND INTEGRAL CALCULUS 


By Ross R. Mippitemiss, Washington University. Second edition. 497 pages, 
$3.25 


e Planned to give the student a real understanding of the principal concepts of 
the subject, this book maintains a high degree of accuracy, and is at the same 
time exceptionally clear and readable. 


ANALYTIC GEOMETRY 
By Ross R. Mipptemiss. 306 pages, $2.75 


© Designed especially to meet the needs of scientific and technical students in 
preparing them for calculus and the various sciences. 


COLLEGE ALGEBRA 
By FREDERICK S. Now tan, University of British Columbia. 401 pages, $3.00 


e A comprehensive text for college freshmen. Distinguished by a more detailed 
and careful review of elementary material than is usual, and by the complete- 
ness with which the subject matter is developed, the book is both mathematically 
sound and easily understandable. 


ELEMENTS OF NOMOGRAPHY 


By Raymonp D, Doucrass and Douctas P. Apams, Massachusetts Institute 
of Technology. 215 pages, $3.50 


© Covers the study, understanding, design, creation, and practical use of the 
alignment diagram. Seven elementary types of diagrams are presented, with 
repeated emphasis on the mathematical foundation of the diagram theory. 


Send for copies on approval 


McGRAW-HILL BOOK COMPANY, Inc. 
330 West 42nd Street New York 18, N.Y. 


Preparatory Business Mathematics 


By LLOYD L. SMAIL 


Professor of Mathematics, Lehigh University 


T HIS book was written specifically to meet the need for a text which will 
give adequate preparation for subsequent courses in mathematics of finance, 
in insurance, and in statistics, for college students in business administra- 
tion. It contains a review of elementary algebra, selected topics from inter- 
mediate algebra and college algebra, and selected topics from analytic 
geometry. All of the material has been tested successfully for a number of 
years in the author’s classes. A Professor of Mathematics at one large eastern 
college wrote, “The selection of topics is admirable. .. | The treatment will 
be most interesting to the student.” 

CONTENTS: Elementary Algebraic Operations. Linear Equations, Quadratic Equations. 
Powers and Roots. Logarithms. Progressions. Functions: Graphic Representation. Im- 


portant Types of Graphs. Curve Fitting. Permutations and Combinations. The Binomial 
Theorem. Probability. 
250 Pages $2.75 


Intermediate Algebra for Colleges 


By EARLE B. MILLER 


Professor of Mathematics, Illinois College 


T HIS is a clear, carefully organized exposition written primarily for stu- 
dents who have had only one year of algebra in high school. The author’s 
first-hand knowledge of the difficulties which confuse the student has led 
him to include many valuable admonitions of what not to do. The presenta- 
tion is more informal than is customary in mathematics texts. 


Professor Miller’s explanations are most complete, with emphasis on the 
techniques. Included are: a generous number of illustrations and worked 
examples, many helpful notes, an early introduction of the function concept 
and graphic methods, formal proofs, a helpful treatment of logarithms, and 
a large number of well-graded exercises. A Mathematics Professor at a 
large midwestern university recently wrote, “Extremely well done |... a 
desirable book for a class in intermediate algebra.” 

384 Pages $2.50 


__|THE RONALD PRESS COMPANY 


15 East 26th Street New York 10, N. Y. 


Order copies for free examination— 


Introduction to the Theory of Equations 


by LOIS W. GRIFFITHS, Associate Professor of Mathematics, 
Northwestern University 


An introduction to theory of equations, determinants, and matrices, designed for stu- 
dents with a background of elementary work in plane trigonometry, plain analytic geometry, 
and differential calculus. The contents includes: Binomial Equations; Cubic and Quartic 
Equations; General Theorems on Roots of Polynomial Equations ; Isolation and Computation 
of Real Roots of Real Polynomial Equations; Introduction to Determinants; Complex Num- 
bers and the Fundamental Theorem of Algebra; Symmetric Functions. 


Second edition, June 1947 278 pages 558 by 854 $3.50 


Sequential Analysis 


by ABRAHAM WALD, Professor and Head of the Department of Mathematical 
Statistics, Columbia University 


The first book-length treatment of an important new statistical technique. Called the 
Sequential Probability Ratio Test, this method of analysis has many proven advantages over 
other procedures for testing a simple statistical hypothesis against a single alternative. 
Professor Wald presents the results of researches he made principally while a consultant to 
Columbia University’s Statistical Research Group. The book is in three parts: Part I— 
General Theory; Part 2—Applications of the General Theory; Part 3—The Problems of 
Multi-Valued Decisions and Estimations. 


May 1947 212 pages 6 by 94, $4.00 


Introduction to Mathematical Statistics 


by PAUL G. HOEL, Associate Professor of Mathematics, University of 
California at Los Angeles 


Contains all the basic material important to the theory and application of modern statisti- 
cal methods in all fields of applied science. Emphasis is on the functional aspects of mathe- 
matical statistics with many numerical and theoretical examples to give a working knowledge 
of statistical theory in various fields. Chapter headings: Frequency Distributions of One 
Variable; Theoretical Frequency Distributions of One Variable; Lange Sample Theory 
of One Variable; Frequency Distributions of Two Variables; Theoretical Frequency Dis- 
tributions of Two Variables; Frequency Distributions of More Than Two Variables; Small 
Sample Distributions ; Non-Parametric Methods; Testing Goodness of Fit; Testing Statistical 
Hypotheses; Statistical Design in Experiments. 


January 1947 256 pages 554 by 854 $3.50 


Elementary Nuclear Theory 


A Short Course on Selected Topics 


by H. A. BETHE, Professor of Physics, Cornell University; formerly with the 
Manhattan Engineer District Laboratories 


An introduction to nuclear theory—based on Dr. Bethe’s lectures to engineers and scien- 
tists of the General Electric Company who were not specialists in nuclear physics. The author 
treats the subject entirely from an empirical point of view. The main part of the book 
contains a detailed discussion of the properties of the deuteron, and of the scattering of 
neutrons and protons by protons. Purely theoretical considerations, particularly the meson 
theory, are dealt with only briefly because they are not yet in a form which permits useful 
predictions. Dr. Bethe explains the available evidence on nuclear forces in terms of the 
behavior of the simplest nuclear systems. He merely outlines the theory of compound nuclei, 
and omits the theory of the fission process, because they are applied rather than fundamental 
aspects of nuclear physics. 


September 1947 148 pages 55/4 by 854 $2.25 
JOHN WILEY & SONS, Inc., 440-4th Ave., New York 16 


By the author of FUNDAMENTALS 
OF MATHEMATICS 


COLLEGE ALGEBRA 


By MOSES RICHARDSON 


@ This extremely lucid exposition of college algebra offers a rare insight into sound 
mathematics, and corrects many traditional mistakes. Starting with first principles, 
it not only covers all conventional subjects—some more thoroughly than usual— 
but adds optional material commonly needed by science students, or mathematics 
students preparing for future specialization. 


PO 


| | 


. 


@ Stresses fundamental concepts, but not at the expense of tech- 
nical achievements. 


® Contains a discussion of rational, irrational, real and imagi- 
nary numbers for understanding of theorems in theory of 
equations. 


® Includes chapter on fitting curves to empirical data. 


@ Ample exercises include many with practical application. 


ANALYTIC GEOMETRY 


By DAVID S. NATHAN and OLAF HELMER 


@ Designed as a basic text for a standard college course in analytical geometry, this 
book is equally effective for science, engineering, liberal arts, business and social 
science students. Carefully developing fundamental ideas at the outset, it empha- 
sizes straight line, higher plane curves, planes and lines in space. Particularly note- 
worthy are the passages on significance of the coordinate system and of cor- 
respondence between loci and equations. 


@® In solid geometry the drawing of three-dimensional figures 
from equations is emphasized. 


@ Systematic treatment of polar coordinates adroitly handled. 
@ Includes photographs of models of quadric surfaces. 


@® Numerous teaching aids; problems, drawings, graphs, tables, 
applications, etc. 


Send for your approval copies 


PRENTICE-HALL, INC., stw'vor«’t.n¥. 


Coming in October 


CALCULUS AND ITS 
APPLICATIONS 


By RAYMOND DONALD DOUGLASS and 
SAMUEL DEMITRY ZELDIN 


@ This brand-new basic text for a full year's beginning course is superbly adaptable 
to engineering and technical schools and universities where the emphasis is on 
technique. 


NOTE THESE SIGNIFICANT FEATURES: 
@ Simple orderly presentation 


@ Stress on applications; large number of illustrative ex- 
amples 


@® Early introduction and combination of derivative, dif- 
ferential and integral 


@® Geometric interpretation of concept of differential 


@® Often uses intuitive approach in introduction of new con- 
cepts 


@ Includes chapters on differential equations and vectors 
which enable student to broaden his field of applications. 


ADVANCED CALCULUS 


By DAVID V. WIDDER 


@ Here is a thoroughly teachable basic text for a two-semester course in Advanced 
Calculus for students of junior level or above. Beginning with comparatively simple 
problems of less theoretic nature, the text gradually shifts emphasis, to create under- 
standing of the more purely theoretic aspects of the calculus. All results are stated 
in theorem form—presented with logical economy of words, enabling the student 
to see at a glance both the hypotheses and the conclusions. 


Two innovations in subject matter are introduced: 
1. Two chapters on the Laplace Transform; 
2. A chapter on the Stieltjes integral. 


These subjects are for the first time accessible in elementary 
form. 


Send for your approval copies 


PRENTICE-HALL, INC., ftw orc‘. ny. 


Outstanding New Editions 


By WILLIAM L. HART 
BRIEF COLLEGE ALGEBRA, REVISED 


Written for the well-prepared student who needs at most only a relatively brief 
review of intermediate algebra and who deserves the opportunity to reach the 
interesting part of college algebra quickly. Presents a concise but logically com- 
plete review, followed by a normal, leisurely treatment of all usual topics of 
college algebra. 299 text pages. In press. 


INTRODUCTION TO COLLEGE 
ALGEBRA, REVISED 


Contains a complete, mature presentation of intermediate algebra, followed by a 
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WHAT IS CANTOR’S CONTINUUM PROBLEM? 
KURT GODEL, Institute for Advanced Study 


1. The concept of cardinal number. Cantor’s continuum problem is simply 
the question: How many points are there on a straight line in Euclidean space? 
In other terms, the question is: How many different sets of integers do there 
exist? 

This question, of course, could arise only after the concept of “number” 
had been extended to infinite sets; hence it might be doubted if this extension 
can be effected in a uniquely determined manner and if, therefore, the statement 
of the problem in the simple terms used above is justified. Closer examination, 
however, shows that Cantor’s definition of infinite numbers really has this char- 
acter of uniqueness, and that in a very striking manner. For whatever “number” 
as applied to infinite sets may mean, we certainly want it to have the property 
that the number of objects belonging to some class does not change if, leaving 
the objects the same, one changes in any way whatsoever their properties or 
mutual relations (e.g., their colors or their distribution in space). From this, how- 
ever, it follows at once that two sets (at least two sets of changeable objects of 
the space-time world) will have the same cardinal number if their elements can 
be brought into a one-to-one correspondence, which is Cantor’s definition of 
equality between numbers. For if there exists such a correspondence for two sets 
A and B it is possible (at least theoretically) to change the properties and rela- 
tions of each element of A into those of the corresponding element of B, whereby 
A is transformed into a set completely indistinguishable from B, hence of the 
same cardinal number. For example, assuming a square and a line segment 
both completely filled with mass points (so that at each point of them exactly 
one mass point is situated), it follows owing to the demonstrable fact that there 
exists a one-to-one correspondence between the points of a square and of a line 
segment, and, therefore, also between the corresponding mass points, that the 
mass points of the square can be so rearranged as exactly to fill out the line seg- 
ment, and vice versa. Such considerations, it is true, apply directly only to 
physical objects, but a definition of the concept of “number” which would de- 
pend on the kind of objects that are numbered could hardly be considered as 
satisfactory. 

So there is hardly any choice left but to accept Cantor’s definition of equality 
between numbers, which can easily be extended to a definition of “greater” and 
“less” for infinite numbers by stipulating that the cardinal number M of a set A 
is to be called less than the cardinal number N of a set B if M is different from 
N but equal to the cardinal number of some subset of B. On the basis of these 
definitions it becomes possible to prove that there exist infinitely many different 
infinite cardinal numbers or “powers,” and that, in particular, the number of 
subsets of a setis always greater than the number of its elements; furthermore it 
becomes possible to extend (again without any arbitrariness) the arithmetical 
operations to infinite numbers (including sums and products with any infinite 
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number of terms or factors) and to prove practically all ordinary rules of 
computation. 

But, even after that, the problem to determine the cardinal number of an 
individual set, such as the linear continuum, would not be well defined if there 
did not exist some “natural” representation of the infinite cardinal numbers, 
comparable to the decimal or some other systematic denotation of the integers. 
This systematic representation, however, does exist owing to the theorem that 
for each cardinal number and each set of cardinal numbers! there exists exactly 
one cardinal number immediately succeeding in magnitude and that the cardinal 
number of every set occurs in the series thus obtained.? This theorem makes it 
possible to denote the cardinal number immediately succeeding the set of finite 
numbers by No (which is the power of the “denumerably infinite” sets), the next 
one by Ni, efc.; the one immediately succeeding all N; where 7 is an integer, by 
N.,, the next one by N.41, eéc., and the theory of ordinal numbers furnishes the 
means to extend this series farther and farther. 


2. The continuum problem, the continuum hypothesis and the partila 
results concerning its truth obtained so far. So the analysis of the phrase “how 
many” leads unambiguously to quite a definite meaning for the question stated 
in the second line of this paper, namely, to find out which one of the N’s is the 
number of points on a straight line or (which is the same) on any other contin- 
uum in Euclidean space. Cantor, after having proved that this number is cer- 
tainly greater than No, conjectured that it is Ni, or (which is an equivalent 
proposition) that every infinite subset of the continuum has either the power of 
the set of integers or of the whole continuum. This is Cantor’s continuum hy- 
pothesis. 

But, although Cantor’s set theory has now had a development of more than 
sixty years and the problem is evidently of great importance for it, nothing has 
been proved so far relative to the question what the power of the continuum 
is or whether its subsets satisfy the condition just stated, except (1) that the 
power of the continuum is not a cardinal number of a certain very special kind, 
namely, not a limit of denumerably many smaller cardinal numbers,’ and 
(2) that the proposition just mentioned about the subsets of the continuum is 


1 As to the question why there does not exist a set of all cardinal numbers, see footnote 12. 

2 In order to prove this theorem the axiom of choice (see: A. Fraenkel, Einleitung in die Mengen- 
lehre, 3rd ed. Berlin, 1928, p. 288 ff.) is necessary, but it may be said that this axiom is, in the 
present state of knowledge, exactly as well founded as the system of the other axioms. It has been 
proved consistent, provided the other axioms are so. (See my paper quoted in footnote 13.) It is 
exactly as evident as the other axioms for sets in the sense of arbitrary multitudes and, as for sets 
in the sense of extensions of definable properties, it also is demonstrable for those concepts of 
definability for which, in the present state of knowledge, it is possible to prove the other axioms, 
namely, those explained in footnotes 17 and 21. 

5 See F. Hausdorff, Mengenlehre, ist ed. (1914), p. 68. The discoverer of this theorem. J. Konig, 
asserted more than he had actually proved (see Math. Ann. 60 (1904), p. 177). 
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true for a certain infinitesimal fraction of these subsets, the analytical‘ sets.® 
Not even an upper bound, however high, can be assigned for the power of the 
continuum. Nor is there any more known about the quality than about the 
quantity of the cardinal number of the continuum. It is undecided whether this 
number is regular or singular, accessible or inaccessible, and (except for Kénig’s 
negative result) what its character of confinality* is. The only thing one knows, 
in addition to the results just mentioned, is a great number of consequences of, 
and some propositions equivalent to, Cantor’s conjecture.® 

This pronounced failure becomes still more striking if the problem is con- 
sidered in its connection with general questions of cardinal arithmetic. It is 
easily proved that the power of the continuum is equal to 280, So the con- 
tinuum problem turns out to be a question from the “multiplication table” of 
cardinal numbers, namely, the problem to evaluate a certain infinite product (in 
fact the simplest non-trivial one that can be formed). There is, however, not one 
infinite product (of factors >1) for which only as much as an upper bound for its 
value can be assigned. All one knows about the evaluation of infinite products 
are two lower bounds due to Cantor and Kénig (the latter of which implies a 
generalization of the aforementioned negative theorem on the power of the con- 
tinuum), and some theorems concerning the reduction of products with different 
factors to exponentiations and of exponentiations to exponentiations with 
smaller bases or exponents. These theorems reduce’ the whole problem of com- 
puting infinite products to the evaluation of N/a and the performance of 
certain fundamental operations on ordinal numbers, such as determining the 
limit of a series of them. N.“®8, and therewith all products and powers, can 
easily be computed? if the “generalized continuum hypothesis” is assumed, 7.e., 
if it is assumed that 28e«=N 1; for every a, or, in other terms, that the number 
of subsets of a set of power N. is Nai. But, without making any undemon- 
strated assumption, it is not even known whether or not m<z implies 2" <2" 
(although it is trivial that it implies 2”<2"), nor even whether 280 <2™1, 


3. Restatement of the problem on the basis of an analysis of the foundations 
of set theory and results obtained along these lines. This scarcity of results, 
even as to the most fundamental questions in this field, may be due to some ex- 
tent to purely mathematical difficulties; it seems, however (see Section 4 below), 
that there are also deeper reasons behind it and that a complete solution of 


4 See the list of definitions at the end of this paper. 

5 See F. Hausdorff, Mengenlehre, 3rd ed. (1935), p. 32. Even for complements of analytical sets 
the question is undecided at present, and it can be proved only that they have (if they are infinite) 
either the power No or N, or continuum (see; C. Kuratowski, Topologie I, Warszawa-Lwow, 1933, 
p. 246.) 

6 See W. Sierpinski, Hypothese du Continu, Warsaw, 1934. 

7 This reduction can be effected owing to the results and methods of a paper by A. Tarski 
published in Fund. Math. 7 (1925), p. 1. 

8 For regular numbers Na one obtains immediately: 

off Ka) = N Bos 2Ke = Nout 
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these problems can be obtained only by a more profound analysis (than mathe- 
matics is.accustomed to give) of the meanings of the terms occurring in them 
(such as “set,” “one-to-one correspondence,” etc.) and of the axioms underlying 
their use. Several such analyses have been proposed already. Let us see then 
what they give for our problem. 

First of all there is Brouwer’s intuitionism, which is utterly destructive in 
its results. The whole theory of the N’s greater than N; is rejected as meaning- 
less.° Cantor’s conjecture itself receives several different meanings, all of which, 
though very interesting in themselves, are quite different from the original prob- 
lem, and which lead partly to affirmative, partly to negative answers;!® not 
everything in this field, however, has been clarified sufficiently. The “half- 
intuitionistic” standpoint along the lines of H. Poincare and H. Weyl™ would 
hardly preserve substantially more of set theory. 

This negative attitude towards Cantor’s set theory, however, is by no means 
a necessary outcome of a closer examination of its foundations, but only the 
result of certain philosophical conceptions of the nature of mathematics, which 
admit mathematical objects only to the extent in which they are (or are be- 
lieved to be) interpretable as acts and constructions of our own mind, or at least 
completely penetrable by our intuition. For someone who does not share these 
views there exists a satisfactory foundation of Cantor’s set theory in its whole 
original extent, namely, axiomatics of set theory, under which the logical system 
of Principia Mathematica (in a suitable interpretation) may be subsumed. 

It might at first seem that the set theoretical paradoxes would stand in the 
way of such an undertaking, but closer examination shows that they cause no 
trouble at all. They are a very serious problem, but not for Cantor’s set theory. 
As far as sets occur and are necessary in mathematics (at least in the mathe- 
matics of today, including all of Cantor’s set theory), they are sets of integers, 
or of rational numbers (7.e., of pairs of integers), or of real numbers (7.e., of sets 
of rational numbers), or of functions of real numbers (.e., of sets of pairs of real 
numbers), etc.; when theorems about all sets (or the existence of sets) in general 
are asserted, they can always be interpreted without any difficulty to mean that 
they hold for sets of integers as well as for sets of real numbers, efc. (respectively, 
that there exist either sets of integers, or sets of real numbers, or... efc., 
which have the asserted property). This concept of set, however, according to 
which a set is anything obtainable from the integers (or some other well defined 


9 See L. E. J. Brouwer, Atti del IV Congresso Internazionale dei Matematici (Roma 1908), p. 
569. 

10 See L. E. J. Brouwer, Over de gondslagen der wiskunde (Amsterdam and Leipzig, 1907) I, 
9; ITT, 2. 

11 See H. Weyl, Das Kontinuum, 2nd ed. 1932. If the procedure of construction of sets de- 
scribed there (p. 20) is iterated a sufficiently large (transfinite) number of times, one gets exactly 
the real numbers of the model for set theory spoken of below in Section 4, in which the continuum- 
hypothesis is true. But this iteration would hardly be possible within the limits of the half intuition- 
istic standpoint. 
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objects) by iterated application!” of the operation “set of,”4* and not some- 
thing obtained by dividing the totality of all existing things into two categories, 
has never led to any antinomy whatsoever; that is, the perfectly “naive” and 
uncritical working with this concept of set has so far proved completely self- 
consistent. 

But, furthermore, the axioms underlying the unrestricted use of this concept 
of set, or, at least, a portion of them which suffice for all mathematical proofs 
ever produced up to now, have been so precisely formulated in axiomatic set 
theory that the question whether some given proposition follows from them can 
be transformed, by means of logistic symbolism, into a purely combinatorial 
problem concerning the manipulation of symbols which even the most radical 
intuitionist must acknowledge as meaningful. So Cantor’s continuum problem, 
no matter what philosophical standpoint one takes, undeniably retains at least 
this meaning: to ascertain whether an answer, and if so what answer, can be 
derived from the axioms of set theory as formulated in the systems quoted. 

Of course, if it is interpreted in this way, there are (assuming the consistency 
of the axioms) a priori three possibilities for Cantor’s conjecture: It may be 
either demonstrable or disprovable or undecidable.*6 The third alternative 
(which is only a precise formulation of the conjecture stated above that the diffi- 
culties of the problem are perhaps not purely mathematical) is the most likely, 
and to seek a proof for it is at present one of the most promising ways of attack- 
ing the problem. One result along these lines has been obtained already, namely, 
that Cantor’s conjecture is not disprovable from the axioms of set theory, pro- 
vided that these axioms are consistent (see Section 4). 

It is to be noted, however, that even if one should succeed in proving its 
undemonstrability as well, this would (in contradistinction, for example, to the 
proof for the transcendency of +) by no means settle the question definitively. 


12 This phrase is to be understood so as to include also transfinite iteration, the totality of sets 
obtained by finite iteration forming again a set and a basis for a further application of the operation 
“set of.” 

18 The operation “set of x’s” cannot be defined satisfactorily (at least in the present state of 
knowledge), but only be paraphrased by other expressions involving again the concept of set, such 
as: “multitude of «’s,” “combination of any number of x’s,” “part of the totality of x’s”; but as 
opposed to the concept of set in general (if considered as primitive) we have a clear notion of this 
operation. 

14 Tt follows at once from this explanation of the term “set” that a set of all sets or other sets 
of a similar extension cannot exist, since every set obtained in this way immediately gives rise to 
further application of the operation “set of” and, therefore, to the existence of larger sets. 

15 See, e.g., P. Bernays, A system of axiomatic set theory, J. Symb. Log. 2 (1937), p. 65; 6 
(1941), p. 1; 7 (1942), p. 65; p. 133; 8 (1943), p. 89. J. von Neumann, Eine Axiomatisierung der 
Mengenlehre, J. reine u.angew. Math. 154 (1925), p. 219; cf also: zbid., 160 (1929), p. 227; Math. Zs 
27 (1928), p. 669. K. Gédel, The Consistency of the Continuum Hypothesis (Ann. Math. Studies 
No. 3), 1940. 

16 In case of the inconsistency of the axioms the last one of the four @ priori possible alterna- 
tives for Cantor’s conjecture would occur, namely, it would then be both demonstrable and dis- 
provable by the axioms of set theory. 
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Only someone who (like the intuitionist) denies that the concepts and axioms of 
classical set theory have any meaning (or any well-defined meaning) could be 
satisfied with such a solution, not someone who believes them to describe some 
well-determined reality. For in this reality Cantor’s conjecture must be either 
true or false, and its undecidability from the axioms as known today can only 
mean that these axioms do not contain a complete description of this reality; 
and such a belief is by no means chimerical, since it is possible to point out ways 
in which a decision of the question, even if it is undecidable from the axioms in 
their present form, might nevertheless be obtained. 

For first of all the axioms of set theory by no means form a system closed in 
itself, but, quite on the contrary, the very concept of set*? on which they are 
based suggests their extension by new axioms which assert the existence of still 
further iterations of the operation “set of.” These axioms can also be formulated 
as propositions asserting the existence of very great cardinal numbers or (which 
is the same) of sets having these cardinal numbers. The simplest of these strong 
“axioms of infinity” assert the existence of inaccessible numbers (and of num- 
bers inaccessible in the stronger sense) >N 9. The latter axiom, roughly speak- 
ing, means nothing else but that the totality of sets obtainable by exclusive use 
of the processes of formation of sets expressed in the other axioms forms again a 
set (and, therefore, a new basis for a further application of these processes).}8 
Other axioms of infinity have been formulated by P. Mahlo.!® Very little is 
known about this section of set theory, but at any rate these axioms show 
clearly, not only that the axiomatic system of set theory as known today is 
incomplete, but also that it can be supplemented without arbitrariness by new 
axioms which are only the natural continuation of the series of those set up so 
far. 

That these axioms have consequences also far outside the domain of very 
great transfinite numbers, which are their immediate object, can be proved; each 
of them (as far as they are known) can, under the assumption of consistency, be 
shown to increase the number of decidable propositions even in the field of 
Diophantine equations. As for the continuum problem, there is little hope of 
solving it by means of those axioms of infinity which can be set up on the basis 
of principles known today (the above-mentioned proof for the undisprovability 
of the continuum hypothesis, e.g., goes through for all of them without any 
change). But probably there exist others based on hitherto unknown principles; 
also there may exist, besides the ordinary axioms, the axioms of infinity and 


17 Similarly also the concept “property of set” (the second of the primitive terms of set theory) 
can constantly be enlarged, and furthermore concepts of “property of property of set” etc. be in- 
troduced whereby new axioms are obtained, which, however, as to their consequences for proposi- 
tions referring to limited domains of sets (such as the continuum hypothesis) are contained in the 
axioms depending on the concept of set. 

18 See E. Zermelo, Fund. Math. 16 (1930), p. 29. 

19 See: Ber. Verh. Sachs. Ges. Wiss. 63 (1911), pp. 190-200; 65 (1913), pp. 269-276. FromMahlo’s 
presentation of the subject, however, it does not appear that the numbers he defines actually exist. 
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the axioms mentioned in footnote 14, other (hitherto unknown) axioms of set 
theory which a more profound understanding of the concepts underlying logic 
and mathematics would enable us to recognize as implied by these concepts. 

Furthermore, however, even disregarding the intrinsic necessity of some new 
axiom, and even in case it had no intrinsic necessity at all, a decision about its 
truth is possible also in another way, namely, inductively by studying its 
“success,” that is, its fruitfulness in consequences and in particular in “veri- 
fiable” consequences, 7.e., consequences demonstrable without the new axiom, 
whose proofs by means of the new axiom, however, are considerably simpler 
and easier to discover, and make it possible to condense into one proof 
many different proofs. The axioms for the system of real numbers, rejected 
by the intuitionists, have in this sense been verified to some extent owing 
to the fact that analytical number theory frequently allows us to prove 
number theoretical theorems which can subsequently be verified by elementary 
methods. A much higher degree of verification than that, however, is conceiv- 
able. There might exist axioms so abundant in their verifiable consequences, 
shedding so much light upon a whole discipline, and furnishing such powerful 
methods for solving given problems (and even solving them, as far as that is 
possible, in a constructivistic way) that quite irrespective of their intrinsic neces- 
sity they would have to be assumed at least in the same sense as any well 
established physical theory. 

4. Some observations about the question: In what sense and in which direc- 
tion may a solution of the continuum problem be expected? But are such consid- 
erations appropriate for the continuum problem? Are there really any strong 
indications for its unsolubility by the known axioms? I think there are at least two. 

The first one is furnished by the fact that there are two quite differently de- 
fined classes of objects which both satisfy all axioms of set theory written down 
so far. One class consists of the sets definable in a certain manner by properties of 
their elements,?° the other of the sets in the sense of arbitrary multitudes, irre- 
spective of, if, or how they can be defined. Now, before it is settled what objects 
are to be numbered, and on the basis of what one-to-one correspondences, one 
could hardly expect to be able to determine their number (except perhaps in 
case of some fortunate coincidence). If, however, someone believes that it is 
meaningless to speak of sets except in the sense of extensions of definable prop- 
erties, or, at least, that no other sets exist, then, too, he can hardly expect more 
than a small fraction of the problems of set theory to be solvable without making 
use of this, in his opinion essential, characteristic of sets, namely, that they are 


20 Namely, definable “in terms of ordinal numbers” (7.e., roughly speaking, under the assump- 
tion that for each ordinal number a symbol denoting it is given) by means of transfinite recursions, 
the primitive terms of logic, and the e-relation, admitting, however, as elements of sets and of 
ranges of quantifiers only previously defined sets. See my papers quoted in footnotes 13 and 19, 
where an exactly equivalent, although in its definition slightly different, concept of definability 
(under the name of “constructibility”) is used. The paradox of Richard, of course, does not apply 
to this kind of definability, since the totality of ordinals is certainly not denumerable. 
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all derived from (or in a sense even identical with) definable properties. This 
characteristic of sets, however, is neither formulated explicitly nor contained 
implicitly in the accepted axioms of set theory. So from either point of view, if 
in addition one has regard to what was said above in Section 2, it is plausible 
that the continuum problem will not be solvable by the axioms set up so far, 
but, on the other hand, may be solvable by means of a new axiom which would 
state or at least imply something about the definability of sets.?+ 

The latter half of this conjecture has already been verified; namely, the 
concept of definability just mentioned (which is itself definable in terms of 
the primitive notions of set theory) makes it possible to derive the generalized 
continuum hypothesis from the axiom that every set is definable in this sense.” 
Since this axiom (let us call it “A”) turns out to be demonstrably consistent with 
the other axioms, under the assumption of the consistency of these axioms, this 
result (irrespective of any philosophical opinion) shows the consistency of the 
continuum hypothesis with the axioms of set theory, provided that these axioms 
themselves are consistent.”* This proof in its structure is analogous to the con- 
sistency-proof for non-Euclidean geometry by means of a model within Eu- 
clidean geometry, insofar as it follows from the axioms of set theory 
that the sets definable in the above sense form a model for set theory in 
which furthermore the proposition A and, therefore, the generalized con- 
tinuum hypothesis is true. But the definition of “definability” can also be so 
formulated that it becomes a definition of a concept of “set” and a relation 
of “element of” (satisfying the axioms of set theory) in terms of entirely 
different concepts, namely, the concept of “ordinal numbers,” in the sense 
of elements ordered by some relation of “greater” and “less,” this ordering 
relation itself, and the notion of “recursively defined function of ordinals,” 
which can be taken as primitive and be described axiomatically by way of an 
extension of Peano’s axioms.% [Note that this does not apply to my original 
formulation presented in the papers quoted above, because there the general 
concept of “set” with its element relation occurs in the definition of “definable 
set,” although the definable sets remain the same if, afterwards, in the defini- 
tion of “definability” the term “set” is replaced by “definable set.”] 


21D. Hilbert’s attempt at a solution of the continuum problem (see Math. Ann. 95 (1926), p. 
161), which, however, has never been carried through, also was based on a consideration of all 
possible definitions of real numbers. 

2 On the other hand, from an axiom in some sense directly opposite to this one the negation 
of Cantor’s conjecture could perhaps be derived. 

28 See my paper quoted in footnote 13 and note Proc. Nat. Ac. Sci. 25 (1939), p. 220. I take this 
opportunity to correct a mistake in the notation and a misprint which occurred in the latter paper: 
in the lines 25 to 29 of page 221, 4 to 6 and 10 of page 222, 11 to 19 of page 223, the letter a 
should be replaced (in all places where it occurs) by yu. Also, in Theorem 6 on page 222 the symbol 
“=” should be inserted between ¢a(x) and ¢a(x’). For a carrying through of the proof in all de- 
tails the paper quoted in footnote 13 is to be consulted. 

#4 For such an extension see A. Tarski, Ann. Soc. Pol. Math. 3 (1924), p. 148, where, however, 
the general concept of “set of ordinal numbers” is used in the axioms; this could be avoided, with- 
out any loss in demonstrable theorems, by confining oneself from the beginning to recursively de- 
finable sets of ordinals. 
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A second argument in favor of the unsolubility of the continuum problem on 
the basis of the ordinary axioms can be based on certain facts (not known or not 
existing at Cantor’s time) which seem to indicate that Cantor’s conjecture will 
turn out to be wrong ;* for a negative decision the question is (as just explained) 
demonstrably impossible on the basis of the axioms as known today. 

There exists a considerable number of facts of this kind which, of course, at 
the same time make it likely that not all sets are definable in the above sense.” 
One such fact, for example, is the existence of certain properties of point sets 
(asserting an extreme rareness of the sets concerned) for which one has suc- 
ceeded in proving the existence of undenumerable sets having these properties, 
but no way is apparent by means of which one could expect to prove the exist- 
ence of examples of the power of the continuum. Properties of this type (of sub- 
sets of a straight line) are: (1) being of the first category on every perfect set,?’ 
(2) being carried into a zero set by every continuous one-to-one mapping of the 
line on itself.28 Another property of a similar nature is that of being coverable 
by infinitely many intervals of any given lengths. But in this latter case one has 
so far not even succeeded in proving the existence of undenumerable examples. 
From the continuum hypothesis, however, it follows that there exist in all three 
cases not only examples of the power of the continuum,” but even such as are 
carried into themselves (up to denumerably many points) by every translation of 
the straight line.®° 

And this is not the only paradoxical consequence of the continuum hy- 
pothesis. Others, for example, are that there exist: (1) subsets of a straight line 
of the power of the continuum which are covered (up to denumerably many 
points) by every dense set of intervals, or (in other terms) which contain no 
undenumerable subset nowhere dense on the straight line,*! (2) subsets of a 
straight line of the power of the continuum which contain no undenumerable 
zero set,®2 (3) subsets of Hilbert space of the power of the continuum which con- 
tain no undenumerable subset of finite dimension,® (4) an infinite sequence A‘ 
of decompositions of any set M of the power of the continuum into continuum 


% Views tending in this direction have been expressed also by N. Lusin in Fund. Math. 25 
(1935), p. 129 ff. See also: W. Sierpinski, zbid., p. 132. 

% That all sets are “definable in terms of ordinals” if al] procedures of definition, z.e. also 
quantification and the operation # with respect to all sets, irrespective of whether they have or can 
be defined, are admitted could be expected with more reason, but still it would not at all be justi- 
fied to assume this as an axiom. It is worth noting that the proof that the continuum hypothesis 
holds for the definable sets or follows from the assumption that all sets are definable, does not go 
through for this kind of definability, although the assumption that these two concepts of definabil- 
ity are equivalent is, of course, demonstrably consistent with the axioms. 

27 See W. Sierpinski, Fund. Math. 22 (1934), p. 270 and C. Kuratowski, Topologie I, p. 269 ff. 

28 See N. Lusin and W. Sierpinski, Bull. Internat. Ac. Sci. Cracovie 1918, p. 35, and W. Sier- 
pinski, Fund Math. 22 (1934), p. 270. 

29 For the 3rd case see: l.c. 6, p. 39, Th. 1. 

30 See W. Sierpinski, Ann. Scuol. Norm. Sup. Pisa 4 (1935), p. 43. 

81 See N. Lusin, C. R. Paris 158 (1914), p. 1259. 

8 See W. Sierpinski, Fund. Math. 5 (1924), p. 184. 

8 See W. Hurewicz, Fund. Math. 19 (1932), p. 8. 
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many mutually exclusive sets Aj such that, in whichever way a set Af, is chosen 
for each i, II;(M—Aj,) is always denumerable.* Even if in (1)—(4) “power of 
the continuum” is replaced by “N,” these propositions are very implausible; 
the proposition obtained from (3) in this way is even equivalent with (3). 

One may say that many of the results of point-set theory obtained without 
using the continuum hypothesis also are highly unexpected and implausible.* 
But, true as that may be, still the situation is different there, insofar as in those 
instances (such as, é.g., Peano’s curves) the appearance to the contrary can in 
general be explained by a lack of agreement between our intuitive geometrical 
concepts and the set-theoretical ones occurring in the theorems. Also, it is very 
suspicious that, as against the numerous plausible propositions which imply the 
negation of the continuum hypothesis, not one plausible proposition is known 
which would imply the continuum hypothesis. Therefore one may on good 
reason suspect that the role of the continuum problem in set theory will be this, 
that it will finally lead to the discovery of new axioms which will make it possible 
to disprove Cantor’s conjecture. 


Definitions of some of the technical terms 


Definitions 4-12 refer to subsets of a straight line, but can be literally transferred to subsets of 
Euclidean spaces of any number of dimensions; definitions 13-14 refer to subsets of Euclidean 
spaces. 

1. I call “character of confinality” of a cardinal number m (abbreviated by “cf(m)”) the smallest 
number 2 such that m is the sum of m numbers <m. 

2. A cardinal number m is regular if cf(m) =m, otherwise singular. 

3. An infinite cardinal number m is inaccessible if it is regular and has no immediate predecessor 
(z.e., if, although it is a limit of numbers <™m, it is not a limit of fewer than m such numbers); 
it is inaccessible in the stronger sense if each product (and, therefore, also each sum) of fewer 
than m numbers <m is <m. [See: W. Sierpinski and A. Tarski, Fund. Math. 15 (1930), p. 292; 
A. Tarski, Fund. Math. 30 (1938), p. 68. From the generalized continuum hypothesis follows 
the equivalence of these two notions. This equivalence, however, is a much weaker and much 
more plausible proposition. No evidently is inaccessible in both senses. As for finite numbers, 
0 and 2 and no others are inaccessible in the stronger sense (by the above definition), which 
suggests that the same will hold also for the correct extension of the concept of inaccessibility 
to finite numbers. | 

4. Aset of intervals is dense if every interval has points in common with some interval of the set. 
[The end-points of an interval are not considered as points of the interval. ] 

5. A zero-set is a set which can be covered by infinite sets of intervals with arbitrarily small 

lengths-sum. 

. A neighborhood of a point P is an interval containing P. 

. Asubset A of B is dense in B if every neighborhood of any point of B contains points of A. 

. A point P is in the exterior of A if it has a neighborhood containing no point of A. 

. A subset A of B is nowhere dense on B if those points of B which are in the exterior of A are 
dense in B. [Such sets A are exactly the subsets of the borders of the open sets in B, but the 
term “border-set” is unfortunately used in a different sense. | 

10. A subset A of B is of the first category in B if it is the sum of denumerably many sets nowhere 

dense in B. 


oer nr 


%# See S. Braun and W. Sierpinski, Fund. Math. 19, (1932), p. 1, proposition (Q). This proposi- 
tion and the one stated under (3) in the text are equivalent with the continuum hypothesis. 
% See, e.g., L. Blumenthal, Am. Math. Monthly 47 (1940), p. 346. 


1947] PERSONNEL AND TRAINING PROBLEMS IN STATISTICS 525 


11. Set A is of the first category on B if the intersection A -B is of the first category in B. 

12. A set is perfect if it is closed and has no isolated point (j.e., no point with a neighborhood con- 
taining no other point of the set). 

13. Borel-sets are defined as the smallest system of sets satisfying the postulates: 
(1) The closed sets at Borel-sets. 
(2) The complement of a Borel-set is a Borel-set. 
(3) The sum of denumerably many Borel-sets is a Borel-set. 

14, A set is analytic if it is the orthogonal projection of some Borel-set of a space of next higher 
dimension. [Every Borel-set therefore is, of course, analytic.] 

15. Quantifiers are the logistic symbols standing for the phrases: “for all objects x” and “there 
exist objects x.” The totality of objects x to which they refer is called their range. 

16. The symbol “%” means “the set of those objects « for which -- - ” 


PERSONNEL AND TRAINING PROBLEMS IN STATISTICS 
S. S. WILKS, Princeton University 


1, Introduction. A report* has been prepared by the Committee** on Applied 
Mathematical Statistics of the National Research Council to: (1) analyze some 
factors contributing to the recent extraordinary growth of interest in the use 
of statistical methods, (2) present some information on the current and future 
needs of statistically trained personnel, (3) examine the impact of these needs 
on present training facilities, and (4) indicate some steps which might estab- 
lish a training program adequate to meet these growing needs. This is a summary 
of the report. 


2. Statistical organizations. As a simple indication of growth of interest in 
statistical methods, the Committee describes the formation and recent growth of 
statistical organizations. The American Statistical Association, founded more 
than 100 years ago, had a membership of 1700 in 1935. By the end of 1946 it 
had nearly 4000 members. The Institute of Mathematical Statistics, formed in 


* “Personnel and Training Problems Created by the Recent Growth of Applied Statistics in the 
United States,” a report by the Committee on Applied Mathematical Statistics, National Research 
Council, Washington, D. C., NRC Reprint and Circular Series No. 128, May, 1947, 17 pp. 

** Luther P. Eisenhart, Chairman, Former Chairman Division of Physical Sciences, National 
Research Council 

Samuel S. Wilks, Secretary, Professor of Mathematical Statistics, Princeton University 

Chester I. Bliss, Biometrician, Connecticut Agricultural Experiment Station 

Edward U. Condon, Director, National Bureau of Standards 

Harold O. Gulliksen, Professor of Psychology, Princeton University 

Lowell J. Reed, Vice-President of the University, and Professor of Biostatistics, School of 
Hygiene and Public Health, The Johns Hopkins University 

Charles F. Roos, President, The Econometric Institute, Inc. 

Walter A. Shewhart, Research Engineer, Bell Telephone Laboratories 

Hugh M. Smallwood, Director, Department of Physical Research, General Laboratories, 
U.S. Rubber Company 

Frederick F. Stephan, Professor of Sociology and Statistics, Cornell University 
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1935 to promote the development of statistical theory, had 900 members by 
the end of 1946. The Econometric Society with a membership of more than 750 
was organized in 1930 to promote the application of mathematics and statistical 
methods in economics. The Psychometric Society is a similar organization for 
psychology. It was organized in 1935 and now has more than 200 members. The 
Biometrics Section of the American Statistical Association was formed in 1938 
for sponsoring similar work in the biological sciences. It now has more than 1100 
members. The most recent statistical organization is the American Society for 
Quality Control which is concerned with applications of statistical methods in 
industry. It was organized early in 1946 and now has approximately 2000 mem- 
bers, mostly engineers of various kinds. There are other organizations with 
considerable interest in statistical methods such as the American Marketing 
Association, American Public Health Association, American Sociological Society, 
and Population Association of America. 


3. Demand for statisticians. According to the report, there is a heavy de- 
mand for both academic and non-academic statistical personnel. The non-aca- 
demic fields which account for most of the recent growth of interest in statistical 
methods are: (1) industrial statistical control (in quality control, research and 
development), (2) research in the biological sciences, (3) collection and analyses 
of government statistics, (4) market research and commercial surveys, and (5) 
psychological testing. The Committee, in its report, discusses each of these fields 
in some detail. Demands are continuing and increasing for statistical personnel 
in some of the older fields such as finances and taxes, labor and employment, 
prices and production. Demands for more statistical training for social scientists 
are increasing. 

The Committee made an inquiry among 30 leading authorities at 27 uni- 
versities in mathematical and applied statistics as to requests received for sta- 
tistical personnel for a period of approximately six months after the end of the 
war. These authorities reported a total of 135 requests for personnel for academic 
positions in mathematical and applied statistics ranging from instructorships to 
full professorships. No attempt was made to have each respondent identify 
each request so as to eliminate duplication. But one person reported that he had 
requests from 21 college and university mathematics departments for Ph.D.’s 
in mathematical statistics. Another reported 12 requests for Ph.D.’s in agronomy 
with minors in statistics. There were reported 90 requests from government 
agencies and 140 requests from industry. The training requirements for these 
requests ranged from B.A.’s to Ph.D.’s in mathematical and applied statistics. 

At least a rough comparison may be made between demands for personnel in 
mathematics, physics, and statistics. As of December 31, 1945, the National 
Roster of Scientific and Specialized Personnel had registrations of 9972, 9608 
and 2018 in mathematics, physics, and statistics, respectively. For the period 
September 1, 1945, to May 31, 1946, the number of requests for personnel in 
these three fields per 1000 persons registered were 4.4, 23.9, and 30.7, respec- 
tively. 
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4. Training in statistics. The Committee devoted more than a third of its 
report to problems of education and training in statistics. These problems were 
discussed at two levels: (1) the undergraduate level and (2) the graduate level. 
It was stated that substantial progress had been made in the teaching of statis- 
tics at the graduate level in a number of universities; but that it was still in- 
adequate to meet the growing demands for statistical personnel. The Com- 
mittee charged that the teaching of statistics at the undergraduate level is 
still in a very chaotic condition. Graduate teaching in mathematical statistics 
is more standardized than that in applied statistics. The Committee listed basic 
requirements in mathematics for graduate training in mathematical statistics 
as follows: real and complex variables, linear and quadratic forms, matrix alge- 
bra, m-dimensional euclidean geometry, measure and integration theory. The 
courses are essential for the theory of probability which is the foundation for 
courses in advanced mathematical statistics covering distribution theory, esti- 
mation theory, testing of statistical hypotheses and multivariate statistical 
theory. 

Of the 27 universities included in the Committee’s inquiry, only ten claimed 
a graduate program leading to a Ph.D. degree in mathematical statistics, and 
fourteen claimed an adequate training program at the advanced level for some 
field of applied statistics. It was found that only four of the universities have 
special stipends for graduate work in mathematical statistics. The situation in 
applied statistics is hardly more adequate. 

In its discussion of the teaching of elementary statistics the Committee em- 
phasized the duplication of material in elementary statistics courses as they are 
now taught in various departments of a given college or university, as well as 
the heterogeneity of the quality of teaching. The Committee expressed its 
opinion that the standardization and improvement of the teaching of statistics 
at the undergraduate level is a basic requirement for the solution to the problem 
of training statistical personnel. Specifically, it proposes that there should be de- 
veloped a basic course in statistics at the freshman level for students who will go 
into the natural and social sciences, standardized to the same extent as intro- 
ductory courses in mathematics, physics, and chemistry. 

According to the Committee, one of the most puzzling problems regarding 
statistics is how it should be organized within a university. Two plans which 
are being tried out at certain universities were discussed: (1) the statistical 
laboratory and research center which would serve as an informal campus sta- 
tistical center, and (2) the department of statistics. Plan (1) is necessarily 
rather informal and depends for its success on the voluntary cooperation of 
personnel from various departments who are interested in research and teaching 
of statistics. Plan (2) would be more formal and desirable but its success would 
depend on joint membership of some of its personnel with other departments. 
This is particularly important for the effective teaching of applied statistics 
which should be carried out in conjunction with départments interested in ap- 
plications of statistical methods. 
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5. Summary. The Committee summarized its conclusions as follows: 

1. There should be developed a basic introductory course in statistics at 
preferably the freshman level for colleges and universities throughout the 
country. 

2. The laboratory work in the average course in statistics is inadequate, 
particularly at the elementary level; experimental work should replace much of 
the computation at this level. 

3. The minimum requirement in effective organization is a central statistical 
laboratory with which all of those teaching or doing research in statistics would 
be associated, even though informally in some cases. 

4. More success is to be expected from a department of statistics associated 
with a statistical laboratory, and having some members in common with other 
departments. 

5. The number of institutions needed for giving first-class training through 
the graduate level are: (a) 5 to 10 in mathematical statistics, (b) 25 to 30 in 
varying fields of applied statistics. 

6. An institution giving complete training in either mathematical or applied 
statistics should give some training in the other. 

7. Institutional stipends for graduate students specializing in mathematical 
and applied statistics are inadequate. 

8. In strengthening its statistical work at the advanced and research levels 
any given university should consider which field it can develop most effectively, 
so as to avoid duplication and inefficiency from a national point of view. 

9. The immediate critical shortage of highly qualified teachers can be eased 
only by suitable training of high-grade personnel now in fields of application, or 
mathematics. 

10. There should be an adequate number of postdoctoral fellowships in 
statistics. 

11. Arrangements should be established whereby postgraduate students, 
research workers, and teachers on leave would be able to obtain work experi- 
ence in certain government agencies, industrial laboratories, and business re- 
search organizations. 

12. To help offset the present critical shortage of qualified personnel in 
applied statistics, it would be desirable to promote conferences at advanced 
levels and short courses at the elementary level in various fields. 


A SIMPLE ANALYTIC PROOF OF A GENERAL x? THEOREM 
C. L. WEAVER, Boston, Mass. 


Many of the applications of the x? distribution can be justified as particular 
cases of a general theorem. It is the purpose of this paper to state and give a 
simple analytic proof of this theorem. Two of the more basic x? principles are 
stated as corollaries of the general theorem. 

The usual procedure in developing the applications of x? is to treat each 
application more or less independently. When proofs are included they usually 
involve geometry in n-space, the moment generating function, the Laplace 
transform, or the algebra of quadratic forms. The proof given here makes use of 
none of these methods. It does make use of the Jacobian in the change of vari- 
ables in a multivariate differential (or multiple integral). 


DEFINITION. We shall first define the x? distribution with v degrees of free- 
dom as that distribution having the probability element 


K (x2) 0/2) -te-4x"d (x2), 0S x2 < o, 


Substituting x? =2w and equating the integral of the above differential over the 
given range of x? to unity, it follows by the definition of the gamma integral 


that 
yp —1 
c= fon 
2 


Let us consider y;, 7=1 to n, to be m independent random variables. Each y; 
is normally distributed with mean ao+aih;+Gele; - + + +ait;; and variance o}. 
The 4; to ¢;; may be functionally related but are assumed to be linearly inde- 
pendent. Of the set of /+1 parameters a; we know the true values of any ; 
(the set a,) and do not know the values of the other J, (the set a,). It is assumed 
that 1,<n. 


THEOREM. If the set @, be the maximum likelihood estimates of the set a;, then 
1 2 
P= > <9. — >» Arby, — » autst ’ 
ti Of: r 8 


is distributed as x? with n—l, degrees of freedom, and independently of the set 4, 
which are jointly distributed in the |.-variate normal distribution 


Cre?@ || da, 
with 
1 2 
QO = > ={ » (ds — ath . 


529 


530 SIMPLE ANALYTIC PROOF OF A GENERAL x? THEOREM [November, 


This Q ts distributed independently of P as x? with lz, degrees of freedom. If 


2 


1 
R= > <9 — D aitsh ; 
1 t j 


then R=P+(Q, and R ts distributed as x? with n degrees of freedom. 


Proof of the Theorem: To simplify the discussion (and this has already 
been done in the expressions for P and R in the statement of the theorem) we 
shall introduce the variable éo; in the expression for the means with the under- 


standing that f;=1. 
The joint distribution of the y; is 


Cre?Fdyid yo ++ +> dyn 


and this will be a maximum when R is a minimum. The 4, are therefore de- 
termined so as to make 


1 2 
> mate —_ » Orley — >» ash 


a minimum. 
The J, estimates @, are thus determined by the ?/, linear equations 


bss 
(1) > 4% — » Arby; - » ats} = 0). 
We next note that 
Vi > ati = {9% — » Obes — » att + ‘ > (ds — aut , 
| r 8 8 
we square both sides, divide by o7, and sum over #, to find by using (1) that 
R=P+49Q0. 
Now let 


Vi= » Orbe; + > Astsi + UVP, 4=1ton. 


By the definition of P and (1) we have the m variables ); satisfying the /,+1 


equations 
2 


nY 

» 2 1, 
(2) 4 0; 
Aibss 

pO 


We now can write the joint probability element of 41, ye, +++, v, as 


1947] SIMPLE ANALYTIC PROOF OF A GENERAL x? THEOREM 531 


(3) Coe#Pe 2d yidyo ++ + dq. 
Next we shall change variables in this differential from 1, ye, - - +, Yn to P, 
the set @,, hi, An, + + +» An—1,-1. 
The Jacobian of the transformation becomes 
Ov ON1 ON ON 
aP ad, Orr Mn— ly 
0 ae 
OVn OVn OVn OVn 
aP 04, Ors In ly-t 
We have 
OY; N; 
QP 2/P 
OV; 
? — bss, 
Od; 
OY; . — . 
= 0 for k # i, and = \/P for k = 1. 
ONE 
Therefore 
M f JP 0 
2/P 
Ms t 0 WP 
Ji=| 2/P 
An 
— ef, 0 0 
2./P 
= P(mla)I2lyi(y, Ao, ++ + An) = POP 2)/?1y.(\y, No + +, Anche) 


To obtain ge we use (2) to eliminate \,_7, to A, from g;. We now can write (3) as 
CoP (m2) 12-1e-4Pd Pe~40 TT dasga(N, do © + * » Nata OA1 ++ + DNn-b-- 


This shows that P, the set @, ,and the o variables are three independent sets of 
variables. Therefore P is distributed as 


(4) C3.P(r—!2) 12-le- 3Pd P 
and the set 4, is distributed independently as 
(5) Cre || da,. 
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These are the required x? and normal /,-variate distributions for P and the set 
ds. 

To prove that R is distributed as x? with m degrees of freedom we need only 
note that R is independent of /, and the @,., and that P becomes R when /,=0. 

The definition of Q in the theorem shows that Q is a function of the set @,. 
Since the latter is distributed independently of P, so is Q. 

To find the distribution of Q we start with (5), letting 


(6) >, (ds — ae) = 5:x/0, i=1ton 
and change variables from the /, variables @, to 61, de, - + - 61,1, Q. If Je is the 


Jacobian of this transformation, then 1/J; is the Jacobian of the inverse trans- 
formation. | 


001 06%—-1 OQ 
, Oa1 Oa, Oa 
7, ee 
061 061-1 OQ 
G1, 04, O41, 
We have 
06; bee 
a4, VO- 
dQ 2 { \ 
= > as — As)bsi 7 ts: 
Ods ‘ oF a ( 
—_ ites 
= — /Q > 2 
4 Of 
Hence 
1 ( 1 \2-) __ 
ia VQ g3(d1, de, mts Sn), 
37 (a) 
and 


Js = O(2/2)—-19 4 (61, ba, rn 5,~1). 


In going from 1/g3 to gs we have eliminated 6;, to 6, by use of (6) and 


2 
6; 
~? = 1. 
OF; 


(7) 2s 


a 


The latter follows from using (6) in the expression for Q in the statement of the 
theorem. It should be noted that (6) consists of ” equations in the /, variables 
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d,—a,. It is possible to solve (6) for 61,41 to 6, in terms of 6, to 6:, with the 
factor »/Q cancelling out in the process. Equation (7) then gives the additional 
relationship to eliminate 6,.,. 

Expression (5) may now be written as 


CQ (2!2)—-1e-40 dO ga(51, 52, ° °° , 5i—1)d51 °° + db yy-1. 
This shows that Q is distributed independently of the 6 variables as 
C,Q(212)—-1¢-4040, 


The latter is the yx? distribution with J, degrees of freedom. 

It may be noted that the part of the analysis that leads to R= P+(Q includes 
an indirect proof of the theorem that if x? and x are distributed independently 
as x? with », and v2 degrees of freedom, respectively, then x?=xi+x3 is dis- 
tributed as x? with »1;-+, degrees of freedom. Also the part of the theorem con- 
cerning the distribution of Q is a direct proof of the theorem concerning the x? 
distribution with k degrees of freedom of minus two times the exponent in a 
normal k-variate distribution. The latter would be the special case n=l,=k. 


Coro.Luary 1. If u;, 7=1 to n, are m independent normal variables with 
common mean a and common variance o?, then 


1 
x2 = — D) (ui — a)? 
o2 | 


is distributed as x? with 2 degrees of freedom. 


CoROLLARY 2. If u; are defined as in Corollary 1 and na =) iui, then 
1 
x= — DI (uw — a)? 
o 


is distributed as x? with n—1 degrees of freedom. 


A FAMILY OF INTEGERS AND A THEOREM ON CIRCLES 


G. T. WILLIAMS, Brookhaven National Laboratory, N. Y. 
D. H. BROWNE, Buffalo, N. Y. 


1. Introduction. Between two tangent unit circles lying on a line LZ, a third 
circle is inscribed tangent to both circles and to L (see figure). Then two more 
circles are inscribed in the newly-created spaces, each tangent to two circles and 
to L. Now four circles are inscribed similarly along LZ, and so on ad inf. 


We propose to determine the area-sum of circles in this configuration.* 


2. The theorems. 


THEOREM 1. If two circles of radii 1/7? and 1/s? are tangent to each other and to 
L, the radius of the smaller circle tangent to both circles and to L ts 1/(r+s)?, that 
of the larger circle being 1/(r—s)?. 


This is readily established by comparing the projections of the three lines 
of centers on L. Thus, in the figure, the first inscribed circle has a radius of 4, the 
next two have radii of 1/9, and so on. 

DEFINITION. Calling the primary position (the two unit circles) the Oth 
stage, at the mth stage we have 2"+1 circles whose radii, reading across, we des- 
ignate as 


{1/A,}° (vy = 0, 1,-+-,2), 


* There is a treatment at some length of these circles in a paper on Fractions by L. R. Ford in 
this MONTHLY, vol. 45, pp. 586-601 (November, 1938). Some of the results of the present paper will 
be found there. The problem of the sum of the areas, however, was not considered.—EDITOR. 
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where the A are successively the positive integers 
1 1 
121 
13231 
143525341 
15473857275837451 


These obviously satisfy the relations, 


n n 

A, = A on_.y, 
n+I1 n 
A sy = A,, 


n+1 n n 
A oy41 = A, + A yt. 

These numbers have a host of properties, some, involving A”/A”*™', being 
akin to properties involved in the theory of Farey Series (cf. Hardy & Wright, 
Introduction to Theory of Numbers, p. 23), but we mention only a few which do 
not bear directly on the principal theorem. 


THEOREM 2. If S, denotes >,?-, A”, then S,=3"+1. 


For it is evident that S,=S,1+2(S,-1—1) =3S,_1—2. 

Since Aj=1 for all n, we have immediately, A4J=n+1. Now, since the re- 
maining A are linear combinations of previous ones, we have an inductive proof 
that 


THEOREM 3. A} is a linear function of n for constant v. 


Indeed, from the recurrence, we find Aj=n, Ag=2n—1, Ag=n—1, Az=3n 
—4, and so on. These linear coefficients also behave interestingly, but a discus- 
sion of them would carry us too far afield. 


THEOREM 4. For fixed n, the maximum A} 1s fn, the nth Fibonacci number 
(fre =1,2,3,5,---), andts given by vy =(2"—(—1)")/3, and symmetrically. 
THEOREM 5. 


A, Ay + Ava (all n, v). 


The proof is inductive. By assuming the proposition for n—1 and all», we 
deduce its validity for 1 and all »y. When the subscript is odd, the theorem holds 
trivially. When it is even, we observe that 


n n n—1 n—1 n—1 
Agy—-1 + Aev4t = A,a+ 2A, + Ayit 
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and by the inductive hypothesis, 


n-1 n—1 


» | Ava Avy 


An 


But 
n—1 n 
A P = Ao 


Hence it is established generally. 
We now prove what is the fundamental property of this table of numbers. 


THEOREM 6. Every coupled pair of relatively prime integers occurs in the table 
of A’s. 


Again the proof is inductive and depends on the two conditions, 

(z) If an integer m occurs next to each of the ¢(m) integers 1, de, d3,° °°, 
m—1 prime to and less than m, 

(7¢) then ultimately it must occur next to each of the integers 


qg=jm+1 (¢=1,a,-°+,m—1;7 =1,2,---) 


as can be seen by simple inductive reasoning. Plainly these numbers comprise 
all g such that g>m, (q, m)=1. Hence all relatively prime pairs involving m 
occur if (7) holds for m. But if (2) is true for all integers less than m it is true for 
m, since the ¢(m) integers prime to m are included among 1, 2,---, m—1 for 
which (7) and (zz) both hold. The induction is completed by noting the truth of 
(2) when m=2. 


THEOREM 7. Ultimately, every integer m>1, appears precisely 6(m) times in a 
row of the table. 


This is true since m is formed by adding an integer to each of the ¢(m) in- 
tegers 1, a2, °-°+-,m—1. (Cf. this MonTHLY, 1947, 112, Problem 4236.) 

Our concluding remarks return to the configuration of circles which initiated 
this discussion. 


THEOREM 8. The area-sum of the configuration 1s 


1(3) 
7TH 


= 6.6307288, 


where ¢(s) =)_1/n® ts the Riemann Zeta function. 


The area becomes by Theorem 7 


lim >> 


> © a n)4 “= 


ee 


Caan’ 


and from p. 249, loc. cit., the result follows. 
As might be expected, the same argument shows that the sum of radii di- 
verges. 


MATHEMATICAL NOTES 


Epitep By E. F. BECKENBACH, University of California 


Material for this department should be sent directly to E. F. Beckenbach, University of 
California, Los Angeles 24, Caltfornia. 


THEOREM ON THE TRAPEZOID 
VICTOR THEBAULT, Tennie, Sarthe, France. 


The theorem which we are going to prove is a generalization, believed to be 
new, of a well known property in the geometry of the trapezoid. 


A | P NN OD 


Lemma. If L and L’ divide the non-parallel sides AB and CD of a trapezoid in 
the same raito 


BL/BA = k = CL'/CD, 
then 
LL' = (1 — k)BC + RAD. 

Proof. If the parallel to AB through the vertex C cuts LL’ and AD at M’ 

and WN’, by similar triangles as shown in the figure, we have 
k = CL'/CD = M'L'/N'D = M'L'/(AD — AN’) = M'L'/(AD — BC); 
hence 
M'L’ = k(AD — BC) 
and 
LL’! = LM' + M'L' = BC+ M'L’ = (1 — k)BC + RAD. 

THEOREM. If through the vertices A and C, B and D, of a trapezoid ABCD, 

pairs of parallels are drawn meeting at E and F (E is the intersection of the lines 
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drawn from A and B, F that of the lines drawn from C and D), the distances of E 
and F to CDand AB, measured along parallels to the parallel sides of the trapezoid, 
are equal, 


Proof. The parallels drawn from A and C meet BC and AD at M and P, 
those drawn from B and D meet AD and BC at N and Q, and these parallels 
have any directions. See the figure. 

Let EE’ and FF’ be the distances of the intersections £ and F of AM and 
BN, CP and DQ to CD and AB, measured along parallels to the parallel sides 
of the trapezoid. 

If 


BC = a, AD = b, AP = MC = 4M, BQ = ND = 4, 
then 
k= ME/MA = (a—m)/(atb—m-—n), 
k! = QF/QD = (a — n)/(a+b—m— n), 


for 
ME/EA = BM/AN = (a—m)/(b — n), 


OF /FD = QC/PD = (a — n)/(b — m). 
If we now apply the lemma to the trapezoid A MCD, the trapezoid ABQD, 
and the lines EE’ and FF’ parallel to their parallel sides, we find 
EEF = (1 — k)MC+ RAD = (1 — k)m-+ kb 
= (ab — mn)/(a+ b —m— n) 
= (1 — k')n+ k’'b = (1 — R')BO+ RAD = FF’, 
and this proves the theorem. 


CorROLLARY. In a trapezoid the intersection of the diagonals is the midpoint of 
the segment between the points where the non-parallel sides meet a line drawn through 
that intersection and parallel to the parallel sides of the trapezoid. 


This corresponds to the case when E= F is the intersection of the diagonals; 
then m=n=0 and 
E'F’ = 2ab/(a + 3), 


that is E’F’ ts the harmonic mean of the parallel sides of the trapezoid. 
ON A THEOREM OF J. GRIFFITHS* 


Luciz=Nn DrovussENtT, Clermont-Ferrand, France 


The English geometer J. Griffiths has established [1] the following theorem: 


The Euler circle, circumcircle, orthocentroidal circle, and the orthoptic circle of 
the Steiner ellipse of a triangle have the orthic axis as common radical axts. 


* Translated from the French by Howard Eves. 
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The following definitions should be recalled.t The Euler circle is the nine- 
point circle; the orthocentroidal circle is the circle having the join of the ortho- 
center and the centroid as diameter; the Steiner ellipse is the inscribed ellipse 
which touches the sides of the triangle at their midpoints; the orthoptic circle of 
an ellipse is the locus of points of intersection of perpendicular tangents to the 
ellipse, and is frequently referred to as the director circle or the Monge circle of 
the ellipse; the orthic axis is the axis of perspectivity of the given triangle and 
its orthic triangle. 

With the aid of this theorem we shall obtain some new properties of cyclic 
quadrangles. Consider a quadrangle ABCD inscribed in a circle of center O. 
Now the Euler circles (wa), (ws), (we), (wa) of the four triangles BCD, CDA, 
DAB, ABC pass through a point P, called the anticenter of the quadrangle, and 
P is also the point of concurrence of the Wallace lines of the vertices A, B, C, D 
with the respect to the same triangles [2]. If H., Hs, H., Ha are the ortho- 
centers of the four triangles, then the altitudes DH,, DH,, DH, of the triangles 
DBC, DCA, DAB intersect the sides BC, CA, AB of triangle ABC in three 
collinear points on the Wallace line of D with respect to this triangle. This line 
passes through the midpoint of the segment DH 4, and there meets the Euler 
circle (wa) of triangle ABC [3]. Since it is clear that this point must be the 
anticenter P, we have refound the following known property. 


The orthocenters of the four triangles formed by the vertices of a cyclic quad- 
rangle are the symmetrics of the vertices with respect to the anticenter P [4|. 


The lines OH., OHy, OH., OHa are the Euler lines of the four triangles 
BCD, CDA, DAB, ABC. If Ga, Gs, G., Ga are the centroids, and we, ws, We, Wa 
the centers of the Euler circles of these four triangles, the quadrangles G,G:G,.G 4 
and w.w,w.w_q are homothetic with respect to O to the quadrangle ABCD, the 
homothetic ratios being 1/3 and 1/2 respectively. The lines HiH., GsGe, woe, 
BC are then all parallel, and if a is the midpoint of AD, the line Pa, being the 
radical axis of (w,) and (w,), is perpendicular to these four lines. 

Now, by Griffiths’ Theorem, the orthocentroidal circles (G,H;) and (G,H.), 
and the circumcircle (O), have for radical center the point of intersection of the 
orthic axes of the two triangles CDA and DAB, and this point is also the radical 
center of the two Euler circles (wy) and (w.), and the circle (O). This point, 
then, lies on the radical axis of (G,H,) and (G.H.) and also on the radical axis of 
(wy) and (w,). These two radical axes, each being perpendicular to BC, must 
therefore coincide. The radical axis of (G,Hy) and (G.H.) is thus the line Pa, 
whence we have the following result. 


The six radical axes of the orthocentroidal circles of the four triangles formed by 
the vertices of a cyclic quadrangle are the lines joining the anticenter of the quad- 
rangle to the midpoints of the six sides of the quadrangle. These six circles thus have 


1 Inserted by the translator. 
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the anticenter of the quadrangle as a common radical center and also as the center of 
a common orthogonal ctrcle. 


Since the circumcircle and the Euler circle of a triangle are inverse with re- 
gard to the polar circle of the triangle [5], it follows that these three circles 
have a common radical axis, and Griffiths’ Theorem could equally well have 
also included the polar circle of the triangle. By exactly the same argument as 
above, we may, then, in the last theorem replace “orthocentroidal circles” by 
either “polar circles” or “orthoptic circles of the Steiner ellipses.” 

The polar circle of a triangle is real only if the triangle is obtuse, and it is 
easy to see that either two or four of the polar circles of the four triangles 
formed by the vertices of a cyclic quadrangle must be real. 


References 


1. J. Griffiths, Nouvelles Annales de Mathématiques, 1864, p. 345, and 1865, p. 322. 

2. See, é.g., Emile Lemoine, Nouvelles Annales de Mathématiques, 1869, p. 47, or R. A. John- 
son, Modern Geometry, p. 251 ff. (H.E.) 

3. R. A. Johnson, art. 327. (H.E.) 

4, R. A. Johnson, art. 265. (H.E.). 

5. R. A. Johnson, art. 278. (H.E.) 


CLASSROOM NOTES 


EpITED BY C. B. ALLENDOERFER, Haverford College 


All material for this department should be sent to C. B. Allendoerfer, Haverford College, 
Haverford, Pennsylvania. 


PASCAL’S TRIANGLE AND NEGATIVE EXPONENTS 


L. V. Rosinson, University of South Carolina 


A most interesting and useful fact apparently overlooked heretofore in the 
use of Pascal’s triangle is that its methods are equally valid for negative, as 
well as positive, integral exponents. To illustrate this extension in evaluating 
the binomial coefficients for all integral values of the exponent, it is sufficient 
to refer to the following scheme: 


+5) a (a = yt 
: oo 


1 —____________s, 
(+9) 1 1 (a ~ 3)-3 
(a + 6)? ———_—_—__>1 2 a — 5 
(a + b)3 ——_—_———+1 3 3 1 


fa (a — 5/75 
(a + b)* ———> 1 4 6 6 1 @ 


(a+b)5>——-1 5 10 10 #5 1 
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Thus the horizontal numbers are the coefficients for (a+0)" and the diagonal 
ones are for (a—b)-". For example, the binomial expansion of (a—b)-? is, 
accordingly, 


(a — 6)? = a? + 2a-%b + 3a-*b? + 4a-5D3 + 5a-*h4* 4+ +: , b<a. 


It seems never inappropriate to point out also to students the use of Pascal’s 
triangle in evaluating the probability of a given number of heads, say, from an 
equal, or greater, number of tosses of a coin. 


UNIFORM CONVERGENCE AND CONTINUITY 
L. C. GREEN, Haverford College 


Undergraduate students often have difficulty with the concept of uniform 
convergence and the content of the theorems which arise in connection with it. 
In particular the relation of uniform convergence to continuity is not always 
clear to the beginner. This relation may be considered as embodied in the fol- 
lowing: 


THEOREM. The limit function L(x) of a sequence or series of continuous func- 
tions which converge uniformly in an interval ts tiself a continuous function in that 
interval, 


The following simple sequences and the series of which they are the partial 
sums have been found helpful to the student in understanding the content of 
the theorem above. 


Uniform Convergence Non-uniform Tonvergence 
Terms of fn(x) =sin nx 0 <x<— 
sequence Case treated by the theorem ” 
Tv 
continuous n(x) =0 —<4 
L(x) n fn() , 
Continuous . w 
Terms of Sn(%) =x" | 2| <3 fn(x) =sin nx 0 S10 
nh 
sequence 
discontinuous | fn(x) =22* 4<|x| Sa<1 | fr(x)=0 <e 
n 
Terms of 
An example here would contra- false) = (cos? x) 
sequence x) = x 
edn dict the theorem " 
continuous 
L(x) 
Discontinuous 1—x" 1—x" 
a Terms of fla) => | «| <4 fn(x) =e¥# fos 0+| «| <a<1 


sequence tan 
discontinuous | fn(x) =2 ra 4S| «| <e<1 | f.(0)=1 
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INTEGRATION BY PARTS 
K. W. Fo.tLey, Wayne University 


A schematic method for integrating by parts the product of two functions of 
x is illustrated in the following examples. 

EXAMPLE 1. The product of a power of x by a function which can be inte- 
grated successively. 


I, = f x° cos «dx. 


Let f=x' and g=cos x. Write the derivatives of f with respect to x in one 
column and the integrals of g with respect to x in a second column, continuing 
to the row in which f™ =0, 


45 cos x 


204 08 x 


60a, sin t 
02 cos x 


120 sin x 


0 ST og x 


Ty = x° sin x + 5x4 cos x — 20x? sin x — 60x? cos x + 120x sin x + 120 cos x + C. 


EXAMPLE 2. The product of an exponential function by a trigonometric func- 
tion. 


I, = f e°* sin bxdx. 
Let f =e*? and g=sin bx. Proceed as in Example 1, but continue to the row in 
which the product fg, ‘is a constant multiple of Jz. 


ett sin bx 


ot 

az cos bx 

ae b Xx 
2 ee 1 ® b 

are wd + Fe Sin OW 


a? 


1 a 
I, = ad ry cos bx + 7) sin bx) _ pe 


e**(a sin bx — 5 cos bx) 
h-——aeTE 
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EXAMPLE 3. 
I; = f xe” sin 2xdx. 


xe® sin 2x 


eee 1 
(x + 1)e2 ->F cos 2x 
(x + a sin 2% 


ee Neen 
| 1 1 1 1 
hoz pte? cos 2a + TeX + 1) sin 2x — 7h -—f e* sin 2xdx. 


The final integral is a special case of Example 2. If we substitute its value and 
solve for 73, we obtain 


I3 = “ [(3 + 5x) sin 24 + (4 — 10x) cos 2%] + C. 


The justification for the preceding method follows from the continued appli- 
cation of the formula for integration by parts. 


J fea = fg. — J fede = fei — fg + [ sede = tee 


=feri— fig, tere $(-— DUO VE, + (- 1)" f Peds, 


where 


d 


A SIMPLIFICATION OF THE SECOND DERIVATIVE TEST 
L. S. Laws, University of Minnesota 
This note concerns a simplification of the second derivative test for maxi- 
mum-minimum in the case where y=@(x)/f(x). Obtain y’ = N(x)/[f(x) |? by 
the usual method for differentiating a quotient of functions, and find a value 
x, such that N(x,) =0 and f(x) #0. 
To prove: N’(x,) has the same sign as y’’(x1). 
Proof: 
[f(«) ]2V’ (x) — N(x) [2f(*)f"(a) | 
eee ee eee, 
[f(x |* 


but since f(x;) #0 and N(x) =0, the quantity [f(x1) |? is positive and N’(x:) will 


/t 
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have the same sign as y’’(x,). Therefore, y will have a relative maximum at 
x=x, if y’(x1) =0 and N’(x1) <0; or y will have a relative minimum at x =x; if 
y’ (x1) =0 while N’(x;) >0. 


VECTOR DERIVATION OF THE SINE AND COSINE LAWS 
IN SPHERICAL TRIGONOMETRY 


J. F. Heypa, Indianapolis, Indiana 

The usual derivation of these formulas from a study of the relationships in- 
volved in the proper plane triangles frequently leaves the student in a three- 
dimensional fog, part of this fog arising as a result of the instructor’s poor dia- 
grams. The present derivation requires little artistic ability on the part of the 
instructor, providing that he has spent a session or two explaining the funda- 
mental operations with vectors including dot and cross multiplication. 

Assume an arbitrary spherical triangle with vertices at A, B, C with oppo- 
site sides a, 0, c and let e4, eg, €¢ denote unit vectors directed from the center 
of the sphere to the vertices A, B, C, respectively, Also let t4z denote the unit 
tangent vector, tangent to arc AB at A and directed toward B, with equivalent 
interpretations for tas, tac, etc. The unit normals 


Nap = 4 X tas, Nec = Cp X tac, Dic = @c X toa 


to the planes of arcs AB, BC, AC, respectively, are then directed toward the 
interior of the solid angle O-ABC, our sphere in question having unit radius. 
To prove the cosine law we note first that 


€c = cos be, + sin db tug 
and also that 
tac = cos A tap + sin A nyggz, 
whence we have 
€c = cos be, + sin bcos A tug + sin Db sin A nyp. 
Dotting both sides of the latter equation with eg, we obtain 


@€3:€c = cos ad = cos Bb cosc + sin 8 sinc cos A 


as desired. 
The proof of the sine law follows immediately upon dotting both sides of the 


identity 
€c = cos be, + sin btac = cos aeg + sin atge 
with nuzg, observing that 
Np C, = Nap ez = 0, 
so that the desired result is 


sin 6 sin A = sina sin B. 


ELEMENTARY PROBLEMS AND SOLUTIONS 


EpITED By HowarpD EvEs, Oregon State College 


Send all communications concerning Elementary Problems and Solutions to Howard 
Eves, Mathematics Department, Oregon State College, Corvallis, Oregon. This department 
welcomes problems believed to be new, and demanding no tools beyond those ordinarily fur- 
nished in the first two years of college mathematics. To facilitate their consideration, solutions 
should be submitted on separate, signed sheets, within three months after publication of 
problems. 


PROBLEMS FOR SOLUTION 
E 791. Proposed by G. W. Walker, Buffalo, N.Y. 


The court mathematician once received his salary for a year’s service all at 
one time, and all in silver “dollars,” which he proceeded to arrange in nine un- 
equal piles, making a magic square. The king looked, and admired, but com- 
plained that there was not a single prime number in any of the piles. “If I had 
but nine coins more,” said the mathematician, “I could add one coin to each pile 
and make a magic square with every number prime.” They investigated, and 
found that this was indeed true. The king was about to give him nine “dollars” 
more, when the court jester said, “Wait!.” Then the jester subtracted one coin 
from each pile instead; and they found in this case also a magic square with 
every element a prime number. The jester kept the nine “dollars.” How much 
salary must the mathematician have been receiving? 


E 792. Proposed by N. S. Mendelsohn, University of Manitoba 


Show that a pack of 2” cards is brought back to its original position in at 
most 2%—2 perfect riffle shuffles. (A perfect riffle shuffle is one which sends the 
cards from the arrangement 1, 2, 3, 4,--++-,2n—1, 2” to the arrangement 1, 
n+1,2,n+2,---+,n, 2n.) 


E 793. Proposed by Joseph Rosenbaum, The Milford School, Connecticut 


With straight edge alone construct a hexagon which can possess both an in- 
scribed and a circumscribed conic. 


E794. Proposed by Huan-Ting Kuo, National Wuhan University, China 
Show that 


0 (Ot 
Ur) Ged Ga) 8) 
(4) (42) (i 3)o (4) 
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E 795. Proposed by N. A. Court, University of Oklahoma 

The pairs of points U’, U"’; V’, V’’; W’, W”’ are marked, respectively, on 
the edges DA, DB, DC of a tetrahedron ABCD. Determine three points U, 
V, W on the edges BC, CA, AB, respectively, so that the three lines joining the 
vertices of each of the triangles UV’W"’, VW’'U"’, WU’V"’, UVW to the cor- 
responding vertices of the triangles DCB, DAC, DBA, ABC, respectively, shall 
have a point in common. 


SOLUTIONS 
A Problem in Stability 
E 761 [1947, 163]. Proposed by C. R. Perisho, Nebraska Wesleyan University. 


An object with a smooth lower plane surface, and center of gravity / units 
above this surface, is balanced on a sphere of radius R. Find the relation be- 
tween # and R which insures stability of the object under small displacements. 


I. Solution by E. S. Keeping, University of Alberta. If the object of mass M 
rocks through a small angle 6, its gravitational potential energy, relative to 
the center of the sphere, is 


V = Mg[RO sin 0 + (R + h) cos 6], 
provided that no slipping occurs. Therefore 
dV /dé = Mg(R0 cos 6 — hsin 6) 
=Q0 at @6=0Q, 
so that equilibrium exists. Also 
d?V /d0? = Mg|(R — h) cos 6 — RO sin 6] 
= Mg(R—h) at 6=0. 


Hence the equilibrium is stable if k<R, unstable if h>R. 

If h=R, then d?V/d#?=0 and d4V /d# = —2 Mgh at 6 =0, so that equilibrium 
is unstable in this case. 

The problem states that the object has.a “smooth” under surface. If this 
means that there is no friction whatever, the equilibrium is bound to be un- 
stable, since the slightest disturbance will cause the object to slide off. 

If there is to be a restoring force at angle 0, it is necessary that tan 6 Sy; 
and hence the permissible displacement (for k<R) will vanish with yp. 


II. Solution by R. A. Bradley, University of North Carolina. Let N be the 
point on the sphere vertically above its center O, C the point of contact of the 
object when rocked through a small angle NOC =6, A the position of the center 
of gravity of the object when in its displaced position, and B the foot of the 
perpendicular from A onto the tangent plane at C. For stable equilibrium A 
must lie between ON and the vertical line through C. That is, we must have 
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angle BAC larger than 6, whence 
tan BAC = BC/BA = R6/h> tan 6 > @. 


This implies that h<R. The equilibrium is unstable if h2R. 
Also solved by L. M. Kelly, J. C. Miller, G. W. Walker, and the proposer. 
Rufus Crane pointed out that this problem occurs as problem 275 on page 
242 of Engineering Mechanics by Timoshenko and Young. The problem is 
there solved by virtual displacements with the result given above. 


The Arbelos 
E 762 [1947, 163]. Proposed by J. R. Van Andel, Naval Air Experimental 
Station, Philadelphia, Pa. 


Let A; and A; be two circles with radii a; and a2 and centers (a;, 0) and (dz, 0), 
respectively, with a,>a,>0. Let C be any circle in the crescent shaped area M 
between A, and Ae, and tangent to both A; and Az. 

(a) The locus of the center of C as it sweeps out M is an ellipse with semi- 


axes (d;+d2)/2 and Vara. 


(b) If C; is a circle of radius 7; and center P,(x;, y;) where 


1, = A102(d2 — Ai) dt, 
= @102(d2 + a1) dr, 
Vt = Qtr s 
2 2 
= 010, + t (de — a1) , 


then, for any real value of #, C; lies in M and is tangent to Ai, Az, and C14. 


3 
| 


> 
| 


Solution by Norman Anning, Ann Arbor, Michigan. (a) This part is ele- 
mentary. A glance at a figure shows that the center of C is always in such a 
position that the sum of its distances from (a1, 0) and (a2, 0) is a1+a3. The rest 
follows. 


(b) If (X, Y) is a point on C;,, then 
(1) (x + Yo, — 20102(a1 + a2)X — 4ta102(a, — a1)V + Aaya, = 0. 
Apply to this circle the inversion 
xX = 4a1d9x%/ (x? + y?), Y = 4a,aqy/(x? + y*), 
Then (1) becomes 
4 + y — 2(a1 + de)” — 4t(a, — ai)y + Ab; = Q, 
which may be written as 
(2) (% — a1 — a2)? + (y — 2tag + 2ta1)? = (ag — a1)”. 
With ¢ as parameter, (2) is the family of equal circles which touch the 
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parallel lines x =2a, and x=2a;,. In this family, for every #, the circle C; is 
tangent to C;1 because the distance between their centers is equal to the 
diameter of either. 

Now invert again. Circle Cy inverts into itself and (2) inverts into (1). The 
line x = 2a, inverts into the circle A;, the inner boundary of the arbelos. Simi- 
larly, x =2a, inverts into A», the outer boundary. Since it is well known that 
inversion turns circles into circles and preserves contacts, the proof of the 
stated theorem is complete. 

One tracing the history of the problem would find it under arbelos. See R. 
Johnson’s Modern Geometry, for instance. The neatest of the properties, y; = 2ér:, 
appears in book 4 of Pappus’s Collection. See Ivor Thomas, Greek Mathematical 
Works, II (Loeb Classical Library, No. 362), p. 578. 

Also solved by Paul Brock, Rufus Crane, G. A. Williams, and the proposer. 

The proposer pointed out that J. Steiner in Geometrische Betrachtungen (1826) 
discussed, in particular, the chains of circles corresponding to the sequences 
t=0, 1, 2,---and ¢=1/2, 3/2, 5/2, +--+. Williams mentioned several addi- 
tional properties of the figure which easily follow from the inversion. For in- 
stance, the line joining the points of contact of C; with A; and A, passes through 
the fixed point (2a ;a2/(ai1+a2), 0); the common internal tangent of C; and Ci-14 
passes through this same point; the four points consisting of the origin, the 
centers of A; and Ae, and the above point form a harmonic set. 

If the diameter of A; is taken as two-thirds that of Ae, then 7; is one-seventh 
the diameter of A». Of this particular figure Victor Thébault has stated a very 
pretty property. Let the diameter of Az taken along the line of centers of A; 
and A» be OB, and let BM be the tangent from B to the circle A;. Then the circle 
on BM as diameter is tangent to the circle C,. 


Editorial Note. In connection with E 762 see On a Generalization of the 
Arbelos, by M. G. Gaba, this Montaiy [1940, 19]. 


A New Property of the Monge Point 
E 763 [1947, 163]. Proposed by Victor Thébault, Tennie, Sarthe, France 


The lines joining the orthocenters of the faces of tetrahedron to the reflec- 
tions in these faces of the points of intersection of the corresponding altitudes 
with the circumsphere, are concurrent at the Monge point of the tetrahedron. 


Solution by L. M. Kelly, University of Missouri. In the tetrahedron ABCD 
let M, G, O be the Monge point, centroid, and circumcenter, and let Ha, Ga, Ou 
be the orthocenter, centroid, and circumcenter of the face BCD. Denote by 
A’, E, and G’ the feet of the perpendiculars from A, M, and G on the face BCD, 
and let the altitude AA’ cut the circumsphere at X. (A figure, with the same 
lettering, may be found on p. 69 of N. A. Court’s Modern Pure Solid Geometry.) 
For convenience let us set AA’=h, A’X =x, OO,=p. Then we have 


h/4 = GG’ = (ME + )/2, 
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whence 
ME = h/2 — >. 
Again 
2(p+ x) = h-+%x, 
or 


x= h— 2p. 


Thus, since E is the midpoint of A’H,, the line H,M will pass through the reflec- 
tion of X in A’, The theorem now follows. 
Also solved by the proposer. 


ADVANCED PROBLEMS AND SOLUTIONS 


EDITED BY E. P. StarKE, Rutgers University 


Send all communications concerning Advanced Problems and Solutions to E. P. Starke, 
Rutgers University, New Brunswick, New Jersey. All manuscripts should be typewritten, with 
double spacing and with margins at least one inch wide. Problems containing results believed 
to be new or extensions of old results are especially sought. Proposers of problems should also 
enclose any solutions or information that will assist the editor. In general, problems in well 
known textbooks or results found in readily accessible sources should not be proposed for this 
department. 


PROBLEMS FOR SOLUTION 
4270. Proposed by S. H. Gould, Victoria College, Toronto 


Let b bea fixed positive integer, m=1,2, +++, andqirrational withO<q<1. 
Call the interval (m, m-+1) a gap if it does not contain a multiple of 6+. 
Prove that every set of b successive gaps contains exactly one multiple of 


1+0/g. 
This is a generalization of problem 3173, [1927, 159]. 


4271. Proposed by N. A. Court, University of Oklahoma 


The external bisectors of the three face angles of each trihedron of a given 
tetrahedron are coplanar. The four planes form a second tetrahedron. Show 
that the lines joining corresponding vertices of the two tetrahedrons form, in 
general, a hyperbolic group. 


4272. Proposed by A. L. Epstein, Asbury Park, N. J. 
Given the sequence n; where m =a, nm2=), and nise=Nigitni,t=1,2,°°°. 
Show that 


4k—2 
» Ni = 1ENOK+1 


t=1 
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and determine the form of r;. (This is suggested by the familiar trick in which 
the subject selects 21, m2, and computes 73, m4, ° °°, m7. He tells the operator 
the result 27, and continues the calculation through m9. When he adds the ten 
numbers he finds the operator has anticipated his result, which must be 1177.) 


4273. Proposed by I. S. Cohen, University of Pennsylvania 


Prove that for any positive odd integer n, cos 8 and sin 6 are rational func- 
tions of cos"@ and sin”@ with rational coefficients. Find the explicit expressions 
in the case n=3. 


4274. Proposed by R. Bouvaist, Vincelles, Sadne-et-Loire, France 


Let A, B, C, D be arbitrary points on an equilateral hyperbola (#), and let 
A’, B’, C’, D’ be the corresponding diameterically opposite points. (1) The isog- 
onal conjugates of A’, B’, C’, D’ with respect to the triangles BCD, CDA, DAB, 
ABC, respectively, coincide in the same point P. (2) The isogonal conjugates of 
A, B, C, D with respect to the triangles B’C’D’, C’D’'A’, D'A'B’, A’'B’'C’, re- 
spectively, coincide in the same point P’. (3) Pand P’ are diametrically opposite 
on (4). 

SOLUTIONS 
Special Pythagorean Triangles 


4205 [1946, 278]. Proposed by Victor Thébault, Tennie, Sarthe, France 


If a right triangle has sides of integral lengths and the sum of the sides 
forming the right angle is a square, then the sum of the cubes of these two sides is 
the sum of two squares. Can the hypothenuse be a square? 

Solution by Paul Bateman, Philadelphia, Pennsylvania. If a triple of positive 
integers (a, b; c) satisfies the equation a?+6?=c?, then either just one of the 
three numbers is even or else all three are even. Hence 4(c—b+<a) and 4(¢+5—a) 
are integers. Now 


a? — ab + b? = 3[a? + 3b? + (a — 8)? | 


[A(c +b —a))?+ [#(e -b+4 a)]?, 


and hence a?—ab+0b? is always a sum of two squares. Thus a?+0?=(a-+5b) 
(a?—ab-+5?) is the sum of two squares if and only if a+) is a square or the sum 
of two squares. 

The hypothenuse can be a square. There are infinitely many such triangles, 
the smallest of which was given by Fermat: 


(4 565 486027 761, 1061652 293 520; 4687 298 610 289). 


See Carmichael, Diophantine Analysis, p. 77, Ex. 1; Dickson, History of the 
Theory of Numbers, V. 2, pp. 620-627; Uspensky and Heaslet, Elementary 
Number Theory, pp. 413-419. 

Solved also by Murray Barber, D. H. Browne, Daniel Finkel, C. D. Olds, 
and the Proposer. 
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Four Collinear Orthocenters 
4210 [1946, 397]. Proposed by R. Goormaghtigh, Bruges, Belgium 


If the parallels to the sides of triangle ABC drawn through a point P on the 
circumcircle meet that circle again at A’, B’, C’, the orthocenter H of ABC and 
those a, B, y of A’BC, B’CA, C’AB are on a straight line perpendicular to the 
Simson line,A of P as to ABC; and the center of gravity of a, 8, y divides into 
the ratio 2:1 the distance from H to the circumdiameter parallel to A. 

I. Solution by J. H. Butchart, Arizona State College at Flagstaff. The vector 
AH equals the vector A’a since each is twice the vector from the circumcenter 
O to the side BC and perpendicular to BC. Hence the vector Ha equals the 
vector AA’. If K is the point where the circumcircle meets the perpendicular 
from P to BC, it is known that AK is parallel to A. Since A’ and K are ends of a 
diameter, AA’ is perpendicular to AK, and hence Ha is perpendicular to A. 
By the same argument H® and Hy are also perpendicular to A, and the first 
statement of the proposal is proved. 

For the second part, note that the diameter parallel to A bisects AA’, BB’ 
and CC’. Since the vector sum of OA, OB and OC is OH, the projection of this 
vector sum on Ha is DH, where D is the point in which Ha meets this diameter. 
Then if the vectors 4A’, BB’ and CC’ are laid off from H, their sum is the 
vector 2HD. Hence the center of gravity of a, 8, y is the end of the vector 2HD/3. 

II. Solution by the Proposer. Let ABC be the base circle in a system of 
complex coérdinates, P being the unit point. Denote by h, #2, ts the coérdinates 
of A, B, Cand by s1, se, s3 their symmetric functions 


Si =i tht bs, So = hile + teats + tsh, S3 = tylobs. 
Then s, is the codrdinate of H. The equation of A is 
x — S3% = 4(1 + 51 — Se — 53) 
and that of the circumdiameter 6 parallel to A is 
x% — $3% = 0; 


hence the image H’ of s, in 6 is So. 
The coérdinate of A’ being éet3, the point a has as coérdinate 


to + ts + tals, 
and @ is on the line 
x — Si + 53(€ — 51) = 0, 
which contains H and is perpendicular to A. 
Further, the center of gravity of a, B, y is (251:+53)/3, the point dividing 


HH’ into the ratio 1:2. 
Solved also by J. W. Clawson, H. E. Fettis, and Ou Li. 
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The Quadrilateral 
4214 [1946, 397]. Proposed by V. Thébault, Tennie, Sarthe, France 


On the sides AB, CD of an arbitrary quadrangle ABCD isosceles triangles 
are constructed with the same sense A’AB, C’CD, with the base angle 4; and 
on the sides BC, DA the isosceles triangles B’BC, D'DA with the base angle 
«/2—6 and in the same sense as the first. Prove that (1) The lines A’C’, B’D’ 
are perpendicular and that the lengths of the segments are in the ratio tan 6. 
(2) The centroid of the quandrangle is on the straight line joining the midpoints 
of A’C’, B’D’ which it divides in the ratio tan29. (3) Find the locus of the mid- 
points of the sides and diagonals of the quadrangle A’B’C’D’ and the envelope 
of all these lines. 


Solution by R. Goormaghtigh, Bruges, Belgium 


(1) Let a, b, c, d be the complex coordinates of A, B, C, D, the origin being 
O; then, if tan 6 is denoted by k, the points A’, C’, B’, D’ are 
A’: [a+6-+ ik(a — b)]/2, Cc’: [c+d-+ ik(c — d)|/2, 

B’: [b+ ¢+ i(b — c)/k]/2, D’: |d+a+ i(d — a)/k]/2. 
The segments A’C’ and B’D’ are equipollent to those having O for origin 
and the points 
lc+d—a—b+iklc —d—a+d)]/2, 
ld+a—b—ctidd—a—b+c)/k]/2 
for extremities; since the first expression is equal to the second multiplied by 
—ik, the segments A’C’ and B’D’ are perpendicular and in the ratio k. (2) The 
midpoints M and N of A’C’ and B’D’ are 
(@+b+¢e+4)/A+ ika-b+ce—ad)/A4, 
(a+b6+¢+d)/4—i(a-b+e¢— d)/Ak. 

Hence the centroid G of A, B, C, D, the coordinate of which is (a+b-+c¢+d)/4 
and the points M, N are collinear and MG and GW are in the ratio kt. 

The same proof applies to the following generalization: 

On the sides AiAe, A3A4, +> ++, AontAden of a 2n-sided polygon A,A2 +++ Aon 
are constructed in the same sense tsosceles triangles A;A1As2, AjA3A4,-°-, 
Ajn—1Aen—1A2on with the base angle 0; on the sides A2A3, AsAs, > + +>, AanA1 of the 
same polygon are constructed in the same sense triangles AjA2A3, AgA4sAs,°--, 
AjjAmA, with the base angle b. Then the centroid G of the vertices of the polygon is 
on the straight line joining the centroids M and N of the two groups of points 
Aj, A3,* ++, Agn-1 and Ag, Ag, - ++, Ag, and MG and GN are in the ratio 
tan 6/tan ¢. 

(3) The point-sets described by A’, B’, C’, D’ on the axes of AB, BC, CD, 
DA being similar, their joins envelope parabolas tangent to those axes and the 
midpoints of all the segments between any two of them have as loci straight 
lines. 


RECENT PUBLICATIONS 


EpITep By H. P. Evans, University of Wisconsin 


All books for review should be sent directly to the editor of this department, American 
Mathematical Monthly, 531 West 116th Street, New York 27, N. Y., and not to any of the 
other editors or officers of the Association. 


Preparatory Business Mathematics. By L. L. Smail. New York, The Ronald Press 
Co., 1947, 10+240 pages. $2.75. 


Briefly this is a good book, though somewhat condensed, with the proper 
emphasis on the mathematical preparation for business and enough applica- 
tions in later chapters to sustain interest. The somewhat skeletonized presenta- 
tion found in the early chapters of the book is justified by the opening sentences: 
“It is assumed that the reader has had a course in elementary algebra. The first 
chapter (and a large part of the next few chapters) is intended to give merely a 
brief review of some of the topics of elementary algebra.... ” 

Teachers generally will approve of the generous use of italicized letters 
and bold face type to call attention to definitions, fundamental procedures and 
formulas. The material is broken up into convenient assignment units inter- 
spersed with ample sets of exercises, the answers to which are all given. The 
figures are well drawn with two notable exceptions: 

(1) Fig. 11 is intended to show the approximations to the real roots of a 
cubic, but the curve quite obviously does not pass through any of the three 
designated points. 

(2) Fig. 28, the graph of the parabola is clearly not symmetrical to its axis. 

The most serious criticism of the book seems to be the treatment of the 
number system. Rational, irrational, and imaginary numbers are not defined, and 
except for one reference to irrational exponents, these words do not appear in the 
Index. 

It may be argued that a knowledge of the classification of the number system 
is superfluous for business students, hence it is unnecessary to define the various 
kinds of numbers. In the interest of consistency then all references to rational, 
irrational, and imaginary numbers should be avoided. This unfortunately has 
not been done as noted below: 

(1) p. 50“... if there is no positive or negative mth root, any one of the 
nth roots may be taken as the principal root.” 

(2) p. 53 “The preceding definitions of powers will not apply if the expres- 
sion is an irrational number, as for example 3%.” 

(3) p. 54 “The irrational number ~/2 may be represented by the unending 
sequence of rational numbers 1, 1.4, 1.41, 1.414, 1.4142,....” 

(4) p. 64 “Every positive number has a logarithm which is a real number; 
but the logarithm of a negative number is an imaginary or a complex number.” 

There are good reasons for extending the definitions of the arithmetic and 
geometric means to include means of more than two numbers, which the author 
failed to do, and to introduce the concept of weighted means considering their 


993 
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extensive use in the study of index numbers in statistics. While on the subject 
of averages, the reviewer still entertains the hope that some elementary text- 
book writer, especially one who is writing a book of this type, will recognize 
the statistical implications of writing the formula for the sum of 2 terms of an 
arithmetical progression as, 


l 
S=n at 
2 
rather than, 
n 
S= 2 (a + l). 


It is gratifying to have a paragraph on “Standard (or Scientific) Notation 
for Numbers in Decimal Form” which is a very useful tool as indicated on ». 
59. Yet it is surprising that the advantage of this notation is not recognized on 
p. 69, by giving the following rule for finding the characteristic of the logarithm 
of N: The characteristic of the logarithm of N is the exponent of 10 used when 
N is expressed in the scientific notation. 

Since the idea of the minimum value of a function is so fundamental in the 
study of statistics the author did well to include a determination of the minimum 
value of a quadratic function as given in Article 134. However it would have been 
preferable, pedagogically, to have used the same procedure in completing the 
square as was used earlier in Article 42 and have written, 


1 
y= K+— Ax + BY’, 


from which both of the theorems on maximum and minimum values of y would 
have followed immediately and the réle of A have been more clearly and readily 
appreciated. 

The author is to be commended for attempting to give business students 
a more adequate understanding of analytical geometry, especially curve fitting 
by the method of least squares, than is generally done in books of this type, 
and for stressing the uses of logarithmic graph paper. Some doubts exist how- 
ever as to the advisability of giving such a casual introduction of the concepts of 
symmetry and asymptotes as is done here. 

It is quite generally accepted that the American Experience Table was based 
on mortality statistics deduced from the experience of the Mutual Life Insurance 
Company of New York rather than “from the accumulated results of life in- 
surance companies” as stated on p. 206. 

The three tables: 

I Logarithms of Numbers 
II Squares and Square Roots of Numbers 
III American Experience Table of Mortality 
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are adequate for the purposes of the author. 
The book is a worthy addition to published books of this type and will be 
found quite teachable for students with a good background in elementary 


algebra. 
F. S. HARPER 


Mathematics as a Culture Clue, and Other Essays. (Vol. I of The Collected Works.) 
By C. J. Keyser. New York, Scripta Mathematica, 1947. 7+277 pages. 
$3.75. 


In these essays, which are “designed primarily for laymen” (see e.g., p. 25) 
the author makes an energetic attempt to explain the important mathematical 
concept of a system of postulates, a concept whose range of possible applica- 
rions is very wide, embracing (p. 19) “all subject-matters, material or mental, 
physical or psychical, organic or inorganic.” 

Part of the reason for expounding the subject so fully is that Hilbert in his 
Foundations of Geometry was guilty, according to Keyser, (cf. pp. 15, 107, 115), 
of “an obfuscating and misleading practice.” In setting forth his system of 
axioms and their implications 
Hilbert at the same time applies it to geometric subject-matter—a fact shown by his use of cer- 
tain geometric figures. Because the reader’s attention is thus concentrated upon the rising struc- 
ture of the geometric doctrine he perceives but dimly or not at all the simultaneously rising 
structure of the doctrinal function, of which the geometric doctrine is but one of countless values. 
And his false impression is, unfortunately, confirmed by Hilbert’s calling his book The Foundations 
af Geometry, a flagrant misnomer since it has, essentially, no more to do with geometry than 
with a thousand other matters—a fact exhibited with ample detail in my Mathematical Philosophy. 
... It is not very difficult to show, and in my Mathematical Philosophy I have shown, that the 
proper values are of different types, some of them geometric, some of them arithmetical or numer- 
ical, and some of them neither the one nor the other. 


But even when it was thus amply pointed out to him that his points and lines 
could be interpreted in other ways, Hilbert did not change the title of his book 
nor remove its diagrams. He may have felt that the title might stand provi- 
sionally until new applications should attain the same importance as the old 
ones, and as for the diagrams, they made the text easier to follow, an advantage 
which could be weighed against their obfuscating tendencies and perhaps be 
regarded as a compensation for the reader of dim perception. 

Seven of Keyser’s twelve essays are essentially book reviews, of works by 
such writers as Peirce, Havelock Ellis, Pareto, Spengler and Korzybski. Of 
Spengler’s book The Decline of the West he says (p. 47) “it is, with perhaps a 
single exception, the most mind-stirring work of our time’’; and of Korzybski’s 
Science and Sanity (p. 153) “this work, taken as a whole, is beyond comparison 
the most momentous single contribution that has ever been made to our knowl- 
edge and understanding of what is essential and distinctive in the nature of 
Man.” 

It is the essay on Spengler’s book which provides the title Mathematics as a 
Culture Clue. This essay has nothing to do with mathematics as part of the cul- 
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ture of an individual, but as Keyser explains (p. 45), “my purpose is to submit 
a certain grave thesis” of Spengler’s, which is (p. 52) that “each of the expres- 
sion-forms (mathematics, music, architecture, ec.) of a given culture (Old 
Egyptian, Babylonian, Chinese, etc., cf. p. 43) essentially bears the image of each 
of its fellow forms... revealing in and of itself what is distinctive in that 
Culture’s soul.” 

In illustration of Spengler’s thesis, Keyser writes (p. 52) 
and so, were a Culture completely lost save for a single one of its expression forms, it would be 
theoretically possible, and in a measure practically possible, to determine from that sole survivor 
what the lost forms and the total Culture itself were essentially like, much as, since Cuvier, it has 
been possible to determine from a single fossi] bone of an extinct animal, not only its family, genus, 
and species, but even the external form of the individual “with certainty and precision.” 

The project is an interesting one, with many applications; but there seems to 
have been some delay in carrying them out. 

One of the essays, with the title Three Great Synonyms: Relation, Transforma- 
tion, Function, is slightly more mathematical than the others. Its painstaking 
explanations are somewhat marred by printer’s lapses whereby, for example, 
the three words which in the beginning are synonymous and possess synonymy 
(p. 218) become in the end synonomous and possess synonomy (p. 234). The 
familiar linguistic principle of dissimilation makes these errors far harder for 
the proof-reader to detect than a misspelling like anonomous. The same prin- 
ciple is at work in the phrases “Human Curosity” (p. 263), “irratating slovenli- 
ness” (p. 274) etc. Misprints in general are not rare throughout the book, e.g. 
“summitless heirarchy” (p. 28), “our outreachings for Diety” (p. 42) ec. 
Assimilation has been at work, too, on the word ‘deduction,’ for example, (pp. 
80, 84): “had Gauss known ...that mathematics and natural science are 
separated by a chasm as deep and unbridgeable as that which sunders Logical 
Deducation from Experimental Observation. ... ” 

In the course of the book the lay reader is made acquainted with various 
mathematical concepts, e.g. the notion of Limit (p. 25), “the subtlety of whose 
meaning it would not be easy to exaggerate,” the “essential” point being (pp. 
26, 27) that “the variable never reaches its limit.” The task of the popularizer 
is hard (Poincaré “not only failed but failed conspicuously,” ». 72), so no one 
will object to this definition, seeing that it is used to “disclose in perfect light” 
(pp. 25, 28)—thereby correcting Plato and many others (pp. 24, 27)—the ideals 
of justice, freedom, beauty, happiness, wisdom, moral good, power, clarity, skill, 
piety, etc. (p. 27). 

But the purpose of the book as a whole is to make clear the essential nature 
of all mathematics, which is summed up in many places. Thus (p. 113), if we let 
P denote the set of postulates and Ta theorem, then the mathematician will say: 
“I have not .. . proved P to be true, nor have I proved T to be true; what I have 
proved is the proposition, P implies T.” In their preface, the publishing commit- 
tee says: 


when the mind of a scholar, philosopher or just a cultured layman gets confused and be- 
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wildered by the great complexity of scientific data or of political events he takes out a volume— 
(P) any volume— of Keyser’s and gets his mind geared to the rhythm of the cleansing, crystal- 
clear current flowing in every one of Professor Keyser’s works. 


and a few lines later: 


(T) they believe that by making the Collected Works available they . . . are rendering a genuine 
service to the cause of clear thinking. 


Let us denote their first statement by P and what they believe by T, and give 


hearty assent to the proposition, P implies 7. 
S. H. GouLp 


NEW BOOKS RECEIVED 


A pplied Industrial Mathematics. By O. B. Jones. New York, Prentice-Hall, 
Inc., 1947. 8+342 pages. $3.00. 

Intermediate Algebra for Colleges. By E. B. Miller. New York, Ronald Press, 
1947. 10+361 pages. $2.50. 

The Elements of A erofoil and Airscrew Theory. Second Edition. By H. Glauert. 
Cambridge, at the University Press. New York, The Macmillan Company, 
1947. 226 pages. $4.00. 

Calculus. Revised Edition. By G. E. F. Sherwood and A. E. Taylor. New 
York, Prentice-Hall, Inc., 1947. 12+568 pages. $3.75. 

Money, Credit and Finance. Revised Edition. By G. F. Luthringer, L. V. 
Chandler and D. C. Cline. Boston, D. C. Heath and Co., 1947. 7+389 pages. 
$2.75. 

Natural Philosophy of the Science of Physics: Chemistry and Engineering. By 
C. A. P. Turner. Columbus, Ohio, 1947. 31+320 pages. $6.00. 

Introduction Mathématique aux Théortes Physiques Modernes, Part I. by 
M. Morand. Paris, Vuibert, 1947. 140 pages. 350 Fr. 

Tables of the Bessel Functions of the First Kind of Orders Four, Five, and Six. 
(Annals of the Computation Laboratory of Harvard University, Vol. 5.) By the 
Staff of the Computation Laboratory, Harvard University. Cambridge, Har- 
vard University Press, 1947. $10.00. 

Tables of the Bessel Functions of the First Kind of Orders Seven, Eight, and 
Nine. (Annals of the Computation Laboratory of Harvard University, Vol. 6.) 
By the Staff of the Computation Laboratory, Harvard University Press, 1947. 
$10.00. 

Theory of Games and Economic Behavior. Second Edition. By J. von Neu- 
mann and G. Morgenstern. Princeton University Press, 1947. 18+641 pages. 
$10.00. 

Time, Knowledge, and the Nebulae. By M. Johnson. New York, Dover Publi- 
cations, 1947. 189 pages. $2.75. 


CLUBS AND ALLIED ACTIVITIES 


EpITED By L, F. OLLMANN, Hofstra College 
Send reports of all activities, such as club reports, special features, topics with references, 
student papers, and other material of interest to L. F. Ollmann, Hofstra College, Hempstead, 
New York. 
CLUB REPORTS, 1946-47 
Pi Mu Epsilon, University of Kentucky 


The Kentucky Alpha Chapter of Pi Mu Epsilon held six regular meetings. 
Faculty members of the mathematics department and graduate students in the 
department presented the following discussions: 

Pursuit curves, by Dr. L. W. Cohen 

Boolean algebra, by Dr. A. A. Grau 

A problem in probability, by Dr. Casper Goffman 

Certain groups, by Donald Rose. 

The Kentucky Alpha Chapter sponsors the White Mathematics Club. This 
year a cash prize was presented to an undergraduate student for outstanding 
work. 

There were two initiations during the year at which twenty-one new mem- 
bers were received into the chapter. 

The officers for 1946-47 were: Director, Dr. H. H. Downing; Vice-Director, 
Virginia Rohde; Secretary-Treasurer, Louise Knifley; Librarian, Dr. C. G. Lati- 
mer. 

The officers for 1947-48 are: Director, Dr. D. E. South; Vice-Director, S. J. 
Jasper; Secretary-Treasurer, Dorothy Spragens; Librarian, Dr. A. A. Grau. 


Kappa Mu Epsilon, Upsala College 


A two-front action has been the long-range program of the activities of the 
New Jersey Alpha Chapter of Kappa Mu Epsilon. These are: the background of 
our present mathematics as brought about by men and events and the applica- 
tions of mathematics in science and industry. 

At the special midyear meeting the address was given by Professor Howard 
Fehr of Montclair State Teachers College. At the annual banquet and initiation 
meeting, Professor D. R. Davis, also of Montclair State Teachers College, spoke 
on Mathematics of the Pasi and the Future. 

Students presented the following papers: 

Pascal, by June Davidson 

Abel, by Marjorie Cohen 

Lobajevski, by Dagny Heggem 

Certain theorems in non-euclidean geomeirtes, by William Melchinger. 

The officers for 1946-47 were: President, Dagny Heggem; Vice-President, 
and Treasurer, June Davidson; Secretary, Marjorie Cohen; Historian, Natalie 
Manno; Faculty Sponsor, Professor M. A. Nordgaard. The officers for 1947-48 
are: President, Marjorie Cohen; Vice-President and Treasurer, June Davidson; 
Secretary, Frances Reischmuller; Historian, William Melchinger. 
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Mathematics Club, Mount Mary College 


The activities of the Mathematics Club of Mount Mary College during the 
year were directed toward gaining a deeper appreciation of mathematics. The 
programs consisted of a series of reports on men who made major contributions 
in the field of mathematics. 

After functioning as an independent organization, the club received recog- 
nition of its achievements by having four faculty members and sixteen club 
members inducted into Kappa Mu Epsilon on May 11, 1947. Mount Mary has 
the honor of becoming the Wisconsin Alpha Chapter of this fraternity. 

The formal installation and initiation was presided over by Joseph J. Urban- 
cek, faculty sponsor of the Illinois Gamma Chapter of the Chicago Teacher’s 
College. 

Officers for the year were: President, Dorothy Nilles; Secretary-Treasurer, 
Patricia Farrell; Faculty Advisor, Sister Mary Felice, S.S.N.D. 


Mathematics Club, Cooper Union 


After a period of inactivity due to the war, the Mathematics Club of Cooper 
Union reorganized this year. Students presented the following papers: 

An introduction to the calculus of finite differences, by David Jagerman 

Linear Diophantine equations, by Harry Hochstadt 

Topology, by Eugene Wachspress 

Geometry of the triangle, by Melvin Stern 

Heaviside operational methods, by David Jagerman 

Nomography, by Eugene Wachspress 

Approximate summation of series, by David Jagerman 

Methods of vector analysis, by Leon Nemerever. 

Printed notes, prepared by the speakers, were distributed for the lecture on 
Heaviside operational methods and for the series of three lectures on methods 
of vector analysis. It was decided to continue this procedure at all future meet- 
ings. More material is often presented at a lecture than can be thoroughly ab- 
sorbed by the members, and such notes, besides serving as a ready reference 
during the lecture, enable the members to review the subject at their leisure. 

Officers for the year were: President, Leon Nemerever; Vice-President, 
David Jagerman; Secretary-Treasurer, Eugene Wachspress. Officers for 1947— 
48 are: President, David Jagerman; Vice-President, Harry Hochstadt; Secre- 
tary-Treasurer, Melvin Stern; Faculty Advisor, Professor J. N. Eastham. 


Zeta Mu Tau, University of Washington 


Zeta Mu Tau, mathematics honorary at the University of Washington, is 
composed of undergraduates from the departments of pure and applied mathe- 
matics, chemistry, physics, and engineering who have fulfilled a required grade- 
point average both in the major field and in the general university curriculum. 
The purpose of the organization is to stimulate interest in mathematical re- 
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search, particularly in the applied field. In addition to the annual initiation ban- 
quet for new members, three general meetings were held this year. Among the 
more significant speeches were: 

Assumptions in engineering elasticity, by Marvin Stippes 

A journey to France, by Professor R. M. Winger. 

This year’s officers included: President, B. R. Laverty; Vice-President, R. 
Nelson; Secretary, R. P. Kraft; Treasurer, W. R. Carter. 


Mathematics Study Club, Immaculate Heart College 

The papers delivered at the quarterly meetings were: 

Postulates of arithmetic and application in proving 2+2=4, by Miss Catherine 
Campion 

Classification of numbers and proof of irrationality of ~/2, by Miss Sara 
Doherty 

Zero and the use of l’Hospital’s rule in 8, by Miss Phyllis Beerling 

History of theory of numbers, by Miss Suzanne Toulan 

De Moivre’s Theorem, by Miss Joan Pfisterer 

Linear congruences, by Miss Sara Doherty.’ 

The following book reviews were given: 

A Mathematician’s Apology, by Godfrey H. Hardy, reviewed by Miss Marian 
Snyder 

The Magic of Numbers, by E. T. Bell, reviewed by Miss Mary Dominguez. 

Five undergraduate students were guests of the Mathematical Association 
of America, Southern California Section, at the meeting held in March at Po- 
mona College, Claremont, California. An enthusiastic report was brought back 
to the Study Club meeting which followed. 

The year’s activities culminated in May with a dinner given by the students 
in honor of Dr. Myrtie Collier, head of the Mathematics Department, who is 
retiring after seventeen years of successful service with the college. 

This year’s program was under the direction of: President, Phyllis Beerling; 
Vice-President, Lavada Moudy; Secretary, Margaret Wehr; Treasurer, Eliza- 
beth Diedrich. Miss Beerling will serve again next year as President while the 
other offices will be filled at the first meeting in September. 


Mathematics and Physics Club, University of Alberta 

Papers presented to the Mathematics and Physics Club of the University of 
Alberta during the 1946-47 session were: 

The early history of astronomy, by Mr. Albert Shaw 

The Laplace transformation, by Professor Max Wyman 

The theory of the chain-reacting pile, by Mr. George Kokatailo 

The evaluation of 7, by Miss Marion Roberts 

The Bell helicopter, by Mr. K. Korsak 

Bernoulli numbers, by Mr. Eoin Whitney 

High speed flight, by Mr. Douglas Baines 

Gas turbines and jet propulsion, by Mr. Ken Lobb 
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X-ray spectra, by Mr. Arthur Stephenson 

A stro-physics, by Mr. Don Hall. 

The year’s activities ended with the annual banquet of the club held on 
March 17, 1947. The guest speaker was Mr. L. E. Gads, Assistant Professor of 
Engineering, whose topic was The ordinary man’s impression of mathematics and 
physics. 

The officers of the club for 1946-47 were: President, Miss Sydney Jones; 
Secretary-Treasurer, Severan Heiberg; Social Convener, Miss Marion Roberts; 
Executive members, Douglas Baines and Len Greenberg; Faculty Advisors, 
Professor G. O. Langstroth and Mr. R. C. Jacka. 

The newly elected officers for 1947-48 are: President, Len Greenberg; Sec- 
retary-Treasurer, Miss Marion Roberts; Social Convener, Miss Lorna Boon; 
Executive members, Don Hall and Eoin Whitney; Faculty Advisors, Professor 
J. W. Campbell and Professor E. H. Gowan. 


NEWS AND NOTICES 


EpITED BY HARRY POLLARD, Cornell University 


Readers are invited to contribute to the general interest of this department by sending news 
atems to Harry Pollard, White Hall, Cornell University, Ithaca, New York. 


INSTITUTE OF NUMERICAL ANALYSIS ESTABLISHED 


Plans have been completed for the establishment of one of the newest units 
of the National Bureau of Standards, The Institute of Numerical Analysis, at 
the University of California at Los Angeles, according to an announcement by 
Dr. Edward U. Condon, Director of the Bureau. 

One of the giant high-speed electronic computing machines, now under de- 
velopment by the Bureau of Standards, will be installed at the Institute when 
completed. These computers will solve problems in minutes that now take days 
to work out, and will solve in days problems that are now out of the reach of 
scientists. Design specifications call for high memory capacity and automatically 
sequenced mathematical operations from start to finish at speeds attainable 
only with electronic equipment. 

The machines can conceivably revolutionize the field of applied mathe- 
matics. Of particular importance both to the physical sciences and to technical 
industries will be the fact that the Institute will be able to set up a mathematical 
counterpart of an actual situation, which permits the situation then to be stud- 
ied through relatively inexpensive calculating rather than costly experimenta- 
tion. Great as has been the progress of the past century, the time has come 
when many problems of great importance, especially in hydrodynamics, aero- 
dynamics, and meteorology, can only be handled by computers working at 
speeds measured in millionths of a second. 
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The Institute has two primary functions. The first is research in applied 
mathematics aimed at developing methods of analysis which will extend the use 
of the high-speed electronic computers. The second is to act as a service group 
for western industries, research institutions, and government agencies. The 
service function will include not only the use of the machines for problem solving 
but also assistance in the formulation of problems in applied mathematics of the 
more complex and novel types. Service operations are to be initiated immedi- 
ately, using the latest types of commercially available computing equipment. 


PERSONAL ITEMS 


Professor L. W. Cohen of the University of Kentucky has been appointed to 
an assistant professorship at Queens College. 

Dr. Nancy Cole of Connecticut College has been appointed to an assistant 
professorship at Syracuse University. 

Associate Professor H. A. Davis of West Virginia University has been pro- 
moted to a professorship. 

Dr. Nathan Fine has been appointed to an assistant professorship at the 
University of Pennsylvania. 

Professor H. D. Larsen of the University of New Mexico has been appointed 
to a professorship at Albion College. 

Associate Professor A. N. Milgram of Notre Dame University has been ap- 
pointed to an associate professorship at Syracuse University. 

Dr. A. K. Mitchell has been appointed to an associate professorship at the 
University of Maryland. 

K. H. Murphy of West Virginia University has been promoted to an assist- 
ant professorship. 

I. D. Peters of West Virginia University has been promoted to an assistant 
professorship. 

Dr. George Piranian of the University of Michigan has been promoted to an 
assistant professorship. 

Dr. Murray Protter of Brown University has been appointed to an assistant 
professorship at Syracuse University. 

Assistant Professor G. E. Schweigert of Purdue University has been ap- 
pointed to an associate professorship at the University of Pennsylvania. 

Dr. G. Tunell of the Carnegie Institute has been appointed to an associate 
professorship of geology at the University of California at Los Angeles. 

The following appointments to instructorships are announced: 

West Virginia University: Thomas Bauserman, Miss Marcia Saile 
University of Rochester: Walter Klimzak 

Professor Giacomo Albanese of the Normal School of Pisa and the University 
of Sao Paulo died June 8, 1947. 

Professor Cora B. Hennel of Indiana University died on June 26, 1947. 

Bernard Mason of Hofstra College died August 25, 1947. 


THE MATHEMATICAL ASSOCIATION OF AMERICA 
Official Reports and Communications 


APRIL MEETING OF THE ROCKY MOUNTAIN SECTION 


The thirtieth annual meeting of the Rocky Mountain Section of the Mathe- 
matical Association of America was held at the University of Wyoming, Lara- 
mie, Wyoming, on April 18 and 19, 1947. There were three sessions, with Pro- 
fessor Greta Neubauer of the University of Wyoming presiding at each. 

There were sixty-four persons in attendance, including the following twenty- 
five members of the Association: C. F. Barr, D. L. Barrick, J. R. Britton, A. G. 
Clark, G. S. Cook, A. T. Craig, A. B. Farnell, H. T. Guard, Mrs. Leota C. Hay- 
ward, I. L. Hebel, C. A. Hutchinson, A. J. Kempner, Claribel Kendall, A. J. 
Lewis, A. E. Mallory, W. K. Nelson, K. L. Noble, O. H. Rechard, A. W. Recht, 
L. W. Rutland, Jr., Nathan Schwid, S. R. Smith, L. C. Snively, V. J. Varineau, 
Mrs. Lillie C. Walters. 

At the business meeting the following officers were elected for the coming 
year: Chairman, H. T. Guard, Colorado State College of A. and M. A.; Vice- 
Chairman, I. L. Hebel, Colorado School of Mines; Secretary-Treasurer, J. R. 
Britton, University of Colorado. Invitations to meet at Colorado State College 
of A. and M. A. in 1948, and at Colorado School of Mines in 1949 were ac- 
cepted. 

The following papers were presented: 


1. Expansion of an arbitrary function tn sertes of functions associated with 
Bessel functions, by Professor Leonard Bristow, University of Wyoming, intro- 
duced by Professor C. F. Barr. 

The author defined a set of functions by generalizing the Poisson integrals 
for Bessel and for Struve functions. For a suitable arbitrary function there was 
obtained an expansion resembling the generalized Schlomilch series. 


2. The solution of an integral equation, by Professor W. H. Jurney, Colorado 
School of Mines, introduced by Professor I. L. Hebel. 


3. Note on functions of a matrix, by Professor Clarence Ross, University of 
Denver, introduced by A. J. Lewis. 

The matrix e** was expanded into a polynomial in k of degree not greater 
than 2—1, where k is an ~ Xz matrix. An application to the solution of linear 
homogeneous differential equations was explained. 


4. Bounds for the charactertstsc roots of a matrix, by Professor A. B. Farnell, 
University of Colorado. 

A brief history of this subject and related topics was presented. Let A = (a,.) 
be a square matrix of order m with complex numbers as elements. The equation 
| Al —A| =(, where I is the unit matrix and A is a scalar, is called the characteris- 
tic equation of the matrix A, and the roots A;, the characteristic roots. Several 
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new bounds for the characteristic roots were given. Let 


> | are] = Re, >| are | = Ts, >> | dre | Re = U,, > | are | Ts = Vy. 


Then RN is not larger than any of the three numbers max, (U,)1/2, max, (V,)1/2, 
max, (U,V,) "4. 


5. A new method of approximating Fourier coefficients, by G. L. Collins, 
Colorado School of Mines, introduced by Professor I. L. Hebel. 

This speaker presented a simple method for evaluating the Fourier coefficients 
of a curve plotted to a predetermined scale. The essential idea of the method 
consisted of the use of a series of specially ruled transparent plastic sheets. 


6. Wallis’ product for 7, by W. W. Mitchell, Jr., University of Colorado, 
introduced by Professor A. J. Kempner. 

It was shown how Wallis determined the value of 7 between ever narrowing 
upper and lower bounds by a process of interpolation in a sequence of numbers 
related to the first quadrant areas under the curves y = (1—x?)",n=0,1,2,---. 


7. On complex roots of algebraic equations, by Professor A. J. Kempner, Uni- 
versity of Colorado. 

Given an equation f(z) =aoz"+ +--+ +-a"=0 with real coefficients and roots 
2.=Xzt1yz, R=1, +--+, n, one knows how to establish by rational operations 
equations G(x) =0, and H(y) =0, each of degree n, such that each x; is among 
the roots of the first, each 4; among the roots of the second equation. However, 
this leaves in each equation n?—n roots unaccounted for. The location of these 
roots is determined by the theorem: The z roots of G(x) =0 are x;=4(2,+2)), 
k, b=1, 2,-+*-+,n; the 2 roots of H(y)=0 are y;=4(2.—27). A striking geo- 
metrical interpretation in the plane of complex numbers is possible. 

Results are extended in toto to equations with complex coefficients without 
raising the degrees of f(z), G(x), H(y) by letting z= u-+-v with the restriction that 
with w-+v, the number u—z is also a root of f(z) =0. The function G(x) is of the 
form f(x)- K(x), K being of degree (n?—mn)/2; H(y) is of the form y"L(y?), L 
being of degree (w?— x) /2 in y?. Similar results hold for the equation for 7 and for 
et? g=re'?, 


8. Statistical inference, by Professor A. T. Craig, University of Iowa. 

This paper was devoted to an exposition of the construction of a mathemati- 
cal system adequate to furnish methods for drawing inferences from statistical 
data. The paper included an introduction to the Neyman-Pearson theory of 
testing statistical hypotheses. 


9. Is mathematics out of this world? by Professor A. W. Recht, University of 
Denver. 

The main thesis of this paper is that mathematics as presented in high schools 
and in colleges of liberal arts is out of this world in the sense that the principles 
of mathematics are set up in the classical and traditional way instead of in the 
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way in which they occur in real life. The suggestion is made that textbooks be 
written with the psychological approach by mathematicians who are also experts 
in fields of real application of mathematics. Problems should be presented as 
they occur in real life. It is only in this way that mathematics will be able to 
maintain the high reputation it has acquired in the atomic age; it is only in this 
way that students in the high schools and colleges will be kept interested in 
mathematics of reality, and not dazed by operations in a world of unreality. 


10. General mathematics, by Professor Fred McCune, Colorado State College 
of Education. 

In this paper the author asks why courses in “general” mathematics should 
duplicate training given in standard algebra and geometry courses. He believes 
that training in the fundamental skills of arithmetic is more important for the 
average secondary school student. 


11. The training of mathematics teachers, by Professor K. H. Stahl, University 
of Colorado, introduced by the Secretary. 

The attitude developed by students in mathematics has great influence not 
only on them, but also on us as teachers of mathematics. The teacher controls 
to a great extent the attitudes developed by members of the class, and it is there- 
fore important that all teachers have a proper influence on their students. If the 
teacher himself is not well grounded in the material to be presented, it is quite 
unlikely that his influence will be wholesome. In all probability many persons 
become certified to teach in the elementary schools with very poor backgrounds 
in arithmetic. It is recommended that college teachers concern themselves with 
the mathematical preparation of elementary teachers. 


12. Report on the entrance requirement changes at the University of Colorado, 
by Professor A. J. Kempner, University of Colorado. 

Professor Kempner reported on the recent changes in entrance requirements 
for the Colleges of Arts and Sciences at the University of Colorado. All students 
must now offer three units of high school English, besides nine other units in 
“academic” subjects. These may not be selected arbitrarily; but students may 
enter the College without any high school work in any chosen one of the four 
large fields: foreign language, mathematics, natural sciences, social sciences. 
Under some arrangements students may even enter without any high school 
work in any chosen two of these fields. 

There is opposition within the faculty to this scheme. Departments were not 
properly consulted. 

In mathematics the situation is aggravated by the fact that a student who 
offers mathematics on his entrance requirements may substitute “high school 
arithmetic” and “general mathematics” for high school algebra and high school 
geometry which were required under the old rule. 

Criticism of this last regulation centers around the fact that “general mathe- 
matics,” as the term is understood in our part of the country, represents mathe- 
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matics courses which were introduced specifically for students who were either 
admittedly incapable of carrying the standard algebra and geometry courses, 
or who did not intend to go on to college training, but who wanted vocational 
courses in mathematics with a minimum of emphasis on theory and logical de- 
velopment. The department of mathematics refuses to recognize these courses as 
adequate prerequisites for college mathematics. These courses must not be con- 
fused with “unified mathematics” courses, which in some parts of the country go 
under the name of “general mathematics.” For these, a strong case can be made 
out. 

The mathematics department consulted groups of Colorado high school 
teachers, particularly mathematics teachers. The results were revealing. Over a 
hundred mathematics teachers of the Denver Section of C. E. A. protested 
unanimously against the changes. The Grand Junction Section, one of the other 
two sections in the state, sent a similar protest. The mathematics departments 
of two of the large Denver high schools, Denver North and Denver East, sent 
unanimous petitions to the president of the University, and so forth. 

High school administrators generally favor the new rules, and regret that 
they do not go farther than they do. There exists scattered disapproval among 
them, but it has so far not become organized. 

Our experience in Colorado proves that we have powerful allies among the 
high school teachers; they suffer and chafe under the steady deterioration of the 
standards and are, at least in Colorado, as a group more aware of the dangers 
and implications of the situation, and far more willing to fight for its improve- 
ment, than are college and university faculties. 

In the lively discussion which followed the speaker’s remarks, sentiment was 
opposed overwhelmingly to the elimination of mathematics as an entrance re- 
quirement, and as bitterly opposed to the admission of high school arithmetic 
and “general mathematics” in place of algebra and geometry. 

J. R. Britton, Secretary 


APRIL MEETING OF THE LOUISIANA-MISSISSIPPI SECTION 


The twenty-fourth annual meeting of the Louisiana-Mississippi Section of 
the Mathematical Association of America was held at Mississippi Southern Col- 
lege, Hattiesburg, Mississippi, on Friday and Saturday, April 25 and 26, 1947. 
Professor W. V. Parker, Chairman of the Section, presided at the Friday after- 
noon and Saturday morning sessions. Professor W. L. Johnson, Vice-Chairman 
for Mississippi, presided at the joint dinner with the Louisiana-Mississippi 
Branch of the National Council of Teachers of Mathematics. 

The attendance was sixty-five including the following thirty members of the 
Association: T. A. Bickerstaff, H. E. Buchanan, Margaret R. Davis, W. L. Duren, 
Jr., L. M. Garrison, F. C. Gentry, A. Gilmore, W. C. Griffith, W. L. Johnson, 
H. T. Karnes, C. G. Killen, Z. L. Loflin, Dorothy McCoy, A. C. Maddox, B. E. 
Mitchell, S. B. Murray, I. C. Nichols, W. V. Parker, P. K. Rees, F. A. Rickey, 


1947] THE MATHEMATICAL ASSOCIATION OF AMERICA 567 


H. F. Schroeder, Maurice Singer, C. D. Smith, H. L. Smith, P. K. Smith, V. B. 
Temple, J. F. Thomson, B. A.-Tucker, P. M. Tullier, Jr., Maralena White. 

The officers elected at the business meeting of the section were as follows: 
Chairman, W. L. Johnson, Mississippi Southern College; Vice-Chairman for 
Mississippi, T. A. Bickerstaff, University of Mississippi; Vice-Chairman for 
Louisiana, A. L. Loflin, Southwestern Louisiana Institute; Secretary-Treasurer, 
F. C. Gentry, Louisiana Polytechnic Institute. The next meeting will be held 
in February or March, 1948, at Southwestern Louisiana Institute, Lafayette, 
Louisiana. 

Professor H. E. Buchanan, Tulane University, was invited to give the prin- 
cipal address at the joint dinner. His topic was Mathematics Teaching—Tulane 
Brand. Professor H. L. Smith, Louisiana State University, was invited to speak 
at the Saturday morning session. His subject was A Foundation for the Point. 
Calculus of Grassmann. The Friday afternoon session was devoted to short pa- 
pers. Abstracts of all these papers follow: 

1. A foundation for the point-calculus of Grassmann, by Professor H. L. 
Smith, Louisiana State University. 

The Grassmann point calculus may be based on a foundation consisting of 
seven postulates involving an unspecified field of numbers and the undefined 
terms point, scalar product s(po, £13 2, 3) of a point pair (fo, f1) by a point pair 
po, ps), and the point # conjugate to a point . The resulting theory is valid in 
Hilbert, as well as in Euclidean, spaces. 

2. Installment buying, by Professor I. C. Nichols, Louisiana State Univer- 
sity. 

3. Mathematics applied to meteorology, by Mr. J. T. Lee, Mississippi Southern 
College, introduced by Professor Johnson. 

This paper was a short introduction to the application of mathematics to 
meteorology and weather forecasting. A general development of several of the 
basic equations, such as the gradient wind formula and the fundamental con- 
cepts of meteorology was included. 

4, Problems concerning volumes, by Professor C. D. Smith, Mississippi State 
College. 

The cone inscribed in a sphere whose volume is equal to the volume of the 
segment of the sphere cut off by its base was found to have a volume approxi- 
mately equal to that of the inscribed cone of maximum volume. A similar com- 
parison was made for cones inscribed in ellipsoids of revolution. 

5. Three cubtc loct, by Professor F. C. Gentry, Louisiana Polytechnic Insti- 
tute. 

It was shown that if a variable point P of the plane traces the cubic of Dar- 
boux relative to a given triangle, the joins of the vertices of the pedal triangle of 
P and the corresponding vertices of the given triangle are concurrent in a point 
Q on the cubic of Lucas. If P traces the 17-point cubic, the perpendiculars from 
the harmonic associates of P on the corresponding sides of the given triangle are 
concurrent in a point R on the cubic of Darboux, and the joins of their feet and 
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the corresponding vertices of the given triangle are concurrent in a point S on 
the cubic of Lucas. 

6. Discussion of the report of the Association Commttiee for the Coordination of 
Studies on Mathematical Education, by L. M. Garrison, Louisiana Polytechnic 
Institute; T. A. Bickerstaff, University of Mississippi; Z. L. Loflin, Southwest- 
ern Louisiana Institute. 

F. C. GENTRY, Secretary 


APRIL MEETING OF THE SOUTHWESTERN SECTION 

The seventh annual meeting of the Southwestern Section of the Mathemat- 
ical Association of America was held at the University of New Mexico in Albu- 
querque on April 4, 1947. Professor E. A. Hazlewood, Chairman of the Section, 
presided at the afternoon session. Professor H. D. Larsen presided at the ban- 
quet at which President W. M. Whyburn of Texas Technological College was the 
guest speaker. 

The attendance was twenty-five including the following thirteen members 
of the Association: L. M. Bauer, J. H. Butchart, Lincoln La Paz, H. D. Larsen, 
B. D. Roberts, H. P. Rogers, Arthur Rosenthal, Annie N. Rowland, F. W. 
Sparks, R. S. Underwood, Earl Walden, R. L. Westhafer, W. M. Whyburn. 

At the business meeting the following officers were elected: Chairman, H. D. 
Larsen, University of New Mexico; Vice-Chairman, R. F. Graesser, University 
of Arizona; Secretary-Treasurer (four years), B. D. Roberts, Highlands Univer- 
sity; Governor (three years), R. S. Underwood, Texas Technological College. 
These officers also constitute a committee to choose the next traveling lecturer 
sponsored by the Southwestern Section. It was voted to hold the 1948 meeting 
of the Section in conjunction with the annual meeting of the Southwestern Divi- 
sion of the American Association for the Advancement of Science, providing the 
latter meeting is held within the geographical limits of the Section. 

The program consisted of the following papers: 

1. Vector methods in modern geometry, by Professor J. H. Butchart, Arizona 
State College, Flagstaff. 

Professor Butchart called attention to vector proofs of theorems in modern 
plane geometry, especially those concerning centroids. He also recommended the 
use of the scalar product of two vectors to prove theorems in modern geometry 
involving projections or the squares of distances. 

2. An inverse variation problem, by Frank Lane, University of New Mexico, 
introduced by Professor Lincoln La Pas. 

Darboux’s result that the integral curves of the differential equation 
y’’ =f (x, y, y’) can be regarded as the extremal system of a non-singular variation 
problem, I= /? f(x, y, y’) de=minimum, cannot be extended to 3-space. The 
first example of a pair of differential equations 


(1) y’’ = F(x, y, 2, 9’, 2’), z'’ = G(x, 9, 2, 9’, 2’) 


of which the integral curves are not the extremals of any non-singular variation 
problem of the form 
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(2) I -{ f(%, y, 2, 9’, 2 \dx = minimum, 
v4 


was given by Lincoln La Paz in 1928. Additional isolated examples of such sys- 
tems of differential equations have since been given by other investigators. 

Mr. Lane exhibited classes of differential equations (1), the right members 
of which involve arbitrary functions of y’ and 2’, no one of which has integral 
curves that are the extremal system of a non-singular variation problem of the 
form (2). Because of the freedom of choice thus provided in selecting the func- 
tions F and G, it was possible to so choose these functions that the resulting sys- 
tem of differential equations could be integtated explicitly. Certain properties of 
the resulting non-extremal, four-parameter families were discussed. 

3. Extended analytic geometry applied to Diophantine equations, by Professor 
R. S. Underwood, Texas Technological College. 

Professor Underwood used a method suggested by the three-axes case of his 
extended analytic geometry (this MONTHLY, May, 1945) to solve certain Dio- 
phantine equations. In particular, the speaker showed how the solution of two 
simultaneous linear equations in three unknowns is reduced readily to the solu- 
tion of a single equation in three unknowns. 

4. On the determination of optimum flight paths, by Professor Morris Hen- 
drickson, University of New Mexico, introduced by the Secretary. 

Professor Hendrickson discussed the problem of determining the route which 
should be flown through a wind field varying in time and space in order to get 
from a point A toa point B in the minimum time, assuming that the flight takes 
place at a constant altitude and with constant air speed. The problem for a flat 
surface has been treated in the literature by Zermelo who derived both neces- 
sary and sufficient conditions, and for an m-dimensional euclidean space by Levi 
Civita who derived only necessary conditions. The speaker discussed the prob- 
lem of flight over a spherical surface which he had investigated jointly with 
G. E. Forsythe and K. J. Arrow. A necessary condition was derived in the form 
of a differential equation which the minimal path must satisfy, and a practical 
method for carrying out the approximate integration of this equation was pre- 
sented. 

5. Derivatives of fractional order, by C. P. Stroud, Highlands University, in- 
troduced by Professor B. D. Roberts. 

Mr. Stroud, a student at Highlands University, discussed derivatives ob- 
tained from the form for successive differentiation 


qd” T(m + 1) 
(4~™) = pe 
dx” Tim — n+ 1) 
by extending x to fractional, irrational, and negative values. Various formulas 
for such generalized differentiation were presented. The speaker also suggested 
the use of fractional indices for operations other than differentiation. 
H. D. LARSEN, Secretary 
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APRIL MEETING OF THE IOWA SECTION 

The thirty-fourth annual meeting of the Iowa Section of the Mathematical 
Association of America was held at the Iowa State Teachers College in Cedar 
Falls on Friday and Saturday, April 18 and 19, 1947, in conjunction with the 
Iowa Academy of Science. Professor L. W. Swanson, Chairman of the Section, 
presided. 

The attendance was forty-five, including the following thirty members of the 
Association: E. W. Anderson, J. W. Beach, E. L. Canfield, E. W. Chittenden, 
N. B. Conkwright, W. M. Davis, R. E. Gaskell, B. E. Gillam, Cornelius Gou- 
wens, J. J. L. Hinrichsen, D. L. Holl, L. A. Knowler, O. C. Kreider, R. J. Lam- 
bert, R. B. McClenon, J. V. McKelvey, Martha M. McKelvey, C. J. Maloney, 
E. N. Oberg, H. V. Price, Fred Robertson, W. J. Rusk, W. M. Stone, L. W. 
Swanson, H. P. Thielman, H. C. Trimble, Henry Van Engen, Roscoe Woods, 
C. C. Wylie, E. A. Zubay. 

The following officers were elected for the coming year: Chairman, Profes- 
sor H. P. Thielman, Iowa State College; Secretary, Professor Fred Robertson, 
Iowa State College. 

The first six of the following papers, including the invited hour address by 
Professor Holl, were read at the Friday afternoon session. The remainder were 
read Saturday morning. 

1. On differential difference equations, by Professor H. P. Thielman, Iowa 
State College. 

The equation f’(x-+a) = K(x)f(x) was considered, when a is a constant and 
f(x) is an unknown real function. This equation was shown to be equivalent to 
an integral equation of the Volterra type with a discontinuous kernel. Analytic 
solutions were given for the particular case in which K(x) is a constant, say k. 
For certain values of k the given solutions were either monotone, or periodic 
functions. 

2. Some applications of the finite Fourier transformations, by Professor R. E. 
Gaskell, Iowa State College. 

Use of the finite Fourier transformation in solving boundary value problems 
is limited to problems leading to special linear differential operators, and involv- 
ing boundary conditions of a special form. For example, if the finite Fourier sine 
transformation is to be used, only values of the unknown function and its even 
derivatives (with respect to the transformed variable) may be involved in the 
boundary conditions. A problem was given showing how this requirement can 
be relaxed if more general transformations are used. 

3. On the number of paths in a finite partially ordered set, by Professor E. W. 
Chittenden, State University of Iowa. 

4. Dirichlet’s problem, by Professor D. L. Holl, Iowa State College. 

The first boundary problem of potential theory, Dirichlet’s problem, is to 
find a function harmonic in a region and taking on a preassigned value on its 
boundary. By Green’s identities many properties of such a function can be estab- 
lished. It was shown that the problem is equivalent to finding Green’s function. 
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Gauss, Kelvin, Dirichlet and Riemann gave faulty proofs of the existence of a 
harmonic function by considering it as a minimal problem in calculus of varia- 
tions. Hilbert was first to specify proper conditions for this problem as a minimal 
problem. Direct methods of Ritz, and Trefftz, approximation by finite differ- 
ences, and experimental models by soap film surfaces were discussed. 

5. A model for irreducible double modules, by Professor Bernard Vinograde, 
lowa State College, introduced by the Secretary. 

A model was given which included the irreducible double module V=LXR, 
x in V, such that L=>, 1; Lo, and R=), Ro 7; with RoSLo, where L and R are 
division rings. The construction depends on the existence of a representation of 
L£ over R. 

6. Solution of iterated amplifiers by generalized Laplace transform, by W. M. 
Stone, Iowa State College. 

A simultaneous system of difference equations arising from an iterated linear 
amplifier system discussed by Faust and Beck (Journal of Applied Physics, vol. 
17, pp. 749-756) was solved by means of the generalized Laplace transform. 
With this method there was no necessity for eliminating arbitrary constants or 
making assumptions as to the nature of the solution. 

7. On the general theory of functions, by Professor E. W. Chittenden, State 
University of Iowa. 

This paper was read by title. 

8. Nearly efficient estimates of variance components, by S. Lee Crump, Iowa 
State College, introduced by the Chairman. 

For statistical data classified into groups of unequal sizes, the efficient (maxi- 
mum likelihood) estimates of the variance components are extremely difficult 
to compute. Estimates, based on Newton’s method of solving equations, which 
are very nearly fully efficient, were presented. 

9. A property of the projective cubic, by C. J. Maloney, Iowa State College. 

The set of all tangents to a conic is called a line conic. The lines of the line 
conic cut any two fixed lines in projective ranges. If a projective relation is set 
up between a (first order) pencil of lines and the lines of the line conic by means 
of a projective range on some one line of the line conic, the intersections of cor- 
responding rays will trace a cubic, called from the manner of its generation a 
projective cubic. It was shown geometrically that the cubic so generated is al- 
ways unicursal, and that it is crunodal, cuspidal, or acnodal, according as the 
center of the pencil is outside, on, or inside the conic. 

10. Curve fltting—an art or a science, by Professor G. W. Snedecor and Pro- 
fessor G. W. Brown, Iowa State College. 

This paper was read by title. 

11. Interpretation of “college preparation” by individual teachers of high school 
mathematics, by Professor H. C. Trimble, Iowa State Teachers College. 

It was contended that the words and actions of college people convince teach- 
ers of high school mathematics that: (1) Certain topics are essential for the col- 
lege preparatory student; (2) The fields of arithmetic, algebra, and geometry 
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must be taught separately; and (3) Standardized tests are a valid measure of a 
student’s preparation for college mathematics. 

After a brief discussion of the consequences of these convictions, three ques- 
tions were raised, namely: (1) What do we in the colleges want? (2) How can we 
make our wants known to teachers of high school mathematics? and (3) ‘What 
assurance can we give to high school teachers that their students will get a fair 
chance to show what they know as they enter college? 

The writer’s own answers to these questions were stated, and a plea was made 
for further study and action to clarify the situation. 

FRED ROBERTSON, Secretary 


CALENDAR OF FUTURE MEETINGS 


Thirty-first Annual Meeting, Athens, Georgia, January 1, 1948. 
The following is a list of the Sections of the Association with dates of future 
meetings so far as they have been reported to the Secretary. 


ALLEGHENY MounrtalINn, Carnegie Institute 
of Technology, Pittsburgh, Pa., Novem- 
ber 22, 1947 

ILLINOIS 

INDIANA 

Iowa, Fairfield, April 16-17, 1948 

KANSAS 

KENTUCKY 
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MARYLAND-DISTRICT OF COLUMBIA-VIR- 
GINIA, College Park, Md., December 6, 
1947 
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MISSOURI 

NEBRASKA 


NORTHERN CALIFORNIA, Berkeley, Janu- 
ary 24, 1948 

OHIO 

OKLAHOMA 

PaciFic NORTHWEST, Eugene, Oregon, 
March, 1948 

PHILADELPHIA, Bryn Mawr, Pa., Novem- 
ber 29, 1947 

Rocky MovunNTtTAIN 

SOUTHEASTERN 

SOUTHERN CALIFORNIA, Redlands, March 
13, 1948 

SOUTHWESTERN 

TEXAS 

UprER NEw YorK State, Schenectady, 
N. Y., May 1, 1948 

WISCONSIN, Beloit, May 8, 1948 


WILLIAM L. HART'S 


Texts on College Algebra 


NOW READY 


Brief College Algebra 


REVISED EDITION 


This book was written for the well- 
prepared student who needs at most 
only a relatively brief review of inter- 
mediate algebra and who deserves the 
opportunity of reaching the interest- 
ing parts of college algebra quickly. 
BRIEF COLLEGE ALGEBRA pre- 


sents a concise, but logically complete 


NOW READY 
REVISED EDITION 


A complete, mature presentation of 
intermediate algebra, followed by a 
minimum treatment of the most essen- 
tial chapters of college algebra 
through the stage of determinants and 
probability. 


AV AILABLE—FREQUENT PRINTINGS 


Presents a comprehensive treatment 
of the usual content of college algebra, 
plus various supplementary topics, 
preceded by a complete presentation 
of intermediate algebra. For a homo- 
geneous Class with either two or three 
semesters of preparation in secondary 


review, followed by a normal leisurely 
treatment of all usual topics of col- 
lege algebra. It offers an integrated 
body of material dealing with loga- 
rithmic graphing, the method of least 
squares, also related topics in curve 
fitting and the algebra of statistics. 
Text pages: 299 


Introduction to College Algebra 


INTRODUCTION TO COLLEGE 
ALGEBRA is designed as the basis of 
a one-semester course for college 
freshmen who should cover inter- 
mediate algebra and topics from col- 
lege algebra. Text pages: 272 


College Algebra 


THIRD EDITION 


algebra, there is an appropriate start- 
ing point in this book. Also included 
is a substantial amount of supple- 
mentary material of interest in ex- 
perimental fields and statistics. 


Text pages: 362 


Stock of previous editions of above books is still available. 


D. C. HEATH AND COMPANY 


Boston New York Chicago Atlanta 


San Francisco Dallas London 


PLANE TRIGONOMETRY 


REVISED EDITION 
By FRED W. SPARKS and PAUL K. REES 


For over ten years a basic first-year text, this book is now even clearer, 
simpler and more efficient. Graded exercises for each lesson offer a 
total of 1,350 brand-new problems in aerial navigation, mechanics, 
engineering and other topics of vital interest to students today. Other 
notable improvements include: | 


© New discussion of significant figures. 

e Simplified approach to the characteristic of the logarithm. 

© Improved explanations of inverse trigonometric functions, equations, 
etc. 

e Over 40 newly drawn figures to clarify basic principles. 


6x9 in., 255 pp. 


MATHEMATICS OF 
FINANCE 


SECOND EDITION, REVISED AND ENLARGED 


By THOMAS M. SIMPSON, ZAREH M. PIRENIAN and 
BOLLING H. CRENSHAW 


Here is the best possible preparation for students intending to enter 
business. For greater teaching convenience, the text is arranged in 
two parts, which may be obtained either in a single volume, or in two 
volumes for single-semester courses. 


Nofe these features: 


2568 problems; enlarged tables. 

One entire chapter on statistics. 

Simplified treatment of general annuities. 

Enlarged treatment of life insurance and problems of amortization 
of all types of debts. 


6 x 9 in., 456 pp. 


Send for your approval copies today 


PRENTICE-HALL, INC., New vorksi.nv. 


Two highly significant new texts— | 


COLLEGE ALGEBRA 


By MOSES RICHARDSON, author of FUNDAMENTALS OF MATHE- 
MATICS; Former Member of Institute for Advanced Study at Princeton. 


This recently published, remarkably lucid exposition of College Algebra 


gives unusual insight into sound mathematics, correcting traditional 


mistakes. 


is far more complete than most texts: 
beginning with a full review of elementary algebra on a mature 
level, it covers not only all conventional subjects, but adds op- 
tional material now in great demand by science students—and by 
mathematics students preparing for future specialization; 


© stresses fundamental concepts, but not at expense of technical 


achievement; 


includes ample exercises, a great number with practical application. 


6 x9 in., 472 pp. 


ADVANCED CALCULUS 


By DAVID V. WIDDER 


This superb new text is distinguished by two gratifying innovations in 
subject matter: chapters on the Stieltjes Integral and the Laplace Trans- 
form. These subjects have never before been easily accessible in ele- 
mentary form, and they are becoming increasingly important to 
mathematicians. Widely known for his work on the Laplace Integrals 
and Transform during his past fifteen years at Harvard, the author pre- 
sents not only a fine exposition of the more usual topics, but presents 


an unusually clear treatment of Line Integrals and Green's Theorem. 


6x9 in., 432 pp. 


Send for your approval copies today 


; CEARUEGERGODANAEUEUHEELOGUGUOEORDENOUAENOEOCHOOUORUERONONOEAUEUORUORUGEOENSTY JO¥R 
PRENTICE-HALL, INC., ftw'tou\irn' i 


NEW MATHEMATICS TEXTS 
COLLEGE ALGEBRA 


By E. RICHARD HEINEMAN 


Associate Professor of Mathematics, Texas Technological College 


This text for freshmen contains a thorough review of high-school algebra with 
more than 2800 carefully graded problems. Common errors are discussed to give 
the student an understanding not only of the correct methods, but also of the 
error in each incorrect operation. A simplified definition of a function and a 
logical treatment of graphic solutions are provided. The new characteristic rule 
for logarithms is used and the old rule is listed as an alternative. 


To be published in the fall. $3.00 (probable) 


INTERMEDIATE ALGEBRA 


—====—=_-—~ By UNDERWOOD, NELSON AND SELBY 


R.S. Underwood is Professor of Mathematics, Texas Technological College; T. R. Nelson 
is Associate Professor of Mathematics, Agricultural and Mechanical College of Texas; © 
S. Selby is Professor of Mathematics and Head of the Department, University of Akron. 


Presupposing one year of high-school mathematics, this text presents a terminal 
course in algebra as well as a foundation course for students preparing for more 
advanced college mathematics. Extremely simple in style, clear and concise, the 
book maintains a consistent, upward-sloping level of difficulty. There are many 
illustrative examples and exercises, carefully chosen to cover typical cases. 


- To be published in the fall. $2.60 (probable) 


ELEMENTARY CONCEPTS OF 
MATHEMATICS 


By BURTON W. JONES 


Professor of Mathematics, Cornell University 


For students not intending to specialize in mathematics or science, this text is 
designed to provide a firmer understanding of what mathematics they have had 
and to supply additional training of both use and interest. It clarifies the everyday 
mathematical concepts often only dimly understood: compound interest, the 
graph, averages, probability and games of chance, cause versus coincidence. Puzzle 
material and many exercises are an important part of the book. 


To be published in the fall. $4.00 (probable) 


THE MACMILLAN COMPANY + GO Fifth Avenue » New York 11 


5 Ylew Wiley. Books ! 


NOMOGRAPHY 


By ALEXANDER S. LEvENS, Associate Profesor of Mechanical Engineering, Uni- 
versity of California at Berkeley 


Here is a time-saving, accurate book which shows you short-cut solutions to difficult 
problems of engineering, statistics, or business by means of nomographs. It presents 
the basic information on the theory and construction of charts involving straight 
line scales, curved scales and combinations for these elements. The alignment chart 
is especially stressed. The book is crammed with interesting examples. 


Ready in December Approx. I61 pages Prob. price $3.00 


INTRODUCTION TO THE THEORY OF EQUATIONS 


By Lots W. Grirritus, Associate Professor of Mathematics, Northwestern Uni- 
versity 


Designed for students with a background in differential calculus, this book introduces 
the theory of equations, determinants, and matrices. A book that has been tested in 
the classroom, its logical exposition makes it suitable for advanced or elementary levels. 


1947 278 pages $3.50 


ELEMENTARY NUCLEAR THEORY 
A Short Course on Selected Topics 
By H. A. Betue, Professor of Phyics, Cornell University 


An introduction to nuclear theory, this book treats the subject from an empirical point 
of view. Dr. Bethe analyzes nuclear forces, the central problem of nuclear physics, 
and explains the available evidence in terms of the behavior of the simplest nuclear 
systems. 


September, 1947 147 pages $2.50 


SEQUENTIAL ANALYSIS 


By AprAHAM WALD, Professor of Mathematical Statttics, Columbia University 


The first book-length treatment of an important and recently-developed method of 
statistical inference. Highly understandable, the book covers the general theory of 
the sequential probability ratio test, its applications, and an introduction to problems 
of sequential multi-valued decisions and estimates. 


1947 212 pages $4.00 


INTRODUCTION TO MATHEMATICAL STATISTICS 


By Paut G. Hort, Associate Profesor of Mathematics, University of California 
at Los Angeles 
This book is designed to give the reader a comprehensive introduction to the theory 
and applications of modern statistical methods. Such topics as these are included: 
sampling inspection, non-parametric methods, two types of errors, and sequential 
analysis. 


1947 256 pages $3.50 


JOHN WILEY & SONS, Inc., 440 Fourth Ave., New York 16, N.Y. 
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ty 


pro 
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457 pp, index, answers to 


64 pp supplementary prob- 
lems and answers; 
cloth cover 


Analytical GEOMETRY and CALCULUS 
wae 


HENRY BAYARD PHILLIPS 


Formerly Head of the Department of Mathematics ~ 
Massachusetts Institute of Technology 


An excellent textbook, designed in the form and 
~ order in which analytical geometry and calculus are 
required for courses in science and engineering. 

Certain fundamental topics in analysis needed for 
the logical development of calculus are discussed in 
the first chapter. An elementary treatment of vector 
analysis and functions of a complex variable is in- 
cluded for work in mechanics and for the analysis of 
various physical fields. 


CONTENTS 


Limits and Continuity; Derivative and Differential; Inte- 
gration and Summation; Algebraic Equations and Graphs; 
Determinants; Trigonometric Functions; Exponential and 
Logarithmic Functions; Parametric Equations; Polar 
Coordinates; Vectors; Formulas and Methods of Inte- 
gration; Further Applications of Integration; Series with 
Real Terms; Complex Numbers; Functions of a Complex 
Variable; Space Coordinates and Vectors; Partial Differ- 
entiation; Multiple Integration. 


iss 


blems, 269 figures; plus 
stiff 


per copy $6.00 
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BOOK NEWS 


ANALYTIC GEOMETRY, Revised Edition 
By Raymond W. Brink 


For a rich, complete, and adaptable course in analytic geometry, this is an 
ideal text. Throughout the emphasis is on logic and method. Problems, care- 
fully graded and distinctive for their variety, freshness, and usefulness, provide 
for immediate application of theory, and formal exercises give training in the 
development of technique. The book is particularly useful as preparation for 
calculus and other advanced mathematical studies. 8vo, 350 pages. $2.90. 


ESSENTIALS OF ANALYTIC GEOMETRY 
By Raymond W. Brink 


SMPLER, more flexible, and somewhat less detailed than the author’s Analytic 
Geometry, this book covers fully all topics usually taught in analytic geom- 
etry courses in American colleges and universities, It is compact, well-organized, 
clearly written, and provides sufficient material in method, information, and 
problems for preparation for calculus and for the development of general mathe- 
matical maturity and background. Small 8vo, 233 pages. $2.60. 


D. APPLETON-CENTURY COMPANY 
New York I, New York 


35 West 32nd Street 


Jimaly. Books from We Graw-dill 


COLLEGE ALGEBRA 
By Frederick S. Nowlan, University of British Columbia. 401 pages, $3.00 


e A comprehensive text for college freshmen. Distinguished by a more detailed and 
careful review of elementary material than is usual, and by the completeness with 
which the subject matter is developed, the book is both mathematically sound and 
easily understandable. 


ELEMENTARY DIFFERENTIAL EQUATIONS. New third edition 
By Lyman M. Kells, U. S. Naval Academy. 333 pages, $3.00 


© A thorough revision of a standard textbook especially suitable for students of 
engineering and applied sciences. Nearly every article has been clarified, expanded, 
and strengthened. Many new problems have been added. 


HIGHER MATHEMATICS FOR ENGINEERS AND PHYSICISTS 


By I. S. Sokolnikoff, University of California at Los Angeles, and E. S. Sokolnikoff. 
Second edition. 587 pages, $5.00 


© Introduces the student to those branches of mathematics most frequently en- 
countered by the engineer in his practice and by research specialists in the applied 
sciences. 


SAMPLING INSPECTION 
By the Statistical Research Group, Columbia University. OSRD, 393 pages, $5.25 


@ Gives a systematic account of certain of the best current inspection practices, 
together with tables and detailed instructions for carrying out these practices. 


SELECTED TECHNIQUES OF STATISTICAL ANALYSIS 
By the Statistical Research Group, Columbia University, OSRD. 440 pages, $6.00 


@ Deals with a series of problems which occur frequently in planning, analyzing, or 
interpreting quantitative data. Various techniques appropriate to these problems are 
explained in terms of both general principles and specific procedures. 


Send for copies on approval 


NMcGRAW-HILL BOOK COMPANY, inc. 
330 West 42nd Street New York 18, N.Y. 


by BRITTON & SNIVELY 
University of Colorado 


Algebra for College Students 


(329 pages— 33.00) 


With major stress on underlying ideas, this text includes a re- 
fresher course in the fundamentals of arithmetic and elementary 
algebra as well as topics customarily covered in college courses. 
An abundance of review and graded exercises are offered. Pub- 
lished in April, 1947, the book has already been widely adopted. 
Among colleges using this text are: 


Bates College Johns Hopkins University 
Brigham Young University Marquette University 
Clark University University of Colorado 
Franklin & Marshall College University of Denver 
Iowa State College University of Kentucky 
James Millikin University University of Michigan 


Intermediate Algebra 


(Published September 9th—-337 pages—$2.00) 
... includes the first twelve chapters of 
Algebra for College Students 


and additional chapters on: Logarithms, Progressions and the Bionomial 
Theorem, and Systems Involving Quadratic Equations. 


... contains a thorough review of the fundamental ideas and techniques 


of arithmetic and algebra for review and reference. 


... is an up-to-date text offering statements of actual operations performed 
in solving problems—-a system supplanting misleading catch-words and 
phrases. 


... the text is supplemented by tables and carefully graded exercises both 
oral and written. 


® inehart & Company, Inc. 


232 MADISON AVENUE - NEW YORK 16, N. Y. 


QEORGE BANTA PUBLISHING COMPANY, MENASHA, WISOOWAIN 
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weise. M. DEHN, 424-426. 

Thurstone, L. L., Multiple Factor Analysis. 
J. W. TuxKeEy, 613-615. 

Yates, Lt. Col. R. C., AUS. Curves, C. B. AL- 
LENDOERFER, 175-176. 


CLUBS AND ALLIED ACTIVITIES 
EpiTEp By L. F. OLLMANN, Hofstra College 
ARTICLES 


Hawthorne, Frank. Increasing student interest 
in mathematics, 242-243. 


Kappa Mu Epsilon, 63-64. 
Pi Mu Epsilon, 61-63. 


ACTIVITIES 


Albion College, 121-122. 
Baldwin-Wallace College, 355. 

Berea College, 427-428. 

Brooklyn College, 298. 

Central Michigan College, 500. 
Central Missouri State College, 498. 
Chicago Teachers College, 122. 
College of the Holy Cross, 617, 
Cooper Union, 559. 

D’Youville College, 179-180. 
Haverford College, 429. 

Hofstra College, 180. 

Illinois State Normal University, 357. 
Immaculate Heart College, 560. 
Louisiana State University, ¢ 499, 
Montana State University, 617. 
Mount Mary College, 297-298, 355, 559. 
Oberlin College, 123. 

Rutgers University, 428. 

St. Louis University, 429. 


Texas Christian University, 355. 
Texas State College for Women, 355. 
Texas Technological College, 181. 
University of Alabama, 497. 
University of Alberta, 560-561. 
University of Buffalo, 499-500. 
University of Georgia, 121. 
University of Illinois, 297. 
University of Kentucky, 558. 
University of Nebraska, 497, 
University of New Mexico, 181. 
University of Oklahoma, 498-499, 
University of Richmond, 357. 
University of Rochester, 616-617. 
University of Virginia, 122. 

University of Washington, 500, 559-560. 
Upsala College, 558, 6 

Wayne University, 357° 

Wellesley College, 180-181, 618. 
William Jewel College, 355, 428. 
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NEWS AND NOTICES 


EDITED BY B. W. JONES AND HARRY POLLARD, Cornell University 
GENERAL INFORMATION 


Aid to Devastated Libraries, Committee on, 
359-360. 

“Automatic Computing Machinery” section in 
Mathematical Tables and Other Aids to 
Computation, 501. 

Canadian Mathematical Congress, 299. 

Colleges and Universities: Brown University, 
183; Duke University, Institute for Teach- 
ers of Mathematics, 358-359; Princeton 
University, 183; Tulane University, 502; 
University of North Carolina, 183-184; 
University of Toronto, 299, 

Conference on Algebra, 299. 

Dutch Mathematicians, 124-125. 

Examination for Statistician Positions, 246. 

G. D. Birkhoff’s Collected Works, 502. 

Harry Bateman Research Fellowship, 125. 

Institute of Mathematical Statistics, 244. 


Institute of Numerical Analysis established, 
561-562. 
Metropolitan Intercollegiate Mathematics Con- 
vention, 356. 
National Applied Mathematics Laboratories, 
9 


National Council of Teachers of Mathematics, 

125. 

National Mathematics Magazine, 124. 

New Secretary-Treasurer, 312. 

Preliminary Actuarial Examinations Awards, 
501-502. 

Sigma Delta Epsilon Postdoctoral Fellowship, 
65 


Stanford University Mathematics Examina- 
tion, 430. 

Summer Courses, 244-246, 299-300, 358. 

William Lowell Putnam Mathematical Compe- 
tition, 182-183, 400-403. 


PERSONAL INFORMATION 


Newly elected members of the Association. 190-192, 366-368, 605-608. 
The following persons presented papers at meetings of the Association and its sections. 


Aiken, H. H., 402 
Allen, E. F., 


Allendoerfer, c SS. 189, 363, 612. 


Amundson, N. R.. 132-133. 
Anderson, Elda, 7 

Artin, Emil, 189. 

Bacher, R. C., 612. 
Bancroft, T. A., 303, 304. 
Banos, Alfredo, 510. 
Barbour, J. M., 440. 
Bearman, Jacob, 133-134. 
Bernhart, Arthur, 438. 
Berry, E. M., 128. 

Betz, William, 305, 306. 
Bibb, S. F., 362. 
Bickerstaff, T. A., 568. 
Birkhoff, Garrett, §10. 
Bohnenblust, F, H., §10. 
Bollay, William, 510. 
Botts, T. A., 363. 

Boyer, C. B., 73. 
Branson, Herman, 130. 
Brenke, W. C., 

Bristow, Leonard, 563. 
Britton, J. R 305. 
Bruck, R. H., "71-72. 
Buchanan, H. E., 567. 
Butchart, ‘J. H., 568. 
Cameron, Robert H., 132. 
Camp, C. C., 5 ae 129. 


Chittenden, E. W., 303, 570. 


Clark, A. G., 30 
Collins, G. L., 564. 
Collins, O. C., 128-129. 
Court, N. A., "307. 


, 304. 
Deming, Ww. Edwards, 131. 
Diamond, A , 438. 
Dolan, W. W., 439. 
Donsker, Monroe, 133. 
Duren, W. L., 307. 
Dushnik, Ben, 70. 
Edwards, P. D., 308. 
Farnell, A. B., 563. 


Fawcett, H. P., 514. 
Folley, K. W., 70. 
Fort, M. K., , Ir. 365. 


Gustin, W. S., 511. 
Hanna, J. R., 67. 
Harper, F. S., 128. 
Hassler, J. O., 68. 
Hebel, I. L., 304. 
Helsel, B. G., 612. 
Hendrickson, Morris, 569. 
Herriot, J. G., 437. 
Herzog, Fritz, 70. 
Hewitt, Edwin, 3 

Holl, D. L., 570. 
Huff, W. N., 439. 
Isaacs, Rufus, 309. 
Jarmain, W. R., 72. 
Jonah, H. F. S., 309. 
Jurney, W. H., 563. 
Kac, Mark, 189. 
Kaplan, Wilfred, 442. 
Karnes, H. T., 307. 
Kasner, Edward, 74. 
Kazarinoff, Donat, 70. 
Keller, M. W., 309. 
Kelly, L. M.. 612. 


Kempner, A. J., 305, $564, 565. 


Kiefer, E. C., 

Klee, V. L., Jr., 365. 
Kreider, 0. "30 4. 
Lane, Frank, 568. 
Lange, Luise, 362. 
LaSalle, J. Fs 308. 


68. 
Loweke, G. P., 69-70, 441, 
MacNeish, H. F., 612. 
Maloney, C. J., 571. 


McCune, Fred, 565. 
McDonald, Sophia L., 437. 
McKinsey, J. So C., 437, 438. 


Mitchell, W. W., Jr. §64. 
Moulton, E. J., 362. 
Munro, W. D., 133. 
Murnaghan, F. D., 365. 
Nelson, David, , 364. 


Odle, J. W., 510. 
Olmsted, J. "M. H., 132. 
Payne, Mary H., 
Pepper, P. M., 310. 
Phillip, Sister Mary, 362. 
Pinney, Edmund, 435 
Piranian, George, 441. 
Pollard, H. S., 513. 
Polley, J. C., 308. 
Pélya, George, 436, 612. 
Poor, V. C., 440. 

Price, H. V., 303. 
Rad6, Tibor, §14, 612. 
Rainich, G. v 70. 
Ramler, O. , 130. 
Recht, A +1 56d 
Reeve, W 

Reukema, L Py 4136. 
Reynolds, R. R., 438. 
Robertson, Fred, 302. 
Rodabaugh, L. D., §12. 
Root, R. E., 131. 

Ross, Clarence, 563. 
Rowland, S. A., 512 
Salkind, Charles, 73-74, 
Seall, Robert E E., 513 
Sewell, Col. W. -E. 130. 
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Smyth, J. B., 51 0 
Stahl, K 
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Stratton, W. T., 68. 
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Stroud, C. P., 


Sullivan, Sites M Helen, 67. 


Swanson, L. W., 3 

Synge, J. L., 612. 

Taylor, E. H., 362. 
Taylor, S. Helen, 364. 
Thielman, H. P., 302, 570. 
Tribus, Myron, 511. 
Trimble, H. C., 571. 
Tucker, C. B., 68. 
Turrittin, H. L., 132. 
Underwood, R. S., 569. 
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Utz, W. R., 365. 

Van Engen, Henry, 302. 
Vinograde, Bernard, 303, 571. 
von Neumann, John, 612. 
Wannier, G. H., 303. 
Warschawski, S. E., 133. 
Wegner, K. H., 133. 
Wells, C. P., 70. 
Whetstone, G. A., 304. 
Whyburn, W. M., 568. 
Woods, Roscoe, 303. 
Zygmund, Antoni, 189. 


Personal Mention. This section contains the names of officers of the Association and its Sec- 
tions, persons mentioned in the Department of News and Notices, and those conducting the busi- 
ness of the Association. The list does not include names of new members or of attendants at meet- 


ings. 


Adelman, D. M., 509. 
Adkins, L. K., 71. 

Ahlfors, L. V., 125. 
Akutowicz, Edwin J., 434. 
Albert, A. A., 125. 

Albert, O. W., 510. 

Alden, Marjorie 248. 
Alexander, J. W., 360. 
Alexandroff, Paul, 430. 
Allen, Florence E, 503. 
Allen, Harriet W., "503 
Allendoerfer, C. B., 193, 193, 194. 
Ambrose, Warren, 502, 503. 
Anderson, A.G., 509. 
Anderson, Mrs. Joan S., 66. 
Anderson, P. H., 301. 
Anderson, W. E., 65. 
Archibald, R. C., 612. 
Arnold, B. H., 503. 

Arrow, K. J., 430. 
Astrachan, Max, 431. 


Bankier, J. D., $03 
Banton, Mrs R.S | 248. 
Barankin, E. W., 434. 
Bardell, R. H., 125. 
Barnes, George, 66. 
Barnett, Joseph, 503. 
Barr, CF. -, 503. 
Barrau, J., 124. 

Barrick, D. L.. £6. 
Barron, J. J., 
Bortheigney, A Ae. $09. 
Bartoo, G. C., 440. 
Baten, W. E., 431. 
Bates, Grace E., 503. 
Bauserman, Thomas, 562. 
Beale, F. S., 65 

Beard, R. H., 247. 
Beckenback: E. F., 193, 510. 
Begle, E. G., 611. 

Betrns, V. N., 66. 

Bell, Talmon, "431, 
Benson, L., 66. 
Bergman, Stefan, 125. 
Bernstein, Felix, 125. 
Bers, Lipman, 431. 
Beth, E. W., 124. 

Betz, E. E., 503. 
Bickerstaff, T. A., 567. 
Biesale, F. C., 503. 
Biot, M. A., 125. 

Bird, M. T., 503. 


Birkhoff, Garret, 247,431, §02, 612. 


Birnbaum, Z. W., 

Biser, Erwin, 509. 
Blackwell, David, 504. 
Blake, Archie, 130. 
Blakers, A. B., 434. 
Blumenthal, L. M., 193. 
Boldyreff, A. W.. 125, 504. 
Bower, O. K., 247. 
Bowker, A. H., 247. 


Bover, C. B., 73. 
Bracewell. K. H., 131. 
Bradshaw, J. W., 69. 
Bramble, C. C., 431. 
Breit, Gregory, 247. 
Britton, J. R., 306, 563. 
Brixey, J. C., "437, 505. 
Brock, Paul, 248. 
Brooks, Foster, 512. 
Brown, G. W., 504. 
Brown, L. M., 431. 
Bruck, R. H., 504. 
Buchanan, H. E., $04. 
Buck, Mrs. R. C., 434. 
Buell, E. L., 504. 
Buikstra, B. H., 248. 
Burcham, P. B., 248. 
Burns, G. P., 504. 
Busemann, Herbert, 301. 
Bush, K. fe 

Bush, L. E., 131. 
Bussey, Ww. "H. 131. 
Butcher, Kathleen, 434. 
Calkin, J . W., 247. 
Cameron, E. A., 247. 


-, 363. 
Carlson, C. S., 131, 131. 
Carlton, L. Virginia, 65. 
Carmichael, R. D., 431 
Carpenter, F. M., 360. 
Carr, Mrs. J. V., 248. 
Carrier, G. ., 504. 
Carroll, I. S., "432. 
Cartan, E. J., 502. 
Cartwright, Mary L., 431. 


Carver, W. B., 193, 194, 312. 


Casey, F. J., 66. 

Caton, W. B., 66. 
Chambers, L. H., 65. 
Chatland, Harold, 247. 
Chellevold, J O., 65. 
Cheney, W.F _ Jr. 193. 
Churchill, Edmund, 504. 
Christy, Lola M., 301. 
Clarkson, J. A., 504. 
Coble, A. B., 504. 
Cohen, I. S., 504. 
Cohen, L. W., 562. 
Cohn, R. M., 509. 

Cole, Nancy, 562. 
Coleman, J. B., 126. 
Collier, Myrtle, 432. 
Conkwright, N. B., 193. 
Cook, G. S., 65. 
Costello, G. R,, 504. 
Cowan, R. W., "126. 
Cowen, Mrs. Jerry, 434, 
Cowles, W. H. H., 73. 
Cowling, T. G., 431. 
Coxeter, H. S. M., 193, 360. 
Crabtree, J. Bruce, 434. 
Craig, H. V., 124. 
Cramer, Paul, 247. 
Crandall, S. H., 504. 
Cross, R. E., 509. 
Currier, A. E., 65. 


Cutler, E. H., 65. 

Danzig, Tobias, 247. 

Darling, D. A., 504. 

Daus, Paul H., 510. 

Davids, Norman, 504. 
Davis, H. A., 562. 

de Bruyn, N. G., 124. 

Del Franco, Georgia K., 

de Losada y Puga, a tictéoal 301. 
Denton, W. W., 504. 

Derksen, J. B. D., 431. 

Diaz, J. B., 505. 

Dieckmann, H. R. C., 126. 
Dimsdale, Bernard, 505. 
Dines, L. L., 193. 

Dinwoodie, Mrs. Jeanne J., 66. 


Downs, T. L., 505. 
Dresden, Arnold, 300. 
Duffie, j. A. H., 184. 
Duren, W. L., Jr., 505. 
Durfee, William H., 505. 
Dutka, Jacques, 505. 
Dyer-Bennet, John, 432. 
Eagle, E. L., 301. 
Eilenberg, Samuel, 432. 
Ercolano, Fouise H., 185. 
Erdis, Paul , 65. 
Erikson, C. M. 247. 
Ettlinger, H. J.. 360. 
Eudey, M. W., 505. 
Evans, G. C., 435. 
Evans, H. P., 71, 193. 
Everett, C. J., 505. 
Everett, J. P., 184. 
Eves, Howard, 193. 
Farber, Mrs. Lorraine W., 66. 
Felice, Sister Mary, 71 


Firestone, C. D., 434. 
Flatland, Bette L., 248. 
Fleming, Walter, 126. 
Ford, L. R., 193, 246, 611. 
Foster, Mary L., 126. 
Foster, R. M., 193. 
Freudenthal, Hs 125. 
Freund, J. E 184. 

Fry, Cleota G., 432. 
Furman, Albert, 505. 
Gandy, W. W., ‘65. 

Gass, C. B. 128. 
Gatewood, B. E., 247. 
Gauthier, ‘Abel, 505. 
Gehman, H. M., 193, 312. 
Gelbart, Abe, 432. 
Gentry, F. C., 306, 567. 
Gere, B. H., 301. 
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Gerhardt, Florence E., 185. 
Gerretsen, J. H. C,, 124. 
Gibbens, Gladys, 505. 
Gibbons, M 6. 
Gibson, W. A., 301. 
Gillette, E. F., 66. 
Gillis, M. E., . 
Gingri ich, (On H. 131. 
Girsehick, M. A., 505. 
Givens, Walla ace, 505. 
Glass, R. H., 66. 
Glennan, T. K., 431. 


Gorman, J. R., 361, 434. 
Gottlieb, M. J., 360. 
Gottschalk, W. H., 363, 432. 
Gough, Lillian, 66. 

Gould, S. H., 432. 

Graesser, R. F., 568. 

Gras, E. C 


Green, J. Ww 510. 
Greenberg, H. J., 505. 
Greenspan, Bernard, 50S. 
Greer, Edison, 67. 
Griffin, N. Du, 126. 
Grigs, E. W., 


Grosheide, G. . A., 124, 360. 


Grove, C. C., 126 


Hamilton, H. J., 509. 
Hamilton, O. H., 437. 
Hammer, P. C., 506. 


Hart, W. L., 131. 
Hartman, Philip, 506. 
Harwood, May N., 432. 
Hawthorne, Frank, 185. 
Hay, G. E., 506, 612. 
Hayes, J. J. 506. 

Hazard, Katherine E., 506. 
Hazlewood, E. A., 56 68. 
Hebel, I. L., 563. 

Hedlund, G. A., 130. 
Heins, M. H., 432. 
Hemmingsen, Erik, 509. 
Henriques, Anna S., 506. 
Hertzig, Morris, 73. 
Hestenes, Magnus R., 432. 
Heyda, J. F., 247. 
Hibbard, W., 66. 


Holt, H. K., 66. 

Hopper, Grace M., 126. 
Householder, A. S., 126, 360. 
Hoyle, V. A., 247. 


Hughes, H. K., 432. 
Hull, Ralph, 128, 506. 
Hultquist, P. F., 66. 
Hyers, D. H., 124 
Hyman, M. A. . 
Hyslop, J. M., 431. 
Ingalls, E. E., 69, 440. 
Jackson, J. M., 431. 
Jacobson, Nathan, 506. 
James, Glenn, 124. 
James, R. C., 185. 
Jenkins, E. D., 506. 
qepeee Walter, $06. 
ohnson, R. E., 


506. 
Johnson, W. L., 306, 566, 567. 


Jonah, F. C., 361 
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Jones, B. W., 193, 506. 
jones. John, Jr., 66. 

ordan, C. W., Jr., 361. 
Kac, Mark, 432. 

Kalish, Aida, 185. 
Kaplansky, Irving, 432. 
Karlen, Samuel, 503. 
Karush, William, 506. 
Keller, M. W., 308, 432. 
Kelley, J. L., 432. 

Kiefer, E. E.C., 362. 

Klimzak, Walter, 562. 
Kline, J. R., 

Kloctomen: 4 "D., 

Knag, Mrs. Charlotte L. R., 185. 
Kossack, Carl, 432. 
Kozakiewicz, Waclaw, 126. 
Kramers, H. Aw 503 
Krueger, R. L., 

Kuebler, R eh 361, 432. 
Lambert, W. &. 247. 
Lamke, T. A., 66. 
Landin, Joseph, 185. 
Lapidus, Leo, 185. 
Larguier, E. H., 506. 
Larsen, H. D., 562, 568, 568. 
Latimer, C. G., 189 9, 432. 
Lawrence, Mrs. Ethel, 248. 
Lehmer, D. H., 193. 
Lehrman, Bernice J., 185. 
Lemme, M. M., 506 
Leveque, W. J., 50S, 
Levine, Emanuel, 185. 
Levine, L. D., 361 
Levit, R. J., 506. 
Lewandowski, J. T., 66. 
Lewis, C. F., 67. 
Lieber, Lillian R., 612. 
Lin, C. S., 506. 
Linquist, Theodore, 247. 
Lindstrum, A. O., 185. 
Linscheid, H. W., 506. 
Loflin, Z. L., 306, 567. 
Longley, W. R., 611. 
Lorenz, A. J., 506. 
Lowenstein, L. L., 432. 
Luce, R. E., 507. 
Luginbuhl, R. R., 507. 
MacDonald, Kk L., 361. 
MacDuffee, C. C., 126. 193, 431. 
Macintyre, A. J. ., 431. 
MacLane, G. R., 509. 
MacLane, Saunders, 247, 432, 502. 
Mannoury, G., 124. 
Marden, Morris, 71. 

Mark, A. M., 434, 509. 
Markey, J. W., 248. 

Markle, G. E., 433. 
Marm, Anna, 67. 

Martin, W. T., 189, 193, 193, 193. 
Mathews, C. W., 509. 
Mawhinney, Mrs. A. D., 185. 
Mazzuca, Helen M., 248. 
McArtney, June M., 66. 
McCoy, N. H., 193. 

McFarlan, L. H., 66. 
McKinsey, J. C. C., 301, 507. 
McMahon, F. A., 507. 
McShane, E. J., 503. 
Mendelsohn, N: S., 507. 
Mersman, W. A., 507. 
Meserve, B. E., 248. 
Mewborn, A. B., 126. 

Meyer, C. S., 124. 


Mickle, E. J., 512. 
Milgram, A. N., 247, 562. 
Milkman, Joseph, 66. 
Miller, D. S., 507. 


Mitchell, A. K., 562. 
Moller, R. W., 248. 

Morro, Sutton, 185. 
Montague, Harriet F., 433. 
Montgomery, Mabel D., 66. 
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Mood, A. M., 507. 
Moore, M. G., 361, 362, 433. 
Moore, M. R., 509. 
Moore, V. J., 66. 
Morrill, W. K,, 130, 364. 
Morse, Marston, 301. 
Moser, Leo, 507. 
Mosesson, Z. I., 361. 
Moshman, Jack, 301. 
Mossman, Thirza A., 66. 
Mosteller, F. C., 66. 
Munro, W. D., 131, 361. 
Murphy, K. H., 562. 
Myers, W. H., 435. 
Nelson, H. E., 131. 
Nemenyi, P. F., 361. 
Neubauer, Greta, 563. 
Neugebauer, O. E., 431. 
Newsom, C. V., 193, 193. 
Nichols, I. C., 306. 
Niven, Ivan, 189, 507. 
Noble, Andrewa R., 433. 
Norris, Nilan, 433. 
Northam, J. I., 433. 
Nuess, Vivian R., 248. 
Oakley, < C. O., 189. 
Oberg, E . Ne 301, 302. 
O'Boyle, G. J., 247. 
Ollmann, L. F., 193. 
Olum, Paul, 431. 
O'Neill, Anne F., 507. 
Ormsby, E. F., 66 
Paige, L. J., 509. 
Palmquist, K. L., 65. 
Parker, W. V., 306, 566. 
Pate, R. S., 126. 
Paulson, Edward, 433. 
Paxton, E. K., 247. 
Paydon, J. F., 65. 
Peiser, A. M., 433. 
Pepper, Echo D., 127. 
Perisho, C. R., 433. 
Perlis, Sam, 433. 

Peters, I. D., 562. 
Pettis, B. J., 507. 
Phalen, H. R., 127. 
Phillips, H, B., 433. 
Phillips, R. S., 433. 
Piranian, George, 562. 
Pitcher, A. Everett, 65, 363, 507. 
Pollard, H. S., 512, 612, 612. 
Pélya, George, 435, 503. 
Popken, J., 361 

Popow, J. W., 66. 

Price, H. V., 302. 
Protter, Murray, 562. 
Purcell, E. J., 507. 
Ramer, L. O., 248. 
Randolph, J. F., 193. 
Rayl, Adrienne S., 127. 
Reagan, C. A., 66, 67. 


Rees, P. K., 

Retchelderter, Poul, 248. 
Reiner, Irving, 503. 
Reingold, Haim, 507. 
Reschovsky, Helene, 507. 
Rhodes, C. E., 507. 

Rider, P. R., 611. 

Riesz, Marcel, 127. 
Rinehart, R. F., 127, 193. 
Ritcey, L. F. S., 507. 
Ritter, E. K., 433. 
Robbins, C. K., 433. 
Roberts, B. D., 568. 
Roberts, Mrs. Virginia B., 509. 
Robertson, Fred, 3 0. 
Robertson, H. P., 503 
Robinson, V. N., 65. 
Roessler, E. B., 435. 
Roever, W. H., 127. 
Root, R. E., 127. 
Rosenbach, J. B., 66. 
Rosenfeld, S. J., 248. 
Rosenthal, Arthur, 433. 
Rouse, L. J., 69, 440 
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Rowland, S. A., 511. 
Rubin, Herman, §02. 
Runge, Lulu L., 128. 
Rutland, L. W., Jr., 66. 
Safle, Marcia, 562. 
Sampson, N. H., 66 
Saslaw, S. S., 65. 
Scarborough, J. B., 130. 
Schaeffer, A. C., 433. 


Schneckenburser Edith R., 433, 


Schoenberg, I, J., 189, 363. 
Schouten, J. A., 124. 
Schubert, J. E., 248. 
Schuh, J. F., 124, 
Schwartz, H. M., 508. 
Schweigert, G. E., 562. 
Scobert, W. G., 248. 
Seebald, H. A., 66. 
Segal, I. E., 433. 
Shapiro, Aaron, 73. 
Shephard, R. W., 248. 
Sheridan, L. W ‘66. 
Shirk, J. A. G., 66. 
Shobe, L. R., 127, 
Short, W. T.. 437. 
Shreve, D. R., 437. 
Simon, Ruth G., 433. 
Simons, W. H., 127. 
Sinnott, E. W., 611. 
Smiley, M. F., 127. 
Smith, F. C., 248. 
Smith, Henry E., 248. 
Smith, Jerome C., 433. 
Smith, P. A., 431. 
Smith, P. K., 306. 
Smith, R. E., 127. 
Smith, R. G., 66. 
Smith, S. S., 127. 
Sobczyk, Andrew, 127. 
Sohon, F. W., 188. 
Spanier, E. H., 431. 
Spencer, Domina E., 508. 
Spencer, H. E., 248. 
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MATHEMATICS FOR LIBERAL ARTS STUDENTS* 
C. B. ALLENDOERFER, Haverford College 


At a time when all colleges and universities are reviewing their curricula it is 
highly appropriate that the Mathematical Association of America consider the 
role of mathematics in a liberal education. My talk today is only one of a long 
series of similar papers which have been read before the Association, and I think 
that this is very healthy. For we need to submit our course offerings to constant 
examination and evaluation if we are to meet the needs of our students most 
effectively. In this talk I shall deal only with the question of mathematics for 
liberal arts students, but Iam equally anxious that the Association examine the 
parallel problem of mathematics for the specialist, for there is much to be done 
in that direction as well. 

It is no easy task to find a definition of the “liberal arts student” which is 
acceptable to everyone today. Many colleges of “liberal arts” are rapidly be- 
coming schools for specialists, while others are in a frenzy to introduce “general 
education” of which there are as many definitions as there are advocates. In 
order to avoid the problem of defining a “liberal education” and yet to be 
specific as to the subject of my talk today, let me state that I plan to discuss 
mathematics for those students who now take one year of mathematics at most 
and who do so without regarding it as a tool subject essential to further studies 
in other fields. Clearly I am excluding the engineers, the physical scientists, the 
mathematics majors, and the commerce and agricultural students. The people 
I am talking about take mathematics in college because of their own interest in 
it, or more often because of some form of pressure through limited elective re- 
quirements or the like by the faculty of their university. For many of these stu- 
dents the traditional course is a chore to be accomplished without real motiva- 
tion or lasting value. In my opinion it is essential that we reexamine the needs 
of these students and that we redesign our courses to meet these needs without 
regard to tradition or our own personal preferences. 

In thinking of these students we should first consider those values with 
which mathematics is supposed to provide them. First we have utility as a chief 
reason for their study of mathematics. Even the non-specialist meets numbers 
at every turn and must deal with them, and he hopes to improve his under- 
standing of numbers by taking our freshman courses. Second, mathematics is 
traditionally known as a logical subject, and its pursuit is supposed to improve 
the capacity of the mind for reasoning. And finally, the student may hope to 
attain some understanding of the nature of mathematics and of its contribution 
to our culture. The liberally educated man is presumably acquainted with the 
triumphs and limitations of the major fields of knowledge and with their effects 
upon his daily life. So with this in mind (or in the mind of his university) he 
takes freshman mathematics. 


* Presented before the twenty-ninth Summer Meeting of the Association, New Haven, 
Sept. 2, 1947. 
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Let us now examine the standard freshman course to see how well it meets 
these aims. By the standard course I mean the practically universal year of 
algebra, trigonometry, analytic geometry, and occasionally calculus. As to 
utility, I have serious doubts. This year’s work is traditionally designed for the 
specialist as preparation for the calculus, and meets the needs of the “liberal 
arts” student very imperfectly. The mathematical needs of these students are 
limited (with one major exception) to a real competence in arithmetic together 
with a speaking acquaintance with logarithms and elementary trigonometry. 
These should have been acquired in high school, though we all know they fre- 
quently are not. The remainder of the standard course with its quadratic 
formula, theory of equations, solution of triangles, and analysis of curves is 
promptly and joyously forgotten, often before the course is over. One genuine 
need of these students, however, is almost universally neglected. This is an 
understanding of the fundamentals of probability and statistics. The abbrevi- 
ated treatment of probability frequently included in algebra courses does not, 
in my opinion, make any contribution toward fulfilling this need. One does not 
have to read more deeply than the daily newspaper (not to mention the racing 
form) to realize how frequently common man is faced with questions of odds, 
statistical charts, index numbers, sampling techniques, and calculated risks. 
That he deals badly with these is evidenced by his persistent losses on the stock 
market and in other games of chance, and by the ease with which fraudulent 
statistics are foisted upon the public. If we plan our course strictly on the needs 
of the students, I think we must include a very generous dose of probability and 
statistics. Steps in this direction have already been taken by a few far-sighted 
universities, and I strongly encourage others to follow their lead. 

The next goal of our course in mathematics is an increase in the students’ 
reasoning power. The ability to construct a sound mathematical argument is 
popularly supposed to increase our reasoning powers in other fields of endeavor. 
I insist that this position is unsound, and furthermore that our freshman course 
does not even sponsor sound mathematical reasoning. In my opinion our stand- 
ard textbooks train the students in a limited number of routine processes and 
rarely call upon them to carry out original logical thought processes. Indeed 
some of the most widely accepted texts are little more than cookbooks in which 
the student learns how to find the answer in the book by following Step One, 
Step Two, and Step Three. Also witness the deterioration of even the “worded 
problems” in many texts to type forms similar to worked examples in the book. 
Though these methods of teaching quickly enableé the student to pass standard- 
ized examinations, they do not teach him anything about mathematical reason- 
ing. But even the attainment of modest skill in mathematical reasoning does 
not assure a similar skill in other types of thought. Any belief to the contrary 
should be exploded by considering the arguments advanced by some profes- 
sional mathematicians and other mathematically trained scientists when they 
speak or write on non-professional questions. President Conant recently said in 


1947] MATHEMATICS FOR LIBERAL ARTS STUDENTS 575 


this university: “My own observations lead me to conclude that as human be- 
ings scientific investigators are statistically distributed over the whole spectrum 
of human folly and wisdom much as other men.” 

It is indeed a difficult task to teach men to think, and I have no magic 
formula for doing it. I submit, however, that more progress can be made by a 
frontal attack than by a flanking attack through freshman mathematics. Tradi- 
tional courses in logic are too formalized to fill this bill, and moreover are too 
difficult for freshman students. Further by their emphasis on deductive reason- 
ing they fail to present a balanced view of the ways men think. 

It may be too much to ask freshmen to-master a course in “Methods of 
Thinking” (even if such a course could be devised), but I think a more limited 
objective can be attained. My suggestion is that a course be designed to teach 
“Methods of Quantitative Thinking.” Such a course was suggested to me by 
my war-time experience in Operations Research, which may be described as an 
attempt to analyze the quantitative aspects of conduct of military operations. 
It was disturbing to me to observe how many well-educated officers found it 
dificult to state quantitative problems in a fashion which could lead to their 
solution or to use elementary mathematics as a native language for expressing 
their ideas. It is remarkable to realize how many problems of business, industry, 
and education are wholly quantitative or else involve numbers in an essential 
way. Since most of these problems can be solved by relatively simple mathe- 
matical tools, the objective of such a course would be to develop a feeling for 
quantitative reasoning rather than to teach complex techniques. 

Before considering the content of such a course, let us mention the kinds of 
questions which must be answered before one can obtain a solution to such a 
problem. First one must state the objective of the investigation, and this must 
be in quantitative terms. Often this appears as the statement that some variable 
is to be maximized or minimized. Examples of such variables are: profit, output, 
cost, or to take a military example, the ratio of friendly losses to enemy losses. 
This involves no mathematics, but demands a clear understanding of the 
numerical aspects of the problem. It is remarkable how helpful it is in a general 
discussion to have this objective firmly agreed upon. Then the other assump- 
tions of the problem have to be introduced: what is to be held constant, what 
variables are to be considered as independent, and how realistic are these as- 
sumptions? Finally an equation is developed, the coefficients determined by 
statistical methods, and a course of action is determined as a result of this equa- 
tion. Another type of problem concerns a decision to be made in which at least 
one of the important factors is very uncertain; indeed this is true to some ex- 
tent in most of the decisions we have to make every day. The quantitative ap- 
proach in this case is to estimate the probabilities associated with the uncer- 
tain variable, and the gains or losses associated with the possible eventualities. 
The reasonable man will then proceed in a fashion which will maximize his 
expected return, rather than play for a long shot. The popular failure to respect 
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this precept accounts not only for the success of gambling houses and the ruin of 
their regular customers, but also for many of the tragedies in our personal and 
business lives. 

A course in “Methods of Quantitative Thinking” should then include an 
introduction to deductive logic, axioms, and abstract thinking; a thorough re- 
view of elementary algebra and arithmetic; a substantial treatment of probabil- 
ity and statistics; together with numerous practical applications to everyday 
quantitative problems. This is essentially a course in mathematics, and I believe 
it could be taught to our freshman students of liberal arts. 

Turning now to the last objective, namely, explaining the role of mathe- 
matics in our culture, I feel that it is only the rare teacher who takes any steps 
in this direction. The educated public is almost totally unaware of what mathe- 
matics has done or how a mathematician thinks. I am sure many of you have 
told a new acquaintance that you are a mathematician, and have been treated 
with a most dubious “Oh!” as a reply, followed by an immediate change of the 
subject. From our own personal points of view this is an unhealthy situation, 
for it makes it difficult for mathematics to develop popular support and recogni- 
tion. But it is even more serious for our culture as a whole when educated per- 
sons think of mathematics as a set of manipulative tricks, idle formalism, or 
black magic. There have been numerous attempts at various levels to explain 
mathematics “to the million.” Although a few of these are excellent, the 
majority are quite misleading, and I think that there is room for much further 
progress in this direction. In particular there is a great scarcity of textbooks of 
this nature which are suitable for freshmen, and although those in print are 
excellent as pioneers, I do not feel that the ideal course has yet been de- 
veloped. In constructing a course in “Mathematics in Our Civilization” there 
are several points to bear in mind. We must be sure that the content of the 
course 7s mathematics and is not just about mathematics. I do not think that it 
is possible to understand our subject without actually entering into its details 
and solving some of its problems. A mere acquaintance with fancy terms such 
as “Non-Euclidean Geometry,” “transfinite numbers,” and “group” is not 
enough. We must not teach a veneer of mathematical terms which will merely 
enable our students to dazzle their contemporaries in a polite conversation. We 
must also avoid the temptation to overemphasize mathematical recreations. 
Amusing as these may be, they are not the solid fabric of our subject, and they 
must not become the center of our instruction. 

It is my position, therefore, that our standard freshman course needs radical 
revision if it is to meet the real needs of. liberal arts students. Unfortunately, 
however, it is far easier to attack the present curriculum than it is to develop a 
sound alternative to it. The preparation of a novel course, the publication of a 
suitable text, and its acceptance by our university authorities are no mean 
hurdles. I come before you as one who is still in the first phase of this process; 
I have no pat course or textbook to peddle. It will require the combined efforts 
and talents of most of us before a new, widely accepted freshman curriculum 
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is developed and adopted. My own ideas are in a formative stage, but I suggest 
that progress will come along some of the following lines, or a synthesis of 
them: 

(1) Replacement of much of analytic geometry and trigonometry by prob- 
ability and statistics. 

(2) Incorporation into our course of material adequate to explain to the 
non-specialist the nature of mathematics and its contribution to our civilization. 

(3) Development of a new course in “Methods of Quantitative Thinking” 
along the lines sketched above. 
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DISCUSSION OF THE PAPER 


Dean W. L. Ayres, Purdue University: In considering this proposed cur- 
riculum we must keep clearly in mind the group of students for whom it is 
planned, that is, the group remaining after all engineers and majors in mathe- 
matics and physical science have been removed. Most of us will admit our com- 
plete failure at teaching the traditional course to this remaining group. Thus 
any proposed change is not likely to make the situation worse. This group is 
composed of those who have taken mathematics only because it has been re- 
quired and have always hated it. They have been taught the technique of algebra 
in high school but the inoculation has not taken. There is little hope that a new 
exposure to the traditional techniques will improve them. I would consider the 
proposed course a success if it merely aroused the interest of this group and con- 
vinced them that mathematics was not the dull and dreary subject they had 
always believed it to be. 


Professor J. S. Frame, Michigan State College: In connection with the sug- 
gestion that one half of the freshman mathematics course be devoted to sta- 
tistics, a serious staff problem would be confronted in some of the larger institu- 
tions. During the winter term, 1947, at Michigan State College there were 1157 
students who completed courses in statistics in addition to 1618 who completed 
college algebra, trigonometry, and analytical geometry, and a thousand more 
were enrolled in more elementary courses. All our teachers who could and would 
teach statistics were assigned to the regularly scheduled statistics courses. 
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Whether or not it would be pedagogically desirable, we could not have offered 
statistics to the other 1600 freshmen without an elaborate teacher training pro- 
gram. 


Professor W. B. Carver, Cornell University: Are you able at the beginning 
of the freshman year to separate those students with the kind of general cultural 
interest at which this course is aimed from the students who will want a thor- 
ough training in mathematics for applications to the sciences, economics and so 
forth; if not, do you think that the course would be at all suited to the latter 
group of students? 


Reply by Professor Allendoerfer: I think that a fairly satisfactory separa- 
tion of the students into the two groups mentioned can be achieved at the be- 
ginning of their freshman year by considering their answers to the question: 
“Are your reasonably sure that you will take only one year of mathematics?” 
Of course, some students will answer “yes” to this question, will take the course 
I have outlined, and then will change their minds and wish more mathematics. 
These students will then be chronologically behind in their technical mathe- 
matics, but this will be balanced by their greater appreciation of the relation 
between mathematics and the subjects to which they will apply it. Indeed in the 
long run they will be better off then if they had started out with the traditional 
course. 


Professor E. R. Ott, Rutgers University: It is significant that the four or 
five mathematicians who have spoken are in surprising agreement with the 
major premise of this paper, namely, that there are numerous topics which 
should be worked together to replace many of the topics now taught in trigo- 
nometry and analytic geometry. It seems agreed that there is an abundance of 
topics in algebra which are suitable for a first semester course. Then for a 
second semester, it is urged that a great deal of time be devoted to topics from 
applied statistics. It is doubtful if any existing text meets these specifications. 

Professor Allendoerfer is concerned primarily with a terminal course in 
mathematics. However, I should like to point out that the inclusion of topics 
from applied statistics would be welcomed in the preparation of our science and 
engineering students. Engineers from industry and research, meeting at the 
Annual Convention of the American Society for Quality Control (Chicago, 
June 5—7, 1947), urged that every effort be made to include many concepts and 
techniques from applied statistics in the regular undergraduate engineering cur- 
riculum. In order to provide competent instruction, it was proposed that a pro- 
gram of staff study and discussion be instituted to be led by a person experienced 
in the techniques and applications of applied statistics. 


GEOMETRY OF THE KASNER TRIANGLE 
G. H. F. GARDNER, Trinity College, Dublin, Ireland 


1. Introduction. This paper intends to develop somewhat the geometry of 
the triangle in the Kasner plane, showing an extension of the parabolic analogue 
of the nine-point circle, a hyperbolic analogue of the nine-point circle, and an 
analogue of the Simpson line. 

The measure of the horn angle between two curves with first order contact is 
defined by (T2—T)?/(dT'2/dse—dT1/ds1) where I’ denotes the curvature of the 
curve at the point of contact and s denotes the arc measured along the curve. A 
fundamental theorem of Kasner states that the measure of the horn angle, thus 
defined, is invariant under the group of conformal transformations. The dis- 
tance between two points (%1, 1), (%2, v2) in the Kasner plane is defined by the 
quantity (%2e—%1)2/(ye—41), which is the measure of the horn angle between the 
curves corresponding to the points x=I, y=I'/ds. Thus the metric of the plane 
is ds = dx?/dy. This is equivalent to the following change of axes transformation: 


G3;3 x«=mX +h, y= mY + k. 


The lines x =a constant are called zero lines, and the lines y=a constant are 
called infinite lines. The angle between two lines y=pix+n, y=pex+7e is de- 
fined as a= p2/p1 since this is invariant under G3. The distance with slope P 
from the point (xo, yo) to the line y=px+r7 is D(P) =(vo—Pxo—1r)/P(p—P). 
This has a relative minimum P/p=1/2, so that an angle a=1/2 may be called 
a right angle. When a12=a2, it follows that a= +1, s0a=—1 may be called a 
quasi-right angle (a symmetrical definition); a=-+1 gives parallel lines. 

If the line joining the points (x1, y1) and (x2, ye) is divided in the ratio J:m by 
the point (x3, y3) then it is readily seen that 

lxe + mx. lye + myi 
43 = —————) y3 = — 
1+ m™m L-+m 

By defining a circle as the locus of a point (x, y) at a constant distance 7 
from a fixed point (a, 6), we obtain (x —a)?/(y—b) =r. This is called a parabolic 
circle, with its center at (a, 6) and with the radius 7. We take as a standard 
parabolic circle, the unit circle x? = with the center O,=(0, 0). Its parametric 
equations are x=t, y=?. 


2. Standard position of a triangle. Clearly a triangle may be taken quite 
generally as any three points on a unit parabolic circle (ti, 4), 7=1, 2, 3. By 
writing 

Si = + te + bs, 

2 2 2 2 2 
Se = lots + gti + tile, S =http tts = Si — 22, 
Ss = blots, 


the inscribed parabolic circle is easily seen to be (x+$1)?=4(y+S2), having the 
center J=(— Si, — Se). 
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3. Nine-point parabolic circle. The parabolic circle (2x—S,)?= —(2y—S2), 
with the center N,= ($51, $S?), passes through the midpoints of the sides and 
the feet of the zero lines through the vertices of the standard triangle. The 
centroid G of the triangle is (S:/3, S?/3). The points Op, G and N, lie on 
S°’x = Syy, which may thus be called an Euler line. Consider now the point H, 
on this Euler line which would correspond to the orthocenter of the triangle 
(Hy = (Si, S?)), so that ON,=N,H,. Any point Q on the circumparabolic circle 
is (t, #?). Therefore the midpoint of HQ is 


t+ Sy 2 +S? 
a ane, 


x 


This midpoint lies on (2x—S,)?=2y—S?, a parabolic circle with center 
Np = (351, 3S”). The nine-point circle of a Euclidean triangle passes through the 
midpoints of the sides and the feet of the altitudes, and bisects all lines joining 
the orthocenter to the circumcircle. In the Kasner triangle this splits into two 
parabolic circles, concentric, equal, but oppositely oriented. Their equations are 
(2% — S1)?= + (2y — $2). 


4. Hyperbolic circles. Consider the definition.of a circle specified by having 
the angle in a segment constant. Let two fixed points be (x1, yi), and (x2, yo). 
Then the angle a subtended at a variable point (x, y) is given by 


Y— Yo %— X41 


= &. 
%— Xo VY— M1 
Hence if @ is constant, (x, y) lies on the curve, 
(1) xy(1 — a) — (ye — ay1) — y(%2 — ax1) + ite — ayaa, = 0. 


This may then be called a hyperbolic circle, and its asymptotes are always 
parallel to the zero and infinite lines. In the case where 


tit %2 vit ye 


5 ae 0, a= — 1 (a quasi-right angle), 


we obtain xy =a constant, with its center at (0, 0). Its parametric equations are 
x=u, y=c/u. It is easily seen that the angle subtended by points 1, u2 is ue/u1, 
and that the tangent is quasi-perpendicular to the radius. 


5. Analogue of the Simpson line. Consider the triangle with vertices (¢;, é;2) in 
the unit parabolic circle. Let us find the locus of a point P(x, y) such that the feet 
of the lines drawn from P, making constant angles a with the three sides of the 
triangle, are collinear. We will see that it is the hyperbolic circumcircle of the 
triangle. Let two such lines meet the sides (13), (é:f2) in the points (x4, ya), 
(xs, Ys). Then we have for the slope of the line joining these two points, 
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Ya Ye a(ty +e ty) (t1 + ts)(4~ — th) 


x4 — Xs y— fi 
Hence if the three feet are collinear, (x, y) must lie on the curve, 
a(t: + te) (t: + t3)(% — t1) _ a(t, + ts) (te + t1)(” — ta) 
y= fi 7 y— f 
which reduces to 
(2) xy + 0Se — ySi — S3 = 0. 


This is a hyperbolic circle with center Oy =(S;, —S2). Solving with the circum- 
parabolic circle y=x?, we obtain (x—t)(x —tz)(x —ts) =0; hence we do have the 
hyperbolic circumcircle of the triangle (¢;, {7). 


THEOREM. If from any point on the hyperbolic circumcircle of a triangle lines 
are drawn making equal angles with the sides of the triangle, their feet are collinear 
and the line may be called the generalized Simpson line of the triangle. 


In the case where a= —1 the line may be called the Simpson line of the 
triangle. The parametric equations of (2) are 


x= Si-+ 4, y= — So + (S3 — SiS) /u. 


The equation of the generalized Simpson line of the point (z) is then, on re- 
duction, 


(3) (1—a){y+ aux} = — (Si + u) {aru + aS; + So/u} + S3/u. 


The slope of the generalized Simpson line of the point (“) is —au. From this we 
have the following familiar theorems: 


(a) The generalized Simpson lines of diametrically opposite points are quasi- 
perpendicular. 

(b) The triangle formed by the generalized Simpson lines of three points 1s 
similar to the triangle formed by the three points. 


6. Nine point hyperbolic circle. We have seen above that hyperbolic circles 
offer an analogue for the Simpson line. Let us consider the corresponding hyper- 
bolic nine-point circle. We take the triangle, as usual, in the unit parabolic 
circle. The hyperbolic circle 


(4) xy — ka(S1 ~ Ss) + 3(SiS2 — Ss) = 0, 


with center Vz= [0, 4(S{—S:2)], goes through the midpoints of the sides and 
the feet of the quasi-perpendiculars through the vertices. Also the quasi- 
perpendiculars meet in the point H = (—.S;, $7) called the orthocenter. Any point 
P on the hyperbolic circumcircle is [Si-+-u, — S2-+(S3— SiS) / u|. Then the mid- 
point of HP is given by 
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x=—, y= h[Si—S2+ (Ss — 51S2)/u], 


which is easily seen to lie on (4). 


THEOREM. The hyperbolic circle, xy —4x(S{—S2) —4(S3—S1S2) =0, passes 
through the midpoints of the sides and the feet of the quast-perpendiculars, and 
bisects all lines joining the orthocenter to the hyperbolic circumetrcle. 


Such a hyperbolic circle may be called the hyperbolic nine-point circle of the 
triangle, and offers a complete analogue of the nine-point circle. 


THEOREM. The Simpson line (a= —1) of the point P bisects the line PH and 
meets the hyperbolic nine-point circle there. 


The coérdinates of the midpoint are 
u Lee 
x= 7” y= 4(91 — So) + (S3 — SpS2)/2u, 


which are easily seen to lie on (3) with a= —1 and (4). 


THEOREM. The centroid, hyperbolic circumcenter, hyperbolic nine-potnt center 
and the orthocenter are collinear. 


The four points 
G= {45,45}, Ov={Si,—S:}, Na = {0,4(Si— Sf, 
and H= { —S;, S?} all lie on the line given by 


(5) 2yS1 + x(S4 + Se) — Su(S1 — Se) = 0, 
which may be called the hyperbolic Euler line. Moreover, 
OzG:GHy: Nu = 2:1:3, just as 
OpG:GHp: NpHp = 2:1:3 in the parabolic case. 


THEOREM. The hyperbolic nine-point circle touches the hyperbolic inscribed 
circle. 


This is awkward to show analytically as the equation of the inscribed hyper- 
bolic circle has coefficients which are not rational in the parameter ¢. However 
we may see that such a conclusion follows as a particular case of the following: 


THEOREM. A conic through the midpoints of the sides of a triangle touches a 
conic tangent to the sides of the triangle if the conics have parallel asymptotes. 


This is easily seen by projecting the two common points of intersection of 
the conics with the line at infinity into the circular points at infinity. The conics 
then become simultaneously the nine-point and inscribed circles of the triangle, 
which do touch. 
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In particular, the inscribed parabolic circle touches the nine-point parabolic 
circle, and the inscribed hyperbolic circle touches the nine-point hyperbolic 
circle. 
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NONSEPARABLE CONVEX SYSTEMS 
H. HADWIGER, Berne, Switzerland 


A system of 2 closed convex bodies K; (=1, 2,++-+,m) in a plane will be 
called separable if there is a straight line G which intersects no K; and which 
divides the plane into two half planes each containing at least one K;. In the 
contrary case we shall call the system nonseparable. 

In a recent note A. W. Goodman and R. E. Goodman* showed that a non- 
separable system of circles K; having radii R; (¢=1, 2, +--+, ) can always be 
covered by a circle K of radius 


In this note we shall prove in a very simple way an analogous result con- 
cerning general nonseparable convex systems. 


THEOREM. Let Ko denote the convex hull of the nonseparable convex system 
K; (¢=1, 2,+++,n). Let Li, D;:, and R; denote the circumference, the diameter, 
and the radius of the circumcircle, respectively, of the body K; (4=0,1,°--, 1). 
Then 


(1) In S DOL, Do S >) Di, Ryo S >, Ri 


j=] f=] i=1 


Proof: Let G(¢) be any line which with a fixed reference line Go forms an 


* A. W. Goodman and R. E. Goodman, A circle covering theorem, this MONTHLY, Vol. LII, 
No. 9, 1945. 
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angle d (0 S¢ <7). Let S;(@) be the length of the projection of the convex region 
K; (4=0, 1, - ++, ”) on the line G(¢). The quantity S;(d) is just the so called 
breadth of the body K; in the direction determined by ¢. 

Since each perpendicular to G(@) which intersects the convex hull Ko must, 
by the assumption of nonseparability of the system, intersect at least one of the 
convex bodies K;, the segments S;(¢), (¢=1, 2, +--+, 2) completely cover the 
segment So(¢), so that for all ¢ one has 


(2) Sl) S ESH8). 


t==1 


By a well known formula of Cauchy 
J suede = Le 
0 


so that an integration of the inequality (2) gives the first of the inequalities (1). 
If one next selects the angle 6 =do so that S;(¢o) = Do our inequality gives 


Do & 21 Si($0) 
i=l 
and since Si(¢o) S$D;, it follows that 


Do & >, Di. 
i=l 
Finally consider the circumcircles of the convex bodies K; (t=1,2, +--+, 7). 
Obviously these form a nonseparable system of circles. By the theorem of A. W. 


Goodman and R. E. Goodman these circles can be covered by a circle of radius 
R=) 7iR;, and since RoSR, we have 


The.corresponding result for spherically convex systems on the surface E 
of the unit sphere are inherently simpler, since in this case no reference to a 
convex hull is needed, in the formulation of a necessary condition for non- 
separability. 

A convex body on the surface of the unit sphere E is a closed set in E, which 
lies entirely in some hemisphere E’ and which contains, along with every pair 
of points of the body, all the points of the arc of the great circle lying in EZ’ and 
joining the two points. 

A convex system K; (¢=1, 2,-+-+,) on E will be called separable if there 
is a great circle G which intersects no K;, and which divides the sphere into two 
hemispheres each containing at least one K;. Otherwise the system is called 
nonseparable. We prove now the somewhat more general result. 
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THEOREM. Let K; (t=1, 2, ---, 7) bea system of convex bodies on the surface 
of the unit sphere E. Let N(G) denote the number of bodies intersected by a great 
circle G. Suppose further that for all G 


aS NG) SB. 
Then 


Ina S >, L; S 2x8, 
t=1 


where L; ts the circumference of the convex body K;. 
As a corollary we have: 


COROLLARY. If the convex system on the unit sphere is nonseparable and is not 
contained in any hemisphere, then 


Proof: Let dG denote the (spherical) kinematic density on £ of the moving 
great circle G; then 
f dG = &r? 


where the integral is taken over all motions of G. 
By a formula from integral geometry due to L. A. Santalé* one has for the 
integral of N(G) 


1 n 
7 f N(G)dG = 2, Li. 


Taking into consideration the hypothesis a $ N(G) SB, one can easily obtain 
from the above integral formula the inequality (3) which was to be proved. 

The corollary concerning nonseparable convex systems is an easy con- 
sequence of the remark that in this case a21. 


* L. A. Santalé, Algunos valores medios y desigualdedes referentes a curvas situadas sobre la 
superficie esferica; Revista de la Unién MatemA4tica Argentina, Vol. VIII, 1942. 


AN INVERSION FORMULA FOR AN INTEGRAL 
RELATED TO DIRICHLET SERIES 


W. C. G. FRASER, Rutgers University 


In this article a real inversion formula is obtained for an integral of the 
form 


(1) f(s) = i) t'da(t). 
1 
This is the Stieltjes integral form of the Dirichlet series 
(2) >, ann-8, 
n=1 


where we define a(#) as follows: 


a(1) = 0, a(t) = >> an, (t > 1). 
n<t 

While complex inversion formulas for (2) can be found in textbooks, the 
author has not seen the following real inversion formula, which is the analogue 
of the Phragmén inversion formula [1] for the Laplace transform. 

It can be shown [2, 35 et seg.] that there is a real number o, such that the 
integral on the right side of (1) converges if R(s), the real part of s, is greater 
than o,, and diverges if R(s) is less than o,. It can also be shown that the func- 
tion a(t) satisfies the inequalities 


ox() {" o(t@et®) (c. = 0), 


(3) , 
is bounded (a. < 0). 


THEOREM. If a(t) is a function of bounded variation in every finite interval 
(1, R) with a(1)=0, and 


(4) f(s) = f Pda), R(s) > o, 
then 

ge (=)H 
(5) lim >) — 4”*f(ns) 

sto n= nN! 


equals a(t) where a(t) is continuous, or equals 
1 1 
— a(t-) +(1- —)a(t+) 


where a(t) ts discontinuous, with limits a(t—) and a(t+-) on the left and right, 
respectively. 
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It is not necessary to assume that a(1) =0, but no generality is lost by doing 
so, and the details are somewhat simplified. 
We have 


> 


n=l 


ec 2 mf mde 


n=1 


(— a +f(ns) 


[oe] 


inet [o(r)o-m] "+ ns f a(r)r-"*-ldz} . 


1 


(6) 00 — )jnrtl 
> ! 


n=l 

Using the inequalities (3), and the fact that a(1) equals zero, the integrated 

part on the right side of (6) is seen to vanish. Consequently the expression (6) 
may be written in the form 


n! 


00 (— nt+1 


(7) Lu 


i"*ns f a(r)7~"*- dz, 
1 


The expression (7) converges if all terms are replaced by their moduli. Thus we 
may invert the order of summation and integration to obtain 


) — \nrtl 
x 2 


n=l 


t"*n5 f a(r)r- "ld 
1 


— uy n+1 
ns t%4-2-Idy 


= fae) 


“Sr if sa) f* 


° d 
(8) = fa) = fewm}ar 


== J a(t) K, (=) dr, 


where 
K, + = a { e-(tlne} 
T dt 
KY t\é 
- =(=) e~tlr)* > 0, when s 2 0. 
T T 
Also 


) t ~ 
fo 8 (par = leer 
1 T , 
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=1-—e* 
—i1 as sH~+ oo, 


Thus the factor K,(t/r) is positive and its integral tends to 1. Furthermore, 


t—e€ t 
i) K; (=) df = e~Ctl(t-e))s — et 
1 T 


—-0 as sr+o, 


f K,(—) ar =— | — eg Cl(tre))s 
t+e T 


—0 as sro+ oo, 


and 


The order relations (3) and the fact that K,(t/r) is positive, are sufficient to 
ensure that both 


t—e t 0 t 
f a(r) Ks (=) dr — 0, i) a(r)K, (=) dr—0, as s+ oo, 
1 T t+e T 


Thus it follows that if a(r) is continuous at 7=#, then the expression (8) tends 
to the limit a(#) as s>-+ 0. 
However, where a(t) is discontinuous, we have 


[aon (2a 


= a(t+) i) | “K.(+) dr + J (a) — a(t++)}K,(—)ar. 


The first term on the right 


= a(f+) [eCletooe — @-1] 
1 

> a(t+)(1 _ -) as soto, 
é 


The absolute value of the second term on the right is less than 6(1—1/e) for 
any arbitrary positive real number.6, as s—>-+ ©, provided e€ is sufficiently small. 
The integral {f_.a(r)K.(t/r)dr may be treated similarly, leading to the result 
that where a(#) is discontinuous, the expression (8) tends to the limit 


~ a(t) + (1- —)a(t4) as s—> + o, 
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MATHEMATICAL NOTES 


EpDITED BY E. F. BECKENBACH, University of California 


Material for this department should be sent directly to E. F. Beckenbach, University of 
California, Los Angeles 24, California. 


NEW PROOF OF A MINIMUM PROPERTY OF THE REGULAR n-GON 
L. F. Tots, Budapest, Hungary 


J. Kursch&ék gives in his paper Uber dem Kreis ein- und umgeschriebene 
Vielecke* among others a complete and entirely elementary geometrical proof 
of the well known fact according to which the regular n-gon P, has a minimal 
area among all n-gons P circumscribed about a circle c. In this proof P, is 
carried, after a dismemberment and a suitable reassembly, in »—1 steps into 
P,, so that the area increases at every step. 

In this note we give an extremely simple proof,} which appears to be new, 
showing immediately that if P, is not regular, then P,> P,, where the area is 
denoted by the same symbol as the domain. 

Consider the circle C circumscribed about P,. We show that already for the 
part P,-C of P, lying in C we have 


P,:C > P,. 
We have P,-C=C—nst+(sisgt+sos3+ +++ +551), where we denote by 


51, 52, °° *, Sy the circular sections of C cut off by the consecutive sides of Pn, 
and by s the circular section of C cut off by a tangent to c. Hence 
Pi:C = C — nS. 
Then 


P, 2 Pa C 2C — ns = Py. 


Equality holds in P,=P,C resp. in P,C = Pr» only if no vertex of P,, lies in 
the outside resp. in the inside of C; this completes the proof. 


BINOMIAL COEFFICIENTS MODULO A PRIME 


N. J. Fine, University of Pennsylvania 


The following theorem, although given by Lucas in his Theorie des Nombres 
(pp. 417-420), does not appear to be as widely known as it deserves to be: 


THEOREM 1. Let p be a prime, and let 


M = Mot Mip + Mop? +--+ + Mip® (0 
N=Not Mip + Nop? +--+ + Nap® (0 


* Mathematische Annalen 30 (1887), pp. 578-581. 

+ As P. Szész remarked [Bemerkung zu einer Arbeit von K. Kiirsch4k, Matematikai es 
Fizikai Lapok XLIV (1937), p. 167, note 3] Kiirsch4k’s proof is independent of the axiom of 
parallels. This advantage is preserved in the present proof. 
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M M M, M, M; 
(x)= (ive a va) Cin.) 98 
N No N, Ne Nix 

We offer a short proof of the above theorem: 


M /(M k 
>( a = (1+ 2)¥ = TT (1 + ar}, 


r=( 


Then 


k 
= |] (1 + x”) (mod 9), 
r==0 


“WE (ey 


N=0 roa) 5; 


where the inner sum is taken over all sets (so, 51, -  * , Sx) such that ))*_os,p" =. 
But 0Ss,SM,<p, so there is at most one such set, given by s,=N, (0S7rSk) 
if every N,S M,; if not, the sum is zero. The theorem follows by equating co- 


efficients of x, since 
M, 
( ) = 0 for N; > M,. 
N, 


THEOREM 2. Let T(M) be the number of integers N not exceeding M for which 
(|, ) #0 (end 
m . 

N Pp 


Then 


r=0 


Proof: Since M,<, there are M,+1 values of N,, given by OS N,S M, for 
which 


() # 0 (mod p) 

m ; 
N, ? 
and these are the only ones. 


THEOREM 3. A necessary and sufficient condition that all the binomtal coeffi- 


cients 
M 
( ), 0< N<M, 
N 
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be divisible by p ts that M be a power of p. 


Proof: The function 7('M) takes the value 2 if and only if one of the M/, is 1 
and all the others are 0. 
In the opposite direction, we may ask for what values of M none of the 


binomial coefficients 
M 
( ), OS NSM, 
N 
are divisible by ?. 


THEOREM 4, A necessary and sufficient condition that none of the binomial co- 
efficients of order M, with 


M=Mo+ Mip+--++ Mip* (0S M, < p; Mi > 0) 
be divisible by p is that M,=p—1 for r<k. 
Proof: Let M* = M— M;,p*. Suppose first that 7(M) =M-+1. Then 
Mip® + M*+1=M+1=T(M) = (M+ 1)T(M") Ss (Mi + 1)(M* + 2) 
M,(M* + 1) + M*+ 1S M,p* + M* +1. 


From this chain of inequalities it follows that M*=p*—1. Conversely, if 
M* = p*—1, then 


T(M) = (M,+ 1)p* = Map? + M*¥4+1=M +1. 


Our last theorem deals with the “probability” that a binomial coefficient 
chosen “at random” will be divisible by ». More precisely, consider the 
3(m+1)(m+2) binomial coefficients 


M 
( ), OSNSEM Sm, 
N 


and let Q(p; m) be the fraction of these which are not divisible by p. 
THEOREM 5. For every prime p, lim Q(p; m) =0. 


Proof: For k20, let 
pk—1 
G(k) = 3p*(p* + 1)Q(p; p* — 1) = DY T(M). 
M=0 


Clearly G(0) =1. Using the notation introduced in the proof of the preceding 
theorem, we have 
pretty 


rao 


p—1 pk—1 


> Dd (M+ 1)T(M*) 


M,;=0 M*=0 


G(k + 1) 
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{> (Mz + } {x rus) 


M,=0 M*=0 
3P(p + 1)G(k). 


It follows immediately that G(k) = ($p(p+1))*. Now suppose that p* Sm <p*t!, 
Then 


2 
Q(p;m) S Gai bman oe + 1) < 2p-**G(k + 1) = 2p-?2*(Sp(p + 1))* 


o(p +1) (—*Y, 


which tends to 0 with increasing m. 

By an obvious extension it follows that, given an arbitrary finite set of 
primes, it is “virtually certain” that a binomial coefficient chosen at random 
will be divisible by all the primes in the set. 


VOLUME OF AN n-DIMENSIONAL SPHERE 
H. P. Evans, University of Wisconsin 


1. Introduction. That certain definite integrals may be evaluated from prob- 
ability considerations is well known [1]. It will be shown that the evaluation of 
the multiple integral for the volume of an n-dimensional sphere may be obtained 
from the probability distribution of the sum of squares of m independent and 
normally distributed random variables, all having the same standard deviation 
og and mean zero. Since the study of this distribution is a standard topic for 
courses in both probability theory [1] and mathematical statistics [2, 3, 4], 
and since the formula for the volume of an n-dimensional sphere is derivable by 
the methods of advanced calculus [5, 6], a consequence of the present note is 
the establishment of a further connection between the methods of probability 
theory and the methods of advanced calculus. 

2. Analytical development. Let x; (4=1,2,-°-- ,m) be ” independent and 
normally distributed random variables, each having the standard deviation o 
and the mean value zero. If we put x =) xi, where the summation is from 1 ton, 
it is known from probability theory that the probability density function for 
x is 


(202)-n!? 
° aC 


f(a) = 


From the given distribution of the x,’s it follows that the distribution function 
for x =)>_ x7 is 


gnl2-le-a]2o | x > 0, 


x <0. 


| 
S 
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(2) P(DS 2; <i)= sea SS ee [ errtaman, - ++ Xn, 


R 


where R is the region in the space R, for which >/x? St, that is, R is the region 
interior to the m-dimensional sphere of radius r=+/? and center at the origin. 
By means of (1) we have also, 


Q-nl2g—n t 
3) Pes) =Pus)= f nl?Ig—e)20*d 
(5) 
2 


Now let F(x) be any function whose expected value E{ F(x)} exists. Using 
the probability density functions which appear in (2) and (3), respectively, it 
follows that 


2 1 D24/207 2 
(4) E\F(>) as) } -co lS ee fe F(>> Xi)EX AX, > °° AXn, 


Rn 


where R, denotes the entire n-space, and 


(5) E{F(D «i)} = E{F(x)} = a" J *apnlttg#l2 F(x) da, 
(5) 
Next we define 
F(x) = 2/20", x St, 

©) tr) = Q, x > t. 
Then 
(7 eae x) = Pica > x; Ss], 

F(>. x) = 0, > «>t. 


Since by (7) we have F( >>x7) =0 for all points exterior to R, equation (4) be- 
comes 


(8) ELF(QU« d}= (tn war lS J ante + din = (20 0)-"Vn, 


where V, is the volume of the n-dimensional sphere of radius r=+/f which 
bounds the region R. Similarly, substitution of (6) in (5) gives 
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Q—nl2g—n t 2—nl%q-n 
(9) E{F(>> x;) } = —-—f gnl2—ldy =x << prt, 
0 


From (8) and (9), since r=+/i and 2/2T'(n/2) =I'(n/2-++-1), there results 


gr l2 


(10) Vy. =". 
(r+) 
2 


If the surface area S, of the n-dimensional sphere is defined by the relation 
dV,=S,dr, one obtains also 


(f+) 
2 
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CLASSROOM NOTES 
EpITED BY C. B. ALLENDOERFER, Haverford College 


All material for this department should be sent to C. B. Allendoerfer, Haverford College, 
Haverford, Pennsylvania. 


AN ORNITHOLOGICAL NOTE 
R. A. Jounson, Brooklyn College 


In the old Granville Calculus (p. 380, ex. 19) is proposed the problem of 
finding “the volume of the egg generated by the revolving the curve 


ery? + (4 — a)(x — b) = 0, a<b 


about OX.” By implication 0<a; and the second term needs a coefficient c* to 
render the equation homogeneous. The problem, as stated, presents no difficulty ; 
but the determination of the area bounded by the curve is a good exercise for 
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honor students in a first course, and for all students in a second course. With a 
fair amount of labor the result comes out in the neat form 


A = r¢(bul? — gt/2)2, 


Using elementary principles of curve-tracing, one casually deduces that the 
term “egg” is justified. But if one takes more pains with the sketching of the curve, 
the results are surprising. It is easy to set up a geometric construction for points 
of the curve; if Y= [(x—a)(b—x) ]*/? is recognized as the ordinate of a circle, 
then y/c= Y/x. Thus for any chosen a and 8, the curve may be drawn rapidly. 
It turns out that if a and 8 are nearly equal, the curve does resemble the profile 
of an ordinary egg; but if a is small as compared to b, the form of the curve is 
remarkably modified, as shown in the figures. It resembles no egg that Dr. 
Granville ever saw. 


0 b= 30 0 b= 25a 


The nature of the curve may better be studied by translating the origin to a 
point midway between a and 6, and changing the notation. The equation may 
then be written 


y = c(r? ~ x)1/2/(% + h) h> 0. 


From this it is easy to find that the maximum occurs where hx-+r?=0, 
namely on the polar of (—/, 0) with regard to the base circle; and the inflections 
are given by 


2hx® + 3r2x7 + (h? — 2r%)r? = 0. 


It follows that there are no real inflections if h>r./2; if h=r./2 there are co- 
incident inflections at x=0; if k is less than this value there are real inflections 
for two values of x, almost equidistant from x =0. This agrees with the evidence 
of the curves as drawn. . 

My colleague, Professor Edward Fleisher, an enthusiastic student of bird life, 
points out that the intermediate forms of the curve (not the extreme ones) are 
approximated by the eggs of certain cliff-nesting birds. As an illustration, one 
may observe the murre’s nest in The Book of Birds, National Geographic 
Society, volume I, page 326. 


ELEMENTARY PROBLEMS AND SOLUTIONS 


EDITED By HowArRpD EvEs, Oregon State College 


Send all communications concerning Elementary Problems and Solutions to Howard 
Eves, Mathematics Department, Oregon State College, Corvallis, Oregon. This department 
welcomes problems believed to be new, and demanding no tools beyond those ordinarily fur- 
nished in the first two years of college mathematics. To facilitate their consideration, solutions 
should be submitted on separate, signed sheets, within three months after publication of 
problems. 


PROBLEMS FOR SOLUTION 


E 796. Proposed by Henry Scheffé, University of California at Los Angeles. 


Describe a coin-tossing experiment in which the probability of success is 
one third. 


E 797. Proposed by C. O. Hines, University of Toronto. 


If ellipses are described on diameters of a given circle as major axis, and 
such that they all pass through a given point (within, or on the boundary of, 
the circle), then they will also all pass through a second point, symmetrical 
about the center to the first, and the locus of their foci will be an ellipse having 
the two fixed points as foci and the common diameter as major axis. 

SOLUTIONS 


Diabolic Squares 
E 764 [1947, 163]. Proposed by R. J. Walker, Cornell University 


If a;; is the number in the 7th row and jth column of a diabolic (pandiagonal 
magic) square of order five, show that 


This relationship also holds for magic squares of order three. Does it, or any simi- 
lar relation, hold for magic, or diabolic, squares of any other order—in particu- 
lar, for diabolic squares of order seven? 


Solution by the Proposer. We first obtain a form of the general diabolic square 
more symmetric than the one given by Schell (this Montuty [1946, 395]). 
Add together the elements of the row, column, and diagonals passing through dau, 
add to this the similar sums for a4, and subtract the similar sums for do3 and dp. 
The result reduces to 


5(@11 + 44 — d23 — 32) = 0, 
or 
Q11 — Ge3 = G32 — Aaa. 
Since diabolicity is preserved under cyclic permutations of rows and columns we 
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can say in general that 
(1) Gig — Qi41,742 = Gize,441 — Gits, +a 
where we define 

Qi+in, j+5m = Gi,;. 


To get the general square we assign general values to the elements ai1, do, 
35, G42, Aga, 32, As3, Aes, A4z, Writing these values in the forms a+a, a+, a+y, 
a+6, ate, b+a,c+ta, d+a, e+a, respectively. By (1) the rest of the elements 
are then determined, and the general square is 


ata d+ e b+6 et+y¥ c+ 8B 
e+o6 c+y¥ a+ Bp dt+ea b+ .« 
d+ £6 b+ea ete c+o6 a+y¥y 
ce a+ 6 d+y b+ 8 eta 
b+y¥ e+fB cta ate d+ 6 
Then 
(2) Di(11,43;) = Sabcde + 5aByée 
-+ all possible terms (25 of them) of the type wxyzé 
+ all possible terms of the type wénf¢ 
+ 50 terms of the type wxyén 
+ 50 terms of the type wénf¢. 
Since 
(3) > (14:5) 


has a similar expansion we need worry only about terms of the last two types. 
The ten terms of the type wxyén obtained from the first row are found among 
the terms of the expansion of (3). Since the square preserves its form under 
cyclic permutation of the rows the same will be true of each of the rows. Since 
the terms of the type wxént can be treated similarly the required equality is 
proved. 

This relationship between the rows and columns implies a similar relation- 
ship between the two sets of diagonals, since it is known* that a diabolic square 
of odd order can be rearranged into another diabolic square whose rows and 
columns are the diagonals of the original square and vice versa. 

As regards squares of other orders, the general magic square of order three 
has the relationship between its rows and columns but not between its diagonals. 


* See Barkley Rosser and R. J. Walker, The algebraic theory of diabolic magic squares, Duke 
Mathematical Journal, 5 (1939), Theorem 3.3. 
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The square 
ata b+y ¢+ta d+y¥ 
c+8B d-+ 6 a+B d-+- 6 
aty b+a e¢e-ty dt+ea 
c+ d+ B a-+ 6 d+ 8 
which becomes the general diabolic square on imposing the further relations 
a+c=b+d, a+y=B+4, 


has the relation between its diagonals. That the relation does not hold for the 
rows and columns of a diabolic square of order four is shown by a numerical 
example. 

In the magic square of order five 


17 24 1 8 15 
23 3 7 14 16 


10 12 19 21 3 
11 18 25 2 9 


the relation does not hold for either rows and columns or diagonals. This is most 
easily seen by considering only the last digits. The product of each row and 
column is divisible by ten with the one exception of the third column. A similar 
situation holds for the diagonals. 

In the same way it is seen that the relation does not hold for either rows and 
columns or diagonals of the diabolic square 


2 47 38 35 
26 16 8 6 


24 
46 


49 39 33 23 15 12 4 
19 11 7 45 41 30 22 
37 29 27 17 14 3 48 
10 5 44 36 34 25 21 
32 28 18 13 1 43 40 


There exists, however, a large class of diabolic squares of order seven calle 
“regular” squares,* which have structures similar to that of the diabolic square 
of order five. There are six types of these, and it is not difficult to show that in 
three of these types the relation holds for the rows and columns but not for the 
diagonals, whereas the opposite is true for the other three. 

Beyond this point things get complicated, but it seems likely that no rela- 


* Loc. cit., p. 709. 
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tions holds for magic squares of orders greater than three or for diabolic 
squares, even when regular, of orders greater than five. 
Also solved (partially) by D. H. Browne. 


Wheatstone Bridges 
E 765 [1947, 164]. Proposed by Harold Becker, Omaha, Nebraska 


(a) What is the joint resistance of the general Wheatstone bridge as a func- 
tion of the five component resistors? (b) What are forms for the components 
so that they and the resultant will all be integers? 

Solution by the Proposer. (a) There are at least five methods of solution, em- 
ploying: (A) Kirchhoff’s equations, (B) Maxwell’s mesh-current determinant, 
(C) Kennelly’s star-delta transformation, (D) Kennelly’s delta-star transforma- 
tion, (E) series-parallel synthesis. These are in the chronological order of his- 
torical appearance, and also in the order of increasing simplicity. We here offer 
(D) and (E). 

(D) Both the topology (drawing) and joint resistance of the circuit may be 
represented by the expression 


R= (a+ A) || @+ B) 18, 


where +, ll, and t denote the series, parallel, and bridge connections respec- 
tively, with a and 6 at one line terminal, A and B at the other. 
Then A, B, and 6 form a delta, which may be replaced by an equivalent star: 


(1) A’ =AB/(A+B+8), B= BB/(A+B+8), B= ABSA+ B+ 8). 


(See, ¢.g., pp. 55-60, A.C. Bridge Methods, B. Hague, London, 1938.) The cir- 
cuit thus transforms to 


R=(¢+A4')||O@+B)4+86 =B8' + (@+A)O4+ B)/(a+ A’ + 5+ B). 
Eliminating A’, B’, B’ by means of relations (1) we find, after simplifying, 
(2) R = [B8(a + A)(b + B) + ab(A + B) + AB(a + 8)|/[B(a + A + 5+ B) 

+ (a+ b)(A + B)] = D/N. 

(E) If we short the bridger, 8 =0, R becomes 

Ry = a||b+A || B= ab/(a + b) + AB/(A + B) 
= [0b(A + B) + AB(a + 8)]/(a + 6)(A + B) = Do/No. 
If we open the bridger, B= «©, R becomes 
Rz = (@+ A) |] (6+ B) = (@+A)O+ B)/(a+A+5+ B) = D./No. 


Multiplying the latter by 6/8, and synthesizing with Ro, we have, agreeing 
with (2), 


(3) R= (BD. + Do) /(BN + N»). 
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This expresses the desired joint resistance of 8=0 or ~, obviously; and for 
all intermediate values of 8B, by combinatory considerations. The form of (3) 
may be generalized to 2* addends, for solving an extensive class of higher bridge 
circuits involving  bridgers. 

Practically, it is perhaps more important to know the individual branch 
currents rather than their sum. Each branch transfer conductance (b.t.c.) is 
readily found by breaking down the numerator of the joint conductance 
G=1/R=WN/D and remembering that in the numerator of a b.t.c. the branch 
resistance value does not appear. That is, G=G,+G,=GitGp, Gg=Gea—G, 
=Gs—Ga, and 
4) G, = [B(6+ B)+ (A+ B)]/D, Gs = [8(6 + B) + Ba + 5) ]/D, 

Gy = [B(@+A)+o(A+B)]/D, Gs = [B(@+ 4) + A(a+ 8)]/D, 
(5) Ge = (aB — Ab)/D. 

Of course, if E is the voltage across the circuit, the current through branch 
A is EGa, etc. When the bridge is in balance (that is, A =ka, B =kb), (2) and (5) 
reduce to R=k(a+b)/(k+1) and Gg=0. 

Incidentally, when the circuit is studied as a laboratory experiment and put 
near or at balance, the value of 8 makes little or no difference in the value of 
R. On the other hand, in the case of extreme unbalance (a=B= 0, A =b)=0) 


the value of 8 makes all the difference. For given values of the bridge arms, the 
difference in R as B is varied from © to 0 is given by 


and thus is a function of the balance discriminant. 
(b) This seems to be a difficult problem. As some simple examples we can 
offer 


(5+ 5) || (25+5)15 = 7 = (5+ 10) || (10+ 5) 15, 
(7 + 14) || (14+ 7) 114 = 10 = (9 + 15) || (12 + 6) 1 21. 


Editorial Note. For an indication of the proposer’s circuit algebra see abstract 
377, p. 1010, Nov. 1946, Bulletin of the American Mathematical Society. 


ADVANCED PROBLEMS AND SOLUTIONS 


EpItep By E. P. StarKE, Rutgers University 


Send all communications concerning Advanced Problems and Solutions to E. P. Starke, 
Rutgers University, New Brunswick, New Jersey. All manuscripts should be typewritten, 
with double spacing and margins at least one inch wide. Problems containing results believed to 
be new or extensions of old results are especially sought. Proposers of problems should also en- 
close any solutions or information that will assist the editor. In general, problems in well 
known textbooks or results in readily accessible sources should not be proposed for this de- 
pariment. 


PROBLEMS FOR SOLUTION 


4275. Proposed by Raymond Redheffer, Massachusetts Institute of Technology, 
Cambridge. 


Let a; represent any set of points in the complex plane, while 0d; are any 
complex numbers. Prove there exists an integral function f(z) such that 


f(a:) =b;. 
4276. Proposed by P. A. Pizé, San Juan, P. R. 
Let the integers ,K, be defined by the relations 
ni1 = 1; ni m = 0, m> nN; n+ikKe = C(nKe + nk, 1); c >-1. 


Prove the following summations: 
n x z—-1 n x 
eau’) Bo-ba(,2,) 
a=1 j=1 J + 1 


SOLUTIONS 
A Definite Integral 


4212 [1946, 397]. Proposed by H. F. Sandham, Trinity College 


Evaluate 
f ° en? dx 
0 (x? + 1/2)? 


I. Solution by A. B. Farnell, University of Colorado. Applying the formula 
for integration by parts twice, we find 


e~* dx e-* e- dx 
Jaa 1/2)? 2% x? + ane 
= Ter a e-*'dx 
2x(4? + 1/2) 
= a + fe em*'dx. 
x* + 1/2 
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The value of the definite integral corresponding to the last term is well known, 


and thus we have 
f ai e-*'dx Vix 
0 (a+ 1/22 ~" 


II. Solution by J. B. Rosser, Cornell University. The proposed formula is 
only one of several similar formulas which can be evaluated by starting from the 
relation 


/% - 1 © gn (lte") dy 
a) VE ptag Lf Oe 
0 Vr J 9 1+ x? 
When z=0, (1) is easily verified, and by aid of ‘the standard integral formula 


oT a 
f en? dy = vr 
0 22 


we verify that both sides of (1) have the same derivative with respect to gz. 
A variant of (1), obtained by putting y =x, is 


" 2 z 0 gow 
(2) er (< -{ -“ae) = = | ances 
2 0 Vado y+ 2? 


See also Bromwich, Theory of Infinite Series, First Edition, 1908, p. 352, Ex. 15. 
Suppose we denote the left side of (2) by F(z). One easily ‘verifies 


“FG) =r) 1, 2 FO _ C#~ DFO —2 
Zz 


dz 28 2° 
So by (2), 
22 f°? evdy d F(z) 2#— (22? — 1)F(z) 
Vil, Gee a 
Hence 
an 2tevdy (22? — 1)F(z) = 2 — (22? — =f ev dy 
Vato (y? + 27)? Jado y+ 2? 
by (2). So 


0 2e2e-¥'d _ © (y2 + 22)e-u'dy 
ee | (ot set dy | 
0 (? + 27)? 0 (yy? +- z?)? 


Transposing gives 


© [(222 — 1)y2 + (222 + 1)2?le-#'dy _ 
fo cea nett os nelle 
0 (y? + 2?) 
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Put z?7=w., 
© [(2w — 1)y? + (2w? + w)le-v'dy _ 
(3) J ny 20 oe ay VT. 
0 (y? + w) 
Sandham’s result is the special case where w=1/2. 
We may again differentiate (3) with respect to w. There results 


rm fo Bet eet ost levy 
0 (y? + w)’ 
But by (3) 
5 fo eee et tei et ve 
0 (y? + w)® 
So 
6) in [(4w? — 4w + 3)y? + (4w3 + 4w? — w) Je-”’dy o 2a/F, 
0 (y? + w)’ 
Putting w=3-+i+/1 or w=(3+/2—1), for example, in (6) gives 
° e~wdy _ = val + iV9) 
J, (GP+h+iVye 3 
or 
° sevdy — vx(2 + V2) 
i} [y+ HV2—- 1] 4 ) 


Further, one can differentiate (6) and combine with (6) to get a relation in 
which (y?-+w)4 occurs in the denominator under the integral sign. 

Also solved by H. E. Fettis, N. J. Fine, Daniel Finkel, J. B. Kelly, D. J. 
Newman, A. S. Peters, M. R. Spiegel, M. Wyman, and the Proposer. 


Tetrahedron, Spheres, Sums of Powers 
4213 [1946, p. 397]. Proposed by V. Thébault, Tennie, Sarthe, France 


Given a tetrahedron ABCD and an arbitrarily chosen point M: (1) The sum 
of the powers of the vertices, respectively, with respect to three spheres on 
(MB, MC, MD), (MC, MD, MA), (MD, MA, MB), (MA, MB, MC), as 
diameters, is equal to the sum of the squares of the edges. (2) Construct the point 
M when the sums of the powers of the vertices A, B, C, D relative to the cor- 
responding set of three spheres, are proportional to given numbers a, £, y, 6. 
Consider the case where these last four numbers are equal. 


Solution by R. Goormaghtigh, Bruges, Belgium. (1) The power of A as to the 
sphere having MB as diameter and B’ as center is 
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AB’? — MB? = 3(MA? — MB? + AB?). 
The sum s, of the powers of A with respect to the spheres having MB, MC, 
MD as diameters is therefore 
Sa = 4(3MA? — MB? — MC? — MD? + AB? + AC? + AD") 


and the sum of s, and the similar ones is equal to the sum of the squares of the 
edges. 
(2) If a’, B’, y’, 6’ are the expressions 


affa+tB+y+5),+°:, 
and if G, is the centroid of BCD, we have 
MB + MC + MD = 3G, + BG. + CG. + DGn 
= 3MG, + (BC + CD + DB’)/3 
and 
———2 ———2 ———2 ———2 ————2 
MA — MG, = 3(2e’ —1)(AB +AC + AD) 
+ 42a’ + 2)(BC + CD + DB) = on. 

Hence, M belongs to the plane perpendicular to the median AGag, at the 
distance o4/2AG, from its midpoint and M is at the intersection of that plane 
and the three similar ones, corresponding to B, C, D. 

When a=8=y¥=6, another construction is derived from the fact that, in that 
case, J being the midpoint of CD, 

2(MA? — MB’) = JB? — JA’. 


The required point M belongs therefore to the plane perpendicular to AB 
and passing through the point N such that, if J’ is the projection of J on AB 
and K the midpoint of AB, KN is half J’K; hence, in that case, M is the «mage 
of the centroid in the center of the circumsphere. 

Editorial Note. See 4064, [1944, 168] for a similar problem solved by vector 
algebra. 
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Faculte Polytechnique, Mons, Belgium. 

M.A. DernuaM, LL.B.(California) Attorney- 
at-Law, 405 Montgomery St., San Fran- 
cisco, Calif. 

J. G. Devutscn, A.M.(Columbia) Chm. of 
Dept., Andrew Jackson High School, 
Queens, N. Y. 

G. M. Dituton, B.A.(Long Island Univ.) 
Student, Columbia Univ., New York, 
N. Y. 

J. W. Dossins, Student, St. Mary’s Univ., 
San Antonio, Tex. 

LuciEN DrovussENt, Ingenieur(Ecole Centrale 
des Arts et Manufactures), 36 Rue de la 
Cartoucherie, Clermont-Ferrand, Puy-de- 
Dome, France 

HAZEL E. Eccett, A.M.(California) Teacher, 
Union High School, Ukiah, Calif. 

R. L. Erickson, M.S.(Wisconsin) Instr. 
Univ. of Wisconsin, Madison, Wis. 

I. K. FreInsTeIN, M.A.(Northwestern) Asst. 
Prof., Univ. of Illinois, Evanston, III. 

R. B. Fotsom, A.M.(Columbia) Asst. Prof., 
The Citadel, Charleston, S. C. 

J. W. Forman, B.A.(Omaha) Grad. Asst., 
Univ. of Iowa, Iowa City, Iowa 


605 


606 


EVELYN FRANK, Ph.D.(Northwestern) Asst. 
Prof. Univ. of Illinois, Evanston, Ill. 
JACK Frierson, M.S.(South Carolina) Assoc. 

Prof., Coker Coll., Hartsville, S. C. 

L. E. FuLLer, M.S.(Wisconsin) Grad. Asst. 
Univ. of Wisconsin, Madison, Wis. 

LANDIS GEPHART, B.S.(Dayton) Instr., Univ. 
of Dayton, Dayton, Ohio 

K. S. GHENT, Ph.D.(Chicago) Asso. Prof., 
Univ. of Oregon, Eugene, Ore. 

W. M. GILBERT, B.A.(Oregon) Student, Uni- 
versity of Oregon, Eugene, Ore. 

HAROLD GLANDER, B.S.(Milwaukee State 
Teachers Coll.) Student, Marquette 
Univ. Grad. School, Milwaukee, Wis. 

ABRAHAM Go us, A.B. (Brooklyn) Mathe- 
matician, Ballistic Research Lab., Aber- 
deen Proving Ground, Aberdeen, Md. 

E. G. Goman, B.S.(Oregon State Coll.) Grad. 
Asst., Oregon State Coll., Corvallis, Ore. 

S. T. GorMSEN, B.S.(Ohio State) Instr., Univ. 
of Florida, Gainesville, Fla. 

G. E. Gourricn, B.S.(California) Teaching 
Asst., Univ. of California at Los Angeles, 
Los Angeles, Calif. 

W. W. Granam, Ph.D.(Geo. Peabody Coll.) 
Asso. Prof., Vanderbilt Univ., Nashville, 
Tenn. 

B. F. Hapnot, Student, Univ. of Alabama, 
University, Ala. 

RatpH Harner, M.A.(Michigan) Instr., 
Univ. of Dayton, Dayton, Ohio 

W. B. Hammer, A.M.(Iowa) Dean, Junior 
Coll., Estherville, Iowa 

H. M. Harpy, B.S.(Sam Houston State Teach- 
ers Coll.) Grad. Asst., Sam Houston 
State Teachers Coll., Huntsville, Tex. 

ERIK HEMMINGSEN, Ph.D.(Pennsylvania) 
Asst. Prof., Univ. of Georgia, Athens, Ga. 

J. S. Hitt, (Asso. Actuarial Society of Amer.) 
Minnesota Mutual Life Ins. Co., St. Paul, 
Minn. 

JANicE.M. HorrMan, B.S.Ed.(Bowling Green 
State Univ.) Teacher, High School, Del- 
ray Beach, Fla. 

I. M. Hostetter, Ph.D.(Washington) Asso. 
Prof., Oregon State Coll., Corvallis, Ore. 

C. A. Huck, M.A.(Geo. Peabody Coll.) Peru 

es: State Teachers Coll., Peru, Nebr. 

S. J. JAsper, M.A.(Ohio State) Instr., Univ. 
of Kentucky, Lexington, Ky. 

O. B. Jounson, Jr., B.S.(Chicago Tech. Coll.) 
Student, Roosevelt Coll., Chicago, Il. 
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L. E. Lairp, A.B.(Kansas State Teachers Coll.) 
Grad. Fellow, State Teachers Coll., Em- 
poria, Kan. 

R. J. Lampert, A.B.(Drake) Instr., Iowa 
State Coll., Ames, Iowa 

R. J. Levit, Ph.D.(California) Asst. Prof., 
Univ. of Georgia, Athens, Ga. 

R. L. Mapor, A.M.(Trinity Coll.) Asso. 
Instr, U. S. Merchant Marine Cadet 
School, San Mateo, Calif. 

J. M. Macuire, Supervisor, Tractor Eng. 
Dept., Ford Motor Co., Dearborn, Mich. 

E. W. Marcuanp, M.S.(Washington)  Instr., 
Univ. of Rochester, Rochester, N. Y. 

A. M. Mark, Ph.D.(Cornell) Instr., Univ. of 
Wisconsin, Madison, Wis. 

Rev. Norspert Martin, B.A.(Catholic Univ.) 
Instr., St. Francis Prep. School, Spring 
Grove, Pa. 

P. E. Martin, Ph.D.(Michigan) Prof., 
Wheaton Coll., Wheaton, III. 

SISTER Mary Canist4, B.S.(De Paul Univ.) 
Teacher, Holy Family Academy, Chicago, 
Il. 

C. W. Matuews, Ph.D.(Illinois) Instr., 
Washington Univ., St. Louis, Mo. 

G. H. May, A.M.(South Carolina) Asst. 
Prof., Wofford Coll., Spartanburg, S. C. 

J. W. McCuimans, Ph.D.(Peabody) Prof., 
Southeastern Louisiana Coll., Hammond, 
La. 

R. D. McKne.iy, M.A.(Oklahoma) Instr. 
Oklahoma Univ., Norman, Okla. 

W. H. McKenziz, M.A.(California) Instr., 
San Francisco Jr. Coll., San Francisco, 
Calif. 

Haran C. MIL_eEr, Ph.D.(Texas) Asso. Prof., 
Texas State Coll. for Women, Denton, 
Tex. 

A. G. MontGomMery, M.A.(Minnesota)  Instr., 
Coll. of St. Thomas, St. Paul, Minn. 
Mase, D. Montcomery, B.A.(Houghton 
Coll.) Instr., Univ. of Buffalo, Buffalo, 

N. Y. 

Leo Moser, M.A.(Toronto) Lecturer, Univ. 
of Manitoba, Winnipeg, Manitoba, Can. 

S. S. Myers, M.Ed.(Cincinnati) Teacher, 
Western State High School, Kalamazoo, 
Mich. 

D. S. NATHAN, Ph.D.(Cincinnati) Instr., Coll. 
of the City of New York, New York, 
N. Y. 
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ViviaAN NeMEcEK, M.A.(Oklahoma) Teacher, 
Oklahoma Military Academy, Claremore, 
Okla. 

M. L. Norpen, B.S.(Massachusetts Institute 
of Technology) Statistician, Aberdeen 
Proving Ground, Md. 

H. J. Osner, M.A.(California) Teaching 
Asst., Univ. of California, Berkeley, Calif. 

A. J. Owens, M.S.(Iowa) Grad. Student, 
Univ. of Florida, Gainesville, Fla. 

ARTHUR PANCOE, B.S.(Wisconsin) Vice-Pres., 
Standard Stationary Co., Wilmette, Ill. 
EUGENE Park, A.M.(Lehigh) Instr., Univ. of 

Georgia, Athens, Ga. 

A. C. Patron, M.A.(Yale) Asso. Prof., Clark 
Univ., Worcester, Mass. 

Mary H. Payne (Mrs. W. T.), Ph.D.(Brown) 
Instr., Univ. of Detroit, Detroit, Mich. 
FRANCISCO PEREZ, Ph.D.(Chicago) Teacher, 
Univ. of the Philippines, Manila, P. I. 
Mary A. Peters, M.S.(lowa) Chm. of Dept., 

High School, Elgin, Ill. 

Costas PLetuipes, degree from Univ. of 
Athens, Greece, 2705 Marshall Ave., New- 
port News, Va. 

R. B. PiryMaLe, M.A.(Columbia) Associate, 
Mercer Univ., Macon, Ga. 

Harry Potiarp, Ph.D.(Harvard) Asst. Prof., 
Cornell Univ., Ithaca, N. Y. 

S. W. Proctor, S.M.(Chicago) Instr., Vashon 
High School, St. Louis, Mo. 

O. M. Rasmussen, M.S.(Kansas State Teach- 
ers Coll.) Instr., Univ. of Kansas, Law- 
rence, Kan. 

FLORENCE V. RoupeE, M.A.(Miami)  Instr., 
Univ. of Kentucky, Lexington, Ky. 

BeatriceE A. Rour, A.M.(Columbia) Instr., 
Hofstra Coll., Hempstead, Long Island, 
N. Y. 

W. E. Rots, Ph.D.(Wisconsin) Sampson 
Coll., Sampson, N. Y. 

HazeEL M. ROTHLISBERGER, B.A.(Iowa State 
Teachers Coll.) Asso. Prof., Univ. of 
Dubuque, Dubuque, Iowa 

SaLLy I. Rotustern, A.B.(Hunter) Asst., 
Univ. of Wisconsin, Madison, Wis. 

ERWIN ScuHMip, B.S.(Haverford) Mathe- 
matician, U. S. Coast and Geodetic Sur- 
vey, Washington, D. C. 

EpitH R. SCHNECKENBURGER, Ph.D.(Michi- 
gan) Asst. Prof., Univ. of Buffalo, 
Buffalo, N. Y. 
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Avucusta L. Scuurrer, A.M.(Wisconsin) 
Grad. Asst., Univ. of Wisccnsin, Madison, 
Wis. 

H. W. Scuwartz, Sc.M.(New York Univ.) 
Meteorology Inst., A.A.F. Tech. Training 
Command, Paxton, III. 

F. C. Sevier, M.S. in Ed.(Pennsylvania) 
Instr., Penn State College Center, Swarth- 
more, Pa. 

Davip SINGER, B.C.E.(New York Univ.) 
Tutor, The City €oll. School of Tech., 
New York, N. Y. 

C. B. Sottoway, Student, Indiana State 
Teachers Coll. Terre Haute, Ind. 

R. D. Specut, Ph.D.(Wisconsin) Asst. Prof., 
Univ. of Wisconsin, Madison, Wis. 

A. H. Spettz, B.A.(St. Mary’s Coll.) Instr., 
Coll. of St. Thomas, St. Paul, Minn. 
Capt. J. P. SpicKELMIER, c/o The Military 
Attache, Amer. Embassy, London, Eng- 

land 

Rev. R. J. Sworps, M.A.(Harvard) Instr., 
Weston Coll., Weston, Mass. 

A. H. Taus, Ph.D.(Princeton) Prof., Univ. 
of Washington, Seattle, Wash. 

R. A. Taussic, Lt. (j.g.), U.S.M.S., M.B.A. 
(California) Asso. Instr., U. S. Merchant 
Marine Academy, San Mateo, Calif. 

H. E. Taytor, M.S.(California Inst. of Tech.) 
Asst., Rice Institute, Houston, Tex. 

BRYANT TUCKERMAN, Ph.D.(Princeton) In- 
str., Cornell Univ., Ithaca, N. Y. 

P. M. Tutiier, Jr., M.S.(Louisiana State) 
Instr., Loyola Univ., New Orleans, La. 
Frances E. Watsu, B.S.(Mt. St. Scholastica 
Coll.) Student, St. Louis Univ., St. 

Louis, Mo. 

Curu-Y1 Wane, B.S.(Yenching) Grad. Stu- 
dent, Univ. of Minnesota, Minneapolis, 
Minn. 

Betty R. Weser, A.B.(Columbia)  Instr., 
Univ. of South Carolina, Columbia, S. C. 

T. J. Waite, A.B.(Rice) Asst., Rice Inst., 
Houston, Tex. 

G. N. Wotan, M.S.(Iowa) Asst. 
Sampson Coll., Sampson, N. Y. 

Marie A. WuRSTER, Ph.D.(Chicago) Instr., 
Temple Univ., Philadelphia, Pa. 

F, H. Younc, B.A.(Oregon State College) 
Instr., Oregon State Coll., Corvallis, Ore. 

JEAN-PIERRE ZAHLER, Student, The Univ. of 
Nancy, France. (Director of the Mathe- 
matico-pedagogical periodical Pythagore, 


Prof., 
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R. K. ZEIGLER, M.S.(Nevada) Grad. Asst., 


State Univ. of Iowa, Iowa City, Iowa 


member of the Societe Mathematique de 
France). 


THE TWENTY-NINTH SUMMER MEETING OF THE 
MATHEMATICAL ASSOCIATION 
The twenty-ninth summer meeting of The Mathematical Association of 
America was held at Yale University, New Haven, Connecticut, on Monday 
and Tuesday, September 1-2, 1947, in conjunction with the summer meeting 
and colloquium of the American Mathematical Society and the meeting of the 
Institute of Mathematical Statistics. About seven hundred and thirty persons 
were in attendance at the meetings, including the following two hundred and 


ninety-seven members of the Association: 


C. R. ApAMs, Brown University 

R. P. AGNEw, Cornell University 

. B. ALLENDOERFER, Haverford College 
. C, ARCHIBALD, Brown University 

. A. ARNOLD, New York City 

E. ARNOLD, Wesleyan University 

. A. AROIAN, Hunter College 

. T. R. AupE, Colgate University 
SILVIO Avrora, Columbia University 

H. G. Ayre, Western Illinois State College 
FRANK Ayres, Dickinson College 

W. L. Ayres, Purdue University 


H. M. Bacon, Stanford University 

FRANCES E. BAKER, Vassar College 

D. H. BALLovu, Middlebury College 

JosHUA BARLAz, Rutgers University 

W. D. Baten, Brooklyn College 

HELEN P. BEARD, Newcomb College 

H. M. Beatty, Ohio State University 

E. G. BEGLE, Yale University 

H, A. BENDER, Rhode Island State College 

A. A. BENNETT, Brown University 

GARRETT BirxHorr, Harvard University 

A. H. Brack, Lebanon Valley College 

C. R. BLytu, Queens University 

R. P. Boas, Jr., Brown University 

JuLia W. Bower, Connecticut College 

J. G. Bowxer, Middlebury College 

A. T. BRAvER, University of North Carolina 

RICHARD BRAUER, University of Toronto 

J. R. Britron, University of Colorado 

Foster Brooks, Kent State University 

R. C. Buck, Brown University 

L. H. Bunyan, Rutgers University 

SISTER LEONARDA BurKE, Regis College, 
Massachusetts 

F, J. H. BurKett, Union College 

J. Hopart BusHeEy, Hunter College 


JEWELL H. BusHey, Hunter College 
W. H. Bussey, University of Minnesota 


. CAIRNS, Syracuse University 

. Camp, Wesleyan University 

. CarR, Michigan State College 

. CARVER, Cornell University 

. Caton, University of Maine 

. CHENEY, JR., University of Connecticut 
. CHERNOFSKY, Junior College of Com- 

merce, Connecticut 
. E. CHRISTIE, Bowdoin College 
ELEN CLARKSON, Creighton University 
A. B. CosBie, University of Illinois 
A. C. CoHEN, JR., University of Georgia 
NANcy COLE, Syracuse University 
R. H. Coue, University of Western Ontrario 
E. P. CoLtemMan, Aberdeen Proving Ground, 
_ Maryland 
T. F. Cope, Queens College 
LENNIE P, CopELAND, Wellesley College 
W. H. H. Cowes, Pratt Institute 
H. S. M. Coxeter, University of Toronto 
C. C. Craic, University of Michigan 
E. L. Crow, U.S. Naval Ordnance Test Station, 
Calif. 

H. B. Curry, Pennsylvania State College 
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MARGUERITE D. DARKow, Hunter College 

D. R. Davis, New Jersey State Teachers Col- 
lege 

F. F. DECKER, Syracuse University 

C. E. Dimicx, Gales Ferry, Connecticut 

BERNARD DIMSDALE, Aberdeen Proving Ground, 
Maryland 

L. L. Dings, Carnegie Institute of Technology 

Mary P. Dotcrant, Cornell University 

H. L. Dorwart, Washington and Jefferson Col- 
lege 
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ARNOLD DRESDEN, Swarthmore College 
NELSON DunrorD, Yale University 

W. L. Dur_En, JR., Tulane University 
W. H. DurFEE, Dartmouth University 


SAMUEL EILENBERG, Columbia University 
H. P. Evans, University of Wisconsin 


WILLIAM FELLER, Cornell University 

F, A. FICKEN, University of Tennessee 

J. N. FIELD, Queens College 

N. J. FINE, University of Pennsylvania 

W. W. FLEXNER, Cornell University 

L. R. Forp, Illinois Institute of Technology 

R. M. Foster, Polytechnic Institute of Brook- 
lyn 

A. H. Fox, Union College 

J. S. FRAME, Michigan State College 

ORRIN FRINK, JR., Pennsylvania State College 

K. G. Futter, Teachers College of Connecticut 


H. M. Geuman, University of Buffalo 

B. H. Gere, Hamilton College 

B. P. Gitt, College of the City of New York 

R. E. Gitman, Brown University 

J. W. GIvEns, University of Tennessee 

A. M. Gieason, Harvard University 

MIcHAEL GOLDBERG, Bureau of Ordnance, 
Navy Department 

M. J. Gort.ies, Institute for Advanced Study, 
New Jersey 

G. E. Gourricu, University of California 

F. G. Grarr, Amherst College 

EpIson GREER, Kansas State College 

V. G. GRovE, Michigan State College 

H. T. Guarp, Colorado A & M 

THEODORE HAILPERIN, Lehigh University 

D. W. HALL, University of Maryland 

P. R. Haumos, Institute for Advanced Study 

O. H. Hamitton, Oklahoma A. & M. College 

R. W. Hammine, Bell Telephone Laboratories 

BeErTHA I. Hart, Aberdeen Proving Ground 

KATHARINE E. Hazarp, New Jersey College for 
Women 

G. A. HepLunp, University of Virginia 

M. H. HeErns, Brown University 

R. G. HELSEL, Ohio State University 

Fritz HErzocG, Michigan State College 

T. H. HILtDEBRANDT, University of Michigan 

EINAR HIL.e, Yale University 

T. R. Hoticrort, Wells College 

R, H. Hoskins, John Hancock Mutual Life 
Insurance Co, 
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A. S. HovusEHOLDER, Clinton Laboratory, 
Tennessee 

W. A. Hurwitz, Cornell University 

L. C. Hurcuinson, Polytechnic Institute of 
Brooklyn 


E. D. JenKins, Kent State University 

S. A. JeEnnincs, University of British Columbia 
R. H. JoHanson, Boston University 

RoBERTA F, JoHnson, Wilson College 

W. L. Jounson, Mississippi Southern College 


ArpA KALisH, Queens College 

Invinc KapLansky, University of Chicago 

L. M. KeE.ty, University of Missouri 

A. J. KEMPNER, University of Colorado 

EveLyn M. Kennepy, Johns Hopkins Univer- 
sity 

E. C. Kierer, Millikin University 

W. J. Kurmczax, Yale University 


W. D. LamBert, Lime Rock, Connecticut 
R. E. LANGER, University of Wisconsin 
Leo Lapipus, University of Maine 

J. P. LASALLE, University of Notre Dame 
H. L. Lez, University of Tennessee 
MARGUERITE LEHR, Bryn Mawr College 
WALTER LEIGHTON, Washington University 
F. C. Leone, Purdue University 

W. J. LeVequeE, Harvard University 

D. C. Lewis, University of Maryland 

F, A. Lewis, University of Alabama 

S. B. LirrAvEr, Columbia University 

Z. L. Lortin, Southwestern Louisiana Institute 
W. R. Lonciey, Yale University 

C. I. Lupin, University of Cincinnati 


L. A. MacCo tt, Bell Telephone Laboratories 

H. F. Mac NEtrsu, University of Miami 

Joun MANDEL, National Bureau of Standards 

Morris MARDEN, University of Wisconsin 

M. H. Martin, University of Maryland 

W. T. Martin, Massachusetts Institute of 
Technology 

V. O. McBrien, Holy Cross College 

E. D. McCarty, University of Detroit 

R. B. McCLenon, Grinnell College 

J. W. McCuimans, Southeastern Louisiana 
College 

Dorotuy McCoy, Belhaven College 

N. H. McCoy, Smith College 

Epita A. McDovuc Le, University of Delaware 

W. H. McEwen, University of Manitoba 
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A. E. MrepErR, JR., Rutgers University 

G. M. MErRRIMAN, University of Cincinnati 

J. S. Mixesu, The Lawrenceville School 

JosErH MILKMAN, U.S. Naval Academy 

E. J. MILEs, Yale University 

A. N. MILGRAM, Syracuse University 

Knox Mitusaps, Ohio State University 

H. J. Miser, Williams College 

B, E. MitcHett, Millsaps College 

. MiTcHELL, Oklahoma A & M 

. Move, Boston University 

. Moore, University of Cincinnati 

. Moore, U. S. Naval Academy 

. Morenus, Cleveland, N. Y. 

. Morey, Worcester Polytechnic Insti- 
tute 

. 5. Morse, Union College 

. C. MoSTELLER, Harvard University 

. R. Murray, Franklin & Marshall College 

. MussELMAN, Western Reserve University 
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. NELson, Wayne University 
. NEMENYVI, Whiteoak, Maryland 
. NEwsom, Oberlin College 
. NORDEN, Ballistic Research Laboratory 
. NorMAN, Pratt Institute 
. Norturop, University of Chicago 
. Norwoop, Yale University 
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. OTT, Rutgers University 
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. C. Patton, Clark University 

Mary H. Payne, University of Detroit 

D. K. PEASE, Brown University 

P, M. Pepper, University of Notre Dame 
R. I. Perper, Winthrop College 

H. R. PHALEN, William & Mary College 
GEORGE PIRANIAN, University of Michigan 
Harry Po.iarp, Cornell University 

J. C. PoLLey, Wabash College 

GEORGE Potya, Stanford University 
ADRIEN PouLiot, Laval University, Quebec 
G. B. Price, University of Kansas 

A. L. Putnam, University of Chicago 


M. A. Raper, Moravian College & Theological 
Seminary 

G. Y. RartnicH, University of Michigan 

J. F. RANDOLPH, Oberlin College 

ANATOL RAPAPORT, University of Chicago 

RutH B. RASMUSSEN, Chicago City Junior Col- 
lege 

C. H. Rawtins, U. S. Naval Postgraduate 
School 
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G. E. Raynor, Lehigh University 

A. W. Recut, University of Denver 

L. J. REED, Johns Hopkins University 

C. J. REeEs, University of Delaware 

MINA S. REEsS, Office of Naval Research 

EpGar Reicn, Massachusetts Institute of 
Technology 

W. T. Rep, Northwestern University 

B. P. Reinscu, Florida Southern College 

C. N. REYNoLps, West Virginia University 

C. E. Ruopes, Alfred University 

R. G. D. RicHarpson, Brown University 

P, R. Riper, Washington University 

yous RIORDAN, Bell Telephone Laboratories 

F, Ritt, Columbia University 

L. V. RosBInson, University of South Carolina 

JoserH RosENBAUM, The Milford School 

J. B. Rosser, Cornell University 

M. F. Rossxopr, John Burroughs School 

W. E. Rotu, Sampson College 

E. H. Rotue, University of Michigan 

LEILA R. RUBASHKIN, Cornell University 


— 


CHARLES SALTZER, Brown University 

HAns SAMELSON, University of Michigan 

ARTHUR SARD, Queens College 

Max SASuLY, Robinson Foundation 

E. D. ScHELL, Bureau of Labor Statistics 

O. F. G. ScHILLING, University of Chicago 

I, J. SCHOENBERG, University of Pennsylvania 

K. C. Scuravt, University of Dayton 

ABRAHAM SCHWARTZ, Pennsylvania State Col- 
lege 

W. T. Scort, Northwestern University 

C. E. SEALANDER, Ohio State University 

L. W. SHERIDAN, College of St. Thomas 

D. T. SIGLEY, Johns Hopkins University 

M. M. SLotnicx, Humble Oil & Refining Com- 
pany 

M. F. Smitey, Northwestern University 

C. V. L. Smitu, Raytheon Manufacturing 
Company 

F. C. Smiru, College of St. Thomas 

R. E. Smita, College of William & Mary 

W. M. Situ, Lafayette College 

ERNST SNAPPER, University of Southern Cali- 
fornia 

ANDREW SOBCZYK, Watson Laboratories 

VIVIAN E. Spencer, U.S. Bureau of Census 

HILLEL Spitz, Naval Research Laboratory 

C. E. SPRINGER, University of Oklahoma 

Marion E. Stark, Wellesley College 


1947] 


E. P. STaRKE, Rutgers University 

R. C. STEPHENS, Knox College 

Rutu W. STOKES, Syracuse University 

Mary C. Surra, Elmira College 

MILDRED M. SULLIVAN, Queens College 

J. L. Synce, Carnegie Institute of Technology 
GABOR SZEGO, Stanford University 


A. H. Taus, University of Washington 

J. S. Tayzor, University of Pittsburgh 
FEODOR THEILHEIMER, Trinity College 

P. D. Tuomas, U.S. Department of Commerce 
J. E. THompson, Pratt Institute 

R. M. THRALL, University of Michigan 
LEONARD TORNHEIM, University of Michigan 
Marian M, Torrey, Goucher College 

J. I. Tracey, Yale University 

BRYANT TUCKERMAN, Cornell University 

J. W. Tuxey, Princeton University 

LovuIsE C, TuRNER, Nichols, Connecticut 


H. S. UHLER, Yale University 
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HELEN M. WALEER, Teachers College, Columbia 
University 

R. J. WALKER, Cornell University 

J. L. Watsu, Harvard University 

R. M. Watter, Rutgers University 


Jean B. WALTON, University of Pennsylvania 
C. W. WaTKEys, University of Rochester 

G. C. WEBBER, University of Delaware 

B. A. WELcH, Manhattan College 

D. W. WESTERN, Brown University 

A. L. WHITEMAN, U. S. Navy 

P. M. WuHitMAN, Tufts College 

D. V. WippER, Harvard University 

L. R. Witcox, Illinois Institute of Technology 


S. S. WiLKs, Princeton University 

Beryt W. WILLIAMS, A & T College, Greens- 
boro, N. C. 

Joun WILLIAMSON, Queens College 

G. M. Wine, University of Rochester 

R. M. WINGER, University of Washington 

FLORENCE A. WIRSCHING, Purdue University 

H. A. Woop, Chance Vought Aircraft 


FRANCES M, Wricut, Triple Cities College 


E. P. VANCE, Oberlin College 

C. H. VEHSE, West Virginia University 

JouN von NEUMANN, Institute for Advanced 
Study 


BERTRAM YOoD, Cornell University 
J. W. T. Younes, Indiana University 


Oscar ZARISKI, Harvard University 


The members of the organizations and their families were housed in the 
dormitories of the University, and meals were served in the cafeteria of the 
University Dining Hall. 

Yale University was host at a tea served in the President’s Room, Woolsey 
Hall, Tuesday afternoon, and.a very pleasing organ recital was given that eve- 
ning in Woolsey Hall by H. Frank Bozyan, University Organist and Professor 
of Organ Playing. The schedule for Wednesday afternoon includéd a visit to 
the Aetna and Connecticut Mutual Life Insurance Companies at Hartford, and 
a picnic supper at Hammonasset State Park on the shore of Long Island Sound. 

A joint dinner for the three organizations was served on Thursday evening 
in the University Dining Hall. After an excellent meal, the toastmaster, Pro- 
fessor W. R. Longley, introduced Professor E. W. Sinnott of the Sheffield Sci- 
entific School who welcomed the visitors to the Yale campus. This was followed 
by short talks by Professors William Feller, L. R. Ford, and Einar Hille, the 
presidents respectively of the Institute, the Association, and the Society. Resolu- 
tions were presented by Professor P. R. Rider, and adopted by the assemblage, 
expressing the thanks of the visitors to the Administration of Yale University, 
to Professor E. G. Begle and the other members of the Committee on Arrange- 
ments, to the ladies of the Yale Department of Mathematics, to Miss A. Mar- 
garet Bowers, Director of the Dining Halls, and her staff, to Professor Bozyan 
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for his organ recital, and to the Connecticut Mutual and Aetna Life Insurance 
Companies for the privilege of the visit to their offices. 

The American Mathematical Society held its sessions between noon Tuesday 
and noon Friday. The twenty-ninth Colloquium consisted of four lectures on 
Abstract algebratc geometry by Professor Oscar Zariski of Harvard University. 
Professor S. S. Wilks of Princeton University gave an address by invitation on 
Sampling theory of order statistics. 

The Institute of Mathematical Statistics held sessions on Tuesday, Wednes- 
day, and Thursday. 

A program committee consisting of Professors Garrett Birkhoff, chairman, 
Lillian R. Lieber, and C. E. Springer arranged the very interesting program for 
the two sessions of the Association which were held Monday afternoon and 
Tuesday morning. 


First SESSION OF THE ASSOCIATION 


“Atomic energy,” by Dr. R. C. Bacher, U. S. Atomic Energy Commission. 

“How to solve it”: Symposium on mathematical problems at the college level. 
Chairmen, Professors George Polya, H. F. MacNeish, J. L. Synge; addi- 
tional contributors, Professors H. S. M. Coxeter, A. M. Gleason, P. G. Hel- 
sel, Tibor Rado, L. M. Kelly, and E. P. Starke. 


SECOND SESSION OF THE ASSOCIATION 


“Mathematics for the liberal arts student” by Professor C. B. Allendoerfer, 
Haverford College. 

“The mathematics program in the College of the University of Chicago” by 
Professor E. P. Northrop, University of Chicago. 

Symposium on computing machines: Professor H. H. Aiken, Harvard Univer- 
sity, and Professor John von Neumann, Institute for Advanced Study. 


MEETING OF THE BOARD OF GOVERNORS 


The Board met on Monday at 8:00 p.m. in the Faculty Lounge of Saybrook 
College, with thirteen members of the Board present. The following are some 
of the more important items of business transacted: 

Assistant Professor Harry Pollard of Cornell University was elected Associ- 
ate Secretary for the balance of 1947, and Assistant Professor Edith R. Schneck- 
enburger of the University of Buffalo was elected Associate Secretary for a 
term of five years beginning January 1, 1948. 

The Board confirmed the appointment of G. E. Hay and Harry Pollard as 
Associate Editors of the MONTHLY. 

On recommendation of the Committee on Slaught Memorial Papers, the 
Board voted approval of the publication of the sixth edition of the Outline of 
the History of Mathematics by R. C. Archibald as a Slaught Memorial Paper. 

The Board approved the proposal to make the Committee on Publicity of 
the American Mathematical Society a joint-committee of the Society and 
Association, and to ask the present members of that committee to serve as such 
a joint-committee. 


1947] 


RECENT PUBLICATIONS 613 


The Board voted a further appropriation of $250.00 in cash for the work of 


the Committee on Aid to Devastated Libraries. 


W. B. CARVER, 
Secretary-Treasurer 


CALENDAR OF FUTURE MEETINGS 


Thirty-first Annual Meeting, Athens, Georgia, January 1, 1948. 
The following is a list of the Sections of the Association with dates of future 


ALLEGHENY MOoOvuNTAIN, Pennsylvania 
State College, Spring, 1948. 

ILLINOIS 

INDIANA 

Iowa, Fairfield, April 16-17, 1948 

KANSAS 


meetings so far as they have been reported to the Secretary. 


NORTHERN CALIFORNIA, Berkeley, Janu- 
ary 24, 1948 

OHIO 

OKLAHOMA 

Paciric NoRTHWEST, Eugene, Oregon, 
March, 1948 


KENTUCKY PHILADELPHIA 
LouIsIANA-MISSISSIPPI ROCRY MOUNTAIN 
THEASTERN 
MARYLAND-DISTRICT OF COLUMBIA-VIR- ou 
SOUTHERN CALIFORNIA, Redlands, March 
GINIA 
ME LI NEw York 13, 1948 
TROPOLITAN ° SOUTHWESTERN 
MICHIGAN TEXAS 
} 
MINNESOTA Uprer NEw York State, Schenectady, 
Missour! N. Y., May 1, 1948 
NEBRASKA Wisconsin, Beloit, May 8, 1948 


RECENT PUBLICATIONS. 


EpITED BY H. P. Evans, University of Wisconsin 


All books for review should be sent directly to the editor of this department, American 
Mathematical Monthly, 531 West 116th Street, New York, 27, N. Y. and not to any of the 
other editors or officers of the Association. 


Multiple Factor Analysis. By L. L. Thurstone. University of Chicago Press, 
1947. 19+535 pages. $7.50. 


This book will be of direct interest to teachers of linear algebra, since it is a 
thorough and comprehensive account of the best-known approaches to the lead- 
ing application of real matrix theory. The book begins with a 50 page mathe- 
matical introduction, and uses the ideas of (real) vector and matrix theory 
throughout its entire course. Plane figures and photographs of three-dimensional 
models do more than in any other book known to the reviewer to stimulate the 
reader’s geometrical intuition. It should be of great value as supplementary 
reading for courses dealing with vectors and matrices, and with its consideration 
of practical and well-tested computational methods, it might well serve as one 
of the texts. It can be recommended for independent reading. 
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Any mathematician interested in the methodology of quantitative science, 
in the application of mathematics to science, or in the basic problems of educa- 
tional measurement, will find time spent in reading the carefully reasoned dis- 
cussions and pondering over the ideas developed to be time well spent. The 
author makes his points carefully, and with painstaking thoroughness. The 
reader with these interests will do well to combine the reading of Thurstone’s 
book with that of Godfrey H. Thomsen’s second edition of The Factorial 
Analysis of Human Abthty. Between them there is a great store of careful and 
wise thought about the nature of scientific method and the wise application of 
mathematics in science. This is the philosophy of scientific method in general, 
and not that of psychology alone. 

Regarding Multiple Factor Analysis as a second edition of The Vectors of 
Mind, one finds, in addition to the expected features of greater coherence, 
greater scope and inclusion of modern advances in theory and practice, two 
important improvements: 

(1) a greatly improved and seasoned philosophy underlying the method, 

(7) an exceedingly careful and thorough exposition. 

As an example of the latter, we quote from page 411: “We shall describe these 
two factorial domains in terms of a literal notation, a physical example, a 
diagrammatic interpretation, a geometrical example, and the matrix equations 
relating the two domains.” This promise is duly carried out. It is only fair to 
notice, that, although the explanations are well and carefully done, many readers 
will find the language and presentation a little dull. 

Nearly all approaches to factor analysis start out by representing a set of 
measurements on an individual (often the performance of the individual in a 
set of assigned tasks) as the components of a vector. If there are N measure- 
ments, and only properties of the individual are important in linearly de- 
termining the results of the measurements, then, in the V-dimensional space, 
the vectors corresponding to different individuals will all lie near the n-dimen- 
sional plane determined by the x factors. The deviations of the individual vectors 
from this m-dimensional factor plane are due to two causes, first the inevitable 
errors of measurement, and second the individuality (technically called specific- 
tty) of particular measurements: What constitutes specificity will depend on the 
battery of measurements in which a particular measurement is used. The first 
computational problem, then, is to approximate the N-dimensional matrix of 
correlations between measurements by a matrix of rank 2 (This corresponds to 
locating the n-dimensional factor plane). Approximation is only relevant for 
off-diagonal elements, with the side conditions that diagonal elements shall not 
exceed unity and the matrix shall be positive semi-definite. Many computa- 
tional solutions are explained in this book. 

Once the n-dimensional plane has been selected, the next step is to select a 
coérdinate system within it—to determine the factors. It is now important to 
notice that the N measurement axes may be projected, each onto that vector 
in the m-space which predicts it most closely in the sample taken. The directions 
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and sizes of these projections define an invariant ellipsoid in the m-space. The 
ellipsoid will change if, for example, half the measurements in the battery are 
each replaced by three equivalent measurements (although z will not change, 
and there is a natural correspondence between the two n-dimensional spaces). 

Here various approaches diverge rapidly. Some feel that all coérdinate sys- 
tems are equivalent, and that selection of particular axes is illusory. Others 
prefer to use the principal axes of the invariant ellipsoid. This procedure was 
originally due to Thurstone—the theory has been worked out by Hotelling. 
The main contribution of Thurstone to this problem is the idea of stmple struc- 
ture. This theory and many computational methods, some of very recent origin, 
are ably exposited. The basic ideas are simple. First, it is assumed that there are 
factors. Second, while the experimenter cannot be assumed to recognize these 
factors, else no factor analysis would be needed, it can be assumed that his 
intuition can recognize their nonappearance—that the experimenter can com- 
pose a battery of measurements, each of which fails (or nearly fails) to involve 
at least one factor. If this is so, then there will be a coérdinate system in the 
n-dimensional factor plane such that the projections of the individual measure- 
ments lie along the coérdinate hyperplanes—this is simple structure. 

Thurstone makes the point carefully and cogently that the statistical theory 
of estimating a simple structure is lacking, and that statisticians should do 
something about this, 

One recurrent mathematical error mars the high polish of this work, even 
although it is a minor scratch. On pages 93, 183, 343 and possibly elsewhere, 
the author states that a set of vectors, each of which lies within 90° of each other 
“must be contained within a cone of 45° generating angle.” The author’s figure 
on page 184 shows clearly that this is already false in three dimensions for three 
vectors near the coérdinate axes. The three references above were easily gathered 
from the magnificent index, extending over 18 pages, which is the best the re- 
viewer has seen for many a day. Like the careful presentation, the careful index 
sets a mark toward which other authors should strive. 

J. W. TUKEY 


An Introduction to Mechanics. By J. W. Campbell. New York, Pitman Publish- 
ing Corporation, 1947. 18+372 pages. $4.50. 


This introductory course is designed for students who are taking a beginning 
course in calculus concurrently with a course in mechanics. The vector concept 
is explained and used. In addition to the usual topics in an introductory course 
in mechanics, there is a chapter in which Hooke’s Law and the Laws of Friction 
are discussed, a chapter on flexure and torsion and a chapter on flexible chains 
and cables. The book ends with a chapter on Lagrange’s equations. Great care 
has evidently been taken to make the explanations clear and precise and the 
illustrations are good (some of these are photographs that vividly bring home 
the physics of the subject to the student). Some of the material (centers of mass, 
moments of inertia, and so on) is more likely to be given in the United States 
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in a calculus course rather than in a course in mechanics. The demands made 
on the mathematical maturity of the students for whom the book is intended 
seem somewhat severe, and we feel that the book would be most successful with 
students at the Junior level (it being assumed that these students have had 
calculus in their Sophomore year). We are confident that any student who has 
worked through the large collection of interesting problems in this book will be 
well trained in mechanics. 
F. D. MURNAGHAN 


NEW BOOKS RECEIVED 


College Algebra. By E. R. Heineman. New York, The Macmillan Company, 
1947. 9+359 pages. $3.25. 

Compléments de Géométrie Plane. By R. Deaux. Brussels, De Boeck, 1945. 
7+150 pages. 45 Fr. 

Introduction de la Géométrie des Nombres Complexes. By R. Deaux. Brussels, 
De Boeck, 1947. 163 pages. 100 Fr. 

Elementary Arithmetic. Its Meaning and Practice. By B. R. Buckingham. 
Boston, Ginn and Co., 1947. 8+-744 pages. $4.50. 

Intermediate Algebra. By J. R. Britton and L. C. Snively. New York, Rine- 
hart and Co., 1947. 9+337 pages. $2.00. 

Mathematics of Business and Accounting. By K. L. Trefftzs and E. J. Hills. 
New York, Harper and Brothers, 1947. 12+267+51 pages. $3.00. 

Money, Credit and Finance. Revised Edition. By G. F. Luthringer, L. V. 
Chandler, and D. C. Cline. Boston, D. C. Heath and Co., 1947. 10-+389 pages. 
$2.75. 

Probit Analysis. A Statistical Treatment of the Sigmoid Response Curve. By 
D. J. Finney (With a foreword by F. Tattersfield). Cambridge, at the Univer- 
sity Press; New York, The Macmillan Company, 1947. 13+256 pages. $3.75. 

Self-Help Geometry Workbook. By H. D. Welte, F. B. Knight, and L. S. 
Walker. Chicago, Scott Foresman Co., 1947. 84 pages. $0.72. 


CLUBS AND ALLIED ACTIVITIES 


EpDITED BY L. F. Ottmann, Hofstra College 


Send reports of all activities, such as club reports, special features, topics with references, 
student papers, and other material of interest to L. F. Ollmann, Hofstra College, Hempsiead, 
New York. 


CLUB REPORTS, 1946-47 
Undergraduate Mathematics Club, University of Rochester 


In September 1947, after a wartime lapse of four years, the club was reor- 
ganized. Monthly meetings were held at which the following papers were pre- 
sented: 
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Transcendental numbers, by William Donoghue 

Operational methods, by Arthur E. Danese 

Analytical methods in the solution of heat problems, by Lois W. Mann 

Vector spaces, by Lois W. Mann 

Transfinite cardinal numbers, by Peter Lyman 

The Dirichlet integral, by Eugene Trabka. 

A picnic was held in Maplewood Park on May 31 at which Messrs. Trabka 
and Lyman were announced as the winners of the two prizes awarded annually 
for the best talks given during the year. 

Officers for the year were: President, Peter Lyman; Secretary, Althea Blod- 
gett; Faculty Advisor, Arthur K. Lohwater. 


Mathematics Club, College of the Holy Cross 


The Holy Cross Mathematics Club held semi-monthly meetings at which 
members presented the following papers: 

Interpolation formulas using finite differences, by Fred Wolock 

An algebraic method for finding asymptotes, by W. J. Winsper 

The trisection problem, by W. D. Shaughnessy | 

Generating certain bicircular quartics, by M. W. Snow 

Some properties of cross-ratio, by R. J. Coen 

Asymbtotes by methods of the calculus, by J. E. Madden 

Construction of the regular pentagon, by R. L. Eisenman 

The nine-point circle, by R. T. Blinn 

Solution to certain stress problems, by Jack Hadley 

The addition formulas of trigonometry, by J. G. Murray. 

The officers for 1946-47 were: Presidents, R. J. Coen and R. T. Blinn; Secre- 
tary, W. J. Winsper; Faculty Advisors, Professors V. O. McBrien and C. G. 
Schilling. 


Mathematics Club, Montana State University 


The following papers were presented: 

Philosophy and mathematics, by Dr. N. J. Lennes 

Infinity, by Thomas Joyce 

University mathematics courses, by Dr. A. Noble 

Determinants, by Noreen Ingle 

Slide rule, by Robert Willson 

Mathematical applications to engines, by Robert Line 

Journey toward space, by Donald Helterline. 

Mathematics of long range flying, by Mr. Tuma 

College mathematics in the northwest, by Dr. A. S. Merrill. 

Officers for 1946-47 were: President, Thomas Joyce; Vice-President, Frank 
Reed; Secretary-Treasurer, Anna Harwick; Co-Social Chairmen, Noreen Ingle 
and Donald Marshall. Officers for 1947-48 are: President, Donald Marshall, 
Vice-President, Jean Popham; Secretary-Treasurer, Veronica Kreitel. 
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Mathematics Club, Upsala College 


Nine program meetings were held during the year. At six of these, students 
discussed the following topics: 

The value of mathematics in every day life, by June Davidson 

Pythagoras, by June Sandberg 

Anomalous propagation, by William Melchinger 

Mathematics in the evolution of physics, by Marjorie Cohen 

Omar Khayyam, by Martin Monroe 

The cycloid and its properties as demonstrated by Roberval, by Fern Freedman. 

On February 27, the Club joined with Kappa Mu Epsilon in the midyear 
special meeting, where Professor Howard Fehr of Montclair State Teachers 
College spoke on the exponential function, its ramifications and applications, sci- 
entific and financial. Refreshments and a social time followed the program. 

On April 14, members of the club were guests at the home of its president, 
Marjorie Cohen, where they enjoyed refreshments and scenes from a television 
set. 

On May 21, the Upsala Club along with the clubs from five neighboring 
colleges were guests of the Mathematics Club of Montclair State Teachers Col- 
lege for a supper and games, followed by a lecture on Probability by Professor 
Edward Molina of Newark College of Engineering. 

The officers for 1946-47 were: President, Marjorie Cohen; Vice-President, 
June Davidson; Secretary-Treasurer, June Sandberg; Faculty Advisor, Dr. 
M. A. Nordgaard. The officers for 1947-48 are: President, Martin Monroe; 
Vice-President, June Sandberg; Secretary-Treasurer, Robert Wallace; Faculty 
Advisor, Professor Norma Gilberts. 


Mathematics Club, Wellesley College 


The club held four meetings during the year. At the first meetings talks were 
given by faculty members, then followed two student meetings. Among the 
topics presented at the first student meeting were: 

Non-euclidean geometry 

The three-point circle 

Mathematics in architecture. 

At the last meeting students showed the correlation of mathematics with 
their other subjects in a program entitled Everything correlates. 

The guest speaker for the year was L. Creighton Buck, Junior Fellow at 
Harvard University, who gave an interesting lecture on Probability. 

The officers for 1946-47 were: President, Dorothy Schoenfuss; Vice-Presi- 
dent, Mildred Kelton; Treasurer, Lois Wood; Secretary, May Field Manny; 
Junior Executive, Dawn O’Day; Faculty Advisor, Miss Helen Russell. The 
following officers were elected for 1947-48: President, Ann Kellogg; Vice-Presi- 
dent, Jann Goehner; Treasurer, Barbara Wehle; Secretary, Lindsley Clark; 
Junior Executive, Mary Ann Berry; Faculty Advisor, Miss Miriam Ayer. 


NEWS AND NOTICES 


EDITED BY EpITtH R. SCHNECKENBURGER, University of Buffalo 
Readers are invited to contribute to the general interest of this department by sending 
news ttems to Edith R. Schneckenburger, University of Buffalo, Buffalo 14, New York. Items 
should be submitted at least two months before publication can take place. 


NATIONAL APPLIED MATHEMATICS LABORATORIES ESTABLISHED 


A federal center of applied mathematics, the National Applied Mathematics 
Laboratories, has been established as a division of the National Bureau of Stand- 
ards, according to an announcement by Dr. E. U. Condon, Director of the Bu- 
reau. 

Organized to conduct research and provide services in the field of applied 
mathematics, the new organization is oriented around modern mathematical sta- 
tistics as applied to the physical and engineering sciences and to the develop- 
ment and use of modern high speed computing. The Applied Mathematics Labo- 
ratories include four separate laboratories: the Institute of Numerical Analysis, 
the Computation Laboratory, the Statistical Engineering Laboratory, and the 
Machine Development Laboratory. Dr. J. H. Curtiss, who has been the Direc- 
tor’s Assistant in Applied Mathematics at the National Bureau of Standards, 
has been named chief of the National Applied Mathematics Laboratories, ac- 
cording to the announcement by Dr. E. U. Condon. The Applied Mathematics 
Laboratories have been set up to serve primarily as a national center for re- 
search and training in applied mathematics for units of the Federal Government 
and private industry. Among the responsibilities of the new organization is the 
development of giant high speed electronic computing machines, statistical 
service to other units of the government and industry aimed at extending the 
part played by applied mathematics in present day scientific research, and the 
training of scientists in methods used in this important field. 

Dr. Churchill Eisenhart heads the Statistical Engineering Laboratory. This 
Laboratory plans and advises in the mathematical and statistical phases of 
scientific research and testing. The Laboratory also offers a consulting service 
to the laboratories at the Bureau of Standards and other government agencies 
on particular problems in the field of statistical engineering. 

Dr. E. W. Cannon has been appointed chief of the Machine Development 
Laboratory. This laboratory is responsible for the design of the high-speed elec- 
tronic computing machines now under construction by the Bureau of Standards. 

A. S. Cahn, applied mathematician and meteorologist, has been appointed 
executive officer of the Institute of Numerical Analysis. 

Dr. A. N. Lowan has been appointed chief of the Computation Laboratory. 
Dr. Lowan’s group, which is at present being underwritten by the Office of 
Naval Research, is providing a computation service and is continuing the work 
of the Mathematical Tables Project in the preparation of tables used in statisti- 
cal and mathematical analysis. 
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4 Jimely McGraw-dill Books 


COLLEGE ALGEBRA 
By FREDERICK S. Now an, University of British Columbia, 401 pages, $3.00 
A comprehensive text for college freshmen. Distinguished by a more detailed 
and careful review of elementary material than is usual, and by the complete- 


ness with which the subject matter is developed. The book is both mathematically 
sound and easily understandable. 


ELEMENTS OF NOMOGRAPHY 
By Raymonp D. Douctass and Douctas P. Apams, Massachusetts Institute 


of Technology. 215 pages, $3.50 


Covers the study, understanding, design, creation, and practieal use of the 
alignment diagram. Seven elementary types of diagrams are presented, with 
repeated emphasis on the mathematical foundation of the diagram theory. 


ESSENTIAL BUSINESS MATHEMATICS 


By Liewettyn R, Snyper, San’Francisco Junior College. McGraw-Hill Pub- 
lications in Business Education. 434 pages, $2.75 

A collegiate text in arithmetic presenting the fundamentals of business mathe- 
matics, including intensive refresher work in computation, and an introduction 
to the primary principles and business practice in the arithmetical essentials of 
various business subjects.. 


APPLIED MATHEMATICS FOR ENGINEERS AND PHYSICISTS 
By Louis A. Press, formerly of Harvard University. 618 pages, $5.50 


Covers those topics of higher mathematics which form the essential mathe- 
matical equipment of a scientific engineer or a physicist. The material dealt with 
is general in nature and includes the fields of electrical, mechanical, and civil 
engineering as well as the mathematics of classical physics. 


Send for copies on approval 


McGRAW-HILL BOOK COMPANY, Inc. 
330 West 42nd Street New York 18, N.Y. 


PLANE TRIGONOMETRY WITH 
APPLICATIONS, by William L. Hart 


An efficient, concise, complete presentation of the fundamentals with a 
strong focus on numerical applications, valuable for all general mathe- 
matical purposes. The trigonometry of the acute angle and logarithms are 
developed before the general angle. 177 pages (158 pages of text); with 
tables: 304 pages. 


PLANE AND SPHERICAL TRIGONOMETRY 
WITH APPLICATIONS, by William L. Hart 


This effective treatment of plane and spherical trigonometry emphasizes 
numerical applications. The Plane Trigonometry section is described 
above. The Spherical Trigonometry section gives a thorough treatment 
of the usual theory together with applications of spherical triangles and 
related topics in navigation. 222 pages (198 pages of text); with tables: 
349 pages. 


ESSENTIALS OF ANALYTIC 
GEOMETRY, by Curtiss and Moulton 


This text, offering a brief and highly concentrated course in plane and 
solid analytic geometry, meets the needs of students planning to take cal- 
culus and engineering courses. Unusually full and explicit explanations 
are a feature. Polar coordinates are introduced early and may be used side 
by side with rectangular coordinates. Exercises are arranged in order of 


difficulty (harder ones are starred). 269 pages (239 pages of text). 


CALCULUS, REVISED, 
by Nelson, Folley, and Borgman 


This new edition provides a sound, well-organized text for beginning stu- 
dents who need calculus as a tool in the various scientific fields. The re- 


vision includes a brief chapter on solid analytic geometry. 386 pages. 


D. C. HEATH AND COMPANY 


Boston New York Chicago Atlanta 
San Francisco Dallas London 


TEXTBOOK NEWS 


John M. H. Olmsted’s 


SOLID 
ANALYTIC GEOMETRY 


y_N 


HIS new textbook, which presents a complete and lucid treatment of analytic 

geometry of three dimensions is designed for courses on the junior-senior or early 
graduate level. The book contains the material for a very rich and extensive course, 
so arranged as to be conveniently adapted to courses of various content. Other 
features of the book are the simplicity of the presentation, the emphasis on logical 
reasoning and method, the many illustrative examples, over one thousand exercises, 
the systematic elementary treatment of Matrix Algebra, and the clarity of the fifty 
line drawings, representing surfaces and other spatial objects. $4.00. 


D. APPLETON-CENTURY COMPANY 
35 West 32nd Street New York I, New York 


Mathematics 


FOR USE IN BUSINESS 
by C. E. HILBORN 


Lithoprint Edition Now Available 


through ADDISON-WESLEY PRESS INC. 
812” x 11” 352 pages. List Price $3.20 


1. The Fundamental Processes 12. Compound Interest 

2. Short-Cut Methods 13. Compound Present Value and Discount 

3. Formulas and Equations 14, Ordinary Annvities — Final Value 

4, Logarithms 15. Ordinary Annuities — Present Value 

5. Percentage 16. Annuities Due and Other Special Annuities 
6. Inventories and Turnover 17. Bonds 

7. Simple Interest 18. Depreciation, Depletion, Perpetuities, and 
8. Bank Discount Capitalized Cost 

9. Equation of Accounts 9. Probability and the Binomial Theorem 
10. Statistical Graphs 20. Approach of Statistics 


11. Progressions 


NOTE: A regular cloth-bound edition of Mathematics for | 
Use In Business will be published in 1948 by Houghton HOUGHTON MIFFLIN COMPANY 


Mifflin Company. Orders for the preliminary lithoprint Boston 7 Dallas 1 
edition may be placed either through Houghton Mifflin 

Company or through Addison-Wesley Press _Inc., New York 16 Atlanta 3 
Kendall Square Building, Cambridge 42, Mass. Chicago 16 San Francisco 5 


COLLEGE ALGEBRA 


By MOSES RICHARDSON, author of FUNDAMENTALS OF 
MATHEMATICS 


This unusually comprehensive study of college algebra affords new 
insight into sound mathematics. Much more complete than most texts, 
it begins with first principles, and not only covers all conventional 
subjects thoroughly, but adds optional material necessary to science 
students, or mathematics majors preparing for future specialization. 


© Stresses fundamental concepts, but not at the expense of techni- 
cal achievement. 


© Ample exercises include many with practical application. 


© Contains a discussion of rational, irrational, real and imaginary num- 
bers for understanding of theorems in theory of equations. 


© Presents unusual topics—Maxima and Minima of Quadratic Func- 
tions, the resultant of two polynomials, the Euclidean Algorithm, and 
many more. 


6” x 9%; 472 pp. 


ANALYTIC GEOMETRY 


PLANE AND SOLID 
By DAVID S. NATHAN and OLAF HELMER 


This basic work, intended for the standard college course in analytical 
geometry, is extremely valuable to science, engineering, liberal arts, 
business and social science students as well. Carefully developing 
fundamental principles at the outset, it progresses logically, as from 
individual loci to "curve families"; from a rectangular coordinate sys- 
tem to a polar coordinate system, from formulas for transformation to 
rectangular coordinates. 


© Clear formulation of analytic geometry program. 
© Concrete examples, worked out in full detail, follow each theorem. 


® Emphasizes straight line, higher plane curves, planes and lines in 
space. 


© Teaching aids include—questions, answers, summaries, line draw- 
ings, halftone illutrations, graphs, tables, and footnotes. 


6” x 9": 402 pp. 


PRENTICE-HALL, INC., Ntworctny. 


ADVANCED CALCULUS 


By DAVID V. WIDDER 


Beginning with relatively simple problems of less theoretic nature, the 
author gradually shifts emphasis, to create an understanding of the more 
purely theoretic aspects of the calculus. Two chapters on the Laplace 
Transform and a chapter on the Stieltjes integral, as well as an unusually 
clear treatment of Line Integrals and Green's Theorem, are innovations. 
All results are presented in theorem form with a logical economy of 
words, enabling the student to see at a glance both the hypotheses and 
the conclusions. 


"A careful and rigorous treatment of selected topics of the calculus 
of real quantities, particularly useful as an introduction to theoretic 
questions for the student of pure mathematics."—Professor Philip 
Franklin, Massachusetts Institute of Technology 


6” x 9"; 432 pp. 
Just Published 


CALCULUS AND ITS 
APPLICATIONS 


By RAYMOND D. DOUGLASS and SAMUEL D, ZELDIN 


This up-to-the-minute work for a full year beginning course is ideal 
for use in engineering and technical schools and universities where the 
emphasis is on technique. Although the text is designed to cover the 
program in a shorter time than usual, the concise presentation and em- 
phasis on essentials allow the inclusion of topics not usually found in 
one book. Here are some significant advantages: 


© Stress on applications, using numerous illustrative examples. 


e Early introduction and combination of derivatives, differential and 
integral. 


© Often uses intuitive approach in introduction of new concepts. 


© Includes chapters on differential equations and vectors which enable 
the student to broaden his field of applications. 
6” x 9"; 512 pp. 

Send for your examination copies today 


PRENTICE-HALL, INC., stw'vorc‘1 ny. 


A Chock List. of Rinohart. Joxts 
by BRITTON & SNIVELY « « « 
Algebra for College Students 


and 529 pp., $3.00 
Intermediate Algebra 537 pp-, $2.00 


by JOHN A. NORTHCOTT « o « 
Mathematics of Finance 352 pp, $3.00 


by WILLIAM K. MORRILL ««« 
Plane Trigonometry 245 pp. $2.50 


In Preparation. 
by AMBROSE & LAZEROWITZ « « « 
Elements of Formal Logic 


by HAROLD D. LARSEN «ee 
Rinehart Mathematical Tables 


by SLOBIN & WILBUR ««- 


Freshman Mathematics A Revision 
by REAGAN, OTT & SIGLEY««« 
College Algebra A Revision 


by JOHN A. NORTHCOTT ... 
Plane and Spherical Trigonometry 


A Revision 


inehart & Company, Inc. 


& 232 MADISON AVENUE - NEW YORK 16, N. Y. 


MACMILLAN TEATS ——— 


E. RICHARD HEINEMAN 


Associate Professor of Mathematics 


Texas Technological College 


COLLEGE ALGEBRA 


Containing an exceptionally thorough review of high-school algebra, 
this new text for freshman students introduces very little analytics and 
almost no calculus. The explanations of factoring and of operations with 
zero are unusually clear and explicit, as is the explanation of the trouble- 
some question of the “sign of the fraction.” The book contains extensive 


sets of carefully graded problems. $3.25 


BURTON W. JONES 


Professor of Mathematics 
Cornell University 


ELEMENTARY CONCEPTS 
OF MATHEMATICS 


This new text is designed for students with a minimum of training in 
mathematics, who do not expect to specialize in mathematics or science. 
Much space and effort have been given to cultivate an understanding of 
the material, and techniques are developed only when necessary. One 
aim of the book is to clarify certain mathematical concepts of the stu- 
dent’s everyday life; compound interest, the graph, averages, probability 
and games of chance, cause versus coincidence. Numerous book refer- 
ences are given to encourage the student to study some topic further and 
to acquire some knowledge of mathematical literature. Much puzzle 
material is introduced and the many exercises are an important part of 
the text. To be published in the late fall. $4.00 (probable) 


THE MACMILLAN COMPANY New York Il 
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- Ylows on Wiley Books - 


NOMOGRAPHY 
By ALEXANDER S. LEVENS 


Here is a time-saving, accurate book which 
shows you short-cut solutions to difficult 
problems of engineering, statistics, or busi- 
ness by means of nomographs. It presents 
the basic information on the theory and 
construction of charts involving straight 
line scales, curved scales and combinations 
for these elements. The alignment chart is 
especially stressed. The book is crammed 
with interesting examples. 

Ready in December Approx. 161 pages 

Probable price $3.00 


INTRODUCTION TO THE 
THEORY OF EQUATIONS 


By LOIS W. GRIFFITHS 


Designed for students with a background 
in differential calculus, this book introduces 
the theory of equations, determinants, and 
matrices. A book that has been tested in the 
classroom, the logical exposition makes it 


suitable for advanced or elementary levels. 
June 1947 278 pages $3.50 


ELEMENTARY NUCLEAR 
THEORY 


A Short Course on Selected Topics 
By H. A. BETHE 


An introduction to nuclear theory, this book 
treats the subject from an empirical point 
of view. Dr. Bethe analyzes nuclear forces, 
the central problem of nuclear physics, and 
explains the available evidence in terms of 
the behavior of the simplest nuclear systems. 
September 1947 147 pages $2.50 


JOHN WILEY & SONS, Inc., 


440-4th Ave., 


SEQUENTIAL ANALYSIS 
By ABRAHAM WALD 


The first book-length treatment of an im- 
portant and recently-developed method of 
statistical inference. Highly understandable, 
the book covers the general theory of the 
sequential probability ratio test, its appli- 
cations, and an introduction to problems of 
sequential multi-valued decisions and esti- 
males. 

May 1947 


212 pages $4.00 


INTRODUCTION TO 
MATHEMATICAL STATISTICS 


By PAUL G. HOEL 


This book is designed to give the reader a 
comprehensive introduction to the theory 
and applications of modern statistical meth- 
ods. Such topics as these are included: 
sampling inspection, non-parametric meth- 
ods, two types of errers, and sequential 
analysis. 

January 1947 


256 pages $3.90 


THE ESCALATOR METHOD IN 
ENGINEERING VIBRATION 
PROBLEMS 


By JOSEPH MORRIS 


Formerly accessible only in the original 
scientific papers, the material in this book 
is a practically complete account of the 
author’s own contributions to structural 
and vibrational engineering, together with 
a necessary background of general theory. 
October 1947 $4.50 


New York 16 


270 pages 


GEORGE BANTA PUBLISHING COMPANY, MENASHA, WISCONSIN 
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The Chauvenet Prize 


The Chauvenet Prize for a “noteworthy expository paper pub- 
lished in English during the five-year period by a member of the 
Association” was established in 1925 by a gift from Professor 
J. L. Coolidge, then president of the Association. Its frequency 
period was reduced to three years by an additional gift from 
Professor W. B. Ford during his presidency and by an anony- 
mous gift in 1936, 


As determined more recently by the Board of Governors, the 
prize is to be fifty dollars and is to be awarded for a noteworthy 
expository paper such as will come within the range of profitable 
reading of members of the Association. The purpose of the 
prize is to stimulate expository contributions in mathematical 
journals on the part of the younger American scholars. The next 
two awards will be made in December 1947 and December 1950, 
covering the periods 1944-46 and 1947-49 respectively. 


Seven awards have been made as follows: 


1920-1924. G. A. Bliss, “Algebraic Functions and Their Divisors,” Annals of 
Mathematics. 


1925-1928. T. H. Hildebrandt, “The Borel Theorem and Its Generalizations,” 
Bulletin of the American Mathematical Society. 


1929-1931. G. H. Hardy, “An Introduction to the Theory of Numbers,” 
Bulletin of the American Mathematical Society, 


1932-1934. Dunham Jackson, “Series of Orthogonal Polynomials” and “Or- 
thogonal Trigonometric Sums,’ Annals of Mathematics: “The 
Convergence of Fourier Series,” American Mathematical Monthiy. 


1935-1937. G. T. Whyburn, “On the Structure of Continua,” Bulletin of the 
American Mathematical Society. 


1938-1940. Saunders Mac Lane, “Modular Fields,” and “Some Recent Ad- 
vances in Algebra,” both in the American Mathematical Monthly. 


1941-1943. R. Ii. Cameron, “Some Introductory Exercises in the Manipu- 
lation of Fourier Transforms,” National Mathematics Maga- 
gine. 


The AMERICAN MATHEMATICAL MONTHLY 


(FOUNDED IN 1894 py BENJAMIN F, FINKEL) 


CarRoLt V. Newsom, Editor 
ASSOCIATE EDITORS 


C. B. ALLENDOERFER H. P. EVANS L. F. OLLMANN 

E. F. BECKENBACH HOWARD EVES EDITH R. SCHNECKENBURGER 
L. M. BLUMENTHAL G. E. HAY R. F. RINEHART 

N. B. CONKWRIGHT N. H. McCOY BR. P. STARKE 

H. 8. M. COXETER W. T. MARTIN BE. P. VANCE 


EDITORIAL CORRESPONDENCE should be addressed to the Editor, C. V. 
Newsom, Oberlin College, Oberlin, Ohio. 
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Secretary-Treasurer, H. M. Gruman, University of Buffalo, Buffalo 14, N.Y. 
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OFFICERS 


Honorary President, W. D. Cairns, Oberlin College 

President, L. R. Forp, Illinois Institute of Technology (1947-48) 

First Vice-President, W. L. AYRES, Purdue University (1946-47) 

Second Vice-President, C. B. ALLENDOERFER, Haverford College (1947-48) 
Editor-in-Chief, C. V. Newsom, Oberlin College (1947-51) 

Secretary-Treasurer, H. M. Gruman, University of Buffalo (1948-52) 

Associate Secretary, Epira R. SCHNECKENBURGER, University of Buffalo (1948-52) 


ADDITIONAL MEMBERS OF THE BOARD OF GOVERNORS 


Eix-Presidents 


R. W. Brinx, University of Minnesota (1943-48) 
W. D. Carrns, Oberlin College (1945-50) 
C. C. MacDurrsz, University of Wisconsin (1947-52) 


Governors at Large 


Water Barrxy, University of Chicago (1945-47) 

H. S. M. Coxeter, University of Toronto (1945-47) 

DEANE Montgomery, Yale University (1946-48) 

C. V. Newsom, Oberlin College (1946-48) 

D. H. Leumer, University of California (1947-49) 

W. T. Martin, Massachusetts Institute of Technology (1947-49) 


Regional Governors (representing the seven remaining regions) 


1. E. 8. Hammonn, Bowdoin College (July 1946—July 1949) 
2. C. W. Warxzys, University of Rochester (July 1946-July 1948) 
5. W. L. WiuuraMs, University of South Carolina (July 1946-—July 1949) 
7. H. M. Beatry, Ohio State University (July 1946-July 1948) 
10. Rate Hvuut, University of Nebraska (July 1946-July 1948) 
12. A. E. Recut, University of Denver (July 1946—July 1948) 
13. A. S. Merritt, Montana State University (July 1946-1949) 


Sectional Governors (July 1, 1947—July 1, 1950) 


Philadelphia, KE. P. Starxe, Rutgers University 

Maryland-District of Columbia-Virginia, D. W. Haut, University of Maryland 
Louisiana-Mississippi, W. L. DuREN, Tulane University 

Michigan, J. W. BRapsHAW, University of Michigan 

Illinois, E. H. C. HitpeBranpt, Northwestern University 

Iowa, H. P. Taretman, Iowa State College 

Minnesota, L. E. Busu, College of St. Thomas 

Texas, H. E. Bray, Rice Institute 

Southern California, I. 8. SoxounixorF, University of California at Los Angeles 


STANDING COMMITTEES OF THE ASSOCIATION 
FINANCE COMMITTEE 


H. M. GEuMAN, ex officio 
W. iB. Carver (1948-51) 
J. F. RANDOLPH (1946-49) 


EDITORIAL COMMITTEE ON CaRUs MONOGRAPHS 


Puitip FRANKLIN, Chairman (1946-51) K. F. BECKENBACH ( ~—1950) 
A. J. KEMPNER ( —1948) J. L. Syna@e (1947-52) 
GARRETT BrrKHOFF ( —1949) H. 8S. M. Coxeter (1948-53) 
CoMMITTEE ON StavuaeHt Mremoriau Papers 
N. H. McCoy, Chairman W. E. MiItne 
L. L. Dines C. V. NEwsom 
COMMITTEE ON THE ARNOLD Burrum CHACE FuND 
R. C. ARCHIBALD W. D. Cairns 
R. W. Brinx W.R. LonaLEy 


COMMITTEE FOR THE COORDINATION OF STUDIES IN MATHEMATICAL EDUCATION 


C. C. MacDuFrFrez, Chairman 
M. 8S. KNEBELMAN 

C. V. Newsom 

W. V. PARKER 


CoMMITTEE ON SECTION MEETINGS 


H. M. Gruman, ex officio 
Ruts Mason BALLARD 
W. V. PARKER 


CoMMITTEE ON THE Putnam PrizE COMPETITION 


IrRvING Kapuansxy (1946-48) 
Marx Kac (1947-49) 
GEORGE Pouya (1948-50) 


REPRESENTATIVES OF THE ASSOCIATION 


On the National Research Council—G. T. Wuysurn (July 1947—July 1950) 

On the Council of the American Association for the Advancement of Science—G. C. Evans 
(1946-47), W. T. Martin (1947-48) 

On the American Council on Education—A. A. BENNETT ( -1948), B. H. Brown ( -1949), 
TOMLINSON Fort (1948-50) 

On the Cooperative Committee on Science Teaching—Ra.rien ScHORLING 

On the American Documentation Institute—E. J. Finan (1946-48) 


ASSOCIATE EDITORS OF THE OFFICIAL JOURNAL 


C. B. ALLENDOERFER N. H. McCoy 

E. F. BECKENBACH W. T. Martin 

L. M. BLUMENTHAL L. F. OLLMANN 

N. B. ConKwRIGHT Epits R. ScHNECKENBURGER 
H. 8S. M. CoxEeTrEer R. F. RinewartT 

H. P. Evans E. P. Starke 

Howarp E\vEs BE. P. VaANncE 

G. E. Hay 


SECTIONS OF THE ASSOCIATION 


ALLEGHENY MOUNTAIN 


J. B. Rosensacu, Carnegie Institute of Technology, Chairman 
E. W. Monrrott, University of Pittsburgh, Secretary-Treasurer 


ILLINOIS 

C. N. Mirus, Illinois State Normal University, Chairman 

M. G. Moors, Bradley Polytechnic Institute, Vice-Chairman 
INDIANA 


G. H. Graves, Purdue University, Chairman 
H. E. Wotrt, Indiana University, Vice-Chairman 
P, M. Perper, University of Notre Dame, Secreatary-Treasurer 


Iowa 
H. P. TureumMan, Iowa State College, Vice-Chairman 
FRED RoBerTson, Iowa State College, Secretary-Treasurer 
KANSAS 
C, A. Reagan, Friends University, Chairman 
SisteER M. Heuen Souruivan, Mt. St. Scholastica College, Vice-Chairman 
ANNA Mar, Bethany College, Secretary-Treasurer 
KENTUCKY 

D. W. PuastEy, Berea College, Chairman 
SALLIE E. PENncE, University of Kentucky, Secretary-Treasurer 

LOvUISIAN A-MISSISSIPPI 


W. L. Jounson, Mississippi Southern College, Chairman 
¥, C. Gentry, Louisiana Polytechnic Institute, Secretary-Treasurer 
T. A. BrcxerstaFr, University of Mississippi, Vice-Chairman for Mississippi 
A. L. Lorurn, Southwestern Louisiana Institute, Vice-Chairman for Louisiana 
MARYLAND-DisTRicT OF COLUMBIA-VIRGINIA 
W. K. Morriut, Johns Hopkins University, Chairman 
EK. J. Frnan, Catholic University, Secretary-Treasurer 
METROPOLITAN NEw YorK 
H. E. Wanuert, New York University, Chairman 
W. H. H. Cowuss, Pratt Institute, Vice-Chairman 
Morris Hertzia, Forest Hills High School, Vice-Chairman 
C. B. Boyzr, Brooklyn College, Secretary 
AARON SHaprro, Midwood High School, 7'reasurer 
MIcHIGAN 
G. C. Bartoo, West Michigan College of Education, Chairman 
L. J. Rousse, University of Michigan, Secretary-Treasurer 
MINNESOTA 
K. H. BracEweE.u, Hamline University, Chairman 
L. E. Busu, College of St. Thomas, Secretary-Treasurer 
Missouri 
R. R. MippuEemiss, Washington University, Chairman 
P. R. Riper, Washingron University, Secretary-Treasurer 
NEBRASKA 


Rautpx Hv, University of Nebraska, Chairman 
C. B. Gass, Nebraska Wesleyan, Vice-Chairman 
Luv L. Runes, University of Nebraska, Secretary 


NORTHERN CALIFORNIA 


Gror@eE Ponya, Stanford University, Chairman 
G. C. Evans, University of California, Vice-Chairman 
K. B. Roressuer, University of California at Davis, Secretary-Treasurer 
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OHIO 


H. 8. Pottarp, Miami University, Chairman 
Foster Brooks, Kent State University, Secretary-Treasurer 


OKLAHOMA 


D. R. SHEvVE, University of Tulsa, Chairman 
W. T. Suort, Oklahoma Baptist University, Vice-Chairman 
J. C. Brrxny, University of Oklahoma, Secretary 


PHILADELPHIA 


C. J. Ress, University of Delaware, Chairman 
W. H. GortscHa.xK, University of Pennsylvania, Secretary 


Rocky MountTvAIN 


H. T. Guarp, Colorado State College of A. and M. A., Chairman 
I. L. Hesex, Colorado School of Mines, Vice-Chairman 
J. R. Brirron, University of Colorado, Secretary-Treasurer 


SOUTHEASTERN 
. W. Crt, North Carolina State College, Chairman 
L. A. Dyz, The Citadel, Vice-Chairman 
H. A. Rozsrnson, Agnes Scott College, Secretary-Treasurer 


Cont 


SOUTHERN CALIFORNIA 
. V. STEED, University of Southern California, Chairman 
. F, BEcxensBacn, University of California at Los Angeles, Vice-Chairman 
. H. Daus, University of California at Los Angeles, Secretary-Treasurer 


aclcolw 


SOUTHWESTERN 
. D, Larsen, University of New Mexico, Chairman 
. F. GraEsseR, University of Arizona, Vice-Chairman 
. D. Rozerts, Highlands University, Secretary-Treasurer 


Wed 


TEXAS 


R. 8. UNDERWOop, Texas Technological College, Chairman 
F, EK. Utricn, Rice University, Vice-Chairman 
C. R. SHerer, Texas Christian University, Secretary-Treasurer 


Uprrrer NEw York STATE 


D. 8. Morssz, Union College, Chairman 
HE. P. AuueN, Rensselaer Polytechnic Institute, Vice-Chairman 
C. W. MunsHow:er, Colgate University, Secretary-Treasurer 


WISCONSIN 


H. P. Evans, University of Wisconsin, Chairman 
P. L. Trump, University of Wisconsin, Secretary 


Paciric NorRTHWEST 


M.S. KNEBELMAN, State College of Washington, Chairman 
W. E. Miunez, Oregon State College, Vice-Chairman 
F. 8. Nowuan, University of British Columbia, Secretary-Treasurer 


MEMBERS OF THE MATHEMATICAL ASSOCIATION OF AMERICA 


Note. This list gives data for the members of the Association as taken from the last simi- 
lar list issued in December 1945, unless changes in position, mailing address, etc., have been 
reported to the Secretary. Every effort has been made to make the information accurate: but 
since a number of members fail to return the data cards, there are doubtless some errors and 
omissions. 


Axstow, C. M., A.M.,(U.C.L.A.) 785 N.W. 17 Court, Miami 36, Fla. 

ADAMS, B. T., "A.M. (Baylor) Instr., Amarillo Army ‘Air Field, Amarillo, Tex. 2172 Ave. I, 
Wichita Falls, Tex 

ApaAms, Pror. C. R., Ph, D. (Harvard) Brown Univ., Providence, R. I. 60 Intervale Rd. 

Apams, Prof. E. P,, Ph.D. (Harvard) Physics, Princeton Univ., Princeton, N.J. Edger- 
stoune 

Apams, Asst. Prof. Lovuiss, A.M. (North Carolina) High Point Coll., High Point, N.C. 

ADAMs, L. J., A.M. (Southern California) Head of Dept., Santa Monica City Coll., Santa 
Monica, Calif. 227-26th St. 

Apams, QO. S., D.Sc. (Kenyon) Frineipal Matuematician, Retired, U. 8. Coast and Geodetic 
Survey, Washington 25, D.C. R.F Mt. Vernon, Ohio 

Apxins, J. B., Ed. M. (Harvard) Teacher * phillips Exeter Acad., Exeter, N.H. 

Apking, Prof. i XK M.S. (Chicago) Head of Dept., State Teachers Coll., La Crosse, Wis. 

ADKISSON, Prof. V. W., Ph.D. (Pennsylvania) Chm. of Dept., Univ. of Arkansas, Fayette- 
ville, Ark. 236 Buchanan St. 

ADLER, Asst. Prof. CuarrE F., Ph.D. (New York Univ.) New York Univ., New York, N.Y. 
189-21 Tioga Drive, St. Albans, N.Y. 

Aacarp, Prof. H. L., Ph.D. (Yale) ’ Williams Coll., Williamstown, Mass. Box 49 

AGNEW, Prof. R. P., Ph.D. (Cornell) Cornell Univ. Ithaca, N. Y. 112 White Hall 

Auurors, Prof. L. V., Ph.D. (Hetsingfors) Harvard ‘Univ., Cambridge, Mass. 52 Dunster St. 

ALBERT, Prof. A. A., Ph.D. (Chicago) Univ. of Chicago, Chicago 37, Ill. Asso. Director, 
Applied Math. Group, Northwestern Univ. 

AuBERT, Asso. Prof. G. E., Ph.D. (Wisconsin) Univ. of Tennessee, Knoxville 16, Tenn. 
Dept. of Math. 

ALBERT, Prof. O. W., Ph.D. (Washington) Univ. of Redlands, Redlands, Calif. 629 Buena 

asta St 

AuBERT, R. G., B.S.(Brooklyn) Instr., Sampson Coll. Sampson, N.Y. Faculty 

ALBERTI, Furio, B.S. (Chicago) Instr., Illinois Inst. of Tech., Chicago, Til. 1806 8. Sizth Ave., 
M aywood, Tl. 

AupEN, Asst. Prof. H. H., Ph.D. (Ohio State) Ohio State Univ., Columbus, Ohio. 317 North- 
ridge Road, Columbus 2, Ohio 

ALEXANDER, Prof. C. K., Ph.D. (Calif. Inst. of Tech.) Head of Dept., Occidental Coll., Los 
Angeles 41, Calif. 

ALEXANDER, Prof. J. W., Ph.D. (Princeton) Inst. for Advanced Study, Princeton, N.J. 29 
Cleveland Lane 

ALFIERI, F. A., 1919 McGraw Ave., Apt. 2-G, N.Y.C. 62, N.Y. 

ALLEN, pot. K. B., Ph.D. (Rensselaer) Head of Dept., "Math. and Astr., Rensselaer Poly. 
Inst., Troy, N. Y, 4 Sheldon Ave. 

ALLEN, Prof, ELBERT F., Ph.D. (Missouri) Oklahoma A. and M. Coll., Stillwater, Okla. 
1409 College Ave. 

AuLEN, Asst. Prof. FLorENcE E., Ph.D. (Wisconsin) Univ. of Wisconsin, Madison, Wis. 
219 Lathrop St. 

ALLENDOERFER, Prof. C. B., Ph.D. (Princeton) Haverford Coll., Haverford, Pa. 

AuuioT, Prof. EUGENE, Lic.es Se. (Paris) St. Edmund’s Juniorate, Swanton, Vt. 

AMMERMAN, JANE, B.S.(Duke) Instr., Newark Coll., Rutgers Univ. .. Newark, N. J. 757 
Sterling Dr., Orange, N.J. 

AMUNDSON, Asst. Prof. N. R., Ph.D. (Minnesota) Univ. of Minnesota, Minneapolis 14, 
Minn. ‘Chemistry Bldg. 

ANDERSEN, Prof. Mar R., Ph.D.(Chicago) Head of Dept., Concordia Coll., Moorhead, 
Minn. 507 Tenth St. S. 

ANDERSON, A. H., M.E. (Marquette) Head of Science Dept., Whitefish Bay Schools, White- 
fish Bay, Wis. §143 N. Berkeley Blud., Milwaukee 11, Wis 

ANDERSON, A. T., A.M. (Michigan) Instr., Cooper Union, New York, N.Y. P.O. Box 124, 
Floral Park, N.Y. 
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ANDERSON, Asst. Prof. E. W., Ph.D. (Iowa State) Iowa State Coll., Ames, Iowa. Dept. of 
ath. 


ANDERSON, Asst. Prof. H.M., Ph.M.(Wisconsin) Gustavus Adolphus Coll., St. Peter, Minn. 

ANDERSON, P. H., Ph.D. (Illinois) Economic Analyst, Marketing Div., Office of Domestic 
Commerce, Dept. of Commerce, Washington 25, D.C. 1228 Blair Mill Road, Silver 
Spring, Md. 

ANDERSON, R. D., A.B. (Minnesota) WH 19, Univ. of Texas, Austin, Tex. Dept. of Math. 

ANDERSON, Asst. Prof, R. Lucile, Ph.D. (Bryn Mawr) Hunter Coll., New York 21, N.Y. 6965 


Park Ave. 
ANDERSON, Prof. W. E., Ph.D. (Pennsylvania) Miami Univ., Oxford, Ohio. 112 FE. Walnut 
t 


ANDERTON, ETHEL L., Ph.D.(Yale) Teacher, High School, West Haven, Conn. 215 Park 

errace Ave. : 

ANDREE, R. V., Ph.M.(Wisconsin) Grad. Teaching Asst., Univ. of Wisconsin, Madison, 
Wis. North Hall 

AnpREws, J. J., A.M.(St. Louis Univ.) Lecturer, St. Louis Univ., St. Louis, Mo. 156 S. 
Sappington Road, Kirkwood 22, Mo. 

ANpDRIS, PETER, B.S. in E.E. (Illinois) Teacher, Harrison Tech. High School, Chicago, Il. 
6649 8, Bishop St., Chicago 36, Ill. 

Anita, Sister M., A.M. (Seton Hall Coll.) Instr., Caldwell Coll., Caldwell, N.J. 

AnnEAR, Asst. Prof. P. R., M.S.(Case) Head of Dept., Math. and Astr., Baldwin-Wallace 
Coll., Berea, Ohio. 280 Eastland Road 

ANN EvizaBETH, Sister, Ph.D.(Wisconsin) Prof., Registrar, St. Mary Coll., Xavier, Kans. 

ANNING, Asst. Prof. Norman, M.A. (Queen’s Univ.) niv. of Michigan, Ann Arbor, Mich. 
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Antuony, M. L., 6624 8S. Maryland St., Chicago 87, Ill. 

Appunn, Prof. W. E. F., A.M.(Columbia) Head of Dept., St. Francis Coll., Brooklyn, 
N.Y. 548 State St., Brooklyn 17, N.Y. 
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Crow, E. L., Ph.D. (Wisconsin) Mathematician, Science Dept., Research and Development, 
U. 8. Naval Ordnance Test Station, Inyokern, Calif. 
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ington, D. C. 45 Kenilworth Ave., Garrett Park, 

DaARRAUGH, J. E., A.M. (Brooklyn) Clerk, Consolidated Edison Co. ,4 Irving Pl., New York, 
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Rouge, La. Dept. of M 

WHITE, MARION B., Ph.D. (Chicago) 1949 Woodlyn Road, Pasadena 7, Calif. 

Wuits, R. L., A.B. (U. C.L.A.) Student, U.C.L.A., Los Angeles, Calif. 2122 W. Washington 
Blod., Los Angeles 7, Calif. 

WHITE, T. J., A.B. (Rice) Asst., Rice Inst., Houston, Tex. 2409 McClendon St., Houston 6, 

ext. 

Waiteneap, G. S., A.M.(Oxford) Bay Pines, Florida 

WHITEMAN, A, L., "Ph, D. (Pennsylvania) Mathematician, Office of Chief of Naval Opera- 
tions, Washington, D.C. 2614-14th St. N.W., Apt. 606, Washington 9, D.C. 

WHITFORD, Prof. A. E., A.M. (Wisconsin) Dean., Coll. of Lib. Arts, Alfred Univ., Alfred, 


Wuirrorp, Asst. Prof. D. E., Ed.M.(Harvard) Poly. Inst. of Brooklyn, Brooklyn, N.Y. 86— 
99 Invingston St. 


THE MATHEMATICAL ASSOCIATION OF AMERICA 81 


WHITING, MapeL G., A.M. (Oberlin) Head of Dept., Jr. Coll., Santa Ana, Calif. 506 E. 

estnut Ave. , 

Wuirman, Asso. Prof. E. A., A.M. (Pittsburgh) Carnegie Inst. of Tech., Pittsburgh, Pa. 621 
Locust St., Pittsburgh 18, Pa. 

Wuirman, Asst. Prof. P. M., Ph.D. (Harvard) Tufts Coll., Medford 55, Mass. Robinson Hall 

Warrons, Asst. Prof. R. M., M.A. (Texas) Southwestern Univ., Georgetown, Tex. Box 

,&.U. Sta. 

Wauitney, D. R., A.M.(Princeton) Grad. Student, Ohio State Univ., Columbus, Ohio, 39 
Tibet Rd., Columbus 2, Ohio 

WuirteEp, Prof. J. A., A.M.(Southwestern) Emeritus, Ohio Northern Univ., Ada, Ohio 76 
Forest Ave., Delaware, Ohio 

Waitremors, Asso. Prof. J. K., A.M.(Harvard) Emeritus, Yale Univ., New Haven, Conn. 

Wuysvry, Prof. G. T., Ph.D. (Texas) Chm. of Dept., Univ. of Virginia, Charlottesville, Va. 
Colonnade Club 

Wuysorn, W. M., Ph.D.(Texas) President, Texas Tech. Coll., Lubbock, Tex. 

WicKER, Prof, B, R. A.M.(Nebraska) Head of Dept., Loyola Univ. of Los Angeles, Los 

ngeles, Calif. 

Wipper, Prof. D. V., Ph.D.(Harvard) Chm. of Dept., Harvard Univ., Cambridge, Mass. 
68 Snake Hill Road, Belmont 78, Mass. 

Wraain, Prof. EVELYN P., Ph.D. (Chicago) Randolph-Macon Woman’s Coll., Lynchburg, 


a. 
Wrucox, 1880. Prof. L. R., Ph.D. (Chicago) Illinois Inst. of Tech., 3300 Federal St., Chicago 
6 . 


, ill: 

WiuczEwskI, Rev. JosErH, Ph.D. (St. Louis) Prof., Marquette Univ., Milwaukee, Wis. 
11381 Wisconsin Ave. 

Wiper, Prof. C. E., Ph.D.(Harvard) Dartmouth Coll., Hanover, N.H. 

Wiper, Prof. R. L., Ph.D. (Texas) Univ. of Michigan, Ann Arbor, Mich. 1617 Cambridge 


Road 
WILDERMUTH, Prof. R. B., A.M. (Ohio State) Capital Univ., Columbus, Ohio 2285 FE. Mound 


St. 
Wiry, Prof. F. B., Ph.D.(Chicago) Head of Dept., Denison Univ., Granville, Ohio Box 476 
Wing, JE, JR., Ph.D. (Chicago) Mathematician, American Optical Co., Box A, Buffalo 
15 


, N.Y. 

Wiuxins, Prof. P. D., M.S.(Case) Bates Coll., Lewiston, Maine 420 College St. 

WILEs, Prof. 8. S., Ph.D. (Iowa) Member of Advisory Comm., N.D.R.C.; Princeton Univ., 
Princeton, N.J. Fine Hall 

Wituey, Maun, A.M.(Mills) Box 3058, T.S.C.W., Denton, Tex. 

WiuuraMs, Asst. Prof. A. R., Ph.D. (California) Univ. of California, Berkeley, Calif. 455 
Wheeler Hall 

Wiuuiams, Mrs. Beryt W.,A.M.(Maine) Instr., Agric. and Tech. Coll., Greensboro, N.C. 
Box 856 A. and T. Coll. 

WiuuiaMs, Asst. Prof. Ernest, Ph.D. (Michigan) Alabama Poly. Inst., Auburn, Ala. 4524 
Magnolia Ave. 

WiuuraMs, F. G., Ph.D.(Cornell) Headmaster, Atlantic Air Acad., Rye Beach, N.H. 

WiuiiaMs, Prof. G. A., A.M. (California) Oregon State Coll., Corvallis, Ore. 306 N. 32nd St. 

Wiuurams, G. T., Brookhaven National Lab., Upton, N.Y. 

WiuuiaMs, Prof. K. P., Ph.D.(Princeton) Indiana Univ., Bloomington, Ind. 

WInttAMS, ae Fro. Mary E., A.M.(Kentucky) Skidmore Coll., Saratoga Springs, N.Y. 

ept. 0 ath. 
WILLIAMS, Prof. W. L., Ph.D. (Chicago) Head of Dept., Univ. of South Carolina, Columbia, 


Wiuu1aMms0n, Prof. C. O., Ph.D. (Chicago) Acting Head of Dept., Coll. of Wooster, Wooster, 
Ohio 1141 Beall Ave. 

Wiuiiamson, Asso. Prof. Jonn, Ph.D.(Chicago) Queens Coll., Flushing, N.Y. 

Wiuson, Prof. A. H., Ph.D.(Chicago) Emeritus, Haverford Coll., Haverford, Pa. 

Wi1son, C. C., B.Ed. (Chicago T. C.) Instr., Univ. of Ill., Chicago 11, Ill. 758 Gardner Rd., 
Westchester, Ill. 

Witson, Prof. E. B., Ph.D. (Yale) Emeritus, Vital Statistics, Harvard Univ., Cambridge, 
Mass., 55 Shattuck St., Boston 15, Mass. 

Witson, G. H., Ph.D. (Pennsylvania) Instr., Physics, Univ. of Pennsylvania, Philadelphia, 
Pa. N. Rockland Road, Merion, Pa. 

Witson, Hazen §. (Mrs. L. T.), Ph.D. (Cornell) Chm. of Dept., High School, Annapolis, 
Md. 20 Thompson St. 

Wiison, Mary 8., B.S.(Georgia) Grad. Student, Univ. of Georgia, Athens, Ga. 112 W. 
Adair St., Valdosta, Ga. 
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Witson, Asst. Prof. R. H., Jr. Ph.D. (Pennsylvania) Temple Univ., Philadelphia, Pa., 437 
Wellesley Rd. Philadelphia 19, Pa. 

Winson, R. , A M. (Wisconsin) Instr., Univ. of Tennessee, Knoxville, Tenn., Dept. of 

ath. 

Wiuson, Prof. W. A., Ph.D.(Yale) Yale Univ., New Haven, Conn. 1960 Chapel St. 

WILson, W. #E., Ph. D. (Iowa) Director of Research, Sundstrand Machine Tool Co., Rock- 
ford, Ill. 2/12 Harlem Blvd. 

WILSON, W. HL. , Ph.D. (Illinois) Asso. Dean, Coll. of Arts and Sci., Univ. of Florida, Gaines- 
ville, Fla. Box 2227 University Sta. 

WINCHESTER, Mrs. Resecca W., A.B.(Greensboro Coll.) 2048. Main St., Kannapolis, N.C. 

Wina, G. M., A.B. Rochester) 4819 Regent St., Philadelphia 43 Pa. 

WINGER, Prof. R. M., Ph.D. (Johns Hopkins) Univ. of Washington, Seattle 6, Wash. 

WINN, W. F. 305 W. "Hh St., Ada, Okla. 

WINSTON, CLEMENT, Ph.D. (Pennsylvania) Principal Industrial Economist, War Produc- 
tion Board, Washington, D.C. 1420 Tuckerman St., Washington 11, D. Cc. 

WIRSCHING, FLORENCE A., A.B.(N. J. St. T. C.) Instr., Purdue Univ., West Lafayette, Ind. 
Dept. of Math. 

Wirtg, Asst. Prof. H. P., Ph.D.(New York Univ.) Coll. of the City of New York, Convent 
Ave. and 139 St., New York, N.Y. Dept of Math. 

Wotr, Asst. Prof. FRANTISEK, Ph.D. (Masaryk) Univ. of California, Berkeley 4, Calif. Box 


49W 
Wour, Asst. Prof. Lovuisr A., Ph.D.(Wisconsin) Univ. of Wisconsin in Milwaukee, Mil- 
waukee, Wis. 3700 S. 116th St., Milwaukee 14, Wis. 
WOLFE, ALBERTA, M.S. (Iowa State) Instr., Miami Univ. ., Oxford, Ohio P.O. Box 93 
Wore, C. H., A.M. (Wesleyan, Ohio) Supt., Danbury High School, Lakeside, Ohio P.O. 
ox 373 
WourE, Asso. Prof. H. E., Ph.D.(Indiana) Indiana Univ., Bloomington Ind. 812 S. Fess 


WOLFE, ‘Asst. Prof. J. M., Ph.D.(New York Univ.) Brooklyn Coll., Bedford Ave. and Ave. 
H, ’ Brooklyn 10, N. Y. 

WouFE, R.S., A.M. (Washington) Instr., Northwestern Univ., Evanston, Ill. Dept. of Math. 

WOLLAN, Asst. Prof. G. N., M.S. (Iowa) ” Sampson Coll., Sampson, N.Y. 

WoNG, Asso. Prof. Y. K., Ph.D. (Chicago) Lecturer, Univ. of North Carolina, Chapel Hill, 


Woop , FREDERICK, Ph.D. (Wisconsin) Dean, Coll. of Arts and Sci., Univ. of Nevada, Reno, 


Nev 

Woop, Asso. Prof. F. E., Ph.D. (Chicago) Univ. of Oregon, Eugene, Ore. Dept. of Math. 

Woop, H. A., Ph.D. (Mass. Inst. of Tech.) Project Analytical Engr., Chance Vought Air- 
craft, Stratford, Conn, 1843 Elm St. 

WoopsripGE, MARGARET Y., Ph.D. (New -York Univ.) Instr., Brooklyn Coll., Brooklyn, 
N.Y. 169 Columbia Heights, Brooklyn 2, N.Y. 

Woops, C. L., M.S. (Cincinnati) Dean, Pacific Union Coll., Angwin, Calif. Box 235 

Woops, Prof. F. S., Ph.D. (Géttingen) Emeritus, Massachusetts Inst. of Tech., Cambridge, 
Mass. 123 Sumner St., Newton Center, Mass. 

Woops, Asso. Prof. Roscoe, Ph.D. (Illinois) Univ. of Iowa, Iowa City, Iowa. 517 S. Lucas St. 

Woopson, Prof. G. F., Jr., A.M.(Ohio State) Head of’ Dept., Johnson C. Smith Univ., 
Charlotte, N.C. 

Woopwakrp, Asst. Prof. H. E., A.M.(Texas Tech.) Texas Tech. Coll., Lubbock, Tex. Tech. 
Station, Box 82. 

WOooLARD, E. W., Ph.D. (George Washington) Asst. Director Nautical Almanac, U.S. Naval 
Observatory, Washington, D.C. 1232-30th St. N.W., Washington 7, D.C. 

WORTHINGTON, Asst. Prof. Euphemia R., Ph.D. (Yale) U.C.L. A, Los Angeles 24, Calif. 

Wray, W. Ph.D. (Cornell) U.S. Navy Dept., Washington, D.C. R.F.D. g, Box 870, 
Aewandrin, Va. 

Wren, Prof. F. L., Ph.D.(Chicago) George Peabody Coll., Nashville 4, Tenn. 

WRENCH, J. W., Ph.D. (Yale) Mathematician, Catholic ’ Univ., Washington, D.C. 4711 
Davenport St., N.W., Washington 16, D.C. 

WRESTLER, FERNA E., A.M. (Kansas) Instr., Univ. of Wichita, Wichita, Kans. 1704 N. 
Holyoke Ave. 

Wriceut, Asst. Prof. Alice Kelsey, A.M. (Illinois) Southern Illinois Normal Univ., Carbon- 
dale, Ill. 804 W. Main St. 

Wrieut, Prof. C. B., Ph.D. (Pittsburgh) Chm. of Dept., East Texas State Teachers Coll., 

ommerce, Tex. 1608 Bonham St. 

WRIGHT, Frances M., A.M.(Brown) Instr., Syracuse Univ., Triple Cities Coll., Endicott, 

N.Y. 9 Minden Ave. , Binghamton, N.Y. 
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Waieut, Prof. H. A., Ph.D.(New York Univ.) Head of Dept., Transylvania Coll., Lexing- 
ton, Ky. 

Waieut, Prof. H. N., Ph.D. (California) Pres., Coll. of City of New York, N.Y. 3900 Grey- 
stone Ave., New York 68, N.Y. 

Worsrer, Maris, Ph.D.(Chicago) Instr., Temple Univ., Philadelphia, Pa. 6635 McCallum 
St., Philadelphia 19, Pa. 

Wyvcxorr, J. F., A.M.(Yale) Conn. General Life Ins. Co., Research Div., Actuarial Dept., 
Hartford, Conn. 78 W. Cedar St., Newington 11, Conn. 

Wruie, Prof. C. C., Ph.D. (Illinois) Astr., Univ. of lowa, Iowa City, lowa Univ. Observatory 

Wruit, Prof. C. R., JR., Ph.D.(Cornell) Chm. of Dept., Army Air Forces, Inst. of Tech., 
Wright Field, Dayton, Ohio. 119 James Drive, Osborn, Ohio 


YANNEY, Prot. B. F., Ph.D. (Chicago) Emeritus, Coll. of Wooster, Wooster, Ohio. 354 E. 

owman Nt. 

Yanosix, Asso. Prof. G. A., C.E.(New York Univ.) New York Univ., New York, N.Y. 52 
Greenvale Ave., Yonkers, N.Y. 

Yarsroueu, H. M., Ph.D.(Indiana) Head of Dept., Western Kentucky State Teachers 
Coll., Bowling Green, Ky. Route No. 4. 

Yates, R. C., Ph.D.(Johns Hopkins) Lt. Col., A.U.S. U.S. Military Acad., West Point, 


Yeacer, E. N., M.S.(Notre Dame) Exec. Vice-Pres., Napoleon Products Co., Napoleon, 
Ohio. 8238 W. Clinton St. 

Yeaton, Prof. C. H., Ph.D. (Chicago) Oberlin Coll., Oberlin, Ohio 189 Forest St. 

Yeaton, Marre M.(Mrs. C. H.) Ph.D.(Chicago) 189 Forest St., Oberlin, Ohio 

Yoop, Berrram, M.S. (Calif. Inst. of Tech.) Instr., Cornell Univ., Ithaca, N.Y. White Hall 

Young, F. H., B.A.(Ore. 8.T.C.) Instr., Oregon State Coll., Corvallis, Ore. Route 1, Box 226 

Youna, G. J., M.8.(Chicago) Principal Physicist, Clinton Laboratories, Oak Ridge, Tenn. 

Youna, Asso. Prof. J.W.A., Ph.D.(Clark) Emeritus, Univ. of Chicago, Chicago, Ill. 5422 
Blackstone Ave., Chicago 15, Il. 

Young, Prof. Mabel M., Ph.D. (Johns Hopkins) Emeritus, Wellesley Coll., Wellesley, Mass. 
6 Norfolk Terrace 

Young, Asso. Prof. P. M., Ph.D. (Ohio State) Kansas State College, Manhattan, Kans. 

Younss, Asso. Prof. J.W.T., Ph.D. (Ohio State) Indiana Univ., Bloomington, Ind., Swain 


a 
Yowruu, Prof. E. I., Ph.D.(Cincinnati) Emeritus, Observatory, Univ. of Cincinnati, 
Cincinnati, Ohio. 3127 Griest Ave. Cincinnati 8, Ohio 


ZAHLEN, JEAN-PIERRE, Student, Univ. of Nancy, Nancy, France; Dir., Matico-pedagogical 
periodical, Pythagore. 4 rue de l’acier, Differdange, Grand—Duche de Luxembourg, France 

ZANOLAR, Asso. Prof. A. J.. M.S. (Catholic Univ.) St. Joseph’s Coll., Collegeville, Ind. 

Zant, J. H., Ph.D.(Columbia) Asst. Head of Dept., Okmulgee Branch, Oklahoma A. and 
M. Coll., Okmulgee, Okla. 

ZARISKI, Prof. Oscar, Ph.D.(Rome) Harvard Univ., Cambridge 38, Mass., 12 Hunt Hall 

ZEIGLER, R. K., M.8.(Nevada) Grad. Asst., State Univ. of Iowa, Iowa City, Iowa. 117 
Quonset Park 

ZELDIN, S80. Prof. 8. D., Ph.D.(Clark) Mass. Inst. of Tech., Cambridge, Mass. Dept. of 

ath. 


ZELLER, Sister M. Cuaupra, Ph.D.(Michigan) Asst. Prof. Coll. of St. Francis, Joliet, Ill. 
ZEMMER, J L., Jr., M.8.(Tulane) Grad. Asst., Univ. of Wisconsin, Madison, Wis. 927 
ake Ct. 

ZERBE, H. M., M.S. (Pennsylvania State) Instr., Pennsylvania State Coll., Hazleton Under- 
grad. Center, Hazleton, Pa. 586 N. Vine St. 

ZiEROFF, SisTER GERTRUDE Marie, M.S. (St. Louis) Prof. Marian Coll., Indianapolis, Ind. 
R.R. 17, Box 56, Indianapolis 44, Ind. 

Dade Asst. Prof. H. J., Ph.D. (Chicago) Rutgers Univ., New Brunswick, N.J. Dept. 
) ath. 

ZIMMERMAN, B. C., A.M.(St. Louis) Cayo, British Honduras, C.A. 

ZIMMERMAN, L. J., B.A.(Goshen) Instr., Goshen Coll., Goshen, Ind. 

Zorn, Prof. M. A., Dr. res. mat.(Hamburg) Indiana Univ., Bloomington, Ind. Swain Hall 

Zusay, E. A., A.M.(Minnesota) Instr., Drake Univ., Des Moines, Iowa. Dept. of Math. 

ZockeRMAN, Asst. Prof. H.S., Ph.D. (California) Univ. of Washington, Seattle 5, Wash. 


Total membership, January 1, 1948. ....... ccc ccc ccc cece creer e cece eect eee esees 2,913 


GEOGRAPHICAL DISTRIBUTION OF MEMBERS 


(The name of a member was omitted from this list when his location was unknown) 


UNITED STATES 


ALABAMA 


AUBURN. 
Alabama Poly. Inst. 
Fuller, Williams. 
BIRMINGHAM, Hess, Locke, Moore, Rayl. 
FLORENCE. Culmer. 
MontTEvVALLO, Jackson. 
MoNTGOMERY, Green. 
St. BERNARD. Capesius. 
TALLADEGA. Brothers. 
Troy. Collins. 
TuscaLoosa. Grau. 
UNIVERSITY 
Univ. of Alabama. Burton, Cathey, Had- 
not, Hummel, Lewis, Mancill, Seebeck, 
Smith. 


Bancroft, Doner, 


ALASKA 
Nome. Beberman. 


ARIZONA 


FuaastaFF. Butchart, Lampland. 
PHOENIX. Leithold. 
Temper, Wexler. 
THATCHER, Olpin. 
TUCSON. 

Univ. of Arizona. Denton, 

Leonard, Purcell, Webb. 

Yuma. Johnson. 


Graesser, 


ARKANSAS 


ARKADELPHIA. Foster. 
CLARKSVILLE. Levy. 
FAYETTEVILLE. Adkisson, Eagle. 
Maenouia. Wetzig. 
MontTIcELLo. Garrett. 


CALIFORNIA 


ALBANY. de Regt. 
ANGwIN. Woods. 
Breuu. Niersbach. 
BERKELEY. Danskin, Evans, Taussig. 

Univ. of California. Bernstein, Chin, 
Cunningham, Harary, Hughes, Kelley, 
Lehmer, McDonald, Neustadter, Noble, 
Robinson, Seidenberg, Schaaf, Sperry, 
Stoneham, Sussman, Thompson, Waker- 
ling, Williams, Wolf. 

CLAREMONT. Hamilton, Jaeger. 
CuLvER City. Butter. 


Davis. 
Univ. of California, Coll. of Agriculture. 
Baker, Burdette, Fulton, Roessler, 
Rolfe. 


Fort Mason. Quarles. 

Frrsno. Morris. 

FuuLLERTON. Ernsberger, Reynolds. 
GLENDALE. Lausman. 
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Haywarp. Rahn. 

Houtywoop. Bachmann, Campbell, Hand. 

INGLEWoop. Randels. 

Inyoxern U.S.N.O.T.S. Crow, Lawrence, 
Ward. 

La Jouuta. McEwen. 

La Mesa, Smith. 

Lone Bracu. Black, McClellan. 

Los ANarEuEs. Alexander, Beenken, Camp- 
bell, Collier, Cothran, Duncan, Floris, 
Isaacs, Lawrence, McConnell, Olson, 
Perry, Pierce, Porges, Rex, Solloway, 
Steinberg, Swank, Wicker. 

Los Angeles City Coll. Herrera, Hills, 
Horton, Kaelin, Thompson, Trigg, Urner. 

Oniv. of California at Los Angeles. Becken- 
bach, Bell, Daus, Edmundson, Glazier, 
Gourrich, Green, Hestenes, Hoel, Hor- 
ton, Hunt, James, Justin, Mason, 
Peterson, Puckett, Ratner, Scheffe, 
Sherwood, Sokolnikoff, Sorgenfrey, 
Strutton, Taylor, Tunell, Valentine, 
White, Worthington. 

Univ. of Southern California. Busemann, 
Clarke, Hurt, Hyers, Kelly, Robb, 
Snapper, Steed, Throckmorton. 

MaveERA. Fuller. 

Marysviu.e. Miller. 

Mopesto. Osner. 

Morrett Freup. Heaslet. 

OAKLAND. Eggett, Hesse, McClelland, Sum- 
ner. 

PASADENA. Damsgard, Glenn, Lay, White. 

California Inst. of Tech. Bell, Birchby, 
Bohnenblust, Dilworth, Karlin, Kimme, 
Lagerstrom, Michal, Van _ Buskirk, 
Ward, Wear. 

REDLANDS. Albert. 

RicHMonp. Fay, Good. 

St. Mary’s CotteGE. Dominic. 

San DrEGo. Donaldson, Hickman, Klauber, 
Livingston, Mador, Rhodes, Sheehy. 
San Francisco. Dernham, Frank, Graeber, 

Ivanoff, Sturges, Waider. 

San Francisco Junior Coll. Bass, Hanson, 
McCarty, McKenzie, Skarstedt. 

San Jose. Clarke. 

San Jose State Coll. Bird, Jamison, Myers, 
Olds. 

San Mareo. Francis, Walker. 

San RaFraEu. Beckwith. 

Santa ANA. Whiting. 

Santa Monica, Adams Hastings, Lehman, 
Norden, Taylor. 

STANFORD University. 

Stanford University. Bacon, Baez, Grad, 
Polya, Szegé. 
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Strocxron. Corbin. 
WuHuitTIER. Pyle. 


CANAL ZONE 
BauBpoa. McNair. 


CoLORADO 


BOULDER. 

Univ. of Colorado. Barrick, Bock, Britton, 
Farnell, Holubar, Hutchinson, Kempner 
Kendall, Nelson, Snively, Walters. 

Cotorapo Sprines. Hansman, Leavens, 
Sisam. 
DenvER. Duffner, Gorsline, Hoffman, Hurry. 

Univ. of Denver. Carmichael, Gorrell, 
Gysland, Lewis, Noble, Recht. 

Fort Couuins. 

Colorado State Coll. Clark, Guard, Hay- 

ward, MacDonald, Madison. 
GOLDEN. 

Colorado School of Mines. Carpenter, Cook, 

Everett Hebel. 
Gree vy. Mallory. 
LorEtTTo. Cook. 


CoNNECTICUT 


GLENBROOK. Fraser. 
Hartrorp. Bronstein, 
Keffer, Kelly. 

Trinity Coll. Dadourian, Ogilvy, Theil- 
heimer. 
M1IDDLETOWN. 
Wesleyan Univ. Arnold, Camp, Howland. 
MiurorpD. Rosenbaum. 
NEw BRITAIN. 


Donchian, Elston, 


Teachers Coll. of Connecticut. Fuller, 
Spooner, Weeber. 
New Haven 


Yale University. Bateman, Begle, Born- 
mann, Davis, Dunford, Hille, Kovarik, 
Longley, Miles, Montgomery, Norwood, 
Ore, Tracey, Uhler, Whittemore, Wilson. 

New Lonpon. Bower, Dimick. 
NicHous. Turner. 

Norwa.k. MacLane. 
SIMSBURY. Howard. 

Storrs. Cheney. 

SRATFORD. 

Chance Vought Aircraft. Jonah Loring, 

Wood. 
WATERBURY. Siller. 
WaTERTOWN. Gillette. 
West Haven. Anderton. 


DELAWARE 
NEWARK. 


Univ. of Delaware. Botts, Jones, McDougle, 
Rees, Webber. 


DistRicrT OF COLUMBIA 


Wasuinaton. Anderson, Berry, Blake, 
Blanche, Branson, Bumer, Burington, 
Campaigne, Clark, Cromwell, Curtiss, 
Dribin, Engstrom, Federico, Fisher, 
Fox, Gabrielle, Getchell, Goldberg, 
Greville, Harman, Hyman, E. Kaplan, 
S. Kaplan, Kinsman, Kopp, Lennahan, 


Lloyd, Manson, McCamman, Mertie, 
Moulton, Nowlan, O’Brien, Penney, 
Quinn, Rasor, Sasuly, Schell, Schult, 
Sewell, Sharp, Shenton, Smith, Sohon, 
Thornton, Tompkins, Van Orstrand, 
Varnhorn, Watts, Weyl, Whiteman, 
Winston, Woolard, Wray. 

Catholic Univ. of America, Finan, Landry, 
Ramler, Rice, Wrench. 

George Washington Univ. Johnson, John- 
ston, Kullback, Mears, Taylor, Weida. 

U.S. Bureau of Census. Daly, Lucas, 
Spencer, White. 

U.S. Coast & Geodetic Survey. Adams, 
Darling, Duerksen, Lambert, Orlin, 
Schmid, Sollins, Thomas. 

U.S. Naval Research Lab. Burns, Rees, 
Shepherd, Spitz. 


FLORIDA 


Bay Pines. Whitehead. 
CoRAL GABLES. 

Univ. of Miami. 

Rutland, Swingle. 
Detray Beacu. Hoffman, LeStourgeon. 
East PanatKa. Hundertmark. 
GAINESVILLE. . 

Univ. of Florida. Blake, Cowan, Davis, 
Dostal, Gager, Gormsen, Kokomoor, 
Lang, Mason, McInnis, Meyer, Owens, 
Phipps, Pirenian, Simpson, Stovall, 
Wilson. 

JACKSONVILLE, Armstrong. 
JACKSONVILLE BEAcH. Harrje. 
LAKELAND. Reinsch. 

Miami. Ablow, Boyle. 

Sr. PereRssourG. Baird, Burt, Scott. 
TALLAHASSER, Clarke, Tinner, Trimble. 

State Coll. for Women. Larson, Smith, 
Wade. 

Tampa. Rhodes. 
WINTER Park. Jones, Sauté. 


Clement, MacNeish, 


GEORGIA 
ATHENS. 

Univ. of Georgia. Barrow, Beckwith, 
Bryan, Callaway, Cohen, Fort, Hill, 
Huff, Levit, Park, Parker, Stephens, 
Ward, Wilson. 

ATLANTA. Neisius, 

Georgia School of Tech. Bailey, Field, 
Fulmer, Hefner, Holton, Hook, Martin, 
Perlin, Smith, Starrett. 

CoLLEGEBORO. Moye. 
DAHLONEGA. Barnes. 

Decatur. Gaylord, Robinson. 
Emory University. Latimer, Messick. 
Fort VALLEY. Pitts. 

La GRANGE. Bailey. 

Macon. Bruce, Plymale, Thomas. 
MaRIETTA. Howe. 
MILLEDGEVILLE. Nelson. 

Rome. Hightower. 

Vauposta. Moore, Spragens. 


Hawall 
Honouuuvu. Tom, 
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IDAHO 


Borse. Buck. 
CALDWELL. Rankin. 


ILLINOIS 


Avrora Miksa. 

BiLoomiIneTon. Hunt. 

Buvurrs. Carter. 

CARBONDALE. 

Southern Illinois Univ. McDaniel, Purdy, 
Rodabaugh, Wright. 

CarTHaa@s, Boatman. 

CHAMPAIGN, Fry. 

CHARLESTON. Hendrix, Taylor. 

Cuicago, Andris, Anthony, Badger, Bal- 
linger, Bay, Boardman, Brady, Camp- 
bell, Christman, Esposito, Ettinger, 
Finch, Georges, Gerst, Gibney, Greer, 
Hadley, Herlihy, Holland, Kaufman, 
Koch, Kurzin, Liolios, London, Mans- 
field, Mary Canisia, Mary Esther, 
Monell, Moran, Nagle, Nicolet, Pohley, 
Poppen, Schweitzer, Specht, Werkman. 

Chicago City Coll. Buelow, Georges, 
Kurzin, Moran. 

DePaul Univ. D’Arco, Fischer, Svoboda. 

Illinois Inst. of Tech. Alberti, Arenson, 
Ballard, Barten, Bibb, Bradfield, Com- 
fort, DeCicco, Eulenberg, Ford, Hazle- 
ton, Higgins, Krathwohl, Levy, Mc- 
Dowell, Menger, Miller, Oldenburger, 
Pall, Peterhans, Pounder, Rapoport, 
Rapp, Reingold, Rosenberg, Sadowsky, 
Smith, Soglin, Wilcox. 

Roosevelt Coll. Gore, Johnson, Kingsley, 
Silber, Street. 

Univ. of Chicago. Albert, Barnard, Bartky, 
Bliss, Dickson, Everett, Flanders, Gaff- 
ney, Graves, Hartung, Kaplansky, Lane, 
Leech, Loch, Logsdon, Lunn, Machane, 
Meyer, Northrop, Ogawa, Putnam, 
Schilling, Selitzky, Smith, Stone, Young. 

Univ. of Illinois. Bailey, Berglund, Cor- 
liss, Croft, Davis, Feinstein, Grenard, 
Hornacek, Lariviere, Latham, Levin, 
Levitt, Moureau, Nolan, Olsen, Ondrak, 
Schwartz, Sears, Stelling, Wilson. 

Wilson Jr. Coll. Feltges, Kinney, Lange, 
Rasmussen, Rosenbeck, Sachs. 

Cicero. Richards. 

Decatur. Coulter. . 

J. Millikin Univ. B. K. Brown, F. R. 
Brown, Kiefer, Ploenges. 

Dr Kats. Hellmich, Stelford. 

Drxon. West. 

Euain. Peters. 

EumMuvurst. Baumgart. 

Erir. Smith. 

EuREKA. Newson. 

Evanston. Christian. 

Northwestern Univ. Bloom, Buell, Curtiss, 
Hellinger, Hildebrandt, Kliphardt, 
Moulton, Lindstrum, Lonseth, Reid, 
Scott, Simmons, Smiley, Wescott, Wolfe. 

FREEPORT. Baumgartner. 


GALESBURG. Lafferty, Snader. 

Knox Coll. Clare, Heren, Smyth, Stephens. 
JACKSONVILLE. Hallerberg, Miller. 
JouiET. Zeller. 

LAKE Forest. Curtis. 
LEBANON. Stowell. 
Lincoun. Balof. 
Macoms. 

Western Illinois State Teachers Coll. Ayre, 
Ginnings, Schreiber. 

Monmovra. Beveridge, Cramer. 
NAPERVILLE, Seybold. 
NORMAL. 

Illinois State Normal Univ. Atkin, Bey, 

Flagg, McCormick, Mills, Rhine, Ullsvik. 
Paxton. Schwartz. 
PEORIA. 

Bradley Univ. Comstock, Gault, Moore. 
RivER Forest. Dobbin. 

Rocxkrorp. Varnum, Wilson. 

Rock Isuanp. Cederberg, Olmsted. 
SANDWICH. Rumney. 
TAYLORVILLE. Dappert. 

URBANA. 

Univ. of Illinois. Armstrong, Carmichael, 
Chanler, Coble, Frank, Hartley, Hattan, 
Hoersch, Ketchum, Landin, Levy, Me- 
serve, Miles, Miller, Moore, Peters, 
Scott, Vaughan, Walkley. 

WueEatTon. Boyce, Martin. 
WILMETTE. Pancoe. 
WINNETKA. Humphrey. 


INDIANA 


BLOOMINGTON. 

Univ. of Indiana. Graves, Gustin, Peak, 
Rothrock, Thomas, Williams, Wolfe, 
Youngs, Zorn. 

CoLLEGEVILLE. Zanolar. 
CRAWFORDSVILLE, Carscallen, Polley. 
EARLHAM, Long. 

East Cuicaa@o. Burns. 

EVANSVILLE. Kronsbein. 

Fort Wayne. Olson. 

Gary. Copp, Oursler. 

GosHEN. Hartzler, Zimmerman. 
GREENCASTLE. 

DePauw Univ. Arnold, Edington, Green- 

eaf, 
HAMMOND. Groves. 
Houy Cross. Edward. 
INDIANAPOLIS, Beal, Crull, 
Colgin, Welchons, Zieroff. 
LAFAYETTE. 

Purdue Univ. Ayres, Black, Bolks, Burr, 
Byrne, Crain, Derflinger, Erickson, 
Golomb, Gould, Graves, Hazard, Hodge, 
Holtom, Hughes, Jonah, Keller, Klinger, 
Leone, Miller, Robbins, Rosenthal, 
Shanks, Stone, Strand, Sturm, Walker, 
Webster, Wirsching. 

Marion. Porter. 
Moncisz. Edwards, Shively. 
Norts Mancuester. Dotterer. 


Heyda, Mce- 
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Notre DAME. 
Univ. of Notre Dame. Capar6, LaSalle, 
Nastucoff, Pepper, Ross. 
REYNOLDS, Erwin. 
TreRRE Havre. Martin, Shriner, Sousley. 
Upuanp. Draper. . 
West Bapren Springs. Hausmann, Muehl- 
mann 


Iowa 


Amgs. M. M. McKelvey. 

Iowa State Coll. Anderson, Beach, Brand- 
ner, Daniells, Davis, Gaskell, Gouwens, 
Herr, Hinrischsen, Holl, Horvitz, Kreider, 
Lambert, McKelvey, Robertson, Sea- 
lander, Smith, Thielman. 

Crpark Fauus. Van Engen. 
CrpAR Rapips. Coffin, Swanson. 
DaAvENpoRT. Hratz. 

Des MoIngss. 

Drake Univ. Canfield, Gillam, Harper, 
Neff, Reiber, Zubay. 

Dousvuque. Burns, Ernsdorff, Rothlisberger. 
Erworta. Earhart. 

ESTHERVILLE, Hammer. 

FayETTE. Deming. 

GRINNELL. McLenon, Rusk. 

Iowa City. Price. 

Univ. of Iowa. Chittenden, Conkwright, 
Cosby, Craig, Forman, Knowler, Oberg, 
Woods, Wylie, Zeigler. 

LAMONI. Jacobsen. 
Mount VERNON. 

Cornell Coll. Davis, McGaw, Moots. 
Sioux Ciry. Bushyager, Rochford. 
Storm LaxeE. Roorda. 

WAVERLY. Lyche. 


KANSAS 


AtTcHison, Pretz. 

Mt. St. Scholastica Coll. Obrist, Sullivan, 

Walsh. 
Baupwin. Garrett. 
EMPORIA. 

State Teachers 

Tucker. 
Hays. Grabbe. 
Hesston. Driver. 
LAWRENCE. 

University of Kansas. Babcock, Black, 
Dougherty, Jordan, Kneale, Pihlblad, 
Price, Rasmussen, Schatten, Smith, 
Stouffer, Ulmer, Wheeler. 

Linpssore. Marm. 
MANHATTAN. 

Kansas State Coll. Babcock, Chatelain, 
Furman, Greer, Hyde, Janes, Lewis, 
Mossman, Parker, Sanger, Sigley, Strat- 
ton, White, Young. 

Nortu Newton. Ewy, Richert. 
Ottawa. Bemmels. 
PITTSBURG. 

Kansas State Teachers Coll. 
Shirk, Smith. 


Coll. Laird, Peterson, 


Curfman, 


Sauna. Arnoldy. 
STERLING. Bell. 
Topeka. Messick. 
Washburn Univ. Breneman, 
Greene, Martinson. 
Wicuita. Longenecker, Reagan. 
Univ. of Wichita. Hanna, Hoare, Read, 
Reagan, Robbins, Wedel, Wrestler. 
WINFIELD. Kruger. 
XAVIER. Ann Elizabeth. 


Eberhart, 


KENTUCKY 
BEREA 
Berea Coll. Hutcherson, Porter, Pugsley, 
Roberts. 


Bow.tina GREEN. Yarbrough. 
DANVILLE, Robinson. 
Dayton. Blakeley. 
GEORGETOWN. Hatfield. 
LExinaton. Wright. 
Univ. of Kentucky. Boyd, Brown, Down- 
ing, Jasper, Latimer, Pence, Rohde, 
outh. 
LOovIsvILLE. Bullitt, Fields, Ford, Morrison, 
Schaeffer. 
Univ. of Louisville. 
Stevenson. 
Marie Movunt. Sheeran. 
Murray. Carman. 
RICHMOND. Park. 
WINCHESTER. Howard. 


Moore, Simester, 


LOUISIANA 


Baton RovucE. 

Louisiana State Univ. Currie, Freas, 
Karnes, Nichols, O’Quinn, Rees, Rickey, 
Rutt, Sanders, Smith, White. 

HAMMOND. 

Southeastern La. Coll. Davis, McClimans, 

Tucker. 
LAFAYETTE, 

Southwestern La, Inst. Buchanan, Guthrie, 
Loflin, Nolan. 

LAKE CHARLES. Bradford. 
NATCHITOCHES, 

Northwestern State Coll. Gandy, Killen, 
Maddox. 

NEw Or EAns, Frankenbush, Singer, Stevens, 
Tullier. 

Sophie Newcomb Coll. Beard, Humphreys, 

any, Spencer, Weiss. 

Tulane. Buchanan, Duren, Gilmore, Riess, 
Singer, Temple, Thomson, Wallace. 

PINEVILLE. Temple. 
RUSTON. 

La, Poly. Inst. Garrison, Gentry, Schroeder 
SHREVEPORT. 

Centenary Coll. Carlton, Griffith, Hardin. 


MAINE 
Batu. Brown. 
BRUNSWICK 
Bowdoin Coll. Christie, Hammond, 


Holmes, Korgen. 
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LEWISTON. Ramsdell, Wilkins. 
ORONO. 

Univ. of Maine. Hohn, Kimball, Lapidus. 
WATERVILLE. Ashcraft. 


MARYLAND 


ABERDEEN PrRovING GrouND. Coleman, 
Dederick, Dimsdale, Giese, Golub, Hart, 
Lotkin, Madrill, Norden, Reklis. 

ANNAPOLIS. Bingley, Stilwell, Wilson. 

U.S. Naval Acad. Ayres, Bailey, Ball, 
Bleick, Buikstra, Clements, Currier, 
Dillingham, Gorman, Gras, Hammond, 
Kells, Lamb, Lyle, Mayer, McLaughlin, 
Milkman, Milos, Moore, Paydon, Po- 
pow, Rector, Scarborough, Swafford, 
Thomas, Tierney, White. 

Naval Posigrad. School. Church, Denbow, 


Jennings, Mewborn, Rawlins, Root, 
Torrance. . 

BatTiMorRE. Cook, Karl, Roman, Smith, 
Stephens. 


Goucher Coll. Lewis, Torrey. 

Johns Hopkins Univ. Bourne, Clifford, 
Cohen, Edmonson, Haviland, Kennedy, 
Light, Mehr, Morrill, Murnaghan, Reed, 
Sigley, Smith, Templeton. 

BRENTWOOD. Meade. 
CARDAROCK. Wehausen. 
CHEVERLY. Huck. 
CHEvy CHaseE. Cramer. 
CoLLEGE PARK. 

Univ. of Maryland. Good, Hall, Lancaster, 

Lewis, Martin, Mitchell. 
Emmitssura. Burke, Klos. 
FREDERICK. Brown, Maloney. 
Frostsourea. Hallett. 
STEVENSON. Morrel. 
WESTMINSTER, Spicer. 
Woopstock. Hennessey. 


MASSACHUSETTS 


Amuerst. Boutelle, Graff. 
ARLINGTON. Sobczyk. 


Boston. Carnahan, Gould, Hemenway, 
Hoskins, Marie Laurentine, MiAiller, 
Weaver. 


Boston Univ. Bruce, Johanson, Mode. 

Northeastern Univ. Brown, Combellack, 
Spear, Wallace. 

BROOKLINE. McCarthy. 
CAMBRIDGE. Boas. 

Harvard Univ. Ahlfors, Beatley, Birkhoff, 
Brown, Coolidge, Emmons, Gleason, 
Huntington, Kravetz, LeVeque, Mostel- 
ler, Newman, Rose, Rulon, Walsh, 
Widder, Wilson, Zariski. — 

Massachusetts Inst. of Tech. Douglass, 
Franklin, Harvey, Haskins, Martin, 
Moon, Reich, Reissner, Salem, Secada, 
Woods, Zeldin. 

Curestnut Hitt. Marcou, O’ Donnell. 
CuIcopEE. Madden. 

Fatt River. Connors. 

Fircusura. Bissinger. 

Fort Drevans. Hubbard. 

Groton. Nash. 


Lynn. Taylor. 
MEDFORD. 
Tufts Coll. Mergendahl, Ransom, Whit- 
man. 
Miurorp. Dennison. 
NEw Brprorp. Robinson. 
NorTHAMPTON. Johnson, McCoy, Munroe, 
Rambo. 
NORTON, 
Wheaton Coll. 
att. 
PITTSFIELD, Washburne. 
RicHMoOND,. Buchanan. 
SoutTHsoro. Harrison. 
SOUTHBRIDGE. Boeder. 
Soutn Hap.uey. Bates, Litzinger. 
Sout LANCASTER. Durham. 
Tynassporo. Richmond. 
WALTHAM. Smith. 
WELLESLEY. 
Wellesley Coll. Copeland, Merrill, Russell, 
Stark, Young. 
WELLESLEY Hits. Kehl. 
Weston. Burke, Lewis, Swords, 
WILLIAMSTOWN. 
Williams Coll. Agard, Miser, Wells. 
Worcester. Burns, Johnson, McBrien. 
Clark Univ. Melville, Patton, Wheeler. 
Worcester Poly Inst. Brown, Cobb, Gay, 
Morley, Rice. 


Garabedian, Nickerson, 


MIcHIGAN 


ALBION. 
Albion Coll. Ingalls, Larsen, Sleight. 
ANN ARrsor. Hamilton. 

Univ. of Michigan. Anning, Bradshaw, 
Chacalos, Churchill, Coburn, Coe, Cope- 
land, Cox, Craig, Crispin, Curtis, Dick- 
inson, Dwyer, Faulkner, Field, Fischer, 
Ford, Hay, Hildebrandt, Hopkins, Jehn, 
Jones, Kaplan, Karpinski, Love, Mela, 
Myers, Nemerever, Nyswander, Opa- 
towski, Piranian, Raiford, Rainich, 
Rainville, Reade, Rothe, Rouse, Run- 
ning, Samelson, Schorling, Thrall, Torn- 
heim, Wilder. 

BERRIEN Sprines. Lashier. 
DEARBORN. Maguire. 
Detroit. Bagby, Johnson, Paula. 

Univ. of Detroit. Johnston, Markle, Mc- 
Carthy, McGrail, Mehlenbacher, Payne, 
Smith, Thompson. 

Wayne Univ. Baldwin, Borgman, Folley, 
Loweke, Morrow, Nelson, Pixley, Scibi- 
orski, Southard. 

East GRAND Rapips. Bellardo. 
EAsT LANSING. 

Michigan State Coll. Barbour, Bell, Black, 
Carr, Frame, Grove, Herzog, Hill, 
Nordhaus, Plant, Powell, Speeker, Stel- 
son, Stewart, Wells. 


FLINT. 
General Motors Inst. DeMoss, Grotts, 
Raker, Straw, 


Hart, Burdick. 
Houuanp, Lampen. 
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Hovauron. Park, Stipe. 
Ironwoop. Field. 
KataMazoo. Myers, Walton. 
Western Michigan Coll. Bartoo, Beeler, 
Blair, Butler, Cain, Everett. 
Ka.KasKa. Dunlap. 
Marquette. Spooner. 
Mitrorp. McNeal. 
Mt. PLEASANT. 
Central Michigan Coll. Brown, Foust, 
Richtmeyer, Sudborough. 
YpsILANTI. Frankel. 
Michigan State Normal Coll. Erikson, 
Lindquist, Pate. 


MINNESOTA 


CoLERAINE. Kearney. 

DuturH. Cothran, Lockwood, McEwen, 
Mercedes, Morin. 

MINNEAPOLIS. 

Univ. of Minnesota. Amundson, Bearman, 
Brink, Brooke, Bussey, Cameron, Carl- 
son, Colson, Eggers, Fischer, Gibbens, 
Hall, Hart, Hartig, Hatfield, Jensen, 
Johnson, Johnston, Kalisch, Kirchner, 
Koehler, Loud, McCutcheon, McEwen, 
Munro, Ness, Ohnsorg, Olmsted, Pries- 
ter, Quaid, Shumway, Thorp, Turritin, 


ang. 
Moorueab. Andersen, Mundhijeld, Smith. 
NORTHFIELD. Carlson. 
Carleton Coll. Beasley, Gingrich, May, 
Wegner. 
Sr. Josern. Muggli, Scoblic. 
St. Pau. Boehm, Bracewell, Brown, Camp, 
Gibbons, Hill, Morgan, Thornton. 
Coll. of St. Thomas. Bush, Godderz, Mont- 
gomery, Norris, Sheridan, Smith, Speltz, 
Taylor, Terami. 
St. Peter. Nelson, Swanson. 
VIRGINIA. Hancock. 
Winona. Lasalle, Gregory, Kloyde, Schulte 


MISSISSIPPI 
Buvse Moountain. Gillis. 
Cotumsvs. Erickson. 
Hatriesspura. Foote, Johnson. 
Jackson. Babbitt, McCoy, Mitchell, War- 
ren. 
Pass CHRISTIAN. Keyes. 
State COLLEGE 
M ississippt State Coll. Goen, Grimes, Hop- 
kins, Murray, Ollivier, Pettis. 
University. Bickerstaff, Hume. 


MIssouRti 


Carre GIRARDEAU. Michel. 
Cuiayrton. Rosskopf. 
CeLumBia. Cosby. 
Univ. of Missour?. Blumenthal, Ewing, 
Haynes, Kelly, Koken, Wahlin. 
Fayetts. Denny, Helton. 
Fuuton. Lacy. 
HANNIBAL. Moore. 
JEFFERSON City. Jason. 


Kansas Ciry. Cutting, Doyle, Lackay, Pier- 
son, Rosen. 

LIBERTY. Jones. 

ROLLA. 

Missouri School of Mines. Carpenter, 

Erkiletian, Goodhue, Johnson, Rankin. 
St. CHARLEs. Karr. 
Sr. Louis. Bickley, Gove, Lewis, Marth, 
Proctor, Thomas. 

St. Louis Univ. Andrews, Case, Regan, 
Richardson, Vezeau. 

Washington Univ. Dunkel, Gottlieb, Leigh- 
ton, Mathews, Middlemiss, Rider, Roe- 
ver, Van Schaack. 

SPRINGFIELD. Graves, H’ Doubler. 
VANDALIA. Schwetye. 
WARRENSBURG. Brown, Hadley, 
WeEssTER GROVES. Clarke. 


MONTANA 


Bozeman. Hurst. 

Butte. Smith. 

GARRISON. Canning. 
HELENA. Topel. 
Missouna. Carey, Merrill. 


NEBRASKA 


CHADRON. Berry. 
CRETE, Johnson. 
Fr. Croox. Westbrook. 
Hastines. Hadlock, McDill. 
Lincoun. Howie, Ogden, Perisho. 
Univ. of Nebraska. Basoco, Brenke, Camp, 
Cox, Runge. e 
OMATA. Becker, Bettinger, Clarkson, Earl, 
ice. 
Perv. Huck. 
Wayne. Boyce. 
Yor«k. Feemster. 


NEVADA 
Reno. Beesley, Wood. 


New HAMPSHIRE 


Concorp. Conwell. 

DuruaM. Slobin, Stubbe. 

EXETER. Adkins, Funkhouser, Lynch, Pen- 
nell. 

HANOVER. 

Dartmouth Coll. Brown, Doyle, Durfee, 
Forsyth, Mathewson, Morgan, Nord- 
strom, Perkins, Robinson, Silverman, 
Wilder. 

KEENE. Goodrich. 
MANCHESTER. O’ Leary. 
PuymMoutaH. Smith. 
Rye Breacu. Williams. 


New JERSEY 


BLOOMFIELD. Oergel. 

CALDWELL. Anita. 

CuiFrTon. Struyk. 

Convent Station. Kenna. 

East Oranae. LePori, Nordgaard, 
HiaHLAND Parx. Hamilton. 
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Hieutstown. Litterick, 

Hosoxen. Murray. 

JERSEY Crry. Kruse, Reckzeh. 
LAKEWOop. Wallick. 
LAWRENCEVILLE. Kimball, Mikesh. 
Manpison. Battin. 

MapLEwoop. Hazeltine. 

Murray Hitt. Hamming, Shewart. 
NEwaRK. Mosesson, Strock. 

Newark Coll., Rutgers Univ. Ammerman, 
Henry, McCarthy, Sherak. 

Newark Coll. of Engg. Celaura, Jaffe, 
Molina, Solomon, Vedova, Wasson. 

New Brunswick. 

Rutgers Univ. Barlaz, Biser, Bunyan, Fire- 
stone, Galbraith, Goodman, Grant, 
Hazard, LeLeiko, Meder, Morris, Nel- 
son, Ott, Phelps, Starke, Walter, Zim- 
merberg. 

Paterson. Daugherty. 
PriNcETON, Houghton. 
Inst. for Advanced Study. Alexander, Dol- 


ciani, Eberlein, Gelbart, Goldstine, 
Gottschalk, Halmos, Morse, Veblen, von 
Neumann. 


Princeton Univ. Adams, Artin, Lefschetz, 
Michael, Mills, Rauch, Treiber, Tucker, 
Tukey, Wedderburn, Wilks. 

RipGEwoop. Muller. 

RivER Epa@rE. Coleman. 

SouTH ORANGE. Davis, Stanwick. 
TEANECK. Rayher. 

TRENTON. Levine, Shuster. 
Urrer Monrcuarr. Campbell 

State Teachers Coll. €lifford, Davis, Fehr, 
Mallory. 

West ORANGE. Edison. 


New Mexico 


ALBUQUERQUE, Bauer, Mathany, Rogers. 
Univ. of New Mexico. Boldyreff, Hildner, 
LaPaz, Street. 
Las Vraas. Roberts, Rodgers. 
ROswELL. Harp. 
Santa Fr. Cyprian Luke. 
Socorro. Reece. 
STATE COLLEGE. 
New Mexico Coll. of A. and M. A. Branson 
Heinzman, Walden, Wells, Westhafer. 


NEw YORK 
ALBANY. Noel Marie. 
New York State Coll. for Teachers. Beaver, 
Birchenough, Lester, Stokes. 
ALFRED, 


Alfred Univ. Nevins, Polan, Rhodes, 
Seidlin, Whitford. 
Avrora. Hollcroft. Rusk. 
Brooxtyn. Appuhn, Berkofsky, Byrne, 


Charosh, Chernofsky, Epsell, Finkel, 
First, Francis Xavier, Gerst, Kalish, 
Karnow, Klevan, Kramer-Lassar, La- 
voie, Lazar, Leeds, Lieber, Lonner, 
Maddaus, Miller, Mitchell, Palladino, 


Ross, Rush, Salkind, Sarno, Shapi 
Tolle, Waite, Wallach. 

Brooklyn Coll. Baten, Borofsky, Boy 
Fleisher, Forman, Griffin, Johnsc 
Karlin, Kennison, Kieval, Lande 
Maria, Moore, Prenowitz, Richardsc 
Singer, Smith, Wolfe, Woodbridge. 

Poly. Inst. of Brooklyn. Berry, Forra 
Foster, Hutchinson, Lowe, Whitford. 

Pratt Inst. Cowles, Helme, Moore, Nc 


man, Thompson. 
BurraLo. Browne, Maloney, Podmel 

Walker, Wilkins. 
Univ. of Buffalo. Gehman, Montagu 


Montgomery, Noller, Pound, Schnecke1 
burger, Warner, Welmers. 
Canton. Peters. 
CLINTON. 
Hamilton Coll. Brown, Ferry, Gere, Pai 
terson. 


-Eumira. Suffa. 


Enpicort. Dubisch, Wright. 

Far Rockaway. Moore. 

FLusHina. Bakst. 

Queens Coll. Archibald, Brown, Cope 
Dean, Eaton, Feld, Raudenbush, Sard 
Sullivan, Williamson. 

Forest Hrus. Hertzig. 

GARDEN City. Bowden, Clark. 

GARRISON. Davis. 

GENEVA. Durfee. Hubbs. 

Great NEckK. Schultz. 

HAMILTON. 

Colgate Univ. Aude, Downie, Munshower, 
Wardwell. 

HEMPSTEAD. 

Hofstra Coll. Charlesworth, Hawthorne, 
Hove, Ollmann, Rohr, Stabler. 

Hoveuton. Davison, Luckey. 

ITHACA. 

Cornell Univ, Agnew, Beinert, Carver, 
Feller, Flexner, Gunder, Holzinger, 
Hurwitz, Jones, Kac, Karapetoff, Laush, 
Lee, Luippold, Pollard, Rosser, Rubash- 
kin, Snyder, Tuckerman, Walker, Yood. 

JAMAICA. Jordan. 

Kines Pornt. Nickl. 

Lone Isuanp Crry. Peters. 

LOUDONVILLE. 

Siena Coll. Hanhauser, Kuhn, Schocken. 

New Lesanon. Pflaum. 

NEw RocueE.ie. Kiely. 

New York. Alfieri, Arnold, Berger, Bernard 
Alfred, Boehm, Braverman, Burgess, 
Conlan, Crane, Croci, Darraugh, D’ Atri, 
Ginsburg, Gray, Grossman, Heath, 
Hlavaty, Hobbs, Jablonower, Joffe, 
Katz, Keeler, Kruskal, Lehner, Levine, 
Mandel, Mayerson, McGrath, Mc- 
Kenna, McMahon, Mirick, Nehrbas, 
Peiser,’ Phillips, Quilty, Roll, Ruder- 
man, Salerno, Schor, Schwartz, Silver- 
sten, Skelding, Steinhaus, Stuckey, 
Vitale, Wayne, Weaver, Weber. 

Bell Telephone Labs. Clos, Fry, Gray, 
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Jones, MacColl, Mead, Riordan, Schel- 
kunoff. 

Coll. of the City of New York. Fagerstrom, 
Gill, Grove, Hubert, Hurwitz, Linehan, 
MacEwen, Mortola, Nathan, Post, 
Robinson, Schach, Singer, Turner, Wein- 
garten, Wirth, Wright. 

Columbia Univ. Aurora, Bolton, Dillon, 
HKilenberg, Fite, Gentzler, Goldman, 
Kasner, Lewis, Littauer, Mino, Mul- 
lins, Reeve, Ritt, Siceloff, Upton, 
Walker. 

Cooper Union. Anderson, Eastham, Leh- 
man, Levenson, Miller, Tanzola. 

Fordham Univ. Kirby, Kubis, Oehler. 

Hunter Coll. Anderson, Aroian, Bradley, 
Brock, J. Hobart, Bushey, J. H. Bushey, 
Cooper, Darkow, Eisele, Hill, Kutman, 
Landers, Rees, Simons, Tuller, Weisner, 
Whelan, White. 

New York Univ. Adler, Bernardi, Cooley, 
Courant, Graham, F John, Fritz 
John, Kline, Payne, Peters, Put- 
nam, Reddick, Rehberg, Roth, Rubin, 
Schlauch, Shephard, Tilley, Wahlert, 
Yanosik. 

NriaGARA Fauts. Small, Welmers. 
NiaGArRA UNIvERsITY. Banks. 
Norrs Cuarur. Smith. 

ONEONTA. Callahan, Sanford. 
PaTCHOGUE. Schwartz. 
POTSDAM. 

Clarkson Coll. Buxton, Greene, Myatt, 
Waltz. 

POUGHKEEPSIE. 

Vassar Coll. Asprey, Baker, McDonald, 
Newton, Wells. 

RocHEsTEr. Chesna, Foard, Harding, Mer- 
rill. 

Univ. of Rochester. Atkins, Bernstein, 
Betz, Gale, Gunderson, Klimezak, Long, 
Marchand, Seidel, Watkeys. 

St. ALBANS. Deutsch. 
St. BONAVENTURE. Scheier. 
SAMPSON. 

Sampson Coll. Albert, Casey, Caulum, 
Roth, Squires, Wollan. 

SARATOGA SPRINGS. Williams. 
SCHENECTADY. Poritsky. ' 

Union Coll. Burkett, Fox, Morse, Snyder. 

SPRINGVILLE, Harrington. . 
SYRACUSE. 

Syracuse Univ. Cairns, Carroll, Cole, 
Decker, Harwood, Heilman, Loewner, 
Stokes, Taylor. 

TROY. 

Rensselaer Poly. Inst. Allen, Bartholomay, 
Biggerstaff, Campbell, Fraser, Jones, 
Nash, Nickol, Warniock. 

Upton. Williams. 
Utica. Bush, Kotler. 
West Point. 
U.S. Military Acad. Bessell, Jones, Yates. 
Waitt Puarns. Mary Benedicta. 
WYomIna. Hartnell. 


NorrTs CAROLINA 


CHAPEL Hit. 

Univ. of North Carolina. Blyth, Bradley, 
Brauer, Browne, Cameron, Eaves, Gar- 
ner, Henderson, Hickerson, Hill, Hsu, 
Lasley, Mackie, Morrow, Wong. 

CHARLOTTE. Hoyle, Woodson. 
Davipson. McGavock, Mebane. 


DURHAM. 
Duke Univ. Clark, Dressel, Elliott, Gergen, 
Hickson, LaRoe, Miles, Patterson, 


Roberts, Thomas. 
GREENSBORO. Carpenter, Jeffries, Ripandelli, 
Williams. 

Woman’s Coll. of the Univ. of North Caro- 

lina. Barton, Lewis, Pegram, Strong. 
GREENVILLE. 

East Carolina Teachers Coll. 

Reynolds, Scott. 
Hickory. Dodson. 
Hiaes Point. Adams. 
KANNAPOLIS. Winchester. 
Mars Hitu. Howell. 
MoorEsvILLE. Templeton. 
RALEIGH. Downing. 

North Carolina State Coll. Baker, Bullock, 
Cell, Harris, Nahikian, Strobel, Wat- 
son. 

SALISBURY. Dearborn. 
WiumiInGTON. Peebles. 
Wiuson. Stark. 


Graham, 


Norra DAKOTA 


Farao. Arena, Smith. 
GRAND FORKS. 
Univ. of North Dakota. Mason, McBride, 
Peterson, Rognlie, Staley, Westgate. 
JAMESTOWN, Jackson. 
VALLEY City. Patterson. 


OHIO 


Apa. Whitted. 
AKRON. 

Univ. of Akron. Mauch, Ross, Selby. 
ALLIANCE. Freese. 
ATHENS. 

Univ. of Ohio. Marquis, Reed, Starcher. 
Berea. Annear. 
Bow.ine GREEN. 

Bowling Green State Univ. Krabill, Mathias, 

Overman. 

CHILLICOTHE. Clinton. 

CinciInNATI. Lukacs, Reilly, Rice, Stech- 
schulte. 

Univ. of Cincinnati. Barnett, Brand, Jus- 
tice, Lipsich, Lubin, Merriman, Moore, 
Smith, Sz4sz, Taylor, Wang, Yowell. 

CLEVELAND. Burwell, Garvin, Joliat, John- 
son, Musselman, Simon. 

Case School. Brown, Focke, Green, Mc- 


Cuskey, Morris, Nassau, Rinehart, 
Thomas. 
Fenn Coll. Brown, Kelly, Topp, Van 
Voorhis. 
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Couums vs. Byrd, Heinke, Spears, Wilder- 
t 


muth. 

Ohio State Univ. Alden, Bareis, Beatty, 
Caris, Dressler, Fawcett, Helsel, Jones, 
Kuhn, Mickle, Millsaps, Morris, Par- 
rish, Rad6é, Rankin, Rasor, Reichel- 
derfer, Rickard, Toops, Whitney. 

Dayton. Fettis, Price, Schawalder. 

A. A. F. Inst. of Tech. Carson, Downing, 
Gatewood, Wylie. 

Univ. of Dayton. Cassel, Gephart, Hafner, 
Peckham, Schraut. 

DerFiance. Godfrey, MacCullough. 
DELAWARE, Crane, Rowland. 
GamsBiER. Berg, MacNeille, Vandort. 
GRANVILLE. Ladner, Wiley. 

Hiram. Clarke. 

Kent. Lowenstein. 

Kent State Univ. Brooks, Harshbarger, 
Jenkins, Johnson, Manchester, Oslon, 
Rogers. 

LAKESIDE. Wolfe. 

MariEeTra. Bennett, Sandt. 

Mr. Sr. JosepH. Corona, Dimond. 
NAPOLEON, Yeager. 

NEw Concorp. Knight. 

New LEexinerTon, Hoops. 

Nort Battimore. Blackall. 
Nortu Canton. Mummery. 
OBERLIN. Yeaton. 

Oberlin Coll. Cairns, Carr, Newsom, Ran- 
dolph, Sinclair, Smyth, Vance, Wagner, 
Yeaton. 

OxForp. Tappan. 

Miama Univ. Anderson, Pollard, Spence- 

ley, Wolfe. 

SPRINGFIELD. Krueger, Tripp. 

TirFrin. Menke. 

TouEDoO. Brandeberry, Dancer, Koley, Mer- 
cedes. 

WESTERVILLE. Glover. 

WILBERFORCE. Toney. 

WILMINGTON. Spinks. 

WOOSTER. 

Coll. of Wooster. Fobes, Knight, William- 
son, Yanney. 

YeELLow Sprinas. Astrachan. 


OKLAHOMA 


Apa. Canada, Heimann, Winn. 
Auva. Huneke. 

BARTLESVILLE. Rice. 
CLAREMORE. Nemecek. 
Durant. Dwight. 

NORMAN. 

University of Oklahoma. Bernhart, Brixey, 
Court, Dragoo, Hassler, Huff, Huskey, 
Krattiger, LaFon, McFarland, Me- 
Knelly, Palmer, Pipes, Reaves, Smith, 
Spears, Springer. 

OKLAHOMA City. Meador, Pirrong. 
OKMULGEE, Zant. 

SHAWNEE, Doerfler. 

STILLWATER. 

Oklahoma A. & M. Coll. Allen, Barnett, 
Caskey, Diamond, Flanders, Hamilton, 


Lewis, McDole, Mitchell; Smith. 
Tusa, Argue, Doll, Duncan, Eisen, Ellis, 
Lewis. 
Univ. of Tulsa. Carter, Shreve, Veatch. 
West. 
WEATHERFORD. Linscheid. 


OREGON 


ADRIAN. Bunch. 
CoRVALLIS. 

Oregon State Coll. Beaty, Clark, Eves, 
Hammer, Kirkham, Li, Milne, Poole, 
Saunders, Stone, Williams, Young. 

EUGENE. 

Univ. of Oregon. Civin, DeCou, Ghent, 
Gilbert, Moursund, Niven, Peterson, 
Scobert, Wood. 

Forest Grove. Noble, Price. 
McMinnvi1 Le. Ramsey. 
PORTLAND. Frederickson, Merriss. 

Reed Coll. Griffin, L. J. Rosenbaum, R. A. 

Rosenbaum. 
Sautem. Luther. 


PENNSYLVANIA 


ALLENTOWN. Billig, Kunkel. 

Muhlenberg Coll. Deck, Holt, Koehler, 

Nelson. 
ANNVILLE. Black. 
BEAVER Fats. Cleland. 
BETHLEHEM, Ashbaugh, Radar. 

Lehigh Univ. Beer, Chellevold, Cowl- 
ing, Cutler, Hailperin, Latshaw, Petrie, 
Pitcher, Qualley, Raynor, Reynolds, 
Shook, Smail, Van Arnam. 

BrapForp. Cummings. 
Bryn Mawr. Atkinson, Innis. 

Bryn Mawr Coll. Lehr, Oxtoby, Wheeler. 
CARLISLE, Ayres, Kuebler, Stuart. 
CHAMBERSBURG. Johnson. 

CHESTER. Helms. 
CoLLEGEVILLE. 
Ursinus Coll. Clawson, Dennis, Manning. 
DENVER. Marburger. 
EASTON. 
Lafayetie Coll. Benner, Cawley, Hatch, 
J.C. Smith, W. M. Smith. 
Eris. Kraus, Russell. 
GEORGE ScHooL. Fraser. 
GREENSBURG. McNeil. 
GRoveE Ciry. Carpenter. 
HAVERFORD. 

Haverford Coll. Allendoerfer, 
Thomsen, Wilson. 

Hazueton. Liechty, Zerbe. 
HeErsHEy. Haag. 
HunNtTINGpDOoN. Stayer. 
ImMMAcULATA. Amator. 
INDIANA. Stright. 
Kurztrown. Knedler. 
LancastTEeR. Murray. 
LaTROBE. Seubert. 
LEWISBURG. 

Bucknell Univ. Gold, MacCreadie, Miller, 
Richardson. 

Lock Haven. Smith. 


Oakley, 
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McKess Rock. Arnold. 

MEADVILLE. Steen. 

MILLERSVILLE. Boyer. 

MoNTOURSVILLE. Price. 

NEw Wiumineton. McGaughey. 

PHILADELPHIA. Brown, Campbell, Cavalli, 
Constable, Davis, Durand, Eggert, 
Hisenhart, Fudge, Hearn, Keralla, Koch, 
Latshaw, Levy, McDonough, McNeary, 
Moliver, Neale, Russ, Slepin, Wing. 

Univ. of Pennsylvania. Caris, Clarkson, 
Evans, Fine, Kline, Makarov, Patter- 
son, Safford, Schoenberg, Walton, Wil- 
gon. 

Temple Univ. Moses, Wilson, Wurster. 

PicTuRE Rocks. Price. 
PirrspuRGH. Briant, Buker, Calkins, Frankel, 
Harmon, Leifer, Miller, Mullan, Taylor. 

Carnegie Inst. of Tech. Dines, Epstein, 
Hoover, Johnson, Lahti, Maple, Mosko- 
vitz, Neelley, Olds, Rosenback, Saibel, 
Synge, Whitman. 

Univ. of Pitisburgh. Blumberg, Bryson, 
Foraker, Hovey, Taylor, Wells. 

PLEASANTVILLE. Kerr. 
Reapina. Speicher. 
RipgEway. Bauser. 
Scranton. Bertrand, Daniel. 
SPRING GRovE. Martin. 
SuIpPpERY Rock. Lady. 
STATE COLLEGE. 

Pennsylvania State Coll. Cohen, Curry, 
Dunlap, Frink, Gordon, Gravatt, 
Graves, Hagen, Harrington, Herpel, 
Johnson, Krall, F. W. Owens, H. B. 
Owens, Rupp, Schwartz, Sheffer, Story, 
Townsend. 

SwARTHMORE. 

Swarthmore Coll. Brinkmann, 
Marriott, Wasow. 

Urrer Darsy. Houghton. 
WASHINGTON. 

Washington & Jefferson Coll. Bert, Dorw- 

wart, Shaub, Thomas. 
WAYNESBURG. Moston. 


Dresden, 


RHODE ISLAND 


KINGSTON. 
Rhode Island State Coll. Bender, Brown, 
Stauffer. 
Newport. Cavanagh, Chase. 
PROVIDENCE. McKenney, Mc Murtrie. 
Brown Univ. Adams, Archibald, Bennett, 
Buck, Carlen, Gilman, Heins, Kaufman, 
Keek, Lin, Manning, Moore, Pease, 
Richardson, Rosenbloom,  Saltzer, 
Smiley, Western. 


Soutn CAROLINA 


CHARLESTON. 
The Citadel. Dye, Folsom, Hair, Hutchi- 
son, Reves, Sutton. 
CLEMBON. 
Clemson Agric. Coll. Brewster, Brown, 
Lagrone, Sheldon, Stanley, Vause. 
CLINTON. Coleman. 


CoLUMBIA. 

Univ. of South Carolina, Dinkines, E. C. 
Douglas, N. C. Douglas, Durst, Hed- 
berg, Jackson, Lytle, Novak, Rasor, 
Robinson, Shuler, Weber, Williams. 

GREENVILLE. Blackwell, Mays. 
GREENWOOD. Pettus. 
HARTSVILLE. Frierson, Reaves. 
NEWBERRY. Gaver. 

Rock Huu. Pepper. 
SPARTANBURG. Patten. 


Sournw DAKOTA 


* BROOKINGS. 


South Dakota State Coll. 
Walder, Wente. 
MitTcHELL. Knox. 
Rapip Crry. Swanson, 
SPRINGFIELD. Hoopes. 
VERMILLION. Meyer. 
Univ. of South Dakota. Bedwell, Ekman 
Miller, H. W. Morrow, K. W. Morrow. 
YANKTON. Hoffman, Howell. 


MacDougal, 


TENNESSEE 


Aucoa. Harris. 

CHATTANOOGA. Massey. 
CLARKSVILLE. Layton. 

CooKEVILLE. Hutchinson, Moorman. 
Fountain City. Keller. 

HaRRoGATE. Bowling. 

JEFFERSON City. Sloan. 

JOHNSON CrTy. Carson. 

KNOXVILLE. Parker. 

Univ. of Tennessee. Albert, Cooley, Eaves, 
Ficken, Givens, Lee, Miller, Pollard, 
Shobe, Wilson. 

MARYVILLE, Sisk. 
Mempuis. Coker, 
Walbert. 
NASHVILLE. Boswell, Gasaway, Van Horn, 

Wren. 

Vanderbilt Univ. Blair, Boyce, Clark, 

Graham, Hyden, Lundberg, Martin, 


Kaltenborn, McBride, 


Mrs. W. L. Miser, Prof. W. L. Miser. 
Oax Riva@e. Householder, Hurd, Jones, 
Young. 


TEXAS 


ABILENE. Burnam, Mullings, Tate. 
AMARILLO. Adams, Davis. 
ARLINGTON. Howard. 

AUSTIN. 

Univ. of Texas. Anderson, Batchelder, 
Craig, Decherd, Ettlinger, Greenwood, 
Guy, Lubben, Osborn, Porcelli, Shep- 
herd, Vandiver, Wall. 

Bruton. Mason. 
BROWNSVILLE. de la Garza. 
Brownwoop. Johnson. 
Canyon. Murray. 
CouLEGE STATION. 

A. & M. College of Texas. Basye, Beeman, 
Daum, Klipple, Luther, McCulley, 
Moore, Pinkerton, Temple, Wapple. 

ComMERCE. Wright. 
DAINGERFIELD. Kennedy. 
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DauLas. McNabb, Mouzon, Sorrells, Starr, 
Stulken, Thomas. 
DENTON. 

N. Texas Teachers Coll. Brown, Cooke, 
Hanson. 

Texas State Coll. for Women. Ashburn, 
Miller, White, Willey. 

Eu Paso, Lane. 
Fort WortH. 

Texas Christian Univ. Bramblett, Morgan, 

Ramsey, Sherer, Shore, 

GEORGETOWN. Whitmore. 

Houston. Blau, Howe, Newhouse, Rader, 
Slotnick. 

Rice Inst. Bray, Brunk, Calkin, Dean, 
Lovett, Taylor, Ulrich, White. 

HUNTSVILLE. 

Sam Houston State T. C. Hardy, Lane, 

Querry, Vick, Wall. 
KinGsviu.e. Dorroh. 
LONGVIEW. Falvey. 
Lusppock. Parker. 

Texas Tech. Coll. Cross, Hazlewood, 
Heineman, May, Michie, Rowland, 
Sparks, Thompson, Underwood, Whet- 
stone, Whyburn, Woodward. 

OprEssa. Felder. 
San ANGELO. Bright, Smith. 
San Antonio. Dobbins, Jenke, Mary of 

Mercy, McNelly, Morgan, Schnepp. 

Trinity Univ. Newton, Oesch, Rees. 

San Marcos. Cude. 
STEPHENVILLE. McSweeny, Redden. 
Treacue. Notley. 


UTAH 


Logan. Calvert, Hunsaker. 
St. GEORGE. Everett. 
Saut LAKE City. 
Univ. of Utah. Biesele, Bridger, Hayes, 
Heriques, Horsfall, Pehrson, Thorne. 


VERMONT 


BURLINGTON. 
Univ. of Vermont. Bullard, Butterfield, 
Larrivee, Millington, Swift. 
MIDDLEBURY. 
Middlebury Coll. Ballou, Bowker, Hazel- 
tine, Perkins. 
NORTHFIELD. Dix. 
Swanton. Alliot. 


VIRGINIA 
BLACKSBURG. 
Virginia Poly. Inst. Hatcher, Horne, 
McFadden, O’Shaughnessy, Spencer. 
Buena Vista. Durham. 
CHARLOTTESVILLE. 


Univ. of Virginia. Aylor, DeFrancesco, 
Floyd, Fort, Hedlund, Klee, Linfield, 
McShane, Oglesby, Utz, Whyburn. 

DAHLGREN. Bramble. 
FARMVILLE. Sutherland, Taliaferro. 


FREDRICKSBURG. Frick. 
Hampton. Claytor. 
HARRISONBURG. Ikenberry, Suter. 
LEXINGTON. Byrne, Knox, Meadows, Pax- 
ton, Smith. 
LYNCHBURG. 
Randolph-Macon Coll. 
Simpson, Wiggin. 
Mipp.LEesouRG. Keppler. 
Newport News. Plethides, Raine. 
NORFOLK. Norris. 
PETERSBURG. Hunter. 
RICHMOND. Drew. 
Univ. of Richmond. Gaines, Grable, Harris, 
Wheeler. 
SALEM. Carpenter. 
Staunton. Taylor. 
SwEET Briar. Morenus. 
WILLIAMSBURG. 


Baker, Larew, 


Coll. of William and Mary. Calkins, 
Phalen, A. Lee Smith, R. E. Smith, 
Stetson. 


W ASHINGTON 


ABERDEEN. Seamons. 
CHENEY. Bell. 

Everett. Van Arkel. 

Lacey. Cebula. 

Port TownsEND. Fitzgerald. 
PULLMAN, 

St. Coll. of Washington. Butler, Caton, 
Hacker, Irwin, Klotz, Knebelman, Row- 
land, Tysver, Vatnsdal. 

SEATTLE. Beegle, Hull, Lanczos. 

Univ. of Washington. Ballantine, Beau- 
mont, Cramlet, Haller, Jerbert, King- 
ston, McFarlan, Taub, Winger, Zucker- 
man. 

SPOKANE. Carlson. 
Tacoma. Goman. 
VANCOUVER. Stair. 


WEst VIRGINIA 


CowEn. Haller. 
HuNTINGTON. Goins. 
MontaGomeErRy. Babcock. 
MORGANTOWN. 
West Virginia Univ. Bauserman. Cunning- 
ham, Davis. Eiesland, Peters, Reynolds, 
Turner, Vehse, Vest. 


WISCONSIN 


AppLeTon, Berry, Stewart. 
Betorr. Conwell, Huffer. 
Eav Cuarre. Otteson. 
GREEN Bay. DeCleene. 
La Crosse. Adkins, Malin. 
Manison. Ericksen, Otis. 

Univ. of Wisconsin. Allen, Andree, Arnold, 
Bing, Bruck, Chessin, Cohen, Colvin, 
Davies, Evans, Fuller, Hart, Hood, 
Ingraham, Jarmain, Kleene, Langer, 
MacDuffee, March, Mark, Mayor, Otis, 
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Rechard, Remo, Rose, Rothstein, Ryser, 
Schecter, Schurrer, Simpson, Sokolni- 
koff, Specht, Trump, Zemmer. 

MaRINETTE. Wagner. 

MiuwavKeEsk. Arashiro, Baumann, Bigelow, 
Boehmer, Clark, Felice, Fetterer, Gert- 
rude, Norris. 

Marquette Univ. Fitzpatrick, Glander, 
Moeller, Pettit, Wilezewski. 

Univ. of Wisconsin in Milwaukee. Bardell, 
Battig, Kenney, Marden, Nemmers, 
Parkinson, Spitzbart, Vass, Wolf. 


PLATTEVILLE. Harrell. 
PuymoursH. Rusch. 

RACINE. Jautz. 

River Fauus. Eide, McLaughlin. 
Superior. Flogstad, Smith. 
WavkesHa. Dancey, Hopkins. 
WuitTrEFisH Bay. Anderson. 


WYOMING 
LARAMIE. Bellamy. 
Univ. of Wyoming. Barr, Brady, Neu- 
bauer, Rechard, Schwid, Smith, Varineau. 


CANADA 


AURORA. Lane. 
EDMONTON. 
Univ. of Alberta. Campbell, Cook, Sheldon. 
FREDERICTON. Edwards. 
Hamitton. Bankier, Findlay. 
KINGSTON. 
Queens Univ. Halperin, Jeffery, Miller. 
Lonpown. Cole, Kingston. 
Montreat. Ayoub, Frechette, Gauthier, 
Gough, Lalonde, Pelletier, Rosenthal. 
Orrawa. Dubé, Duffie, Keyfitz. 
QuEBEC. Pouliot, Roland. 
SACKVILLE. Crawford. 


SASKATOON. Ferns, Miller. 
Toronto. Dobson, Grant. 

Univ. of Toronto. Beatty, Brauer, Burk, 

Coxeter, Pounder, Robinson. 
VANCOUVER. 

Univ. of British Columbia. Buchanan, 
Chapman, Free, Gage, James, Jennings 
Kent, Murdoch, Nowlan, Simons. 

Victoria. Wallace. 
WINNIPEG. 

Univ. of Manitoba. Fleming, Mendelsohn, 

McEwen, Moser, Warren. 
WotrFvitue. MacPhail. 


FOREIGN MEMBERS 


ARGENTINA 
Buenos Arres. Baidaff, Barral-Souto. 


BELGIUM 


Brouaes. Goormaghtigh. 
BRUXELLES. Errera. 
Mons. Deaux. 


BritrisH HONDURAS 
BEeuizE. Zimmerman. 


CEYLON 
VADDUKODDAI. Lockwood. 


CHILE 
Santiago. Moreno. 


COLOMBIA 
Bogota. Thullen. 


CUBA 


Havana. Aleman, Gonzdles, Novoa, Rodrf- 
gues. 
Santiago. Muguercia. 


DENMARK 
CoPpENHAGEN. Schmidt. 


ENGLAND 


BRIERLEY Huu. Solari. 
CAMBRIDGE. Hardy. 
CueEssinetTon. O’Beirne 
Cuipring Norron. O’ Hara. 


ENGLEFIELD GREEN. McCrea. 
Lonpon. Dalal, Spickelmier, Todd. 


FRANCE 


BourG-LA-REINE. Minois. 
CLERMONT-FERRAND. Droussent. 
LUXEMBOURG. Zahlen. 

Paris. Belgodére. 

TENNIE. Thébault. 


GREECE 
ArHens. Lanckton. 


GUATEMALA 
GUATEMALA. Engel. 


INDIA 


BANGALORE. Madhava Rao. 
BELGAUM. Sharma. 
HypERABAD. Ghani. 
Surat. Shah. 


[RELAND 
Dusuin. Broderick. 


LEBANON 
Berrut. Jurdak, Kennedy. 


MEXICO 
Mexico. N&poles. 


NETHERLANDS 
Tuer HacokE. Spruitenburg. 
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NEw ZEALAND 
DuNEDIN. Martyn. 


PANAMA 
PANAMA CrTy. Linares. 


PERU 
Lima. de Losada y Puga. 


PHILIPPINE ISLANDS 
MANILA. Perez. 


PORTUGAL 
LIsBon. Caraca. 


Purertro Rico 


MAYAGUEZ. Garcia. 
Rio Prepras. Rathburn. 
SAN JUAN. Piza. 


RUSSIA 
Moscow. Kryloff. 


Soutna AFRICA 
BLOEMFONTEIN. Arndt. 


SPAIN 
Maprip. Bachiller. 


SwiITzZERLAND 


Basie. Ostrowski. 
Frispoura. Bays. 
NEvUcHATEL. DuPasquier. 
Zurics. Burckhardt. 


TURKEY 
IsTANBUL. Miller. 


URUGUAY 
MontTEVIDEO. Calcagno. 


WALES 


BRIDGEND TRADING Estate. Nicholls. 


. VENEZUELA 
Caracas. Michalup. 


BY-LAWS OF THE MATHEMATICAL ASSOCIATION OF AMERICA (INC). 
(As amended to January 1, 1948) 
ARTICLE I—Name, PURPOSE AND CORPORATE SEAL 
1. This organization shall be known as 


THe MaTHEMATICAL ASSOCIATION OF AMERICA (INCORPORATED) 


2. Its object shall be to assist in promoting the interests of mathematics in America, 
especially in the collegiate field, by holding meetings in any part of the United States or 
Canada for the presentation and discussion of mathematical papers, by the publication of 
mathematical papers, journals, books, monographs and reports, by conducting investigations 
for the purpose of improving the teaching of mathematics, by accumulating a mathematical 
library and by codperating with other organizations whenever this may be desirable for 
attaining these or similar objects. 

3. The Corporate Seal of the Association shall have inscribed thereon the name of the 
Association and the words ‘‘Corporate Seal—lIllinois.”’ 


ARTICLE JI-—MEMBERSHIP 


1, Any person who is interested in the field of collegiate mathematics shall be eligible for 
election to membership in the Association. 

2. Election to membership shall be by vote of the Board upon written application from 
the individual seeking admission, endorsed by two members of the Association. 

3. Those who were admitted to membership in The Mathematical Association of Amer- 
ica (unincorporated) prior to October 1, 1920, and were in good standing as such on that date, 
were thereby admitted to membership in this Association (Incorporated). 


ARTICLE IIJ—Boarp oF GOVERNORS AND OFFICERS 


1. The Officers of the Association shall be a President, a First Vice-President, a Second 
Vice-President, an Editor-in-Chief of the Official Journal (hereinafter called the “‘Editor’’), a 
Secretary~Treasurer, and an Associate Secretary. 

2. There shall be a Board of Governors (hereinafter called the ‘‘Board’’), to consist of the 
Officers, the Ex-Presidents for terms of six years after the expiration of their respective presi- 
dential terms, and of additional elected members (hereinafter called ‘“Governors’’). It shall be 
the function of the Board to supervise all scholarly and scientific activities of the Association, 
to administer and control these activities, and to authorize expenditures of funds of the Asso-- 
ciation, except that at the demand of ten or more members of the Board, or at the demand of 
forty or more members of the Association, any proposal to alter or initiate a matter of policy 
shall be referred to the general membership of the Association for its decision. All members of 
the Board shall hold over until their respective successors are selected or appointed and qual- 
ify. 

3. There shall be an Executive Committee advisory to the Board, and consisting of the 
President, the two Vice-Presidents, the Editor and the Secretary-Treasurer. It shall be the 
function of this Committee to review continually the policies and activities of the Association, 
to plan and organize new activities, to formulate in broad outline the programs of meetings 
and of publications, and in general to consider all matters of importance or of interest to the 
Association. This Committee shall prepare the agenda for meetings of the Board, and shall 
analyze the implications and aspects of all matters which are to come before the Board for de- 
cision. It shall present to the Board the viewpoints suggested by such analyses, as well as all 
such facts as may seem pertinent, or as may in any way facilitate the Board’s work. 

4. A statement regarding any proposed action of the Board which makes or alters a 
question of policy shall be published in the official journal, or notice of such proposed action 
shall be mailed to each member, before final action has been taken, so that members of the 
Association may make known to the Board their individual views. 

5. The Board shall have authority to fill vacancies ad interim in any office, including 
vacancies in the Board, and to make any other appointments necessary for the transaction of 
the business of the Association. 

6. At all meetings of the Board of Governors a quorum shall consist of not less than five 
(5) members and no business may be validly transacted at a meeting at which less than a 
quorum is present; provided that any meeting of the Board, whether or not a quorum be pres- 
ent, may be adjourned to a specified time and place by a majority of the members present 
without notice to the members at large other than announcement at such meeting. Informal 
action based on a mail ballot by the members of the Board, if ratified at a properly convened 
meeting of the Board, shall be as valid and effective as if originally authorized at such meeting. 
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7. There shall be a Finance Committee responsible to the Board; at the direction of the 
Board it shall receive and administer the funds of the Association, control its properties and 
investments, make its contracts, and exercise such powers as may be delegated to it by the 
Board. This committee shall consist of three members, of whom the Secretary-Treasurer shall 
be one. 

8. (a) The Officers and Governors of the Association shall be elected in part by the 
Board, in part by the general membership, and in part by the membership in the Sections of 
the Association or by the membership in constituencies authorized by the Board for territory 
where Sections do not exist. 

(b) The membership at large shall elect in alternate years respectively a President and 
a First Vice-President, each for a term of two years, and shall elect each year two Governors, 
for terms of three years. 

(ec) The membership in each Section shall elect triennially a Governor for a term of three 
years. For these elections, at least two nominations shall be submitted to the members by a 
committee appointed for that purpose by the Chairman of the Section. 

(d) The Board shall elect at appropriate times by ballot and for the terms stated: a 
Second Vice-President for two years; an Editor, a Secretary-Treasurer, and an Associate 
Secretary, each for five years; and members of the Finance Committee (other than the 
Secretary-Treasurer) for four years. 

(e) The President shall be ineligible for reélection. The Vice-Presidents, the Editor, and 
the Governors shall be eligible for reélection only after an interim equal to their respective 
terms of office. 

(f) Elections by the Board shall be made from nomination by the Executive Committee. 
At least two nominations shall be made for each office to be filled in the case of the Second 
Vice-President and the members in the Finance Committee, and the Board may in any case 
reject all nominations made and call for a new list. 

(g) The names of members to be printed upon the ballots, together with blank spaces 
in the case of elections by the general membership, shall be determined by a Nominating 
Committee to be appointed annually for that purpose by the President with the approval of 
the Board. Approximately six months before the date of the annual meeting all members shall 
be given an opportunity to nominate by mail a candidate for each office to be filled by the 
members for the ensuing year. Approximately one month before the annual meeting the 
Nominating Committee shall select a nominee for President out of the three persons who re- 
ceived the most votes for this office in the nominations; the Nominating Committee shall 
furthermore select two candidates for each other office to be filled by the members, one being 
the person who received the highest vote in the nominations and the other being selected from 
among the several nominees next in order. The election shall be by mail or in person and shall 
close on the day of the annual meeting. 

9. The President shall be the Executive Officer of the Association, shall preside at all 
meetings of the Board of Governors and at the annual meeting of the Association. He shall 
have the usual duties pertaining to his office and such other duties as may from time to time 
be assigned him by the Board of Governors. 

10. The Vice-Presidents shall, in the absence of the President, have and exercise the 
powers of the President, their order being determined alphabetically. The Board of Governors 
may assign to the Vice-Presidents such duties as may from time to time be determined. 

11. The Secretary-Treasurer shall have the usual duties pertaining to the office of 
Secretary and of Treasurer, including the custody of the records of the Association and of its 
Corporate Seal, the keeping of minutes of the meetings of the Board of Governors and of the 
annual meeting and special meetings of members, and giving of due notice of all regular and 
special meetings of the Association and of the Board of Governors, and the supervision and 
safekeeping of the funds of the Association. The Secretary-Treasurer shall also have the duty 
of seeing that whenever Governors are elected, including the election of Governors to fill 
vacancies, a Certificate, under the Seal of the Association, giving the names of those elected 
and the term of their office, shall be recorded in the Office of the Recorder of Deeds for Cook 
County, Illinois. Such Certificates shall be signed by the Secretary-Treasurer and verified by 
oath of the President. 


ARTICLE [V—MEETINGS 


1. A meeting of the Association shall be held annually, at such time and place as the 
Board may direct. Special meetings of the Association may be called from time to time by 
the Board, or while the Board is not in session by the President of the Association, to be held 
at such time and place as may appear from the call. 

2. The Board shall hold a meeting each year immediately preceding the annual meeting 
of the Association. Further meetings of the Board may be held from time to time at the call 
of the President or of any three (3) members of the Board. 
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3. Notice of any meeting of members of the Association shall be given by the Secretary- 
Treasurer at least thirty (80) days prior to the date set for each meeting. Notice of all meet- 
ings of the Board other than the regular meetings provided in Section 2 shall be given to 
each member of the Board at least fifteen (15) days prior to the date set therefor. 

4, Any member of the Association or of the Board may waive notice with the same effect 
as if due notice had been given him. 

5. At all meetings of the Association a quorum shall consist of not less than twenty-five 
(25) members and no business may be validly transacted at a meeting at which less than a 
quorum is present; provided that any meeting of the Association, whether or not a quorum 
be present, may be adjourned to a specified time and place by a majority of the members 
present without notice to the members at large other than the announcement at such meeting. 

6. Members may take part and vote in person or by proxy at all meetings of the Asso- 
ciation. 


ARTICLE V—SECTIONS 


1. Any group of not less than ten (10) members of this Association may petition the 
Board for authority to organize a Section of the Association for the purpose of holding local 
meetings. The Board shall have power to specify the conditions under which such authority 
shall be granted. 

2. The Association shall not be obligated to pay from its treasury any of the expenses 
of such Sections except as the Board may provide. 


ARTICLE VI—OFFICIAL PUBLICATIONS 


1. The Association shall publish an official journal, which shall be sent free to all mem- 
bers of the Association in accordance with Article VII. 

2. The Board shall have full control of the publication and sale of the official journal 
and of all other official publications. 

3. There shall be appointed by the Board a body of Associate Editors who shall give 
assistance in connection with the official journal. 

4. The Board shall from time to time, as the need arises, make special provision for the 
management of any other official publications. 

5. The Board shall fix the price of the official journal and of any other official publica- 
tions of the Association, but in no case shall the journal be sold to non-members for less than 
the annual dues of individual members. 


ArtTiIcLE VII—DvEs 


' id; Members of the Association shall pay an initiation fee of Two Dollars ($2) at the tim 
of election. 

2. The annual dues of each member shall be Four Dollars ($4), including a subscription 
to the official journal. 

3. All dues shall be payable on the first of January of each year. Should the annual dues 
of any member remain unpaid beyond a resonable time, his name shall be dropped from 
the list after due notice. 

4. New members entering the Association after April 1 of any year shall have their dues 
pro-rated for the balance of the year, except when they desire to receive the full current 
volume of the official journal. 

5. Any member who because of age is no longer in active service, who is in good standing 
at the time of his retirement and who has been a member of the Association for twenty years, 
may, upon notifying the Secretary of said retirement, be exempt from the payment of dues, 
with the privilege of obtaining the official journal at an annual cost of one dollar. 


ARTICLE VIII—AMENDMENTS TO THE ARTICLES OF ASSOCIATION AND By-Laws 


1. Changes in the Articles of Association or amendments to the By-Laws may be made 
at any annual meeting of the Association, or at any adjourned session, thereof, or at any 
special meeting of the Association called for such purpose, by a two-thirds (%) vote of those 
present and entitled to vote; provided that due notice concerning such amendment shall 
have been printed in the official journal, or mailed to each member, at least one (1) month 
before the date of such meeting. 

2. No changes in the Articles of Association shall have legal effect until a certificate 
thereof, verified by oath of the President and under Seal of the Association, attested by the 
Secretary-Treasurer, shall be filed in the office of the Secretary of State of the State of [linois 
and recorded in the office of the Recorder of Deeds for Cook County, Illinois. 
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PERIODS OF SERVICE OF FORMER OFFICERS OF THE ASSOCIATION 


(The periods were for the calendar years except that after 1942 the terms of 
Regional Governors began and ended July 1.) 


HONORARY PRESIDENT FOR LIFE 
H. E. SLAUGHT, December 1933—-May 1937 


PRESIDENTS 
E.R. HEDRICK.............0e ce eeeee 1916 W.B. Forp................000- 1927-1928 
FLORIAN CAJORI............c0ccccees 1917 J. W. YounNG...............0006 1929-1930 
E. V. HUNTINGTON. ............-.00¢ 1918 E.T. Beuu.................... 1931-1932 
H. E. SuAUGHT.......-0 0c cee eee eee 1919 ARNOLD DRESDEN.............. 1933-1934 
D. E. SMITH... 1... 0. cee ee ee eee 1920 D.R. Curtiss................. 1935-1936 
G. A. MILLER... 2.0.2.0... eee cee eee 1921 A.J. KEMpNER................. 1937-1938 
R. C. ARCHIBALD. ............0000ee8 1922 W.B.CARVER.............200- 1989-1940 
R. D. CARMICHAEL............c000005 19238 R.W.BrInK................... 1941-1942 
H.L. Rrerz...... ee eee 1924 W.D. Carrns................-. 1943~—1944 
J. L. COOLIDGE... 2... ee ee ees 1925 C.C. MacDuFFEE.............. 1945-1946 
DUNHAM JACKSON. ............000eue 1926 
VicE-PRESIDENTS 
EB. V. HUNTINGTON.......0 00. c eee eees 1916 W.C. GRAUSTEIN.......... 1929, 1930, 1940 
G. A. MILLER... 2... ee ee es 1916 ARNOLD DRESDEN..........0ccccecee 1931 
D. N. LEAMER..............0065 1917,1918 C.N: Moork..............-... eee 1931 
OSWALD VEBLEN. ..........00-eceaae 1917 W.H. Busseéy............... ccc eee 1932 
J. W. YOUNG........ 0.000000 eee 1918,1926 G.C. EVANS......... 0... cece eens 1932 
R. G. D. RICHARDSON. ...........000- 1919 E. B. STOUFFER.................000- 19383 
H. UL. Rrerz... ee ee ee eee 1919 E.P. LANE... 2... ce ce ee 1934 
HELEN A. MERRILL...............065 1920 L.L. DINES................ 0.0 ee eee 1935 
E. J. WILCZYNSKI... 2... ee ee ee ees 1920 N.A. Court.............. cece eee 19386 
R. C. ARCHIBALD. ...........0-ee eee 1921 T.C. FRY... ee cc eee tose 
R. D. CARMICHAEL..............- 1921, tees T. H. HILDEBRANDT............0-200- 
B. F. FINKEL.............000 cece eae E. J. MOULTON............-0008 1937, 1888 
A. B. CHACE..... 0... cc eee ee ee eee 1923 H. E. BUCHANAN. ........ 00.0 ceeeee 
L. P. HISENHART. ......... cc eee eee 1928 W.L. HART............... cece ee 1889 
J. L. COOLIDGE........... 0c cee ee eee 1924 R. W. BRINK.....2......... 2... ee eee 1940 
DUNHAM JACKSON.............. 1924,1925 B.H. Brown.................. 1941-1942 
A. A. BENNETT............ 1925, 1933, 1984 R.E. LANGER............... 0. cee 1941 
W.B. FORD... 1... eee ee ewes 192 TOMLINSON ForT.............-. 1942-1943 
A. J. KEMPNER............ 1927, 1928,1985 C.C. MacDuFFEE.............. 1943-1944. 
CuUARA BE. SMITH.... 2.0... ccc ee eee W. M. WHYBURN............... 1944-1945 
F. D. MURNAGHAN.............. 1928,1989 W.F. CuHenny, JR............... 1945-1946 
BE. T. Bau... eee 1929, 1930 
SECRETARY-TREASURER 
(Appointed by the Board after 1918) 
W. D. CAIRNS....... cece eee eee 1916-1942 
W. B. CarRvER... 1... 0. eee ees 1943-1947 
COMMITTEE ON OFFICIAL JOURNAL 

Appointed by the Board. Discontinued after 1939) 
H. E. SuauGwr............ 000. 1916-1987 H.P. Mannina................ 1921-1922 
R. D. CARMICHAEL.............. 1916-1918 W.B.Forp................e00. 1923-1925 
W. H. Bussty........1916-1918, 1926-1931 J. L. Coouman................. 1923 
R. C. ARCHIBALD.............0. 1919-1921 A.J. KEMPNER................. 1924-1939 
W. A. Hurwitz................ 1919-1921 W.B.CARVER....... 1932-1936, 1987-1939 
A. A. BENNETT. .............005 1922 E. J. MOULTON..........cc cease 1937-1939 


Epi1tors-1nN-CHIEF AFTER 1939 
E. J. MOULTON... ...... ce eee 1940-1941 L.R.Forp.................... 1942-1946 
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ADDITIONAL MEMBERS OF THE BOARD 


D.N. LEHMER....... 1916-1918, 1922-1924 
1930-1932 
R. E. Morivz...........00cceee 1916-1918 
F, D. MURNAGHAN............62- 1935-1937 
G. C. EVANS... . cece eee ees 1936-1941 
Mary Emity SINCLAIR.......... 1936-1938 
K. D. SWARTZEL............000- 1916 
OSWALD VEBLEN.......... 1916, 1920-1922 
1926-19381 
R. C. ARCHIBALD..... 1916-1917, 1923-1930 
FLORIAN CAJORI........... 1916, 1918-1923 
1926-1930 
M. B. PorTer........ sec eee 1916-1917 
J. W. YouNG......... 1916-1917, 1920-1922 
B. F. FINKEL......... 1916-1921, 1930-1935 
FE. H. Moore........ 1916-1921, 1923-1928 
ALEXANDER ZIWET..........00% 1916-1918 
E.R. HEDRICK....... 1917-1922, 1924-1929 
1932-1937 
J. N. VAN DER VRIES............ 1916-1918 
HELEN A. MERRILL............. 1917-1919 
D. E. SmMira......... 1917-1919, 1921-1926 
1937-1939 
ELIZABETH B. COWLEY.......... 1918-1920 
G. A. MILLER........ 1918~1920, 1922-1924 
E. J. WiuczYNSKI..... 1918-1919, 1922-1926 
L. P. EISENHART..... 1919-1922, 1925-1930 
E. V. HUNTINGTON......... 1917, 1919-1927 
19838-1935 
EK. L. Dopp............. cee eee 1920 
R. D. CARMICHAEL......... 1920, 1924-1929 
1939-1941 
A. A. BENNETT. .1921, 1930-1932, 1939-1941 
H.L. Rierz.......... 1921-— 1923. 1925-19380 
1934-1936 
C.F. GUMMER............-0005. 1921~—1925 
DUNHAM JACKSON..........-... 1923-1929 
CuaRA E. SMITH. ........-0.0005 1923-1925 
A.B. CHACE...... ccc ccc e eee 1924—1925 
J. L. COOLIDGE............068-., 1926-1931 
EK. T. BELL... 2... ce ee ee ee ees 1927-1928 
EH. P. DANE... eee eee ee cee 1928-1983 
W.B. ForD............0 cece ees 1929-1934 
E.R. SMITH........0..0 00 cee eaee 1929 
W.L. HART.... 2.0... eee ee ee 1980-1985 
Lao G. SIMONS........ 0.02 cae 1930-1931 
L. L. DINES.............000000- 1931-1983 
T.C. FRY... ccc ee eee ee 1931-1933 
J. W. GLOVER... co ce eee eee 1931-1933 
H. E. BUCHANAN............0.. 1932-19387 
W.R. LoNGLEY...... 1932-1934, 1936-1938 
E.J. MouLTon....... 19383-1936, 1943-1945 
R. W. BRINK..........-.e00000. 1934-1939 
D. R. Coatis_. . 1934, 1937-1939, 1940-1942 
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J. L. WALSH. 2... eee ee ee ee ees 1934-1936 
ARNOLD DRESDEN... .1935-1940, 19438-1945 
J.O. HASSLER... 1.0.0... cece eee 1935-1936 
J. M. THOMAS........ 1987-1939, 1940-~1941 
MARIE J. WEISS............000. 19387-19388 
WILLIAM BETZ. .........000cecee 1938-1940 
A. B. COBBLE... ... 0. ce ee ee ee ee 1938-1940 
J. H. WEAVER... ..........0000. 19388~1940 
PHILIP FRANKLIN............... 1940-1942 
F. L. GRIFFIN... .......000 eee ee 1940-1942 
MayYMeE I, Logspon............. 1940-1942 
G. T. WHYBURN................ 1940-1942 
C. V. NEWSOM..........-..000. 1940-1941 
O. J. PETERSON.............00-. 1940-1941 
F. B. WILEY... ........ 0. cece eee 1940-1941 
H. M. BAcON............00200. 1941-1943 
H. J. ETTLINGER................ 1941-1943 
CorNELIUS GOUWENS........... 1941-1943 
W.C. KRATHWOHL........00... 1941-1943 
BE. J. McSHANE..........005000. 1941-1943 
F, W. OWENS... .... ccc eee c wees 1941-1943 
S. T. SANDERS... ..... 0.0 cece eee 1941-1943 
W.L. AYRES....... cece eee eee 1942-1944 
R. L. WILDER. ..........000c00- 1942-1944 
SAUNDERS Mac LANE........... 1943-1945 
R. P. AGNEW......... 0c cece eee 1942-1944 
L. M. BLUMENTHAL..........00. 1942-1944. 
W. F. CHENEY, JR.... 2.0... 0.0 eee 1942-1944 
C. G. LATIMER. Lee ee cece ee eeees 1942—1944 
W.E. MILNE. ..............0-. 1942-1944 
O. H. RECHARD............0000- 1942-1944 
H. A. ROBINSON. ...........00-. 1942—1944 
H. E. BRAY........ 0. cece ee eee 1943-1945 
D. W. HALL.... 1.2... eee ee eee 19438-1945 
C.G. JAEGER... occ. ee ee eee 1943-1945 
A. L. NELSON. ............0000- 1943-1945 
W.V. PARKER. .........ceceeee 1943-1945 
K. W. WEGNER.............0005 1943-1945 
R. G. SANGER... .... 2... cea ees 1944—1946 
MORGAN WARD............000% 1944-1946 
W.R. RANSOM...........00000. 1944—1946 
H. F. MacNBIsH.............6. 1944-1946 
J. W. LASLEY, JR.... eee ee eee 1944-1946 
W.L MISER. Sc eee cece cece eens 1944—1946 
GoW. SMITH... ccc eee ee eee 1944—1946 
EH. J. PURCELL...........c0ccees 1944-1946 
FS. NOWLAN......... cece eeees 1944-1946 
L. L. DINES........... 0000 ce ees 1945-1947 
GILLIE A, LAREW............... 1945-1947 
H. L. Smivg..............0 000s 1945-1947 
K. P. WILLIAMB............06- 1945-1947 
R. C. HUFFER........... ccc cee 1945-1947 
N. A. COURT. ........ ccc cece ees 1945-1947 
Sopuir L. McDONALD........... 1945-1947 


The Rhind 
Mathematical Papyrus 


The late CHANCELLOR ARNOLD BurruM CHACE of 
Brown University rendered signal honor to the Assoctra- 
TION by publishing under its auspices his Ruinp MATHE- 
MATICAL Papyrus. The entire receipts from the sale of 
this great work go to form an endowment fund of the 
ASSOCIATION, known as the ArNoLD BurruM CHACE 
FUND. 


Volume I, over 200 pages (114%4” & 8”), contains the 
free Translation, Commentary, and Bibliography of 
Egyptian Mathematics. 


Volume IT, 140 plates (114%4” & 14”) in two colors with 
Text and Introductions, contains the Photographic Fac- 
sinule, Hieroglyphic Transcription, Transliteration, and 
Literal Translation, 


This exposition of one of the very oldest mathematical 
documents in the world is of great value, not only to 
students of matheniatics, but to any one interested in the 
work of a civilization existing nearly 4,000 years ago. 


The special price of $20.00 per set (postage prepaid) has 
been made for members of the AssociaTion when pur- 
chased through the SEcRETARY; to all others the price is 
$25.00 per set (postage prepaid ), obtainable only through 
the Open CourTt PUBLISHING CoMPANY, LaSalle, Illi- 
nois. 


The Carus 
Mathematical Monographs 


The Carus MATHEMATICAL MONOGRAPHS are an expression of 
the desire of Mrs. Mary Hegeler Carus, and of her son, Dr. 
Edward H. Carus, to contribute to the dissemination of miathe- 
matical knowledge by making accessible at nominal cost a series 
of expository presentations of the best thoughts and keenest re- 
searches in pure and applied mathematics. 


The expositions of mathematical subjects which the mono- 
graphs contain are set forth in a manner comprehensible not 
only to teachers and students specializing in mathematics, but 
also to scientific workers in other fields, and especially to the 
wide circle of thoughtful people who, having a moderate ac- 
quaintance with elementary mathematics, wish to extend their 
knowledge without prolonged and critical study of the mathe- 
matical journals and treatises. 


MONOGRAPHS THUS FAR PUBLISHED 


No. 1. Calculus of Variations, by Professor G. A. Bliss. (First Impression, 
1925; Second Impression, 1927; Third Impression, 1935.) 


No. 2. Analytic Functions of a Complex Variable, by Professor D. R. Curtiss. 
(First Impression, 1926; Second Impression, 1930.) 


No. 3. Mathematical Statistics, by Professor H. L. Rietz. (First Impression, 
1927; Second Impression, 1929; Third Impression, 1936.) 


No. 4. Projective Geometry, by Professor J. W. Young. (First Impression, 
1930; Second Impression, 1938.) 


No. 5. History of Mathematics in America before 1900, by Professors David 
Eugene Smith and Jekuthiel Ginsburg. (First Impression, 1934.) 


No. 6. Fourier Series and Orthogonal Polynomials, by Professor Dunham 
Jackson. (First Impression, 1941.) 


No. 7. Vectors and Matrices, by Professor C. C. MacDuffee. (First Impres- 
sion, 1943.) 


Price $1.25 per copy to members of the Mathematical Association, one copy 
to each member, when ordered directly through the office of the Secretary, 
H. M. Gehman, University of Buffalo, Buffalo 14, N.Y. 


Addiiional copies for members, and copies for non-members, must be pur- 
chased from the Open Court Publishing Co., La Salle, Illinois, at the regular 
price of $2.00 per copy. 


